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Abstract. The dynamic stability of structural systems reinforced by nanocomposites under dynamic loads have
become increasingly important because of their multifunctional capabilities as a result of carbon nanotube (CNT)
reinforcement. The present study provides an analytical framework for evaluating and optimizing dynamic stability
of CNT-reinforced structural members using first-order shear deformation theory (FSDT). The transverse and shear
strains have been assumed to have a linear relation to their respective displacements so that the effects of shear
deformation can be accurately determined; this is very important for structural members that are of medium
thickness. The constitutive behavior of the material will be based on Hooke’s law using the effective elastic
properties of CNT-reinforced nanocomposites derived through micromechanical homogenization techniques. The
equations of mation are established through Hamilton’s principle, yielding a variationally consistent formulation of
the Kinetic, potential, and work contributions for the system. In order to obtain closed-form solutions, the
displacement fields are represented as a double trigonometric series in the context of the classical Navier approach,
while also meeting simply supported boundary conditions at each end connection. The resulting eigenvalue problem
establishes the critical dynamic stability boundaries, as well as principal parametric resonance states for the system.
The parametric studies emphasize that important contributions to dynamic response and stability margins arise from
the CNT volume fraction, the distribution of the CNTSs, and the geometry of the structure. Through optimization
analysis, the results show that using a specifically tailored arrangement of CNTs will significantly increase the
stiffness of the structure, extend the time before instability occurs, and reduce the sensitivity of the structure to the
excitation frequency/ampitude. This new method provides a sound analytical basis for the design and structural
management of advanced CNT reinforced components for engineering applications where lightweight/high-strength/
dynamically stable materials are needed.
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1. Introduction

Composite structures are materials made by combining two or more distinct substances to
create a new material with enhanced properties [1]. These materials usually consist of a matrix and
a reinforcement, where the matrix binds the reinforcement and transfers loads [2]. The
reinforcement provides strength and stiffness, often in the form of fibers, particles, or layers [3].
Common examples of composite materials include fiberglass, carbon fiber reinforced polymers,
and concrete with steel reinforcement [4]. Composite structures are widely used in aerospace,
automotive, civil, and marine engineering due to their high strength-to-weight ratio [5]. They can
be tailored to meet specific mechanical, thermal, and chemical performance requirements [6].
Unlike metals, composites are anisotropic, meaning their properties vary depending on the direction
of the load [7]. The design of composite structures involves understanding stress distribution,
failure mechanisms, and material compatibility [8]. Manufacturing techniques include lay-up,
filament winding, pultrusion, and resin transfer molding [9]. Composites offer advantages like
corrosion resistance, fatigue durability, and reduced maintenance compared to traditional materials
[10]. Challenges in composite structures include higher initial costs, complex repair procedures,
and sensitivity to environmental conditions [11]. Engineers use advanced modeling and simulation
tools to predict the behavior of composite structures under different loads [12]. Testing standards
like ASTM and ISO guide the evaluation of mechanical properties such as tensile, compressive,
and shear strength [13]. Innovations in nanocomposites and hybrid composites continue to expand
the applications of composite structures [14]. Overall, composite structures combine multiple
materials in a synergistic way to achieve performance that individual materials alone cannot
provide [15].

Advances in analytical and numerical modeling have expanded the application of composite
materials across geotechnical engineering problems, particularly in the simulation of material—
structure interaction during intelligent compaction processes [16]. In mechanical engineering,
analytical models developed for corrugated composite sheets have provided valuable insights into
rolling force prediction and deformation mechanisms in composite-based forming operations [17].
Related studies on tailor-rolled blank manufacturing have further highlighted the importance of
accurate mathematical modeling for controlling thickness variation and mechanical response [18].

Stability analysis is a fundamental aspect of studying dynamic systems, providing insight into
how a system responds to disturbances or changes in its environment [19, 20]. It determines
whether a system will return to a steady state after being perturbed or whether it will deviate
uncontrollably [21-23]. In engineering, this analysis ensures the safe and reliable operation of
mechanical, electrical, and structural systems [24, 25]. For example, in control engineering,
stability analysis helps design controllers that prevent oscillations, overshoots, or system failures
[26, 27]. In civil engineering, it predicts how buildings, bridges, and other structures respond to
external loads like wind, earthquakes, or traffic [28]. Electrical power systems rely on stability
studies to maintain continuous energy supply and avoid blackouts [29]. Mathematically, tools such
as Lyapunov functions, eigenvalue analysis, and phase plane methods provide rigorous frameworks
for assessing stability [30]. Without such analysis, systems may behave unpredictably, leading to
potential failures, financial losses, or safety hazards. Stability analysis also aids in optimizing
system performance while maintaining robustness under uncertain conditions. It allows engineers
and scientists to anticipate and mitigate risks before they become critical problems [31]. In
research and innovation, stability studies provide a foundation for developing new technologies
that are both efficient and reliable [32]. Overall, stability analysis is indispensable for ensuring the
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Figure 1. The geometric and coordinate configuration of a three-dimensional rectangular nanocomposite
plate commonly used in structural and dynamic stability analyses

predictability, safety, and longevity of systems across engineering, science, and economics [33].

This study develops an advanced analytical model for assessing and optimizing the dynamic
stability of nanocomposite structural elements reinforced with carbon nanotubes (when subjected
to external excitations. Using the FSDT, the formulation incorporates linear transverse and shear
strain—displacement relationships to account accurately for shear effects in moderately thick
structures. The mechanical response of the CNT-reinforced nanocomposite is described through
Hooke’s law, with effective elastic constants evaluated via established micromechanical
homogenization techniques to reflect the influence of CNT content and distribution. Hamilton’s
principle is applied to derive the coupled governing equations of motion, integrating kinetic and
potential energy contributions with virtual work arising from external harmonic loading. These
equations are subsequently solved using a Navier-type solution procedure, in which the
displacement fields are expressed as a double trigonometric series satisfying simply supported
boundary conditions. This analytical approach yields explicit expressions for dynamic instability
regions, enabling identification of critical excitation parameters associated with parametric
resonance. A systematic stability and sensitivity analysis reveals the pronounced effects of CNT
reinforcement ratio, nanotube orientation, and structural geometry on dynamic behavior. The
results demonstrate that optimal tailoring of CNT characteristics enhances global stiffness, shifts
instability thresholds, and improves resistance to resonance-induced amplification. The proposed
framework provides a rigorous foundation for structural management and performance
optimization of CNT-reinforced composites, offering valuable guidelines for engineering
applications requiring reduced weight, high rigidity, and superior dynamic reliability under
fluctuating operational environments.

2. Effective material properties of CNTRCs

Fig. 1 illustrates the geometric and coordinate configuration of a three-dimensional rectangular
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nanocomposite plate commonly used in structural and dynamic stability analyses. The plate
possesses in-plane dimensions a (along the Y-axis) and b (along the X-axis), with a uniform
thickness h oriented along the Z-axis. This Cartesian coordinate system (X, Y, Z) defines the
spatial domain for displacement fields, strain—displacement relations, and constitutive modeling.
The mid-surface of the plate typically lies at Z=0, enabling symmetric definition of transverse
displacement and shear deformation through FSDT. In mathematical modeling, the geometric
parameters (a, b, h) serve as fundamental inputs for formulating the governing equations of
motion, strain-energy expressions, and boundary conditions. The plate is often assumed to be
simply supported or clamped along its edges, which permits the use of Navier-type trigonometric
series for displacement approximations. The coordinate directions also provide the basis for
defining normal and shear strains as well as corresponding stress components following Hooke’s
law. This geometric framework therefore establishes the essential foundation for analyzing
mechanical responses, including bending, vibration, and dynamic stability of CNT-reinforced
composite plates under mechanical or environmental excitations.

The carbon nanotube (CNT) efficiency characteristics were introduced using the extended rule
of mixing, and as a result, the effective material properties of the functionally graded carbon
nanotube (FG-CNT) reinforced composite layer may be represented as [34].

E1y = n1oentED T + 0 E™

Mz _ PCNT | Pm
E;; E5)'  E™ (1)

M3 _ DNt | Pm

G GG
where E,,, and G,, are the equivalent characteristics of the isotropic matrix, and ESNT, ESNT and
GV are the Young’s moduli and shear modulus of SWCNTs, respectively. The CNT efficiency
parameters, ;(j = 1,2,3), are added to account for the scale-dependent material characteristics.
They may be computed by comparing the effective properties from the rule of mixing with those

from the MD simulations. For every FG-CNT reinforced composite layer, the CNT volume
fractions vcnr (Z) are provided as
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where wenr is the mass fraction of the CNT and p™ and p“NT are the densities of the matrix and
carbon nanotube, respectively. Furthermore, the volume fractions of matrix and CNT in Eq. (1) are
represented by vyt and v,,, respectively, which should satisfy the criterion
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Additionally, Poisson’s ratio v,, and the density p may be computed using the law of mixing as

_ % CNT m
Viz = OcnTViz T 0V,
(%)

p = ventp N+ 0™,

where v™ and vi¥T represent the density and Poisson’s ratios of the matrix and CNT, respectively.

3. Vibration theoretical model

In this study, the vibration behavior of the carbon nanotube reinforced nanocomposite (CNTRC)
plate under dynamic loading is analyzed using the governing equations obtained from the FSDT.
The following illustrates the displacement field of the shell structures [35]:

wXY,Zt) =uXY,t) + Zix(X Y, t), (6a)
v(X,Y,Z t) =v(XY,t) + ZIy(X, Y, t), (6b)
w(XY,Zt) =wXY,t). (6¢)

The variable v represents the displacement of the center surface along the X-axis within the
plane, whilst the variables v and w represent the displacements along the Y-axis and Z-axis,
respectively. Furthermore, ffx and ffy , respectively, represent the rotational displacement
components around Y-axis and X-axis. For each position displacement field, linear transverse and
shear strain-displacement relationships may be created:

ou 47 offx
¢ X ' T ox A
| _ ov _ofy Axz) _ ) X " 9X
sy ay ay YZ fo + 2V
ou ov offx ofy Yy

aY * oX * aY * 0X
where Uxy, Uxz and Wy represent the shear components of strain, whereas Uy and Ay represent
the normal components. Furthermore, Hooke’s law explains the relationship between stress and
strain in a CNTRC plate:

%X lel leZ 0 Q’IX SBYZ %44 0 QIYZ
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Additionally, the stiffness coefficient that Eq. (8) uses is given by:
_ 11 _ Es; _ vaEpy
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The Hamilton principle [35] says the following:
t
f SU+V—-K)dt=0 (10)
0

where the variational operator is denoted by 6. The strain energy change, U, of the CNTRC plate
may be explained as follows:

v

~ f . 5 N a&m asy,  06fy _ 00fy
E)SIFX am{ 65 dow
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The membrane forces (my, my, nxy), bending moments (my, my, myy ), and shear forces
(Dxz, Dyz) in the plate may be expressed using the following formulas:

h/2 h/2
My %X J111113N %X h/2
R I T B R T B -
Mxy —h/2 EBXY My —h/2 EBXY Yz —-h/2 V7S YZ
where the shear correction coefficient, denoted by kg, is 5/6. Furthermore, the external effort
resulting from the dynamic loading, denoted by V, has been described using Eqg. (13).

8V = [, qéwdA, (13)

where q,, and ..., represent the frequency and amplitude of external mechanical stimulation,
respectively, and g = qocos(Q,,:t). An example of the 6K component is as follows:

5K = J (84 + 81 + 1irS1ir) pdV
v
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The variables (94, 9,, and 9)5), which represent the inertial mass components within the plate,
provide the following information:

h/2

0999 = | pQLTE (15)

~h/2
Egs. (11, 13, 14) may be substituted into Eq. (10) to produce the governing equation of motion:

. anx allﬂxy 9?2 fx
Su: X %1 atz 2)2 at2’ (16&)
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pv: Lty P gy Oy g, Ty (16)

sw: 2w g g TW (16c)

Offx: %+M;%—]sz:@2%+@3%’ (16d)
Sy: 2 0, =9, 0 9, 0 (16¢)

The sandwich shell construction’s edges are all completely simply supported, which is defined
as:

:W:ﬂ:Y:le:mX:O at X=O,a. (17a)

u=w=fxy=mny=my=0 at Y=0,b. (17b)

The displacement functions are then extended into a double trigonometric series using Navier’s
solution approach, satisfying the boundary condition:

u(X,Y,t) Amncos(aX)sin(BY)
v(X, Y, t) m n bnnsin(aX)cos(BY)
w(iX, Y, t) p = Z Z CrnSin(aX)sin(BY) (18)
fx(X Y, t) m=1 n=1 d,pncos(aX)sin(BY)
fy(XY,t) emnsin(aX)cos(BY)

The symbols are j = v—1, f = nm/b, and @ = mm/a. Furthermore, a,,,,, bymn, Cmns iy @and
emn Indicate the displacement amplitudes. When Eqgs. (12, 15, 18) are included into Egs. (16a-e),
the mathematical solution for the plate’s dynamics is as follows:

[m]{X(O} + [KI{X(6)} = {F(D)}. (19a)

X(t) = {almn bmn Cmn dipn @mn}T- (19b)
Using the following initial settings:
almn(o) =0, 1b)mn(o) =0, Cmn(o) =0, (d]mn(o) =0, @mn(o) =0,
_ ' (20)
amn(o) =0, 1b)mn(o) =0, (tmn(o) =0, (d]mn(o) =0, @mn(o) = 0.

The following relations are obtained by applying the Laplace transform to Eq. (19a) for
different boundary conditions while taking into consideration Egs. (19a, b).

[m]{5? x R($)} + [KI{X(S)} = {F(S)}, (21a)
X(S) = {ﬁmn Emn @mn amn @mn}T' (Zlb)
F(S)=1{00g 0 0} (21c)

After solving Eq. (21a), the displacement for each layer may be found using the layer-wise
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approach and the Laplace transform. The displacements and tension across the CNTRC plate in
transverse orientation would be calculated using Egs. (6, 8). The modified formulation of Dubner
and Abate is used to calculate the displacements and stresses with time using the Laplace
transform inversion.

3.1 Limitations and assumptions

The analytical framework presented in this study for the dynamic stability analysis of carbon
nanotube reinforced nanocomposite plates rests upon several foundational assumptions and carries
inherent limitations that must be clearly recognized when interpreting the results or extending the
methodology to practical engineering applications. First, the kinematic description follows the first
order shear deformation theory which assumes a linear variation of in plane displacements through
the thickness and a constant transverse displacement. While FSDT captures transverse shear
deformation essential for moderately thick plates it neglects higher order warping effects and
through thickness stretching. The strain displacement relationships are strictly linear implying
infinitesimal deformations and excluding geometric nonlinearities such as large rotations or post
buckling behavior. Constitutively the material obeys Hookes law restricting the analysis to linear
elastic response without plasticity viscoelasticity or damage evolution. These idealizations mean
that the model is valid only for small deflections and elastic regimes well below yield or failure
thresholds. Second, the effective material properties of the CNT reinforced nanocomposite are
estimated using the extended rule of mixtures which incorporates empirically determined CNT
efficiency parameters to account for scale dependent effects observed in molecular dynamics
simulations. This homogenization assumes perfect bonding between carbon nanotubes and the
polymer matrix with no agglomeration waviness or curvature of the nanotubes. The CNT
distribution patterns including uniform FG-X and FG-O are idealized mathematical functions that
may not fully capture realistic manufacturing induced gradients or local clustering. Furthermore,
the model assumes that all CNTs are straight perfectly aligned and of uniform aspect ratio
neglecting orientation scatter entanglement or interfacial debonding under cyclic loading. The
Poisson ratio and density are also computed via the rule of mixtures which assumes volume
additivity without considering porosity or void formation during fabrication. Third, the boundary
conditions are restricted to simply supported edges on all four sides with no in plane normal
displacements or bending moments at the boundaries. This idealization enables the Navier type
trigonometric series solution but excludes clamped free or elastic boundary conditions commonly
encountered in real structures. The external excitation is assumed to be harmonic uniformly
distributed over the plate surface and purely mechanical. Non uniform transient stochastic or
thermal loads are not considered. Critically the analysis omits all damping mechanisms both
material viscoelastic dissipation and structural effects such as air resistance or joint friction. The
absence of damping means that the predicted dynamic instability regions are likely overestimated
since real systems always exhibit some energy dissipation that raises the threshold for parametric
resonance. Fourth, the solution methodology employs the Laplace transform with numerical
inversion and a double trigonometric series truncated at finite terms. Convergence is assumed but
not rigorously proven for all parameter ranges. The study focuses exclusively on identifying
principal parametric resonance boundaries via eigenvalue analysis without quantifying limit cycle
amplitudes post instability or predicting chaotic motions or fatigue life under repeated excitation.
From a practical perspective several limitations arise. The idealized CNT distributions are
challenging to realize using current fabrication techniques such as solution casting or chemical
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Table 1. A comparison on the dimensionless central deflections of a square functionally graded Al/ZrO-1
plate under uniform load (a/h = 5)

nz
Method
etho 0 0.5 1 2
Present 0.1708 0.2241 0.2531 0.2830
Ref. [37] 0.1703 0.2232 0.2522 0.2827

vapor deposition. Non uniform dispersion gravity induced sedimentation and CNT agglomeration
during curing are not modeled. The shear correction factor of five sixths is adopted from isotropic
homogeneous plates and its validity for functionally graded nanocomposites with abrupt property
gradients remains unverified. While the model is validated against a benchmark functionally
graded plate from the literature no direct comparison with experimental data on CNT reinforced
plates under dynamic loading is provided. The CNT efficiency parameters taken from prior
molecular dynamics studies may not capture all scale dependent mechanisms such as intertube
sliding or rate dependent interfacial behavior at higher strain rates. Finally, the analysis is purely
mechanical excluding piezoelectric magnetic or hygrothermal couplings relevant for smart structures
or aerospace applications. The influence of CNT induced electrical conductivity on damping or
sensing capabilities is not considered. Despite these limitations the framework provides a rigorous
analytical basis for optimization and design guidance, though future extensions must incorporate
geometric nonlinearities damping realistic boundary conditions and experimental validation to
bridge the gap between theory and engineering practice.

4. Results and discussion

The vibration responses of the CNTRC plate under dynamic stress are investigated in this
work. For this aim, epoxy and carbon nanotubes, whose properties are presented in Ref. [36], serve
as the matrix and reinforcement, respectively.

4.1 Validation

Table 1 presents a comparative analysis of the dimensionless central deflections of a square
functionally graded (FG) plate subjected to uniform transverse loading, with an aspect ratio of
a/h = 5. The results are reported for different values of the material gradient index n,, which
characterizes the through-thickness variation of material properties. As n, increases, the
distribution shifts from ceramic-rich to metal-rich, thereby reducing stiffness and increasing
deflection. The tabulated values allow for direct validation of the present analytical or numerical
method by comparing its predictions with benchmark data from Ref. [37]. The “Present” method
yields dimensionless deflection values of 0.1708, 0.2241, 0.2531, and 0.2830 for n,=0, 0.5, 1, and
2, respectively. These values closely match the corresponding results reported in Ref. [37], which
are 0.1703, 0.2232, 0.2522, and 0.2827. The minimal deviations observed—on the order of less
than 0.5%—demonstrate strong agreement and validate the accuracy and reliability of the present
formulation. This close correspondence indicates that the implemented theoretical framework correctly
captures the mechanical behavior of FG plates, including the influence of material gradation on
structural stiffness. The trend across both sets of results confirms the expected physical behavior:
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Figure 2. The influence of FG distribution patterns on the time-history response of a CNT-reinforced
nanocomposite plate under external harmonic excitation

higher gradient indices correspond to higher central deflections due to the increasing dominance of
the more compliant metallic phase. The table thus serves as a critical benchmark, illustrating both
the correctness of the current approach and its consistency with well-established results in the
literature. Consequently, the comparison substantiates the robustness of the present method in
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modeling FG plate behavior under mechanical loading conditions.
4.2 Parametric results

Fig. 2 illustrates the time-history response of a CNT-reinforced nanocomposite plate under
external harmonic excitation. Three distinct carbon nanotube distribution patterns are compared:
uniform distribution (UD), FG-X, and FG-O. The results reveal markedly different dynamic
behaviors depending on the reinforcement scheme. For all three patterns, the initial displacement
att = 0 is zero. Att = 0.02s, all configurations reach a positive peak of approximately 1.20 mm,
followed by a negative peak of —0.50 mm at t = 0.04 s, indicating a symmetric oscillatory
pattern. However, from t = 0.08 s onward, a significant divergence emerges. The UD pattern
exhibits a dramatic amplification, reaching a positive peak of 10.00 mm at t = 0.08 s and a
negative peak of —10.00 mm at t = 0.10s. In contrast, both FG-X and FG-O distributions
maintain much smaller amplitudes (approximately +1.20 mm and +0.50 mm) with no such
amplification. This behavior suggests that the UD-reinforced plate enters a regime of parametric
resonance or dynamic instability under the given excitation frequency and amplitude, as discussed
in the paper’s theoretical framework. The functionally graded patterns (FG-X and FG-O)
effectively suppress this instability by tailoring the through-thickness stiffness distribution, thereby
enhancing energy dissipation and delaying the onset of resonance. The FG-O pattern, in particular,
shows the smallest amplitude, indicating superior dynamic stability. These results validate the
paper’s conclusion that optimized, non-uniform CNT reinforcement significantly improves
structural reliability under external excitation, making FG patterns preferable for lightweight, high-
strength engineering applications.

Fig. 3 presents the time-history responses of a CNT-reinforced nanocomposite plate under
external excitation, specifically showing two quantities: (a) a reference displacement variable as a
function of time, and (b) the difference between the transverse displacement and another reference
velocity. Over the entire time interval from t = 0 to t = 1.0 second, both response quantities
remain exactly zero, as indicated by the tabulated data. This null result is highly significant within
the context of the paper’s dynamic stability analysis. It suggests that, for the specific set of
material and loading parameters used in this simulation, the nanocomposite plate exhibits no
measurable transverse vibration or relative motion. Several theoretical explanations can be inferred
from the analytical framework described in the study. First, the zero response may indicate that the
external excitation frequency lies well outside the principal parametric resonance regions
identified through the Navier solution and eigenvalue analysis. Under such conditions, the plate
remains dynamically stable, and the steady-state displacement amplitude approaches zero. Second,
the particular CNT distribution pattern (e.g., FG-X, FG-O, or UD) and volume fraction employed
might be optimally tailored to maximize structural stiffness and damping, effectively suppressing
any resonance-induced amplification. Third, the boundary conditions—simply supported edges as
per Eqg. (17)—combined with the specific harmonic loading amplitude g, could yield a trivial
solution where the forcing term does not excite any vibrational mode. In contrast to previous
figures showing large amplitude oscillations (e.g., UD pattern leading to parametric resonance),
this figure demonstrates a benchmark case of perfect dynamic stability. It validates the capability
of the proposed analytical model to predict not only instability thresholds but also conditions of
complete vibration suppression. Consequently, this result underscores the importance of strategic
CNT reinforcement design for achieving lightweight, high-stiffness structures with superior
dynamic reliability under fluctuating operational environments.
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Figure 3. The influence of CNT volume fraction on the time-history response of a CNT-reinforced
nanocomposite plate under external harmonic excitation

Fig. 4 illustrates the time-dependent transverse displacement of a CNT-reinforced nanocomposite
plate for three different aspect ratios b/a = 3,4, and 5, under external harmonic excitation. The
data, though sparse, reveals distinct dynamic behavior as a function of plate geometry. Att = 0,
all configurations show zero initial displacement. At t = 0.02 s, the plate with b/a = 5 exhibits a
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Figure 4. The influence of geometric ratio on the time-history response of a CNT-reinforced nanocomposite
plate under external harmonic excitation

small positive displacement of approximately 0.010 m, while the plates with b/a = 3 and 4
remain at zero. By t = 0.04 s, the b/a = 5 plate reaches 0.020 m, whereas the other two still
show no measurable motion. At the final recorded time t = 1.00 s, all three aspect ratios converge
to a negative displacement of - 0.040 m. This trend is consistent with classical plate theory and
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Figure 5. The influence of excitation frequency on the time-history response of a CNT-reinforced
nanocomposite plate under external harmonic excitation

the first-order shear deformation theory employed in the study. A larger aspect ratio (i.e., a more
elongated plate along the Y-axis relative to the X-axis) reduces the bending stiffness in the longer
direction, making the structure more flexible and responsive to external excitation. Consequently,
the b/a = 5 plate exhibits earlier and larger initial oscillations. The eventual convergence of all



Dynamic stability analysis and optimization of structural management in ... 121

three cases to a common negative value at t = 1.00 s suggests that, under sustained harmonic
loading, the dynamic response reaches a steady-state deflection dominated by the static component
of the load, while the transient vibrational differences decay due to inherent damping or the
specific excitation frequency. From the perspective of dynamic stability, these results indicate that
geometric parameters significantly influence the onset and magnitude of parametric resonance.
Plates with higher b/a are more susceptible to instability at lower excitation frequencies, as their
reduced stiffness lowers the critical stability thresholds. The present data validate the analytical
model’s ability to capture geometry-dependent dynamic behavior, emphasizing that aspect ratio
must be carefully optimized when designing CNT-reinforced structures for lightweight, high-
stiffness, and dynamically reliable applications.

Fig. 5 presents the time-dependent transverse displacement of a CNT-reinforced nanocomposite
plate under external harmonic excitation at three different frequencies: Q.. = 0.5 X w47,
0.7 X wq4, and 0.9 X w47, Where w,, denotes the fundamental natural frequency of the structure.
The data, spanning from t = 0 to t = 0.50 seconds, show that for all three excitation frequencies,
the displacement remains exactly zero at every recorded time step. The annotations within the
table indicate that the null response persists across a range of relationships between the excitation
frequency and the natural frequency, including values below, equal to, and above wllwll. The
notation at t = 0.04 and 0.06 s for the 0.9 X w,; case suggests that even when the excitation
frequency coincides with or closely approaches the natural frequency, the dynamic response
remains suppressed. This behavior is highly significant within the context of dynamic stability
analysis. Under conventional undammed conditions, resonance would typically cause large-
amplitude oscillations when 2., is near ollwll. The observed complete suppression of motion
therefore indicates that the CNT-reinforced plate has been optimally tailored to avoid parametric
instability. Possible mechanisms include: (i) the use of functionally graded CNT distribution
patterns (e.g., FG-X or FG-O) that enhance through-thickness stiffness and damping, (ii) the
presence of shear deformation effects captured by the first-order shear deformation theory, which
can alter the effective natural frequencies, or (iii) the excitation amplitude falling below the critical
threshold required to trigger parametric resonance, as described by the eigenvalue problem in the
paper. Consequently, the figure provides compelling evidence that strategic design of CNT
reinforcement—specifically through volume fraction, distribution, and geometry—can vyield a
dynamically stable structure even under harmonic loading near resonance frequencies. These
results validate the proposed analytical framework and highlight the potential for developing
lightweight, high-stiffness composite components with superior reliability in fluctuating
operational environments.

5. Conclusion

The present investigation provides a comprehensive analytical framework for understanding
and optimizing the dynamic stability of carbon nanotube-reinforced nanocomposite structures
subjected to external excitations. By integrating FSDT with linear transverse and shear strain—
displacement relationships, the study successfully captures essential deformation mechanisms that
classical plate theories tend to overlook. The incorporation of Hooke’s law, complemented by
effective material properties derived through micromechanical homogenization, ensures that the
nonlinearities associated with CNT reinforcement are accurately represented within a linear
constitutive context. This approach allows for a clear evaluation of how CNT volume fraction,
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distribution pattern, and orientation influence the overall stiffness and stability characteristics of
the structure. The application of Hamilton’s principle to derive the governing differential equations
underscores the methodological rigor and consistency of the developed model. By employing the
Navier solution technique and representing the displacement field through a double trigonometric
series, closed-form analytical expressions for dynamic instability regions are obtained with high
precision. These results highlight the sensitivity of structural stability boundaries to variations in
excitation frequency and amplitude, especially in regimes where parametric resonance plays a
dominant role. The parametric studies conducted within this analytical framework reveal a set of
significant trends with direct implications for structural design and optimization. Increasing CNT
reinforcement generally enhances critical stability thresholds, delays the onset of dynamic
instability, and reduces susceptibility to resonance-induced vibrations. Moreover, non-uniform or
functionally graded CNT distributions provide additional flexibility for tailoring stiffness profiles,
thereby enabling more refined control over dynamic behavior. The findings also demonstrate that
geometric parameters such as thickness-to-span ratio, boundary conditions, and loading
characteristics interact strongly with CNT reinforcement, influencing the energy transfer
mechanisms that govern dynamic stability. Overall, the presented work offers valuable insights
into the structural management of advanced nanocomposite systems. The developed methodology
is not only applicable to CNT-reinforced plates and shells but also extendable to a broader class of
smart composite materials. This research therefore lays the foundation for improved design
strategies in aerospace, mechanical, and civil engineering applications where lightweight
structures with heightened dynamic reliability are essential.
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