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Analytical and numerical investigation of flexural vibrations
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Abstract. This study presents an analytical formulation and numerical evaluation of flexural natural frequencies in clamped-
free rectangular plates supported by inclined Euler—Bernoulli beams. Such structural configurations are frequently found in
marine, aerospace, and civil engineering applications, particularly in systems such as ship bridge wings and cantilever platforms
where vibration control is critical. Plates are modeled with classical Kirchhoff-Love theory, thereby considering a one-term Ritz
approximation that satisfies the boundary conditions. Beam supports are modeled via the equivalent vertical stiffness derived
from Euler—Bernoulli beam theory, which accounts for inclination effects and cross-sectional properties. The total energy of the
system is formulated through energy methods, in which the strain and kinetic energy of the plate are combined with the stiffness
contribution from the inclined beams. The natural frequencies are then extracted from the Rayleigh quotient. The model is
solved for varying numbers of beams (n=2 to 5) and inclination angles (¢=20° to 60°), and the first three flexural natural
frequencies are computed. Unit consistency is carefully maintained by converting all the parameters to SI units. The results
reveal that increasing the number of beams or reducing the inclination angle leads to increased stiffness levels and higher natural
frequencies. The proposed formulation provides a compact and effective way to estimate natural frequencies at preliminary
design stages. It can also serve as a benchmark for validating finite element models and guiding structural optimization under
vibration constraints.
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1. Introduction

The dynamic behavior of structural plates supported by
auxiliary members such as beams or stiffeners is important
in numerous engineering fields, including marine, aerospace
and civil infrastructure. Accurate prediction of natural
frequencies is critical for mitigating resonant responses and
ensuring long-term structural integrity. Numerous studies
have focused on exploring the vibration of beams, plates
and combined frame structures.

Du et al. (2022) proposed a comprehensive procedure
for determining the free and forced-vibration behavior of
rib-reinforced plates with stiffeners inclined at various
angles and that may possess both classical and elastic edge
restraints. By embedding extra sine terms in the assumed
displacement series and adopting a virtual boundary—spring
method, the formulation easily accommodates diverse
boundary types without altering the displacement shape
functions. Comparisons with finite element predictions and
results available in the literature confirm the accuracy of the
free-vibration solution, whereas a dedicated forced-
vibration experiment further validates the method for
dynamic excitation cases. Parametric investigations reveal
how rib geometry influences natural-frequency parameters
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and dynamic responses, providing practical guidance for
structural designers.

Mirji (2019) employed modal analysis, an indispensable
tool for identifying the vibration characteristics of
engineering components, which facilitates straightforward
extraction of natural frequencies and mode shapes and thus
helps control real-world vibration phenomena. In this work,
the natural frequencies of a square plate fitted with different
numbers of stiffening ribs are compared via finite element
analysis. Successive iterations add ribs, and the primary
goal was to determine how the quantity of reinforcement
affects both the eigenfrequencies and modal shapes of the
plate.

Employing a finite cosine integral transform, the paper
by Guo and Zhang (2023) offers a fresh analytical solution
for the vibration response of a Mindlin thick plate
reinforced by beams and possessing fully free edges.
Unknown coupling forces, moments at the beam-plate
junction, and transform constants are obtained by enforcing
compatibility and continuity conditions at the interface
alongside the free-edge constraints. The method supplies a
user-friendly means of addressing complicated boundary-
value problems governed by higher-order partial differential
equations for free Mindlin plates with ribs. A comparison
with their thin-plate counterparts and finite element results
confirmed the model fidelity for both the free and forced
responses.

Nayak et al. (2018) used standard finite element
techniques to examine the fundamental frequencies and
mode shapes of stiffened plates subjected to various
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parameters, including the stiffener type, orientation, count,
boundary restraints, plate aspect ratio, and stiffener-depth-
to-plate-thickness ratio. Representative mode shapes of
eccentrically stiffened, fully clamped square plates were
illustrated. Nondimensional design charts were provided to
give designers quick access to fundamental frequency
estimates for common clamped stiffened plates without
recourse to elaborate analysis or specialized software.

An analytical spectral dynamic-stiffness (SDS)
framework was introduced by Liu et al. (2021) for plate
assemblies stiffened by beams of arbitrary open or closed
cross-sections, with or without eccentric connections, under
any boundary conditions. The modified Fourier series yields
SDS matrices for diverse stiffeners, which are directly
combined with those of the plate, after which the Wittrick—
Williams algorithm efficiently extracts modal properties.
Benchmarks against ANSYS demonstrate high accuracy
and computational economy. The formulation significantly
broadens the applicability of the SDS to beam-stiffened
plates typical of railcar bodies, ship hulls, and aircraft
structures, retaining the technique’s well-known robustness
in eigenvalue evaluation and boundary-condition versatility.

In a study by Li et al. (2024), with a focus on a stiffened
coupled plate system fitted with dynamic vibration
absorbers (DVAS), the authors investigated free-vibration
attributes and steady-state displacement responses. DVAs
are modeled as mass—spring units, whereas virtual springs
emulate boundaries and plate—-beam connections. An
improved Fourier series represents plate and stiffener
displacements, and the Ritz method solves the resulting
energy functional. Finite element comparisons verify the
model, and parametric studies detail how the stiffener
geometry and absorber placement influence the dynamic
characteristics, highlighting the ability of DVAs to attenuate
vibrations.

In a study by Xue et al. (2023), a novel cracked-stiffener
representation was devised for stiffeners containing part-
through, open cracks, satisfying the displacement
compatibility between the plate and stiffener. Based on
first-order shear-deformation theory, the free vibrations of
isotropic plates with one or several cracked stiffeners are
addressed for the first time. Crack effects are captured via
the equivalent bending stiffness and depth, which
incorporate shear deformation, bending—extension coupling,
and eccentricity. The Ritz method with tailored
characteristic functions explores how crack depth, position,
and stiffener count modify frequencies and mode shapes.
Convergence tests and finite element comparisons
substantiate the accuracy of the method.

Utilizing a double-cosine integral transform, a analytical
study by Lin and Zhang (2018) predicted the free and
forced vibration responses of a ribbed plate with free edges.
The solution reveals that, beyond the three rigid-body
modes, uniform plate vibrations are separated into four
symmetry-based groups. Introducing a rib distorts but
largely preserves traceability to the original modes. The
dominant rib mass lowers modal frequencies, whereas the
dominant stiffness increases them; when the rib acts
effectively as a boundary, each original mode splits into two
degenerate modes—one higher, the other lower in

frequency.

By acknowledging the prevalence of rib-stiffened plates
in ships and aircraft, Ma et al. (2019) evaluated the active
suppression of low-frequency vibration and sound radiation
via decentralized velocity-feedback controllers with inertial
actuators. A frequency-domain model couples the ribbed
plate and controllers, after which the influences of the
control gain and actuator number on performance are
explored. The results show that, as with unstiffened plates,
properly tuning the unit quantity and gains yields effective
control, whereas excessive units or overly high gains afford
no additional noise reduction.

In the study by Gu et al. (2024), an energy-based
theoretical model employing an improved Fourier series
was used to analyze the vibration of composite stiffened
plates prominent in lightweight ship design. Convergence
checks and published experimental data corroborate
reliability. The findings demonstrate that natural
frequencies and response amplitudes are highly sensitive to
geometric and material variables, with increasing plate
thickness and optimal ply configurations enhancing low-
frequency performance. Stiffener parameters—particularly
height and count—significantly increase stiffness and
diminish responses, highlighting their design importance.

Drawing on the Kirchhoff and Mindlin theories, Guo
and Zhang (2024) applied a finite-integral-transform model
to examine the vibration and energy-flow patterns in
clamped stiffened plates. Energy transmission at the beam—
plate junction depends on the rib’s placement within
vibration modes. Shear deformation and rotary inertia are
shown to influence the shear force-controlled and moment-
controlled energy components differently. Understanding
such energy-flow mechanisms can aid in mitigating noise
and vibration in devices such as transformer tanks and
machine casings.

Virag and Szirbik (2021) performed finite-element
modal analysis on optimized trapezoidal stiffened plates
that are simply supported along all edges and subjected to
lateral pressure and uniaxial compression. Natural
frequencies and mode shapes are identified to detect
hazardous resonance conditions. An Excel-Solver-driven
cost function combining material and fabrication expenses
guides prior geometry optimization. Analyses via the
Lanczos algorithm in Abaqus reveal that differing steel
grades markedly affect eigenfrequencies, thereby
influencing design safety.

Leveraging ANSYS-APDL and first-order shear-
deformation theory, Gurve and Satankar (2022) conducted
modal and harmonic analyses of stiffened plates with
various stiffener cross-sections and boundary conditions,
whereas CAD models were prepared in Creo. Modal
analysis extracts natural frequencies and mode shapes;
harmonic analysis applies a 150 kPa pressure via mode
superposition, comparing resonant-frequency deflections
across stiffener types and constraints. These findings
reinforce the broad applicability of stiffened plates in the
civil, marine, aerospace, rail, and industrial sectors.

In the study by Giiler (2021), finite element models built
with ANSYS-APDL (SHELL181 and BEAM181) were
used to examine the free vibrations of laminated composite
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plates stiffened by distinct lattice geometries under
clamped-free-clamped-free edges. Frequency analysis
shows that L2-type lattice stiffeners deliver the highest
nondimensional frequency parameters among the tested
configurations, highlighting the potential of lattice stiffeners
for enhancing composite-plate dynamics.

Using the Chladni pattern technique on an acrylic square
plate mounted to a mechanical vibrator, Gaygol and Wani
(2023) recorded mode-shaped patterns and their
corresponding frequencies and then investigated the impact
of a centrally added stiffener. The stiffened plate exhibits
elevated eigenfrequencies, and Chladni figures emerge at
higher excitation frequencies. The results of the ANSYS
simulations corroborate the experimental results, with errors
less than 18%, confirming the frequency-raising effect of
the stiffener.

Through finite element modeling, Sun (2022) evaluated
the vibration and acoustic radiation of stiffened plates
subjected to in-plane normal and shear loads within elastic
boundaries. The parametric results demonstrate that in-
plane normal forces markedly alter the radiation efficiency
and sound power, with greater effects occurring farther
from constrained edges, whereas in-plane shear forces exert
minimal acoustic influence.

Milazzo (2022) introduced a single-domain eXtended
Ritz formulation enriched with crack-tip functions to
analyze free vibrations of cracked variable-stiffness
composite laminates based on first-order shear—deformation
theory. A comparison with the literature for isotropic
cracked plates and uncracked variable-stiffness plates
confirms the accuracy of the results. A representative study
on variable-angle-tow laminates illustrates the method’s
capacity to generate benchmark data and reveal the benefits
of variable-stiffness design in damage-tolerant structures.

To address stiffened double-layered plates in vacuum,
Wang et al. (2023) compared the modal and forced
responses obtained experimentally and via the FEM.
Agreement is strong, with first-four-mode frequency
discrepancies less than 5%. The validated numerical model
provides a sound basis for future engineering applications
of double-layered stiffened plates.

In a study by Wang et al. (2023), modal testing of a
two-layer plate in air and water revealed that fluid coupling
substantially lowers natural frequencies—by more than
42% for the second mode—while leaving mode shapes
largely unchanged. These insights emphasize the need to
include fluid—structure interactions when assessing the
vibration of submerged stiffened plates.

Liu et al. (2015) formulated a four-beam model
accommodating local tip flexibilities to study the transverse
vibrations of a cantilever beam with an embedded
horizontal crack. The separate beam segments represent the
cracked region, and Hamilton’s principle yields governing
equations, which are solved via the transfer-matrix method.
Parametric studies on crack size and position reveal their
impact on the first three frequencies and mode shapes,
whereas wavelet analysis detects spatial changes linked to
crack features. Finite element and experimental data
validate the model’s ability to capture local deformations
overlooked by earlier approaches.

Investigating a broad class of parallel Euler—Bernoulli
beams connected viscoelastically, Li and Gong (2022)
developed a state—space approach for free and forced
transverse vibrations that accommodates any beam count,
boundary condition, length variation, cross-sectional
change, axial load, and connector type. Transformation to
inhomogeneous  differential  equations followed by
Rayleigh-Ritz treatment yields natural frequencies and
responses. Numerical examples benchmarked against the
literature and FEM underscore the method’s precision;
guidelines for selecting the requisite modal basis are also
furnished.

In the study by Ismail (2021), the free and forced
vibrations of simply supported and cantilever rectangular
beams were solved numerically via ANSYS Workbench.
Forced vibration involves a 700 N harmonic load at the
midspan (simply supported) or at the free end (cantilever).
The maximum displacement, velocity, and acceleration
occur when the excitation matches the vertical natural
frequency, whereas modes that induce lateral or torsional
motion contribute little. Peak stresses emerge at resonance
and must be avoided to prevent failure.

By applying the Euler—Bernoulli theory and finite
element simulations, Singh et al. (2019) determined the
natural frequencies and mode shapes for beams of various
cross-sections, materials, and support conditions. The
comparison shows good agreement, confirming the
suitability —of the combined analytical-numerical
methodology for the dynamic characterization of beam
structures.

In the study by Thatigiri and Koppanati (2023), two
modal analyses—one numerical analysis and one finite
element analysis—were conducted on an aluminum plate
with and without a damping layer. Initial validation
compares FEM results for a simply supported plate against
frequencies found in the literature. The redesigned
sandwich plate, consisting of optimized silicone- or
neoprene-rubber cores, is then analyzed; damping layers
moderately reduce natural frequencies across modes. These
findings highlight the role of the damping layer in tailoring
aluminum plate dynamics.

However, closed-form or symbolic formulations that
account for the beam inclination explicitly are limited. In
this study, a symbolic Rayleigh-based analytical method is
proposed, which is validated against known theoretical
behaviors, and a parametric investigation across varying
beam counts and inclination angles is conducted.

2. Plate models

Plate models are constructed such that they are clamped
at one end and free at the other end. The left and right sides
of the plates are also free. Clamped-free plate models
supported by inclined beams are constructed such that the
length of the plate is 1500 mm and the width of the plate is
500 mm. The inclination angle () is the angle between the
plate and the supporting beams. The number of supporting
beams is designated n. The beams are connected to the plate
500 mm away from the free end. Moreover, « and n are the
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Fig. 1 Schematic of the beam-supported plate

Fig. 2 Solid model of a 4-beam plate with a=20°

main arguments of this study. The number of supporting
beams (n) is 2, 3, 4 and 5, while the inclination angle («)
ranges from 20° to 60° as the angle is increased by 10°. In
total, 20 distinct plate systems were examined. A schematic
of the beam-supported plate is shown in Fig. 1.

The beams are 30x50x3 mm hollow rectangular
profiles, which indicates that the width, height and
thickness of the beam cross-sections are 30 mm, 50 mm and
3 mm, respectively.

For numerical analyses, which are conducted via the
finite element method (FEM), plate systems are created and
modeled with solid modeling software. As the number of
supporting beams (n) is adjusted from 2 to 5, the inclination
angle (o) changes from 20° to 60°. Therefore, a total of 20
frame models were created. The solid models of the 4-beam
system with inclination angles (o) ranging from 20° to 60°
are shown in Figs. 2-6.

The models are named on the basis of the number of
supporting beams (n) and the inclination angle (). For
example, Model 4-30 denotes the plate model with 4
supporting beams and a 30° inclination angle.

3. Finite element analyses

The finite element method (FEM) was employed to
validate the analytical formulation and investigate the
influence of the beam count and inclination angle on the
natural frequencies of inclined beam-supported plates. A
total of twenty models were constructed, corresponding to
beam counts n = 2,3,4,and 5 and inclination angles a =
20°,30°,40°,50°,and 60°. Each model represents a
clamped-free rectangular steel plate with dimensions of

Fig. 3 Solid model of a 4-beam plate with a=30°

Fig. 4 Solid model of a 4-beam plate with a=40°

Fig. 5 Solid model of a 4-beam plate with ¢=50°

1500 mm (length) x 500 mm (width) X 5 mm (thickness),
supported by inclined beams located 500 mm from the free
end.

The supporting beams were modeled as hollow
rectangular sections with dimensions of 30 mm X 50 mm
and a wall thickness of 3 mm. Each beam is connected to
the plate at one end and clamped to the same edge of the
plate that is fixed to the wall, thereby simulating realistic
bridge wing support conditions. The beam inclination angle
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Fig. 6 Solid model of a 4-beam plate with a=60°

Fig. 7 Finite element model of Model 4-30

a, defined as the angle between the beam axis and the plate
surface, was varied.

Solid 3D models of each configuration were created via
CAD software and then imported into ANSYS Mechanical
for modal analysis. High-quality meshes with an average
element size of 2 mm were generated via a combination of
linear tetrahedral and hexahedral solid elements to ensure
convergence and accuracy. The material properties are as
follows: Young’s modulus E = 200GPa , density p =
7850 kg/m3, and Poisson’s ratio v = 0.3. These properties
are consistent with those of structural steel. The meshed
finite element model of Model 4-30 is shown in Fig. 7.

Modal analyses were performed for each configuration,
and the first three flexural natural frequencies and their
corresponding mode shapes were extracted. Each model
was labeled systematically according to the beam number
and inclination angle (e.g., Model 4-30 denotes the model
with four beams inclined at @ = 30°). Table 1 provides a
summary of the frequency results obtained from FEM
analysis, and Fig. 8 shows the first three flexural mode
shapes of Model 4-30 as a representative case.

The FEM results revealed the following analytical
trends: increasing the number of supporting beams
increases the global stiffness of the system, resulting in
higher natural frequencies. Similarly, decreasing the

Table 1 First three flexural natural frequencies for all the
models (Hz)

Inclination Number of Supporting Beams (n)
Angle () 2 3 4 5
64.35 69.42 74.21 77.73
20° 186.00 190.76 191.40 192.68
413.01 415.11 412.33 409.78
61.36 64.54 69.33 71.28
30° 184.07 187.82 190.33 191.05
412.69 408.99 406.84 408.68
56.29 60.67 63.44 65.38
40° 182.74 187.45 187.06 186.57
412.01 404.59 404.12 411.90
52.71 54.52 57.09 58.62
50° 181.89 181.67 183.23 183.18
412.79 405.37 413.08 411.10
50.10 50.52 51.72 53.17
60° 184.64 184.48 185.57 183.05
412.78 410.38 406.94 405.62

inclination angle « increases the vertical component of the
beam stiffness, which also leads to increased frequencies.
The first mode typically exhibits a global bending shape,
whereas the second and third modes demonstrate more
localized deformations, particularly near the beam
connection region. These results validate the analytical
model and demonstrate its ability for use in the preliminary
design and optimization of similar bridge wing or cantilever
plate structures.

4. Analytical formulation

This section presents the derivation of an analytical
formulation for predicting the natural frequencies of a
clamped-free rectangular plate supported by multiple
inclined Euler—Bernoulli beams. The goal is to develop a
symbolic frequency expression via classical plate theory,
energy methods, and geometric beam modeling that
captures the influence of the beam count and inclination
angle on flexural dynamics.

The structure under consideration is a thin rectangular
steel plate with dimensions of 1500 mm (length) x 500 mm
(width) x 5 mm (thickness), which is clamped along its
entire short edge (width) and remains free along the
remaining three edges. The plate is supported by inclined
beams (n =2,3,4,and5), each clamped at the same
edgeas the plate and connected to the plate 500 mm away
from the free edge. Each beam exhibits a hollow rectangular
cross-section (30 mm X 50 mm, 3 mm wall thickness) and
is inclined at angle a € {20°,30°,40°,50°,60°} relative to
the plate surface.

The formulation is based on the following assumptions:

» The plate is modeled via Kirchhoff-Love theory,

thereby neglecting transverse shear deformation.

* The beams are modeled as ideal Euler—Bernoulli

elements.

« All joints are rigid with no slip or flexibility.

* The material properties are as follows:= 200 GPa,p =

7850 kg/m?, and v = 0.3. The axis system is shown in
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Fig. 9.

To satisfy the clamped-free boundary conditions, the
displacement of the plate is approximated using a single-
term Ritz function as

w(x,y,t) = ®(x) - sin (?) - cos (wt) Q)

where ®(x) = x?(3L —x)? satisfies clamped (zero
displacement and slope) and free (zero moment and shear)
conditions at x = 0 and x = L, respectively.

Via the use of the Rayleigh method, the total energy of
the system can be expressed as
where:

* Upjae - Strain energy of the plate;

* Upeams - €Quivalent vertical stiffness energy from the

inclined beams; and

* Thiae - Kinetic energy of the plate (beam Kinetic energy

is neglected because of its limited contribution).

The strain energy of the plate is as follows

D (L b [[92w)\? %w  9%w
Upe =5 5 Jo [(m) +20-0 (57 55+

22w\ 2
(52) Jare
. - Eh3
with flexural rigidity D = o

The Kkinetic energy of the plate is as follows

h L b [dw\?
Tp]atC:%fg fO (0_‘:) dydx (3)

The symbolic expressions for the total strain energy and
kinetic energy of the clamped-free rectangular plate
vibrating in flexural mode m are as follows

O]

_ _ mER’ 4,04 2p2m2 4+ p4 4
Up]ate —m(:gl, m* + 2L m- + ) ( )

Tplate = %phl‘b (5)

Each inclined beam contributes tip stiffness along the
vertical direction, which is transformed from its axial
stiffness as follows

kb =—3 with lb = (6)

where I, is the second moment of inertia of the hollow
beam cross section. The vertical stiffness of the plate is
kpcos? (@) . Summing over n beams located at equal
positions y; along the width yields the following

Ubeams = Z?:l kbCOSZ (CZ) : Wz(xOJ yl) (7)

b = b (oo (59) - cos (39 )
ln:—Ol sin2 (mzyi) (8)

where x, = 1.0 m is the beam connection location, and y;
denotes the n beam attachment locations along plate width
b. Then, the following equations are employed:

1. Equally spaced beam positions are inserted, i.e., y; =
(i+1)b,

n+1 '

2. Y tsin? (%) is evaluated.

The displacement function is substituted into the total

Table 2 First three flexural natural frequencies for all the
models obtained analytically (Hz)

Inclination Number of Supporting Beams (n)
Angle (a) 2 3 4 5
68.37 73.52 78.33 82.87
20° 199.32 201.14 202.95 204.74
433.66 437.02 437.85 438.69
64.80 69.07 73.09 76.91
30° 198.12 199.56 200.98 202.40
433.66 436.29 436.95 437.60
60.58 63.77 66.80 69.70
40° 196.78 197.78 198.78 199.77
433.66 435.48 435.94 436.39
56.43 58.47 60.43 62.34
50° 195.54 196.14 196.73 197.33
433.66 434.74 435.01 435.28
53.04 54.07 55.07 56.06
60° 194.59 194.87 195.15 195.44
433.66 434.17 434.30 434.42

(a) Flexure No. 1

(c) Flexure No. 3
Fig. 8 Mode shapes of Model 4-30

energy expression, and the Rayleigh quotient is applied as

Tplale (9)

The above yields a symbolic eigenvalue problem for w.
This expression is solved for each combination of n and «,

Uplate+ Ubeams
(1)2 — P
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Table 3 Comparison of the first three flexural natural frequencies obtained analytically with the FEM (Hz)
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Inclination

Number of Supporting Beams (n)

2 3 4 5
Angle () - - - -
ANA FEM Dis. ANA FEM Dis. ANA FEM Dis. ANA FEM Dis.
68.37 64.35 6.25 73.52 69.42 591 78.33 74.21 5.55 82.87 77.73 6.61
20° 199.32 186.00 7.16 201.14 190.76 5.44 202.95 191.40 6.03 204.74 192.68 6.26
433.66  413.01 5.00 437.02 41511 5.28 437.85 412.33 6.19 438.69 409.78  7.06
64.80 61.36 5.61 69.07 64.54 7.02 73.09 69.33 5.42 76.91 71.28 7.90
30° 198.12 184.07 7.63 199.56 187.82 6.25 200.98 190.33 5.60 202.40 191.05 5.94
433.66 412.69 5.08 436.29 408.99 6.67 436.95 406.84 7.40 437.60 408.68 7.08
60.58 56.29 7.62 63.77 60.67 511 66.80 63.44 5.30 69.70 65.38 6.61
40° 196.78 182.74 7.68 197.78 187.45 551 198.78 187.06 6.27 199.77 186.57 7.08
433.66  412.01 525 43548 404.59 7.63 435.94 404.12 7.87 436.39 41190 5.95
56.43 52.71 7.06 58.47 54.52 7.25 60.43 57.09 5.85 62.34 58.62 6.35
50° 195.54 181.89 7.50 196.14 181.67 7.96 196.73 183.23 7.37 197.33 183.18 7.72
433.66  412.79 5.06 434.74  405.37 7.25 435.01 413.08 5.31 435.28 411.10 5.88
53.04 50.10 5.87 54.07 50.52 7.03 55.07 51.72 6.48 56.06 53.17 5.44
60° 19459 184.64 5.39 194.87 184.48 5.63 195.15 185.57 5.16 195.44  183.05 6.77
433.66 412.78 5.06 434.17 410.38 5.80 434.30  406.94 6.72 43442  405.62 7.10
) L=1500 mm
X0 = 1000 mm " across the different numbers of supporting beams (n =
X 2,3,4,and 5) and inclination angles (a = 20° to 60°)
alongside their respective discrepancies, which are
calculated as
Discrepancy(%) = W x 100 (10)
p The analytical results suitably agreed with the FEM
values, demonstrating discrepancies generally ranging from
5% to 8% . This level of accuracy is acceptable for
engineering applications, particularly in early-stage design
. and optimization, where closed-form estimates are
beneficial. The discrepancies validate the use of simplified
| analytical models that incorporate beam stiffness through
: 2 | equivalent ver_tic_al spr_ing elements and_ provide fast
g frequency predictions without the computational overhead
2 of the FEM.
» The Mode 1 discrepancies typically range from 5% to
o 7% . These values are slightly greater at higher
inclination angles ( @ =50°,60° ), which may be
Fig. 9 Model axis system attributed to the geometric transformation effects and
beam—plate coupling that are only approximately
captured in the analytical model.
providing a set of symbolic and numerical natural » Mode 2 generally shows slightly greater discrepancies

frequencies. The custom-written MATLAB code for this
case is given below.

Through the use of this formulation, the first three
flexural natural frequencies were computed for all 20
configurations (n = 2:5;a = 20°:60°) and are given in
Table 2. The results revealed that increasing the number of
supporting beams and decreasing the inclination angle «
significantly increases the system stiffness and natural
frequency. These trends are consistent with the physical
expectations and FEM results.

The analytical results (ANA) and comparisons with the
corresponding numerical (FEM-finite element method)
results, as well as the differences, are provided in Table 3.

In this section, the analytical results derived via
Rayleigh-based energy methods are compared with those of
finite element method (FEM) simulations. Table 3 provides
the first three natural frequencies for each configuration

(up to ~8%). This is expected, as higher modes

introduce more complex deformation patterns, which are

not fully captured by the single-term Ritz approximation

used in the analytical approach.

» The Mode 3 discrepancies remain relatively stable,

usually between 5% and 7%, confirming that bending

stiffness effects dominate and are modeled well, even at

higher frequencies.

The influence of the beam count (n) can be expressed as
follows:

* Increasing the number of supporting beams improves

the frequency predictions, as the added stiffness is more

uniformly distributed, ensuring better alignment with

the continuous stiffness assumption in the analytical

model.

e For higher beam counts (e.g., n=4,5), the

discrepancies of Modes 1 and 3 decrease slightly,
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function natural_frequencies_plate_with_beams()

clc

clear

% --- SI Units ---
% Plate parameters
L=15;, %m
b=05 %m
h=0.005; % m

rho = 7850; % kg/m”3
E =2ell; % Pa(N/m”"2)
nu=0.3;

% Beam properties (converted to m)
B =0.03; H=0.05; t =0.003; % hollow rectangle: m
Ib = (1/12)*(B*H"3 - (B - 2*t)*(H - 2*t)"3); % m"™4

% Derived quantities
D =E*h"3/(12 * (1 - nu"2)); % plate flexural rigidity [N-m]
Tp=(3/8)*rho*h*L*bh; % Kkinetic energy prefactor [kg-m3

% Evaluation points
alphas = 20:10:60;
ns = 2:5;

modes = 1:3;

fprintf(‘n\talpha\tfl (Hz)\tf2 (Hz)\tf3 (Hz)\n’);
fprintf(* \n’);

forn=ns
for alpha = alphas
alpha_rad = deg2rad(alpha);
Ib = 1.0/ cos(alpha_rad); % beam length in meters
kb =3*E*Ib/lb"3; % vertical stiffness at tip [N/m]
x0=1.0; % beam location from clamped end [m]
beam_factor = 0.5 * cos(pi * x0/L)"2 - cos(pi * xO/L) + 0.5;

y_pos = linspace(b/(n+1), b*n/(n+1), n); % equally spaced [m]

fregs = zeros(1, 3);
for m = modes
% Strain energy of the plate [N -m]

(96 * L3 * b3 * (1 - nun2));

% Beam energy [N-m]
sin_sum = sum(sin(pi * m * y_pos/b)."2);
Ub = kb * beam_factor * sin_sum;

% Natural frequency
omega_sq = (Up + Ub)/Tp; % [rad"2/s"2]
if omega_sq >0
fregs(m) = sqrt(omega_sq) / (2*pi); % Hz
else
fregs(m) = NaN;
end
end

fprintf(‘%d\t%2d\t%8.2f\t%8.2\t%8.2f\n’, n, alpha, freqs);
end
end

end

Up = (pitd * E * hA3 * (3XLA*XMA + 25LA2*0A2*mA2 + bd)))...
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Fig. 10 Surface regression plot for the first mode
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Fig. 11 Surface regression plot for the second mode

Overall, the analytical formulation offers a reliable,
efficient tool for estimating the natural frequencies of
clamped-free plates supported by inclined beams. While
minor discrepancies exist, particularly for higher modes and
extreme inclination angles, the method is robust enough for
conceptual design, parametric studies, and even preliminary
sizing of bridge wing-type structures. The symbolic nature
of the model makes it suitable for design automation and
optimization workflows.

suggesting  that the  analytical  spring-based

representation becomes more representative of

distributed support.

In addition, the influence of the inclination angle («) can
be described as follows:

» As a increases, the discrepancies increase slightly.

This trend can be attributed to a reduction in the vertical

stiffness component, which is crucial in the analytical

formulation but may not be fully nonlinear in reality.

« At lower inclination angles (a = 20° to 30°), the

analytical and FEM results are more closely matched,

confirming that the vertical stiffness approximation

kpcos? (a) used in the model is highly effective under

these conditions.

5. Regression analysis

As noted in the previous section, the correlation between
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Fig. 12 Surface regression plot for the third mode

the FEM and analytical results is notable. Therefore, the
analytical results can be adopted as reference values for
regression analysis. A second-order polynomial surface
regression technique was applied to the frequency values to
capture the variation in natural frequencies with respect to
the number of beams and inclination angle. A custom
MATLAB program was written for this analysis process,
and a second-order regression function f(a,n) was generated
for each mode, indicating the variation in the natural
frequency with respect to « and n. The regression analysis
conducted in this study provides an efficient, symbolic
representation of the natural frequency behavior as a
function of the number of supporting beams (n) and
inclination angle («). Via the application of a second-order
polynomial surface fitting technique to the analytical
results, three regression functions were generated for the
first three flexural modes.

These regression functions can be expressed as:

* Mode 1

fi(a,n) = 61.7766 — 0.0191a + 7.3944n —

0.0000a% — 0.0097an — 0.0760n? 11
* Mode 2
fz(a,n) = 197.3695 — 0.0091«a + 2.5905n + (12)

0.0000a? — 0.0039an — 0.0025n?
* Mode 3

fz(a,n) = 426.6674 + 0.0032a + 4.7411n + (13)
0.0000a? — 0.0034an — 0.3535n?

The above regression functions exhibit strong
correlations and provide prediction models that allow
designers to quickly estimate natural frequencies without
relying on full FEM simulations or complex symbolic
analysis.

The surface plots (Figs. 10-12) illustrate the following
consistent trends:

* Frequencies increase with number of supporting beams

due to enhanced stiffness.

» Frequencies generally decrease with increasing

inclination angle, which is consistent with the reduction

in the vertical stiffness contribution.

e The trend is more nonlinear in higher modes,

particularly Mode 3, indicating complex dynamic

behavior that occurs due to modal shape interaction with
beam positioning.

These polynomial expressions can serve as practical
tools for design and optimization. They enable rapid
parametric studies and can be incorporated into design
automation workflows.

6. Conclusions

This study presents a comprehensive analytical and
numerical investigation of clamped-free rectangular plates
supported by inclined Euler—Bernoulli beams. The analysis
covers twenty distinct configurations characterized by
varying numbers of supporting beams (n=2-5) and
inclination angles ( a = 20°—60°). An energy-based
analytical formulation was developed via Rayleigh’s
method and Kirchhoff-Love plate theory, thereby
incorporating the stiffness contribution of inclined beams as
vertical springs. The symbolic model captures the key
physical parameters affecting the vibratory behavior of such
hybrid plate—beam systems.

To validate the analytical predictions, a detailed finite
element (FEM) analysis was performed with high-fidelity
3D solid models in ANSYS Mechanical. The FEM results
for the first three flexural natural frequencies exhibited
excellent agreement with the analytical predictions. The
discrepancies remained within an acceptable range
(generally under 8%), validating the robustness of the
symbolic approach, especially for preliminary design and
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sensitivity analyses. The agreement was highest for Mode 1
and gradually decreased in higher modes due to the
increasing complexity of the modal deformation patterns.

A second-order polynomial regression was applied to
the analytical frequency data to develop symbolic
expressions relating frequency to beam count and
inclination angle. These regression models facilitate rapid
frequency estimation and provide insight into the
parametric influences of design variables. The created
surface plots confirm that increasing the beam count
significantly enhances the frequency, whereas increasing
the inclination angle reduces the vertical stiffness and thus
decreases the frequency.

The presented methodology offers a notable
combination of analytical accuracy and computational
efficiency. It is particularly valuable in marine and
aerospace applications where bridge wings, overhanging
decks, and cantilever structures require accurate dynamic
assessment. The symbolic nature of the formulation makes
it readily integrable into structural optimization workflows
and early-stage design environments.
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