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Abstract.  This research provides a broad management-oriented inquiry into the thermal buckling and stability 
behavior of hybrid nanocomposite-strengthened annular plates inside an auxetic elastic medium. The structural 
arrangement is treated via a multi-scale hybrid laminated nanocomposite (MHLN) scheme together with a higher-
order shear deformation theory (HSDT) so it can properly catch the transverse shear effect and those thickness-
dependent changes. Thermoelastic stress–strain relations are used too to see how thermal loading nudges the 
nonlinear stability properties of the ring-like layout. On top of that, the nearby auxetic substrate is modeled with the 
Haber–Schaim elastic foundation approach, which helps in a more realistic sense of how the negative Poisson’s ratio 
actually boosts stiffness and also how it improves post-buckling resistance. The governing equilibrium equations are 
discretized and handled numerically by using the differential quadrature method (DQM) built on a Chebyshev–
Gauss–Lobatto grid distribution, which gives strong computational efficiency and reliable numerical convergence. 
Parametric studies are then run to look at how foundation coefficients, temperature changes, nanoparticle dispersion, 
lamination sequence, and geometric ratios influence the critical buckling temperatures and overall structural stability. 
What comes out is a useful management scaffold for best design choices, thermal reliability checking, and stability 
regulation of advanced nanocomposite plate structures, for aerospace, mechanical, and energy engineering use cases. 
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1. Introduction 
 

Nanocomposite reinforcement has become an important area of research in modern materials 

science because it improves the mechanical, thermal, and electrical properties of materials [1, 2]. 

Nanocomposites are materials that contain nanoparticles dispersed within a matrix such as 

polymers, metals, or ceramics [3]. The addition of nanoscale reinforcements significantly enhances 

the strength and durability of the base material [4]. These reinforcements can include carbon 

nanotubes, graphene, nanoclays, and metal oxide nanoparticles [5]. Due to their extremely small 

size, nanoparticles provide a large surface area for interaction with the matrix material [6]. This 

strong interfacial bonding improves load transfer and increases the overall performance of the 

composite [7]. Nanocomposite reinforcement is widely used in aerospace industries to produce 

lightweight yet strong structural components [8]. In the automotive sector, reinforced nanocomposites 
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help reduce vehicle weight and improve fuel efficiency [9]. The construction industry also benefits 

from nanocomposites because they enhance crack resistance and structural stability [10]. In 

electronics, nanocomposite materials improve conductivity and thermal management capabilities 

[11]. Biomedical applications use reinforced nanocomposites for implants, drug delivery systems, 

and tissue engineering [12]. The excellent corrosion resistance of nanocomposites makes them 

suitable for harsh environmental conditions [13]. Nanocomposite reinforcement also improves 

wear resistance, leading to longer service life of engineering components [14]. Researchers 

continue to explore eco-friendly nanocomposites for sustainable material development [15]. The 

use of nanotechnology in reinforcement allows the production of multifunctional materials with 

superior performance [16]. These materials can simultaneously provide strength, flexibility, and 

thermal stability [17]. Nanocomposite reinforcement contributes to energy savings by reducing 

material consumption and improving efficiency [18]. Advanced manufacturing techniques have 

made the production of nanocomposites more reliable and cost-effective [19]. Despite some 

challenges related to uniform nanoparticle dispersion, continuous research is overcoming these 

limitations [20]. Overall, nanocomposite reinforcement plays a crucial role in advancing modern 

engineering and industrial applications [21]. 

Shear deformation theories are important in engineering because they provide more accurate 

predictions of the behavior of beams, plates, and composite structures [22]. Classical theories often 

neglect transverse shear effects, which can lead to errors in thick structural elements [23]. Shear 

deformation theories help engineers analyze stresses and deflections more precisely under different 

loading conditions [24]. These theories are widely used in aerospace, civil, mechanical, and marine 

engineering applications [25]. They improve the design of modern lightweight structures made 

from composite and sandwich materials [26]. By considering shear effects, engineers can enhance 

structural safety and reliability [27]. Shear deformation theories also contribute to optimizing 

material usage and reducing structural weight [28].  

The present research develops an advanced analytical framework for the management and 

control of thermal buckling phenomena in annular plates reinforced with hybrid nanocomposite 

laminates and supported by an auxetic elastic foundation. A multi-scale hybrid laminated nano-

composite (MHLN) model is adopted to characterize the effective mechanical behavior of nano-

reinforced layers across different material scales. The structural formulation is established using 

higher-order shear deformation theory, which accurately accounts for transverse shear deformation 

without requiring shear correction factors. Thermoelastic stress–strain constitutive relations are 

incorporated to investigate the coupled influence of thermal loading and elastic constraints on 

structural stability. In addition, the surrounding medium is modeled through the Haber–Schaim 

auxetic elastic foundation model to capture the stiffness modulation and enhanced energy 

absorption associated with negative Poisson’s ratio materials. The resulting governing equations 

are solved numerically using the differential quadrature method implemented with Chebyshev–

Gauss–Lobatto grid points, providing improved computational precision and convergence 

characteristics. A comprehensive parametric study evaluates the effects of temperature rise, 

nanoparticle volume fraction, boundary conditions, geometric parameters, and auxetic foundation 

coefficients on the critical thermal buckling response. The obtained results establish a reliable 

management strategy for optimizing structural resilience, enhancing thermal stability, and 

improving the safe performance of nanocomposite annular plate systems in high-temperature 

engineering environments. 
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2. Basic formulation 

 

Fig. 1 has illustrated the geometrical configuration and mechanical modeling of a hybrid 

nanocomposite annular plate resting on an auxetic elastic foundation. The upper schematic has 

represented the thickness distribution and coordinate system of the plate–foundation assembly, 

where ℎ denotes the plate thickness and ℎ𝑓 corresponds to the thickness of the auxetic foundation 

layer. The radial coordinate 𝕣 and transverse coordinate 𝕫 have defined the cylindrical coordinate 

system employed in the mathematical formulation. The spring-based representation with stiffness 

parameter 𝐾𝑤 has modeled the elastic reaction of the auxetic foundation according to the Haber–

Schaim foundation theory. This configuration has enabled the investigation of thermo-mechanical 

interactions between the nanocomposite plate and the surrounding elastic medium. The lower 

schematic has depicted the annular sector geometry of the plate. The structure has been 

characterized by the inner radius 𝑅𝑖 and outer radius 𝑅𝑜, while 𝜃 has denoted the circumferential 

coordinate. The angular extent of the annular sector has been defined through the sector angle 𝜃𝑚. 

The origin O has represented the center of curvature of the annular geometry. This mathematical 

model has provided the fundamental basis for deriving the governing equations of thermal 

buckling and stability using higher-order shear deformation theory and differential quadrature 

discretization techniques. 

A two-step process is employed for the homogenization procedure, relying on both the 

Halpin-Tsai model [29] and a micromechanical formulation [30]. To begin, we determine the 

equivalent material properties of the composite, as shown in Ref. [31]. 

 

Figure 1. The geometrical configuration and mechanical modeling of a hybrid nanocomposite annular plate 

resting on an auxetic elastic foundation 

𝕖11 = 𝕧𝔽𝕖11
𝔽 + 𝕧𝑁𝐶𝑀𝕖

𝑁𝐶𝑀, (1a) 

1

𝕖22
=

𝕧𝔽

𝕖22
𝔽 +

𝕧𝑁𝐶𝑀

𝕖𝑁𝐶𝑀
− 𝕧𝔽𝕧𝑁𝐶𝑀 ×

(𝜈𝔽)2𝕖𝑁𝐶𝑀

𝕖22
𝔽 +

(𝜈𝑁𝐶𝑀)2𝕖22
𝔽

𝕖𝑀
−2𝜈𝔽𝜈𝑁𝐶𝑀

𝕧𝔽𝕖22
𝔽 +𝕧𝑁𝐶𝑀𝕖

𝑁𝐶𝑀 , 
(1b) 

𝕖33 = 𝕖22, (1c) 
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The link connecting the two volume fractions is expressed in the following manner [31]. 

In the next step, we determine the overall behavior of the CNT-reinforced nano-composite 

matrix by applying an extended version of the Halpin-Tsai micromechanical approach, following 

the procedure given in Ref. [32]. 

In this context, the parameters 𝛽𝑑𝑑 and 𝛽𝑑𝑙 are obtained using the formula given below 

Given the value of 𝑊𝐶𝑁𝑇, one can write the expression for the CNT volume fraction in the 

following manner [29]. 

The through‑thickness variation of the MHLN pattern takes the following form: 

Moreover, the link between the two volume fractions is given by the expression below [33]: 

In the end, the overall mechanical behavior of the nanocomposite construction is expressed as 

follows, according to Ref. [33]. 

Additionally, the formula used to calculate the expansion parameters of the MHLN is taken 

from Ref. [34] as follows 

1

𝔾12
=

𝕧𝔽

𝔾12
𝔽 +

𝕧𝑁𝐶𝑀

𝔾𝑁𝐶𝑀
, 𝔾23 = 𝔾12, 𝔾13 = 𝔾12, (1d) 

𝜌 = 𝕧𝔽𝜌
𝔽 + 𝕧𝑁𝐶𝑀𝜌

𝑁𝐶𝑀, (1e) 

𝜈12 = 𝕧𝔽𝜈
𝔽 + 𝕧𝑁𝐶𝑀𝜈

𝑁𝐶𝑀, (1f) 

𝑣21 =
𝕖22
𝕖11

𝑣12, 𝑣13 = 𝑣12, 𝑣31 = 𝑣21, 𝑣32 = 𝑣21, 𝑣23 = 𝑣32 (1g) 

𝕧𝔽 + 𝕧𝑁𝐶𝑀 = 1, (2) 

𝕖𝑁𝐶𝑀 = 𝕖𝑀(
5

8
(
1 + 2𝛽𝑑𝑑𝕧𝐶𝑁𝑇
1 − 𝛽𝑑𝑑𝕧𝐶𝑁𝑇

) +
3

8
(
1 + 2(𝑙𝐶𝑁𝑇/𝑑𝐶𝑁𝑇)𝛽𝑑𝑙𝕧𝐶𝑁𝑇

1 − 𝛽𝑑𝑙𝕧𝐶𝑁𝑇
)) (3) 

𝛽𝑑𝑙 =
(𝕖11

𝐶𝑁𝑇/𝕖𝑀) − (𝑑𝐶𝑁𝑇/4𝑡𝐶𝑁𝑇)

(𝕖11
𝐶𝑁𝑇/𝕖𝑀) + (𝑙𝐶𝑁𝑇/2𝑡𝐶𝑁𝑇)

,    𝛽𝑑𝑑 =
(𝕖11

𝐶𝑁𝑇/𝕖𝑀) − (𝑑𝐶𝑁𝑇/4𝑡𝐶𝑁𝑇)

(𝕖11
𝐶𝑁𝑇/𝕖𝑀) + (𝑑𝐶𝑁𝑇/2𝑡𝐶𝑁𝑇)

 (4) 

𝕧𝐶𝑁𝑇
∗ =

𝑊𝐶𝑁𝑇

𝑊𝐶𝑁𝑇 + (
𝜌𝐶𝑁𝑇

𝜌𝑀
)(1 −𝑊𝐶𝑁𝑇)

 
(5) 

𝕧𝐶𝑁𝑇 = 𝕧𝐶𝑁𝑇
∗  (6) 

𝕧𝐶𝑁𝑇 + 𝕧𝑀 = 1 (7) 

𝜌𝑁𝐶𝑀 = 𝕧𝐶𝑁𝑇𝜌
𝐶𝑁𝑇 + 𝕧𝑀𝜌

𝑀 (8a) 

𝜈𝑁𝐶𝑀 = 𝜈𝑀 (8b) 

𝔾𝑁𝐶𝑀 =
𝕖𝑁𝐶𝑀

2(1+𝜈𝑁𝐶𝑀)
. (8c) 
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According to Ref. [35], the quantity 𝛼𝑁𝐶𝑀 represents the coefficient of thermal expansion 

associated with the nanocomposite matrix 

 
 
3. Governing equations and associated boundary conditions: 

 

According to the higher‑order shear deformation theory (HSDT), the three translational 

movements along the coordinate axes are expressed through the following relations [36]: 

The symbols 𝕦0, 𝕧0, and 𝕨0 denote the motion components along the radial, circumferential, 

and thickness axes, respectively. The angles of rotation of the mid-plane normal in the radial and 

circumferential directions are given by 𝕦1 and 𝕧1. The remaining variables—𝕦2, 𝕧2, 𝕦3, 𝕧3, 𝕨1, 

𝕨2 , and 𝕨3—represent higher-order contributions from the Taylor series expansion, which 

capture more complex cross-sectional deformations across the thickness 

 
3.1 Strains 
 

The connection linking deformation to displacement is expressed in the following manner 

where: 

𝛼11 =
𝕧𝑓𝕖11

𝑓
𝛼11
𝑓
+𝕧𝑁𝐶𝑀𝕖

𝑁𝐶𝑀𝛼𝑁𝐶𝑀

𝕧𝑓𝕖11
𝑓
+𝕧𝑁𝐶𝑀𝕖

𝑁𝐶𝑀
, (9a) 

𝛼22 = (1 + 𝕧𝑓)𝕧𝑓𝛼22
𝑓
+ (1 + 𝕧𝑁𝐶𝑀)𝕧𝑁𝐶𝑀𝛼𝑁𝐶𝑀 − 𝜈12𝛼11, (9b) 

𝛼33 = 𝛼22. (9c) 

𝛼𝑁𝐶𝑀 =
1

2
{(
𝕧𝐶𝑁𝑇𝕖11

𝐶𝑁𝑇𝛼11
𝐶𝑁𝑇+𝕧𝑚𝕖𝑚𝛼𝑚

𝕧𝐶𝑁𝑇𝕖11
𝐶𝑁𝑇+𝕧𝑚𝕖𝑚

)}(1 − 𝜈𝑁𝐶𝑀) + (1 + 𝜈𝑚)𝛼𝑚𝕧𝑚 + (1 + 𝜈
𝐶𝑁𝑇)𝛼𝐶𝑁𝑇𝕧𝐶𝑁𝑇. (10) 

𝕦 = 𝕦0 + 𝕫𝕦1 + 𝕫
2𝕦2 + 𝕫

3𝕦3, (11a) 

𝕧 = 𝕧0 + 𝕫𝕧1 + 𝕫
2𝕧2 + 𝕫

3𝕧3, (11b) 

𝕨 = 𝕨0 + 𝕫𝕨1 + 𝕫
2𝕨2 + 𝕫

3𝕨3. (11c) 

𝔈𝕣𝕣 = 𝔈𝕣𝕣
(0) + 𝕫𝔈𝕣𝕣

(1) + 𝕫2𝔈𝕣𝕣
(2) + 𝕫3𝔈𝕣𝕣

(3)
, 

𝔈𝜃𝜃 = 𝔈𝜃𝜃
(0) + 𝕫𝔈𝜃𝜃

(1) + 𝕫2𝔈𝜃𝜃
(2) + 𝕫3𝔈𝜃𝜃

(3)
, 

𝔈𝕫𝕫 = 𝔈𝕫𝕫
(0) + 𝕫𝔈𝕫𝕫

(1) + 𝕫2𝔈𝕫𝕫
(2) + 𝕫3𝔈𝕫𝕫

(3)
, 

𝔈𝜃𝕫 = 𝔈𝜃𝕫
(0) + 𝕫𝔈𝜃𝕫

(1) + 𝕫2𝔈𝜃𝕫
(2) + 𝕫3𝔈𝜃𝕫

(3)
, 

𝔈𝕣𝕫 = 𝔈𝕣𝕫
(0) + 𝕫𝔈𝕣𝕫

(1) + 𝕫2𝔈𝕣𝕫
(2) + 𝕫3𝔈𝜃𝕫

(3)
, 

𝔈𝕣𝜃 = 𝔈𝕣𝜃
(0) + 𝕫𝔈𝕣𝜃

(1) + 𝕫2𝔈𝕣𝜃
(2) + 𝕫3𝔈𝕣𝜃

(3)
. 

(12) 
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3.2 Thermoelastic stress–strain relations 
 

How the elastic stresses relate to strains is determined by the choice made about 𝔈𝕫𝕫. When 𝔈𝕫𝕫 
is not zero—meaning the material can stretch through its thickness—the analysis relies on a 

three-dimensional formulation. For materials with functional gradation, the stress-strain relations 

take the form given below 

where [37] 

𝔈𝕣𝕣
(0) =

𝜕𝕦0

𝜕𝕣
, 𝔈𝕣𝕣

(1) =
𝜕𝕦1

𝜕𝕣
, 𝔈𝕣𝕣

(2) =
𝜕𝕦2

𝜕𝕣
, 𝔈𝕣𝕣

(3) =
𝜕𝕦3

𝜕𝕣
, 

(13) 

𝔈𝜃𝜃
(0) =

1

𝕣
(𝕦0 +

𝜕𝕧0

𝜕𝜃
), 𝔈𝜃𝜃

(1) =
1

𝕣
(𝕦1 +

𝜕𝕧1

𝜕𝜃
), 𝔈𝜃𝜃

(2) =
1

𝕣
(𝕦2 +

𝜕𝕧2

𝜕𝜃
), 𝔈𝜃𝜃

(3) =
1

𝕣
(𝕦3 +

𝜕𝕧3

𝜕𝜃
), 

𝔈𝕫𝕫
(0)
= 𝕨1, 𝔈𝕫𝕫

(1)
= 2𝕨2, 𝔈𝕫𝕫

(2)
= 3𝕨3, 

𝔈𝕣𝕫
(0) = 𝕦1 +

𝜕𝕨0

𝜕𝕣
, 𝔈𝕣𝕫

(1) = 2𝕦2 +
𝜕𝕨1

𝜕𝕣
, 𝔈𝕣𝕫

(2) = 3𝕦3 +
𝜕𝕨2

𝜕𝕣
, 𝔈𝕣𝕫

(3) =
𝜕𝕨3

𝜕𝕣
, 

𝔈𝕣𝜃
(0) =

1

𝕣
(
𝜕𝕦0

𝜕𝜃
− 𝕧0) +

𝜕𝕧0

𝜕𝕣
, 𝔈𝕣𝜃

(1) =
1

𝕣
(
𝜕𝕦1

𝜕𝜃
− 𝕧1) +

𝜕𝕧1

𝜕𝕣
, 𝔈𝕣𝜃

(2) =
1

𝕣
(
𝜕𝕦2

𝜕𝜃
− 𝕧2) +

𝜕𝕧2

𝜕𝕣
, 

𝔈𝕣𝜃
(3)
=

1

𝕣
(
𝜕𝕦3

𝜕𝜃
− 𝕧3) +

𝜕𝕧3

𝜕𝕣
, 

𝔈𝜃𝕫
(0) = 𝕧1 +

1

𝕣

𝜕𝕨0

𝜕𝜃
, 𝔈𝜃𝕫

(1) = 2𝕧2 +
1

𝕣

𝜕𝕨1

𝜕𝜃
, 𝔈𝜃𝕫

(2) = 3𝕧3 +
1

𝕣

𝜕𝕨2

𝜕𝜃
, 𝔈𝜃𝕫

(3) =
1

𝕣

𝜕𝕨3

𝜕𝜃
. 

{
 
 

 
 
𝒯𝕣𝕣
𝒯𝜃𝜃
𝒯𝕫𝕫
𝒯𝜃𝕫
𝒯𝕣𝕫
𝒯𝕣𝜃}

 
 

 
 

=

[
 
 
 
 
 
𝕢̄11 𝕢̄12 𝕢̄13 0 0 0
𝕢̄12 𝕢̄22 𝕢̄23 0 0 0
𝕢̄13 𝕢̄23 𝕢̄33 0 0 0
0 0 0 𝕢̄44 0 0
0 0 0 0 𝕢̄55 0
0 0 0 0 0 𝕢̄66]

 
 
 
 
 

{
 
 

 
 
𝔈𝕣𝕣 − 𝛼11∆𝑇
𝔈𝜃𝜃 − 𝛼22∆𝑇
𝔈𝕫𝕫 − 𝛼33∆𝑇

𝔈𝜃𝕫
𝔈𝕣𝕫
𝔈𝕣𝜃 }

 
 

 
 

, (14) 

𝕢̄11 = 𝕢22 𝑠𝑖𝑛
4Ω+ 2(𝕢12 + 2𝕢66) 𝑠𝑖𝑛

2 Ω𝑐𝑜𝑠2 Ω + 𝕢11 𝑐𝑜𝑠
4 Ω, 

(15) 

𝕢̄12 = 𝕢12(𝑐𝑜𝑠
4 Ω+ 𝑠𝑖𝑛4Ω) + (𝕢22 + 𝕢11 − 4𝕢66) 𝑐𝑜𝑠

2 Ω𝑠𝑖𝑛2Ω, 

𝕢̄13 = 𝕢23 𝑠𝑖𝑛
2Ω+ 𝕢13 𝑐𝑜𝑠

2 Ω, 

𝕢̄22 = 𝕢11 𝑠𝑖𝑛
4Ω + 𝕢22 𝑐𝑜𝑠

4 Ω + 2𝕢12 𝑠𝑖𝑛
2 Ω𝑐𝑜𝑠2 Ω + 2(𝕢12 + 2𝕢66) 𝑐𝑜𝑠

2 Ω𝑠𝑖𝑛2Ω, 

𝕢̄23 = 𝕢23 𝑐𝑜𝑠
2 Ω + 𝕢13 𝑠𝑖𝑛

2Ω, 

𝕢̄33 = 𝕢33, 

𝕢̄44 = 𝕢55 𝑠𝑖𝑛
2Ω + 𝕢44 𝑐𝑜𝑠

2 Ω, 
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The Greek letter Ω indicates the orientation of the plies. Moreover, the quantities that appear in 

Eq. (15) are determined according to Ref. [49] in the following way. 

 

3.3 Governing equations and boundary conditions 
 
Applying the principle of stationary total potential energy leads to the following expression 

[13]: 

By computing the first change in the elastic potential energy, the result is expressed as follows 

Carrying out the depth-wise integration, the resulting expression for the elastic deformation 

energy is as follows 

In this expression, 𝛺0 refers to the two-dimensional region defined by the 𝕣 and 𝜃 coordinates, 

and the corresponding force and moment quantities are obtained using the formula below 

𝕢̄55 = 𝕢44 𝑠𝑖𝑛
2Ω + 𝕢55 𝑐𝑜𝑠

2 Ω, 

𝕢̄66 = 𝕢66(𝑐𝑜𝑠
2 Ω− 𝑠𝑖𝑛2 Ω)2 − 4(2𝕢12 − 𝕢11 − 𝕢22) 𝑐𝑜𝑠

2 Ω𝑠𝑖𝑛2Ω. 

𝕢11 =
(1−𝜈32𝜈23)

𝛥
𝕖11 , 𝕢12 =

(𝜈21+𝜈23𝜈31)

𝛥
𝕖11 , 𝕢13 =

(𝜈31+𝜈32𝜈21)

𝛥
𝕖11, 

(16) 
𝕢22 =

(1−𝜈31𝜈13)

𝛥
𝕖22 , 𝕢23 =

(𝜈32+𝜈31𝜈12)

𝛥
𝕖22 , 𝕢33 =

(1−𝜈21𝜈12)

𝛥
𝕖33, 

𝕢66 = 𝔾12, 𝕢55 = 𝔾23, 𝕢44 = 𝔾13, 

𝛥 = (1 − 𝜈32𝜈23 − 𝜈21𝜈12 − 𝜈31𝜈13 − 2𝜈23𝜈31𝜈12). 

𝛿(𝑊 − 𝑈) = 0 (17) 

𝛿𝑈 = ∫ {∫ [𝒯𝕣𝕣 (𝛿𝔈𝕣𝕣
(0)
+ 𝕫𝛿𝔈𝕣𝕣

(1)
+ 𝕫2𝛿𝔈𝕣𝕣

(2)
+ 𝕫3𝛿𝔈𝕣𝕣

(3)
) + 𝒯𝜃𝜃 (𝛿𝔈𝜃𝜃

(0)
+ 𝕫𝛿𝔈𝜃𝜃

(1)
+

ℎ 2⁄

−ℎ/2
𝛺0

𝕫2𝛿𝔈𝜃𝜃
(2)
+ 𝕫3𝛿𝔈𝜃𝜃

(3)
) + 𝒯𝕣𝜃 (𝛿𝔈𝕣𝜃

(0)
+ 𝕫𝛿𝔈𝕣𝜃

(1)
+ 𝕫2𝛿𝔈𝕣𝜃

(2)
+ 𝕫3𝛿𝔈𝕣𝜃

(3)
) + 𝒯𝕣𝕫 (𝛿𝔈𝕣𝕫

(0)
+ 𝕫𝛿𝔈𝕣𝕫

(1)
+

𝕫2𝛿𝔈𝕣𝕫
(2)
+ 𝕫3𝛿𝔈𝕣𝕫

(3)
) + 𝒯𝜃𝕫 (𝛿𝔈𝜃𝕫

(0)
+ 𝕫𝛿𝔈𝜃𝕫

(1)
+ 𝕫2𝛿𝔈𝜃𝕫

(2)
+ 𝕫3𝛿𝔈𝜃𝕫

(3)
) + 𝒯𝕫𝕫 (𝛿𝔈𝕫𝕫

(0)
+ 𝕫𝛿𝔈𝕫𝕫

(1)
+

𝕫2𝛿𝔈𝕫𝕫
(2)
+ 𝕫3𝛿𝔈𝕫𝕫

(3)
)]𝑑𝕫} 𝑑𝕣𝑑𝜃. 

(18) 

𝛿𝑈 = ∫ (𝔫𝕣𝕣𝛿𝔈𝕣𝕣
(0)
+𝔪𝕣𝕣𝛿𝔈𝕣𝕣

(1)
+ 𝔭𝕣𝕣𝛿𝔈𝕣𝕣

(2)
+ 𝔮𝕣𝕣𝛿𝔈𝕣𝕣

(3)
+ 𝔫𝜃𝜃𝛿𝔈𝜃𝜃

(0)
+𝔪𝜃𝜃𝛿𝔈𝜃𝜃

(1)
+

𝛺0

𝔭𝜃𝜃𝛿𝔈𝜃𝜃
(2)
+ 𝔮𝜃𝜃𝛿𝔈𝜃𝜃

(3)
+ 𝔫𝕣𝜃𝛿𝔈𝕣𝜃

(0)
+𝔪𝕣𝜃𝛿𝔈𝕣𝜃

(1)
+ 𝔭𝕣𝜃𝛿𝔈𝕣𝜃

(2)
+ 𝔮𝕣𝜃𝛿𝔈𝕣𝜃

(3)
+ 𝔫𝕣𝕫𝛿𝔈𝕣𝕫

(0)
+

𝔪𝕣𝕫𝛿𝔈𝕣𝕫
(1)
+ 𝔭𝕣𝕫𝛿𝔈𝕣𝕫

(2)
+ 𝔮𝕣𝕫𝛿𝔈𝕣𝕫

(3)
+ 𝔫𝜃𝕫𝛿𝔈𝜃𝕫

(0)
+𝔪𝜃𝕫𝛿𝔈𝜃𝕫

(1)
+ 𝔭𝜃𝕫𝛿𝔈𝜃𝕫

(2)
+ 𝔮𝜃𝕫𝛿𝔈𝜃𝕫

(3)
+

𝔫𝕫𝕫𝛿𝔈𝕫𝕫
(0)
+𝔪𝕫𝕫𝛿𝔈𝕫𝕫

(1)
+ 𝔭𝕫𝕫𝛿𝔈𝕫𝕫

(2)
+ 𝔮𝕫𝕫𝛿𝔈𝕫𝕫

(3)
)𝑑𝕣𝑑𝜃. 

(19) 

{𝔫𝑖𝑗, 𝔪𝑖𝑗 , 𝔭𝑖𝑗 , 𝔮𝑖𝑗} = ∫
ℎ 2⁄

−ℎ/2
{1, 𝕫, 𝕫2, 𝕫3}𝒯𝑖𝑗𝑑𝕫,   𝑖 = 𝑗 = 𝕣, 𝜃, 𝕫. (20a) 
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Inside a cylindrical coordinate framework, the expression shown below describes a support 

structure made from auxetic material, known as a Haber‑Schaim foundation  [38]: 

Let 𝐾𝑤 , 𝜈𝑓 , and ℎ𝑓  stand for the Winkler stiffness, the lateral contraction ratio, and the 

thickness of the auxetic concrete base, respectively. Additionally, 𝐷𝑓  is defined as (𝕖𝑓ℎ𝑓
3

) / 

[12(1 − 𝜈𝑓
2)]. Inserting the variations 𝛿𝑈 and 𝛿𝑊 into Eq. (17) yields the final motion equations 

and the edge conditions 

 

 

4. Solution procedure 
 
Solving the complicated differential equations derived earlier often requires numerical 

techniques, since closed-form answers exist only in very special cases. Therefore, we adopt the 

differential quadrature approach to estimate function derivatives. For a given function 𝒻 , its 

derivatives evaluated at a certain point can be written as shown below [39, 40] 

Let the indices 𝕚 and 𝕞 each run from 1 to 𝔫𝕣, while j and n each run from 1 to 𝔫𝜃 . The 

quantity 𝒻𝕞𝕟 denotes the function's value at the m-th point in the radial direction and the n-th point 

in the circumferential direction. The symbols 𝔦𝕚𝕞
𝕣  and 𝔦𝕛𝕟

𝜃  represent entries of the unit matrix. 

Finally, the weight coefficients 𝔞𝕚𝕞
𝕣 , 𝔞𝕛𝕟

𝜃 , 𝔟𝕚𝕞
𝕣 , and 𝔟𝕛𝕟

𝜃  are given by the following expressions 

{𝔫𝑖𝑗, 𝔪𝑖𝑗 , 𝔭𝑖𝑗 , 𝔮𝑖𝑗} = ∫
ℎ 2⁄

−ℎ/2
{1, 𝕫, 𝕫2, 𝕫3}𝒯𝑖𝑗𝑑𝕫,   𝑖 ≠ 𝑗 = 𝕣, 𝜃, 𝕫. (20b) 

𝛿𝑊 = ∫ (𝐾𝑤𝕨+𝐷𝑓∇
4𝕨)𝛿𝕨𝑑𝐴

𝐴
. (21) 

𝜕𝒻

𝜕𝕣
|
𝕣=𝕣𝕚,𝜃=𝜃𝕛

= ∑ ∑ 𝔞𝕚𝕞
𝕫𝔫𝜃

𝕟=1
𝔫𝕣
𝕞=1 𝔦𝕛𝕟

𝜃 𝒻𝕞𝕟, 

(22) 

𝜕𝒻

𝜕𝜃
|
𝕣=𝕣𝕚,𝜃=𝜃𝕛

= ∑ ∑ 𝔦𝕚𝕞
𝕣𝔫𝜃

𝕟=1
𝔫𝕣
𝕞=1 𝔞𝕛𝕟

𝜃 𝒻𝕞𝕟, 

𝜕

𝜕𝕣
(
𝜕𝒻

𝜕𝜃
|
𝕣=𝕣𝕚,𝜃=𝜃𝕛

) = ∑ ∑ 𝔞𝕚𝕞
𝕣𝔫𝜃

𝕟=1
𝔫𝕣
𝕞=1 𝔞𝕛𝕟

𝜃 𝒻𝕞𝕟, 

𝜕2𝒻

𝜕𝕣2
|
𝕣=𝕣𝕚,𝜃=𝜃𝕛

= ∑ ∑ 𝔟𝕚𝕞
𝕣𝔫𝜃

𝕟=1
𝔫𝕣
𝕞=1 𝔦𝕛𝕟

𝜃 𝒻𝕞𝕟, 

𝜕2𝒻

𝜕𝜃2
|
𝕣=𝕣𝕚,𝜃=𝜃𝕛

= ∑ ∑ 𝔦𝕚𝕞
𝕣𝔫𝜃

𝕟=1
𝔫𝕣
𝕞=1 𝔟𝕛𝕟

𝜃 𝒻𝕞𝕟. 

𝔞𝕚𝕞
𝕣 = {

ƛ(𝕣𝕚)

(𝕣𝕚−𝕣𝕞)ƛ(𝕣𝕞)
𝕚 ≠ 𝕞

−∑ 𝔞𝕚𝑘𝕚 = 𝕞
𝔫𝕣
𝑘=1,𝑘≠𝕚

𝕚,𝕞 = 1,2, . . . , 𝔫𝕣 , 

(23) 

𝔞𝕛𝕟
𝜃 = {

ℏ(𝜃𝕛)

(𝜃𝕛−𝜃𝕟)ƛ(𝜃𝕟)
𝕛 ≠ 𝕟

−∑ 𝔞𝕛𝑘𝕛 = 𝕟
𝔫𝜃
𝑘=1,𝑘≠𝕛

𝕛, 𝕟 = 1,2, . . . , 𝔫𝜃. 
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in the above equations, 

and 

Furthermore, a Chebyshev-Gauss-Lobatto grid layout [41] is adopted, where the positions of 

the nodal points, denoted by (𝕣𝕚, 𝜃𝕛), on the reference surface are given as follows [41]: 

As a result, the eigenvalue problem in algebraic form can be expressed using matrix notation as 

follows: 

The quantities in both KL and KT remain fixed. By dropping the nonlinear matrices, Eq. (27) 

reduces to a standard linear eigenvalue form. The smallest positive eigenvalue, denoted 𝛥T𝑐𝑟 , 

corresponds to the critical temperature rise that triggers buckling in an annular plate. A 

four-character code defines the edge restrictions: the first character indicates the condition at the 

inner radius 𝕣 = 𝑅𝕚, the second at θ = 0, the third at the outer radius 𝕣 = 𝑅𝑜, and the fourth at 𝜃 =
𝜃𝑚. Next, a parametric study is carried out to assess how various parameters affect the buckling 

behavior of the MHL annular sector plate. Refs. [42, 43] provide the geometric and physical data 

for the constituent materials. 

 
 
5. Results and discussion 

 
5.1 Verification 
 
Table 1 has presented a comparative validation study for the critical thermal buckling temperature 

difference Δ𝑇𝑐𝑟 [K] of functionally graded graphene platelet reinforced composite (FG-GPLRC)  

ƛ(𝕣𝕚) = ∏ (𝕣𝕚 − 𝕣𝑘)
𝔫𝕣
𝑘=1,𝑘≠𝕚 , 

(24) 

ƛ(𝕣𝕞) = ∏ (𝕣𝕞 − 𝕣𝑘)
𝔫𝕣
𝑘≠𝕞,𝑘=1 , 

ℏ(𝜃𝕛) = ∏ (𝜃𝕛 − 𝜃𝑘)
𝔫𝜃
𝑘=1,𝑘≠𝕛 , 

ℏ(𝜃𝕟) = ∏ (𝜃𝕟 − 𝜃𝑘)
𝔫𝜃
𝑘≠𝕟,𝑘=1 . 

𝔟𝕚𝕞
𝕣 = 2(𝔞𝕚𝕚

𝕣 𝔞𝕚𝕞
𝕣 −

𝔞𝕚𝕞
𝕣

(𝕣𝕚−𝕣𝕞)
),  𝕚,𝕞 = 1,2, . . . , 𝔫𝕣, 𝕚 ≠ 𝕞 

(25) 
𝔟𝕛𝕟
𝜃 = 2(𝔞𝕛𝕛

𝜃𝔞𝕛𝕟
𝜃 −

𝔞𝕛𝕟
𝜃

(𝜃𝕛−𝜃𝕟)
),  𝕛, 𝕟 = 1,2, . . . , 𝔫𝜃, 𝕛 ≠ 𝕟 

𝔟𝕚𝕚
𝕣 = −∑ 𝔟𝕚𝑘

𝕣𝔫𝕣
𝑘=1,𝑘≠𝕚 , 𝕚 = 1,2, . . . , 𝔫𝕣    𝕚 = 𝕞   

𝔟𝕛𝕛
𝜃 = −∑ 𝔟𝕛𝑘

𝜃𝔫𝜃
𝑘=1,𝑘≠𝕛 ,     𝕛 = 1,2, . . . , 𝔫𝜃    𝕛 = 𝕟 

𝕣𝕚 = 𝑅𝑖 +
𝑅𝑜−𝑅𝑖

2
(1 − 𝑐𝑜𝑠 (

(𝕚−1)

(𝔫𝕣−1)
𝜋)),   𝕚 = 1,2,3, … , 𝔫𝕣 

𝜃𝕛 =
𝜃𝑚

2
(1 − 𝑐𝑜𝑠 (

(𝕛−1)

(𝔫𝜃−1)
𝜋)),    𝕛 = 1,2,3, . . . , 𝔫𝜃 

(26) 

(KL − Δ𝑇KT)d = 0. (27) 
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Table 1. A comparison study between the Critical buckling temperature difference Δ𝑇𝑐𝑟  [K] of the FG-

GPLRC sector plates with 𝑅𝑜/𝑅𝑖 = 1/5, 𝑅𝑖/ℎ = 40, 𝑊𝐺𝑃𝐿 = 0.3%, 𝜃𝑚 = 60∘, and GPL-UD 

 Ref. [44] Present 

SSSS 29.3956 29.3833 

CCCC 96.7456 96.7394 

 

 

annular sector plates. The comparison has been peFrformed between the reference solution 

reported in Ref. [44] and the present computational formulation. The analysis has considered the 

geometric and material parameters 𝑅𝑜/𝑅𝑖 = 1/5, 𝑅𝑖/ℎ = 40, 𝑊𝐺𝑃𝐿 = 0.3%, 𝜃𝑚 = 60∘, under the 

GPL-UD distribution pattern. Two classical boundary conditions have been examined, namely 

simply supported on all edges (SSSS) and fully clamped on all edges (CCCC). For the SSSS 

boundary condition, the reference value of the critical buckling temperature difference has been 

reported as 29.3956 K, whereas the present model has predicted 29.3833 K. Similarly, for the 

CCCC boundary condition, the reference and present results have been obtained as 96.7456 K and 

96.7394 K, respectively. The extremely small discrepancies between the two sets of results have 

demonstrated the excellent accuracy, numerical stability, and convergence capability of the present 

formulation. Therefore, the comparison has verified that the adopted higher-order mathematical 

modeling, combined with the differential quadrature method, has provided reliable predictions for 

the thermal buckling behavior of hybrid nanocomposite annular plates supported by auxetic elastic 

foundations. 
 

5.2 Parametric results 
 

Fig. 2 has illustrated the influence of the annular sector angle on the critical thermal buckling 

temperature difference Δ𝑇𝑐𝑟  [𝐾] for hybrid nanocomposite annular plates subjected to different 

boundary conditions. The graph has compared the thermal stability responses of simply supported 

and fully clamped plates over a sector angle range from 20° to 90°. The results have demonstrated 

that the critical buckling temperature has decreased significantly as the annular angle increased. 

This behavior has indicated that larger sector openings reduced the structural stiffness and 

consequently weakened the thermal stability resistance of the annular plate. For the SSSS 

boundary condition, the critical temperature difference has gradually declined from approximately 

45°  at 𝜃𝑚 = 20°  to nearly 37°  at 𝜃𝑚 = 90° . In contrast, the CCCC boundary condition has 

exhibited substantially higher thermal resistance throughout the entire angular range, decreasing 

from about 93° to nearly 42°. The clamped configuration has therefore provided stronger edge 

constraints, resulting in improved resistance against thermally induced instability. Moreover, the 

figure has revealed that the rate of reduction in Δ𝑇𝑐𝑟  became less pronounced at larger sector 

angles, suggesting a gradual stabilization trend. These findings have confirmed that both geometric 

configuration and boundary conditions have played essential roles in the management and 

optimization of thermal buckling performance in annular nanocomposite plate structures. 

Fig. 3 has demonstrated the influence of laminated layer configuration on the critical thermal 

buckling temperature difference of hybrid nanocomposite annular plates subjected to varying 

annular sector angles 𝜃𝑚. Three different symmetric laminate stacking sequences have been 

investigated, namely [90∘, 0∘, 90∘], [90∘, 0∘, 90∘, 0∘, 90∘], and [90∘, 0∘, 90∘, 0∘, 90∘, 0∘, 90∘]. The 

obtained results have revealed that both the number of laminated layers and fiber orientation 

arrangements have significantly affected the thermal stability behavior of the structure. The figure  
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has shown that the critical buckling temperature difference decreased continuously as the annular 

sector angle increased from 20∘ to 90∘. This reduction has indicated that larger sector openings 

weakened the structural rigidity and reduced resistance against thermally induced instability. 

However, increasing the number of laminate layers has consistently enhanced the thermal buckling  

 

Figure 2. The influence of the annular sector angle on the critical thermal buckling temperature difference 

for hybrid nanocomposite annular plates for different boundary conditions 

 

Figure 3. The influence of laminated layer configuration on the critical thermal buckling temperature 

difference of hybrid nanocomposite annular plates subjected to varying annular sector angles and symmetric 

laminate stacking sequences 
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resistance. The seven-layer laminate configuration has produced the highest Δ𝑇𝑐𝑟 values across the 

entire angular range, while the three-layer laminate has exhibited the lowest thermal stability 

performance. Furthermore, the results have demonstrated that multilayer symmetric laminations 

improved bending stiffness and stress redistribution within the annular plate. The difference 

between laminate configurations became more noticeable at smaller sector angles, where structural 

stiffness effects were more dominant. Consequently, the figure has confirmed that optimized 

laminated stacking sequences have played a crucial role in the management and enhancement of 

thermal buckling resistance in advanced hybrid nanocomposite annular plate systems supported by 

auxetic elastic foundations. 

Fig. 4 illustrates the effect of the auxetic elastic foundation thickness ratio on the critical 

thermal buckling temperature difference Δ𝑇𝑐𝑟 of hybrid nanocomposite annular plates. Three 

different foundation thickness ratios, namely ℎ𝑓/ℎ=1/3, 1/2, and 1, have been considered to 

evaluate the influence of the auxetic substrate on thermal stability performance over varying 

annular sector angles. The results have demonstrated that increasing the auxetic foundation 

thickness significantly enhanced the thermal buckling resistance of the annular plate structure. The 

figure has shown that all configurations experienced a gradual reduction in the critical buckling 

temperature difference as the sector angle increased from 20∘ to 90∘. This trend has indicated that 

larger annular openings reduced the global stiffness and weakened the structural resistance against 

thermally induced instability. However, thicker auxetic foundations consistently produced higher 

Δ𝑇𝑐𝑟 values throughout the entire angular range. In particular, the configuration with ℎ𝑓/ℎ=1 has 

exhibited the highest thermal stability, while the case with ℎ𝑓/ℎ =1/3 has shown the lowest 

resistance to thermal buckling. Furthermore, the influence of foundation thickness has been more 

pronounced at smaller sector angles, where the interaction between the plate and the auxetic 

substrate became stronger. The enhanced stiffness contribution provided by the thicker auxetic  

 

Figure 4. The effect of the auxetic elastic foundation thickness ratio on the critical thermal buckling 

temperature difference of hybrid nanocomposite annular plates 
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foundation has improved load distribution and reduced deformation sensitivity under thermal 

loading conditions. Consequently, the results have confirmed that the thickness of the auxetic 

elastic foundation has played a critical role in the management and optimization of thermal 

stability behavior in advanced laminated nanocomposite annular plate systems. 

Fig. 5 presents the influence of the auxetic foundation Poisson’s ratio parameter on the critical 

thermal buckling temperature difference Δ𝑇𝑐𝑟  of hybrid nanocomposite annular plates. Three 

negative Poisson’s ratio values, namely ν𝑓 = −0.4,−0.6, and −0.8, have been investigated to 

evaluate the contribution of auxetic behavior to thermal stability enhancement. The results have 

clearly demonstrated that stronger auxetic characteristics, corresponding to more negative Poisson’s 

ratio values, significantly improved the resistance of the annular plate against thermal buckling. 

The figure has shown that the critical buckling temperature difference decreased continuously as 

the annular sector angle increased from 20∘ to 90∘. This reduction has indicated that larger sector 

openings weakened the structural stiffness and increased susceptibility to thermally induced 

instability. Nevertheless, the configuration with ν𝑓 = −0.8 has consistently exhibited the highest 

Δ𝑇𝑐𝑟 values throughout the entire angular range, while the case with ν𝑓 = −0.4 has produced the 

lowest thermal stability performance. Furthermore, the enhancement provided by the auxetic 

foundation has been particularly significant at smaller sector angles, where the plate–foundation 

interaction became more dominant. The negative Poisson’s ratio effect has increased the effective 

stiffness and improved stress redistribution under thermal loading conditions. Consequently, the 

results have confirmed that the auxetic Poisson’s ratio parameter has played a crucial role in the 

management, optimization, and stabilization of advanced nanocomposite annular plate systems 

subjected to severe thermo-mechanical environments. 

Fig. 6 has illustrated the effect of the Winkler foundation coefficient on the critical thermal 

buckling temperature difference Δ𝑇𝑐𝑟 of hybrid nanocomposite annular plates subjected to varying  

 

Figure 5. The influence of the auxetic foundation Poisson’s ratio parameter on the critical thermal buckling 

temperature difference of hybrid nanocomposite annular plates 
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annular sector angles. Three different Winkler stiffness parameters, namely 𝐾𝑤 = 100[𝑁/𝑚3], 
200[𝑁/𝑚3], and 300[𝑁/𝑚3], have been considered to evaluate the role of elastic foundation 

stiffness in enhancing thermo-mechanical stability. The results have demonstrated that increasing 

the Winkler coefficient significantly improved the thermal buckling resistance of the annular plate 

system. The figure has shown that the critical buckling temperature difference decreased 

progressively as the annular sector angle increased from 20∘ to 90∘. This behavior has indicated 

that larger sector openings reduced the global structural stiffness and weakened resistance against 

thermal instability. Nevertheless, higher Winkler foundation stiffness values consistently produced 

greater Δ𝑇𝑐𝑟  values throughout the entire angular range. In particular, the case with 𝐾𝑤 =
300[𝑁/𝑚3] has exhibited the highest thermal stability performance, while the configuration with 

𝐾𝑤 = 100[𝑁/𝑚3]  has shown the lowest resistance to thermal buckling. Furthermore, the 

influence of the Winkler coefficient has been more pronounced at smaller annular sector angles, 

where the interaction between the nanocomposite plate and the elastic substrate became stronger. 

The increased foundation stiffness has enhanced load-carrying capacity, improved stress 

redistribution, and reduced transverse deformation under thermal loading conditions. Consequently, 

the results have confirmed that the Winkler foundation parameter has played a significant role in 

the management and optimization of thermal buckling stability in advanced hybrid laminated 

nanocomposite annular plate structures supported by auxetic elastic foundations. 

Fig. 7 shows the influence of the geometric radius ratio on the critical thermal buckling 

temperature difference Δ𝑇𝑐𝑟 of hybrid nanocomposite annular plates subjected to varying annular 

sector angles. Three radius ratios, namely 𝑅𝑜/𝑅𝑖=3, 4, and 5, have been examined to evaluate the 

effect of annular geometry on thermo-mechanical stability behavior. The results have revealed that 

the radius ratio has played a significant role in determining the structural stiffness and thermal 

buckling resistance of the annular plate system. The figure has shown that the critical buckling 

temperature difference decreased continuously with increasing annular sector angle from 20∘ to  

 

Figure 6. The effect of the Winkler foundation coefficient on the critical thermal buckling temperature 

difference of hybrid nanocomposite annular plates 
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90∘ . This trend has indicated that larger sector openings weakened the structural rigidity and 

reduced the resistance against thermally induced instability. In addition, increasing the radius ratio 

from 3 to 5 has caused a noticeable reduction in Δ𝑇𝑐𝑟 . The configuration with 𝑅𝑜/𝑅𝑖=3 has 

exhibited the highest thermal stability performance, whereas the case with 𝑅𝑜/𝑅𝑖=5 has shown the 

lowest critical buckling resistance. Furthermore, the influence of the radius ratio has been more 

significant at smaller annular sector angles, where geometric stiffness effects became dominant. 

Larger radius ratios increased the flexibility of the annular plate and reduced its ability to sustain 

thermal loading without instability. Consequently, the results have confirmed that the annular 

geometric ratio has represented a crucial design parameter in the management and optimization of 

thermal buckling behavior in advanced hybrid laminated nanocomposite plate structures supported 

by auxetic elastic foundations. 

Fig. 8 shows the influence of the carbon nanotube weight fraction on the critical thermal 

buckling temperature difference Δ𝑇𝑐𝑟 of hybrid laminated nanocomposite annular plates subjected 

to varying annular sector angles. Three CNT reinforcement contents, namely 𝑊𝑐𝑛𝑡 = 0.1, 0.2, and 

0.3  [𝑤𝑡%], have been investigated to evaluate the contribution of nanofiller concentration to 

thermo-mechanical stability enhancement. The obtained results have demonstrated that increasing 

the CNT weight fraction significantly improved the thermal buckling resistance of the annular 

plate structure. The figure has shown that the critical buckling temperature difference decreased 

continuously as the annular sector angle increased from 20∘ to 90∘. This reduction has indicated 

that larger annular openings weakened the structural stiffness and increased susceptibility to 

thermally induced instability. However, higher CNT reinforcement levels consistently produced 

larger Δ𝑇𝑐𝑟 values throughout the entire angular range. In particular, the configuration with 𝑊𝑐𝑛𝑡

= 0.3 [𝑤𝑡%] has exhibited the highest thermal stability performance, whereas the case with 

𝑊𝑐𝑛𝑡 = 0.1 [𝑤𝑡%] has shown the lowest resistance against thermal buckling. Furthermore, the 

strengthening effect of CNT reinforcement has been more pronounced at smaller sector angles,  

 

Figure 7. the influence of the geometric radius ratio on the critical thermal buckling temperature difference 

Δ𝑇𝑐𝑟 of hybrid nanocomposite annular plates subjected to varying annular sector angles 
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where stiffness enhancement dominated the structural response. The incorporation of higher CNT 

content has improved elastic rigidity, stress transfer capability, and thermal resistance within the 

laminated nanocomposite layers. Consequently, the results have confirmed that the CNT weight 

fraction has represented a critical material design parameter in the management and optimization 

of thermal buckling stability for advanced annular nanocomposite plate systems supported by 

auxetic elastic foundations. 

 
 
6. Conclusions 
 

In conclusion, the present study has provided a comprehensive investigation into the thermal 

buckling management and stability enhancement of hybrid nanocomposite reinforced annular 

plates resting on an auxetic elastic foundation. The developed multi-scale hybrid laminated 

nanocomposite formulation has successfully captured the complex interaction between nano-

reinforcement characteristics and thermo-mechanical loading conditions. By employing higher-

order shear deformation theory, the analysis has accurately represented transverse shear 

deformation effects and thickness-dependent responses that have frequently been neglected in 

classical plate formulations. Moreover, thermoelastic stress–strain relations have effectively 

described the coupling between temperature variation and structural deformation behavior under 

critical thermal environments. The Haber–Schaim auxetic elastic foundation model has 

demonstrated a significant contribution to stiffness enhancement and stability improvement due to 

the negative Poisson’s ratio characteristics of the surrounding substrate. The obtained numerical 

findings have indicated that the auxetic foundation parameters, nanoparticle volume fraction, 

geometric configuration, and lamination sequence have substantially influenced the critical 

thermal buckling temperature and post-buckling resistance of the annular plates. Furthermore, the 

 

Figure 8. The influence of the carbon nanotube weight fraction on the critical thermal buckling temperature 

difference of hybrid laminated nanocomposite annular plates subjected to varying annular sector angles 
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differential quadrature method based on Chebyshev–Gauss–Lobatto grid points has achieved high 

numerical accuracy, rapid convergence, and computational efficiency in solving the governing 

equations. The parametric investigations have revealed that optimized hybrid nanocomposite 

distributions and properly selected auxetic foundation coefficients have considerably enhanced 

structural reliability and thermal resistance. Consequently, the proposed framework has established 

an efficient management strategy for the design and control of advanced nanocomposite structural 

systems subjected to severe thermal conditions. The outcomes of this research have contributed 

valuable theoretical and practical insights for future aerospace, mechanical, marine, and energy 

engineering applications where lightweight, thermally stable, and high-performance composite 

structures have become increasingly essential. 
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