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Abstract.  Various components of mechanisms and devices that are extensively used in a variety of aerospace and 
aeronautical applications frequently perform different kinds of movement with acceleration. According to 
D’Alembert’s principle, the acceleration induces forces of inertia that have to be taken into account when analyzing 
various problems in the area of strength, fracture, stability, durability, reliability, etc. of components of load-bearing 
engineering structures, machines, mechanisms and devices. Having in mind that functionally graded materials are 
widely applied for manufacturing of high performance structures in modern aerospace industry, analyzing fracture 
behaviour of functionally graded structural members represents a problem of the present day. The goal of this paper is 
to analyze longitudinal fracture in functionally graded rods which perform non-uniform rotational movement around 
a pinned support. Non-linear viscoelastic rods that are functionally graded along the thickness and length are 
considered. The problem of determination of the strain energy release rate (SERR) in rods with a longitudinal crack 
under the action of distributed forces of inertia induced by the normal and tangential acceleration is treated generally 
(in essence, this is a dynamic problem). The distribution of the forces of inertia in the rod is analyzed. An application 
of the general approach for solving a particular problem is presented. The solution is confirmed by the integral J. The 
influence of various parameters of the model is studied. For instance, the influence of the ratio of the values of 
material parameters on the upper and lower surface of the rotating beam on the SERR is studied in detail. It is found 
that the SERR is very sensitive with respect to these ratios. A practical application of the solution for determining the 
boundary value of the parameter involved in the rotation law and the boundary crack length is presented. 
 

Keywords:  forces of inertia; functionally graded rod; longitudinal fracture; non-uniform rotational 

movement; viscoelastic behaviour 

 
 
1. Introduction 
 

The numerous advantages provided by functionally graded materials are an important factor for 

enhancing the efficiency in many areas of up-to-date engineering including aerospace and 

aeronautical industry (Mahamood and Akinlabi 2017). This is due mainly to very good properties 

of these novel continuously inhomogeneous composite materials (Faleh et al. 2018, Gasik 2010, 

Hedia et al. 2014, Khaled Amara et al. 2016, Mahamood and Akinlabi 2017). These properties are 

attained by a favourable combination of the characteristics of the phases of functionally graded 

materials (Bouazza and Zenkour 2020, Civalek et al. 2021, Dastjerdi et al. 2020, Derbale et al. 
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2021, El-Galy et al. 2019, Rizov and Altenbach 2019, Saiyathibrahim et al. 2016, Shrikantha and 
Gangadharan 2014). As known, usually, the functionally graded materials have two or more 
material phases which are mixed in a desired way during fabrication process (Akbaş et al. 2021, 
Ellali et al. 2022, Markworth et al. 1995, Miyamoto et al. 1999, Nemat-Allal et al. 2011, Rizov 
2020, Toudehdehghan et al. 2017). The ratio of the phases may be varied within a broad range. 
The functionally graded materials have a smoothly changing microstructure along one or more 

directions which ensures a smooth change of their properties. Nowadays, the functionally graded 
composites are related to the most perspective engineering materials which rapidly replace pure 
(homogeneous) materials in a variety of applications mainly because the pure materials cannot 
provide the necessary mechanical properties that are able to sustain high stress levels during the 
lifetime of structures, outfits and machines (Atmane et al. 2016, Bouazza and Zenkour 2020, 
Bouazza et al. 2018, Khaled Amara et al. 2016, Mokhtar Ellali et al. 2022, Rizov and Altenbach 
2022, Tokovyy and Ma 2017, Tokovyy and Ma 2019, Tokovyy 2019, Tokovyy and Ma 2021, 

Tokovyy 2023, Yıldırım and Akgöz 2024).  
The increasing interest in use of functionally graded materials in aeronautics and aerospace 

requires development of approaches for accurate prediction, analysis and assessment of different 
aspects of the behaviour of these materials and structures under various loading conditions and 
influences. Thermal buckling characteristics of functionally graded plates subjected to combined 
action of thermal load and constant applied actuator voltage are investigated (Ellali et al. 2024). 
The thermo-mechanical material properties of plates are temperature dependent. Influence of 
several parameters on the critical buckling temperature is studied and discussed (Ellali et al. 2024). 

The vibration behaviour of functionally graded nanobeam under a hygrothermal environment is 
explored by a new higher-order methodology (Ellali et al. 2024). Different environmental 
conditions are considered. The nanobeam is resting on Winkler-Pasternak-type medium. The 
impact of various environmental factors, material properties and the elastic foundation is 
examined. The study contributes for understanding the free vibration behaviour of functionally 
graded nanobeams with hydrothermal effects (Ellali et al. 2024). An integral shear strain model is 
applied in studying vibration of functionally graded beams (Ellali et al. 2024). Power functions are 

used for presenting the change of the material properties along the beam thickness. Several power 
functions (linear, quadratic, cubic and inverse quadratic) are applied (Ellali et al. 2024). The wave 
propagation in functionally graded plates is analyzed by a new integral inverse shear model with 
temperature-dependent material properties (Ellali et al. 2023). The properties change is treated by 
power functions of the plate thickness. General formulas of wave propagation are obtained. The 
influence of the volume fractions on the wave propagation in functionally graded plates is 
investigated (Ellali et al. 2023). 

One of the main problems concerning failure behaviour of the functionally graded structures is 
their fracture in the conditions of dynamic loading. The strong interest towards dynamic fracture 
behaviour is due to the fact that many components of mechanisms, devices and structures used in 
aerospace and aeronautics perform different kinds of motion with acceleration. As known, 
acceleration induces inertia forces that have to be taken into account when dealing with issues like 
analysis of strength and fracture. A particular interest represents analysis of longitudinal fracture in 
functionally graded components and members under dynamic loading. This is due to the frequent 
application of a technology for manufacturing of functionally graded components that essentially 

presents building-up layer-by-layer which creates conditions for origin of longitudinal cracks 
(Mahamood and Akinlabi 2017). These cracks usually have rather negative effect on the strength, 
reliability and safety (Dolgov 2005, Dolgov 2016, Dowling 2013, Rizov and Altenbach 2019, 
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Rizov 2022, Rizov 2024). The longitudinal cracks may cause severe disturbances of the 
functioning of mechanisms and devices and even may lead to failure with catastrophic 
consequences including lose of human lives. These facts indicate that analyzing of longitudinal 
fracture in functionally graded components and members which perform motion with acceleration 
can be regarded as an important up-to-date research task that has both theoretical and practical 
meaning.  

The aforesaid motivates the author to carry-out the research described in this paper. In 
particular, a rod performing non-uniform rotational movement around a pinned support is 
considered. The rod hosts a longitudinal crack. The main aim is to analyze the SERR with taking 
into account the distributed forces of inertia induced by the normal and tangential accelerations. 
The deadweight is also taken into account. The analysis incorporates such phenomena as double 
material inhomogeneity (the rod is functionally graded along thickness and length) and non-linear 
viscoelastic behaviour. The rods under consideration are long, i.e., their length to thickness ratio is 

high (in fact, this assumption is the basic limitation of the study). First, general treatment of the 
problem is presented. The treatment includes a detailed analysis of the distribution of forces of 
inertia in a rod with a longitudinal crack. Then general approach for deriving the SERR is 
developed. The general approach is used for solving a particular problem. The solution is 
confirmed by the integral J. The effects of various parameters of the dynamic model of the rod on 
the SERR are investigated. Based on the results of this investigation, numerous graphs are 
presented. The solution of the SERR derived is applied also for assessing the safety of a rod in 
which a longitudinal crack is observed during lifetime.                  

                                         
 

2. General approach 
     

The subject of study in the this paper is the rod, 𝐵1𝐵3, displayed in Fig. 1. The rod performs 

rotation around the pinned support in point, 𝐵1. The law of rotation is a continuous function of 
time presented by the next formula. 

                                               𝜙 = 𝜙(𝑡),                                                                        (1) 

where 𝜙 is the angle of rotation (displayed in Fig. 1), 𝑡 is time.  

In portion, 𝐵2𝐵3, the rod hosts a longitudinal crack. The thicknesses of the two arms of this 

crack are ℎ1 and ℎ2 as displayed in Fig. 1. Portion, 𝐵1𝐵2, of the rod is intact.  
The angular velocity, 𝜔, and the angular acceleration, 𝛼, of the rod can be found via the next 

two formulas. 

                                              𝜔 =
𝑑𝜙

𝑑𝑡
,                                                                         (2) 

                                              𝛼 =
𝑑2𝜙

𝑑𝑡2
.                                                                        (3) 

The normal and the tangential accelerations, 𝑎𝑛 and 𝑎𝜏, in a given point of the rod which are 
needed for determining the intensities of the distributed forces of inertia are derived by formulas 
(4) and (5), respectively. 

                                             𝑎𝑛 = 𝜔2𝑥,                                                                      (4) 

                                              𝑎𝜏 = 𝛼𝑥,                                                                       (5) 
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Fig. 1 Geometry and loading of a rod performing non-uniform rotation 

 
 
where 

                                              0 ≤ 𝑥 ≤ 𝑙.                                                                       (6) 

In the above formulas, 𝑥 is the longitudinal axis of the rod, 𝑙 is the rod length (𝑥 and 𝑙 are 
displayed in Fig. 1).  

The density of the transversal forces of inertia, 𝑞1, is calculated as written below. 

                                             amq d=1 ,                                                                      (7) 

where 𝑚𝑑 is the mass per unit length of the rod. The latter is found by using formula (8), i.e. 

                                               𝑚𝑑 =
𝑚

𝑙
,                                                                         (8) 

where 𝑚 is the mass of the rod. The distribution of 𝑞1 is displayed in Fig. 1. 

The density of the longitudinal forces of inertia, 𝑞2 , in the intact portion of the rod is 
determined by the next formula. 

                                             𝑞2 = 𝑚𝑑𝑎𝑛.                                                                     (9) 

The density of the longitudinal forces of inertia, 𝑞3, in the crack arm of thickness, ℎ1, is found 
by formula (10), i.e. 

                                            𝑞3 = 𝑚𝑑ℎ1𝑎𝑛,                                                                  (10) 

where the mass per unit length, 𝑚𝑑ℎ1, is  

                                               𝑚𝑑ℎ1 = 𝑚𝑑
ℎ1

ℎ
.                                                                (11) 
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Fig. 2 Rod cross-section 

 

 
Similarly, the density of the longitudinal forces of inertia, 𝑞4, in the crack arm of thickness, ℎ2, 

is  

                                               𝑞4 = 𝑚𝑑ℎ1𝑎𝑛,                                                              (12) 

where  

                                              𝑚𝑑ℎ1 = 𝑚𝑑
ℎ2

ℎ
.                                                              (13) 

Formulas (10) and (12) hold for  

                                               𝑙 − 𝑎 ≤ 𝑥 ≤ 𝑙,                                                              (14) 

where 𝑎  is the length of the longitudinal crack (Fig. 1). The distributions of 𝑞3  and 𝑞4  are 
displayed schematically in Fig. 1.  

The distributed deadweight, 𝑞5, of the rod is  

                                               𝑞5 = 𝑚𝑑𝑔,                                                                 (15) 

where 𝑔 is the acceleration of gravity. The distribution of 𝑞4 can be seen in Fig. 1.  

Our basic aim is to derive the SERR, 𝐺, for the longitudinal crack in the rod in Fig. 1 under the 
action of the forces of inertia and the deadweight. For achieving of this aim we apply formula (16), 
i.e. 

                                               𝐺 =
𝑑𝑈∗

𝑑𝐴
,                                                                  (16) 

where 𝑈∗ is the complementary strain energy in the rod, 𝐴  is the crack area. Formula (16) is 
transformed as 

                                              𝐺 =
𝑑𝑈∗

𝑏𝑑𝑎
,                                                                  (17) 

because 

                                              𝑑𝐴 = 𝑏𝑑𝑎,                                                               (18) 

where 𝑏 is the rod width (the rod cross-section is displayed in Fig. 2).  
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The complementary strain energy in the rod is presented as given below. 

*

232

*

132

*

21

*

hBBhBBBB UUUU ++= ,
 

(19) 

where the subscripts, 𝐵1𝐵2, 𝐵2𝐵3ℎ1, and 𝐵2𝐵3ℎ2, refer to the intact portion of the rod and the 
crack arms of thicknesses, ℎ1  and ℎ2 , respectively. The quantities involved in (19) can be 
calculated by applying the next three formulas. 

                                     𝑈𝐵1𝐵2
∗ = ∫ (𝑏∫ 𝑢0𝐵1𝐵2

∗
ℎ

2

−
ℎ

2

𝑑𝑧)
𝑙−𝑎

0
𝑑𝑥,                                             (20) 

                                   𝑈𝐵2𝐵3ℎ1
∗ = ∫ (𝑏∫ 𝑢0𝐵2𝐵3ℎ1

∗
ℎ1
2

−
ℎ1
2

𝑑𝑧1)
𝑙

𝑙−𝑎
𝑑𝑥,                                      (21) 

                                   𝑈𝐵2𝐵3ℎ2
∗ = ∫ (𝑏∫ 𝑢0𝐵2𝐵3ℎ2

∗
ℎ2
2

−
ℎ2
2

𝑑𝑧2)
𝑙

𝑙−𝑎
𝑑𝑥,                                    (22) 

where 𝑧, 𝑧1 and 𝑧2 are the vertical centric axes of the cross-sections of the intact portion of the rod 

and the crack arms of thicknesses, ℎ1 and ℎ2, respectively. The quantities, 𝑢0𝐵1𝐵2
∗ , 𝑢0𝐵2𝐵3ℎ1

∗  and 

𝑢0𝐵2𝐵3ℎ2
∗ , in formulas (20), (21) and (22) represent the complementary strain energy densities in 

the intact portion of the rod and the crack arms of thicknesses, ℎ1 and ℎ2, respectively. These 
quantities can be obtained by the formulas given below, i.e. 

                                          𝑢0𝐵1𝐵2
∗ = 𝜎𝜀 − ∫𝜎𝑑𝜀,                                                       (23) 

                              𝑢0𝐵2𝐵3ℎ1
∗ = 𝜎𝐵2𝐵3ℎ1𝜀𝐵2𝐵3ℎ1 −∫𝜎𝐵2𝐵3ℎ1𝑑𝜀𝐵2𝐵3ℎ1,                              (24) 

                              𝑢0𝐵2𝐵3ℎ2
∗ = 𝜎𝐵2𝐵3ℎ2𝜀𝐵2𝐵3ℎ2 −∫𝜎𝐵2𝐵3ℎ2𝑑𝜀𝐵2𝐵3ℎ2,                              (25) 

where 𝜎 and 𝜀 are the stress and strain in the intact portion of the rod,  𝜎𝐵2𝐵3ℎ1 and 𝜀𝐵2𝐵3ℎ1, and 

 𝜎𝐵2𝐵3ℎ2 and 𝜀𝐵2𝐵3ℎ2, are the stress and the strain in the crack arms of thicknesses, ℎ1 and ℎ2, 
respectively.   

In order to proceed further, we need a constitutive law. In this paper, the stresses and strains in 
the rod are related by a constitutive law representing a non-linear dependence between stresses, 

strains and time because the material has non-linear viscoelastic behaviour. This law is written as 
given below (Varbanov et al. 1992). 

                                           𝜎(𝜀, 𝑡) = 𝑠1𝑠2,                                                            (26) 

where  

                                             𝑠1 = 𝑠1(𝜀)                                                              (27) 

and     

                                              𝑠2 = 𝑠2(𝑡).                                                             (28) 

Here, 𝑠1(𝜀) and 𝑠2(𝑡) are non-linear functions of the strain and time, respectively. It should by 
noted that the material parameters involved in (27) and (28) are continuous functions of both 

longitudinal and transversal coordinates, 𝑥 and 𝑧, where 

                                             0 ≤ 𝑥 ≤ 𝑙                                                             (29) 

and 
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                                           −
ℎ

2
≤ 𝑧 ≤

ℎ

2
,                                                                   (30) 

since the material is functionally graded along the length and thickness of the rod. 
In order to determine the SERR by applying formula (17), we have to analyze the variation of 

the strains along the rod thickness. This variation represents a function of two parameters (the rod 

curvature, 𝜅, and the neutral axis coordinate, 𝑧𝑛) as given below. 

                                             𝜀 = 𝜅(𝑧 − 𝑧𝑛).                                                                (31) 

The curvature and the neutral axis coordinate of an arbitrary cross-section of the intact portion 
of the rod are determined from the next two equations. 

                                              𝑁 = 𝑏 ∫ 𝜎𝑑𝑧
ℎ

2

−
ℎ

2

                                                                (32) 

and  

                                             𝑀 = 𝑏 ∫ 𝜎𝑧𝑑𝑧
ℎ

2

−
ℎ

2

,                                                              (33) 

where 𝑁 and 𝑀 are the axial force and the bending moment in the rod cross-section induced by the 

forces of inertia and the deadweight. The stress, 𝜎, that is involved in (32) and (33) is related to 𝜀 
through (26).    

In the crack arm of thickness, ℎ1, the variation of 𝜀𝐵2𝐵3ℎ1 is given be the next formula. 

                                         𝜀𝐵2𝐵1ℎ1 = 𝜅1(𝑧1 − 𝑧1𝑛),                                                    (34) 

where 

                                             −
ℎ1

2
≤ 𝑧1 ≤

ℎ1

2
.                                                           (35) 

The two parameters, 𝜅1 and 𝑧1𝑛 , involved (34) for an arbitrary cross-section are determined 
from the following equations: 

                                      𝑁𝐵2𝐵3ℎ1 = 𝑏∫ 𝜎𝐵2𝐵3ℎ1𝑑𝑧1

ℎ1
2

−
ℎ1
2

                                               (36) 

and  

                                     𝑀𝐵2𝐵3ℎ1 = 𝑏 ∫ 𝜎𝐵2𝐵3ℎ1𝑧1𝑑𝑧1

ℎ1
2

−
ℎ1
2

,                                          (37) 

where 𝑁𝐵2𝐵3ℎ1  and 𝑀𝐵2𝐵3ℎ1  are the axial force and the bending moment in the cross-section 
induced by the forces of inertia and the deadweight acting on the crack arm under consideration. 

The parameters, 𝜅2 and 𝑧2𝑛, of the variation of 𝜀𝐵2𝐵3ℎ2 along the thickness, ℎ2, of an arbitrary 
cross-section are determined by equation similar to (36) and (37), i.e.      

                                       𝑁𝐵2𝐵3ℎ2 = 𝑏 ∫ 𝜎𝐵2𝐵3ℎ2𝑑𝑧2

ℎ2
2

−
ℎ2
2

                                                (38) 

and  

                                      𝑀𝐵2𝐵3ℎ2 = 𝑏∫ 𝜎𝐵2𝐵3ℎ2𝑧2𝑑𝑧2

ℎ2
2

−
ℎ2
2

,                                             (39) 
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where the axial force, 𝑁𝐵2𝐵3ℎ2, and the bending moment, 𝑀𝐵2𝐵3ℎ2, are induced by the forces of 
inertia and the deadweight acting on the crack arm of thickness, ℎ2. 

It should be noted that Eqs. (34), (36), (37), (38) and (39) hold for beam portion, 𝐵2𝐵3, i.e., for 

                                            𝑙 − 𝑎 ≤ 𝑥 ≤ 𝑙.                                                             (40) 

At the end, the SERR is derived by inserting of (23), (24) and (25) in formula (17). The 
integration is performed by the MatLab.  
    
 

3. Application of the general approach 
 

This section of the paper is devoted to obtaining of concrete results by applying the general 
approach. The rotation of the rod obeys the law presented in formula (41). 

                                             𝜙(𝑡) = 𝛽𝑡2,                                                              (41) 

where 𝛽 is a parameter.  
The angular velocity and the angular acceleration are found by applying formulas (2), (3) and 

(41). The result is given below. 

                                              𝜔 = 2𝛽𝑡,                                                                (42) 

                                              𝛼 = 2𝛽.                                                                 (43) 

The densities of the forces of inertia derived by using formulas (4), (5), (7), (9), (12), (42) and 
(43) are written as follows 

                                            𝑞1 = 2𝑚𝑑𝛽𝑥,                                                              (44) 

                                          𝑞2 = 4𝑚𝑑𝛽
2𝑡2𝑥,                                                          (45) 

                                          𝑞3 = 4𝑚𝑑ℎ1𝛽
2𝑡2𝑥,                                                         (46) 

                                          𝑞4 = 4𝑚𝑑ℎ2𝛽
2𝑡2𝑥.                                                         (47) 

The non-linear functions, 𝑠1(𝜀) and 𝑠2(𝑡), involved in the constitutive law (26) are given below 
(Varbanov et al. 1992).    

                                    𝑠1(𝜀) = 𝐻 𝜀1 −𝐻 𝜀2
𝑛 −𝐻3𝜀

𝑟                                                (48) 

and   

                                       𝑠2(𝑡) =
1

1+𝑙𝑛(1+𝛿𝑡𝜆)
.                                                        (49) 

Here, 𝐻1, 𝐻2, 𝐻3, 𝑛, 𝑟, 𝛿 and 𝜆 are parameters.        
As mentioned above, the rod is functionally graded along the length and thickness. Therefore 

the parameters involved in (48) and (49) are continuously distributed along the length and 
thickness of the rod. These distributions obey the laws presented in the next formulas. 

                                  𝐻1 = 𝐻1𝑢𝑝 +
𝐻1𝑙𝑤−𝐻1𝑢𝑝

ℎ𝜌1
(
ℎ

2
+ 𝑧)

𝜌1
,                                           (50) 

                                  𝐻2 = 𝐻2𝑢𝑝 +
𝐻2𝑙𝑤−𝐻2𝑢𝑝

ℎ𝜌2
(
ℎ

2
+ 𝑧)

𝜌2
,                                           (51) 
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                                   𝐻3 = 𝐻3𝑢𝑝 +
𝐻3𝑙𝑤−𝐻3𝑢𝑝

ℎ𝜌3
(
ℎ

2
+ 𝑧)

𝜌3
,                                           (52) 

                                      𝑛 = 𝑛𝑢𝑝 +
𝑛𝑙𝑤−𝑛𝑢𝑝

ℎ𝜌4
(
ℎ

2
+ 𝑧)

𝜌4
,                                              (53) 

                                       𝑟 = 𝑟𝑢𝑝 +
𝑟𝑙𝑤−𝑟𝑢𝑝

ℎ𝜌5
(
ℎ

2
+ 𝑧)

𝜌5
,                                               (54) 

                                     𝛿 = 𝛿𝑢𝑝 +
𝛿𝑙𝑤−𝛿𝑢𝑝

ℎ𝜌6
(
ℎ

2
+ 𝑧)

𝜌6
,                                              (55) 

                                     𝜆 = 𝜆𝑢𝑝 +
𝜆𝑙𝑤−𝜆𝑢𝑝

ℎ𝜌7
(
ℎ

2
+ 𝑧)

𝜌7
,                                              (56) 

                                              −
ℎ

2
≤ 𝑧 ≤

ℎ

2
,                                                            (57) 

where the subscripts, 𝑢𝑝 and 𝑙𝑤, refer to the upper and lower surface of the rod, respectively, 𝜌𝑖, 
where 𝑖 = 1,2, . . . ,7, are parameters.  

The distributions along the rod length obey of the laws given below. 

                                 𝐻1𝑢𝑝 = 𝐻1𝑢𝑝𝐵1 +
𝐻1𝑢𝑝𝐵3−𝐻1𝑢𝑝𝐵1

𝑙𝜇1
𝑥𝜇1,                                       (58) 

                                𝐻1𝑙𝑤 = 𝐻1𝑙𝑤𝐵1 +
𝐻1𝑙𝑤𝐵3−𝐻1𝑙𝑤𝐵1

𝑙𝜇2
𝑥𝜇2,                                       (59) 

                               𝐻2𝑢𝑝 = 𝐻2𝑢𝑝𝐵1 +
𝐻2𝑢𝑝𝐵3−𝐻2𝑢𝑝𝐵1

𝑙𝜇3
𝑥𝜇3,                                      (60) 

                               𝐻2𝑙𝑤 = 𝐻2𝑙𝑤𝐵1 +
𝐻2𝑙𝑤𝐵3−𝐻2𝑙𝑤𝐵1

𝑙𝜇4
𝑥𝜇4,                                      (61) 

                               𝐻3𝑢𝑝 = 𝐻3𝑢𝑝𝐵1 +
𝐻3𝑢𝑝𝐵3−𝐻3𝑢𝑝𝐵1

𝑙𝜇5
𝑥𝜇5,                                     (62) 

                               𝐻3𝑙𝑤 = 𝐻3𝑙𝑤𝐵1 +
𝐻3𝑙𝑤𝐵3−𝐻3𝑙𝑤𝐵1

𝑙𝜇6
𝑥𝜇6,                                     (63) 

                                 𝑛𝑢𝑝 = 𝑛𝑢𝑝𝐵1 +
𝑛𝑢𝑝𝐵3−𝑛𝑢𝑝𝐵1

𝑙𝜇7
𝑥𝜇7,                                        (64) 

                                  𝑛𝑙𝑤 = 𝑛𝑙𝑤𝐵1 +
𝑛𝑙𝑤𝐵3−𝑛𝑙𝑤𝐵1

𝑙𝜇8
𝑥𝜇8 ,                                         (65) 

                                  𝑟𝑢𝑝 = 𝑟𝑢𝑝𝐵1 +
𝑟𝑢𝑝𝐵3−𝑟𝑢𝑝𝐵1

𝑙𝜇9
𝑥𝜇9,                                         (66) 

                                  𝑟𝑙𝑤 = 𝑟𝑙𝑤𝐵1 +
𝑟𝑙𝑤𝐵3−𝑟𝑙𝑤𝐵1

𝑙𝜇10
𝑥𝜇10,                                         (67) 

                                 𝛿𝑢𝑝 = 𝛿𝑢𝑝𝐵1 +
𝛿𝑢𝑝𝐵3−𝛿𝑢𝑝𝐵1

𝑙𝜇11
𝑥𝜇11,                                       (68) 

                                 𝛿𝑙𝑤 = 𝛿𝑙𝑤𝐵1 +
𝛿𝑙𝑤𝐵3−𝛿𝑙𝑤𝐵1

𝑙𝜇12
𝑥𝜇12,                                       (69) 

                                𝜆𝑢𝑝 = 𝜆𝑢𝑝𝐵1 +
𝜆𝑢𝑝𝐵3−𝜆𝑢𝑝𝐵1

𝑙𝜇13
𝑥𝜇13,                                      (70) 

                                𝜆𝑙𝑤 = 𝜆𝑙𝑤𝐵1 +
𝜆𝑙𝑤𝐵3−𝜆𝑙𝑤𝐵1

𝑙𝜇14
𝑥𝜇14,                                      (71) 

                                           0 ≤ 𝑥 ≤ 𝑙,                                                      (72) 

where subscripts, 𝐵1 and 𝐵3, refer to the end sections of the rod, 𝜇𝑖 , where 𝑖 = 1,2, . . . ,14, are 
parameters.   
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Formulas (73) and (74) are used for determining the axial force and the bending moment that 
are involved in Eqs. (32) and (33).  

                 𝑁 = 2𝑚𝑑𝛽
2𝑡2𝑥(𝑙 − 𝑥) + 2𝑚𝑑𝛽

2𝑡2𝑙(𝑙 − 𝑥) − 𝑚𝑑𝑔(𝑙 − 𝑥) 𝑠𝑖𝑛𝜙,                      (73) 

                𝑀 =
1

3
𝑚𝑑𝛽𝑥(𝑙 − 𝑥)2 +

2

3
𝑚𝑑𝛽𝑙(𝑙 − 𝑥)2 +

1

2
𝑚𝑑𝑔(𝑙 − 𝑥)2 𝑐𝑜𝑠𝜙.                       (74)  

Then Eqs. (32) and (33) are solved for 𝜅 and 𝑧𝑛 by the MatLab. 
The axial force and the bending moment involved in Eqs. (36) and (37) are obtained by 

formulas (75) and (76), i.e. 

             𝑁𝐵2𝐵3ℎ1 = 2𝑚𝑑ℎ1𝛽
2𝑡2𝑥(𝑙 − 𝑥) + 2𝑚𝑑ℎ1𝛽

2𝑡2𝑙(𝑙 − 𝑥) − 𝑚𝑑ℎ1𝑔(𝑙 − 𝑥)𝑠𝑖𝑛𝜙,          (75) 

           𝑀𝐵2𝐵3ℎ1 =
1

3
𝑚𝑑ℎ1𝛽𝑥(𝑙 − 𝑥)2 +

2

3
𝑚𝑑ℎ1𝛽𝑙(𝑙 − 𝑥)2 +

1

2
𝑚𝑑ℎ1𝑔(𝑙 − 𝑥)2 𝑐𝑜𝑠𝜙.          (76) 

After that, the MatLab is used for determining 𝜅1 and 𝑧1𝑛 from (36) and (37). 

The quantities, 𝜅2 and 𝑧2𝑛, are found from equations (38) and (39) by the MatLab. The axial 
force and the bending moment involved in Eqs. (38) and (39) are derived by formulas (77) and 
(78), i.e. 

            𝑁𝐵2𝐵3ℎ2 = 2𝑚𝑑ℎ2𝛽
2𝑡2𝑥(𝑙 − 𝑥) + 2𝑚𝑑ℎ2𝛽

2𝑡2𝑙(𝑙 − 𝑥) −𝑚𝑑ℎ2𝑔(𝑙 − 𝑥) 𝑠𝑖𝑛𝜙,           (77) 

          𝑀𝐵2𝐵3ℎ2 =
1

3
𝑚𝑑ℎ2𝛽𝑥(𝑙 − 𝑥)2 +

2

3
𝑚𝑑ℎ2𝛽𝑙(𝑙 − 𝑥)2 +

1

2
𝑚𝑑ℎ2𝑔(𝑙 − 𝑥)2 𝑐𝑜𝑠 𝜙.           (78) 

Finally, after substituting of the complementary strain energy in (17), the SERR is determined 

by the MatLab.   
The SERR is checked by the integral J (Broek 1986). The J is solved by formula (79). 

                                   𝐽𝐷 = 𝐽𝐷1 + 𝐽𝐷2 + 𝐽𝐷3,                                                          (79) 

where the subscripts, 𝐷1 , 𝐷2  and 𝐷3 , refer to the parts of the integration contour, 𝐷1𝐷2𝐷3 , 
displayed in Fig. 1. The quantities involved in (79) are     

                    𝐽𝐷1 = ∫ [𝑢0𝐷1 𝑐𝑜𝑠𝛼𝐷1 − (𝑝𝑥𝐿𝐷1
𝜕𝑢𝐷1

𝜕𝑥𝐿
+𝑝𝑦𝐿𝐷1

𝜕𝑣𝐷1

𝜕𝑥𝐿
)] 𝑑𝜓1,                            (80) 

                    𝐽𝐷2 = ∫ [𝑢0𝐷2 𝑐𝑜𝑠𝛼𝐷2 − (𝑝𝑥𝐿𝐷2
𝜕𝑢𝐷2

𝜕𝑥𝐿
+𝑝𝑦𝐿𝐷2

𝜕𝑣𝐷2

𝜕𝑥𝐿
)] 𝑑𝜓2,                            (81) 

                     𝐽𝐷3 = ∫ [𝑢0𝐷3 𝑐𝑜𝑠𝛼𝐷3 − (𝑝𝑥𝐿𝐷3
𝜕𝑢𝐷3

𝜕𝑥𝐿
+ 𝑝𝑦𝐿𝐷3

𝜕𝑣𝐷

𝜕𝑥𝐿
)] 𝑑𝜓3.                            (82) 

    Formulas (83)-(88) are used for obtaining the components of (80).  

                                     𝑢0𝐷1 = ∫𝜎𝐵2𝐵3ℎ2𝑑𝜀𝐵2𝐵3ℎ2,                                                       (83) 

                                             𝛼𝐷1 = −1,                                                                      (84) 

                                        𝑝𝑥𝐿𝐷1 = −𝜎 𝐵2𝐵3ℎ2 ,                                                          (85) 

                                         
𝜕𝑢𝐷1

𝜕𝑥𝐿
= 𝜀𝐵2𝐵3ℎ2,                                                                 (86) 

                                         𝑝𝑦𝐿𝐷1 = 0,                                                                     (87) 

                                         𝑑𝜓1 = −𝑑𝑧2.                                                                  (88) 

The axes, 𝑥𝐿 and 𝑦𝐿, are displayed in Fig. 1.    
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The components of (81) are found by formulas (89)-(94).   

                                        𝑢0𝐷2 = ∫𝜎𝑑𝜀,                                                              (89) 

                                           𝛼𝐷2 = 1,                                                                  (90) 

                                         𝑝𝑥𝐿𝐷2 = 𝜎,                                                                 (91) 

                                         
𝜕𝑢𝐷2

𝜕𝑥𝐿
= 𝜀,                                                                 (92) 

                                        𝑝𝑦𝐿𝐷2 = 0,                                                                (93) 

                                         𝑑𝜓2 = 𝑑𝑧.                                                                (94) 

The components of (82) are determined as written below.    

                               𝑢0𝐷3 = ∫𝜎𝐵2𝐵3ℎ1𝑑𝜀𝐵2𝐵3ℎ1,                                                      (95) 

                                        𝛼𝐷3 = −1,                                                                  (96) 

                                   𝑝𝑥𝐿𝐷3 = −𝜎 𝐵2𝐵3ℎ1,                                                        (97) 

                                     
𝜕𝑢𝐷3

𝜕𝑥𝐿
= 𝜀𝐵2𝐵3ℎ1 ,                                                             (98) 

                                        𝑝𝑦𝐿𝐷3 = 0,                                                                (99) 

                                       𝑑𝜓3 = −𝑑𝑧1.                                                            (100) 

The integrals (80), (81) and (82) are solved by the MatLab. The J is found by inserting (80), 

(81) and (82) in (79). Since the value of J matches the SERR, it can be concluded that the analysis 
is correct.    
 
 

 
Fig. 3 The SERR  - 𝐻1𝑙𝑤/𝐻1𝑢𝑝  graphs (1 - at 𝐻1𝑙𝑤𝐵3/𝐻1𝑙𝑤𝐵1 = 0.5, 2 - at 𝐻1𝑙𝑤𝐵3/𝐻1𝑙𝑤𝐵1 = 1.0 and 

3 - at 𝐻1𝑙𝑤𝐵3/𝐻1𝑙𝑤𝐵1 = 2.0) 
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Fig. 4 The SERR - 𝐻2𝑙𝑤𝐵3/𝐻2𝑙𝑤𝐵1 graphs (1-at 𝐻2𝑙𝑤/𝐻2𝑢𝑝 = 0.5, 2 - at 𝐻2𝑙𝑤/𝐻2𝑢𝑝 = 1.0 and 3-at 

𝐻2𝑙𝑤/𝐻2𝑢𝑝 = 2.0) 

 
 
4. Results and discussion 
 

The change of the SERR when the parameters of the model are varied is studies next.  

The following data are used: 𝑏 = 0.020  m, 𝑙 = 0.600 m, ℎ = 0.030 m, 𝑎 = 0.300  m, 𝛽 =
0.0025  1/s2, 𝑚 = 2  kg, 𝜌𝑖 = 0.6 (here, 𝑖 = 1,2, . . . ,7 ) and 𝜇𝑖 = 0.7  (here, 𝑖 = 1,2, . . . ,14 ). The 
findings are illustrated by various graphs. 

The graphs in Fig. 3 reveal the change of the SERR due to variation of 𝐻1𝑙𝑤/𝐻1𝑢𝑝  and 

𝐻1𝑙𝑤𝐵3/𝐻1𝑙𝑤𝐵1 ratios.  

The SERR is presented in Fig. 3 in normalized form by the formula 𝐺/(𝐻1𝑢𝑝𝐵1𝑏).  

The graphs indicate a continuous reduction of the SERR as a result of increase of 𝐻1𝑙𝑤/𝐻1𝑢𝑝 

and 𝐻1𝑙𝑤𝐵3/𝐻1𝑙𝑤𝐵1 ratios (Fig. 3).  
Opposite behaviour, i.e., continuous growth of the SERR can be seen in Fig. 4 where the 

effects of the variation of 𝐻2𝑙𝑤/𝐻2𝑢𝑝 and 𝐻2𝑙𝑤𝐵3/𝐻2𝑙𝑤𝐵1 ratios are illustrated.  

The growth of the SERR in Fig. 4 can be explained by reduction of the rod stiffness due to 

increase of 𝐻2.  
A similar kind of behaviour, i.e., growth of the SERR can be observed also in Fig. 5 where the 

findings about the influence of the variation of 𝐻3𝑙𝑤/𝐻3𝑢𝑝  and 𝐻3𝑙𝑤𝐵3/𝐻3𝑙𝑤𝐵1  ratios are 

presented.  

The graphs displayed in Fig. 6 indicate that the SERR decreases with increasing of 𝑛𝑙𝑤/𝑛𝑢𝑝 

ratio. Decreasing of the SERR is seen also with increasing of 𝑛𝑙𝑤𝐵3/𝑛𝑙𝑤𝐵1 ratio (Fig. 6). 

Fig. 7 shows the results about the change of the SERR with increase of 𝑟𝑙𝑤𝐵3/𝑟𝑙𝑤𝐵1 ratio for 

different 𝑟𝑙𝑤/𝑟𝑢𝑝 ratios. The graphs indicate decreasing of the SERR (Fig. 7).    

The approach developed in this paper can be applied also for checking the safety of a 
functionally graded non-linear viscoelastic rod in which a longitudinal crack is observed during 

lifetime. For instance, the approach can be used to check at what values of the parameter, 𝛽, that 
governs the rotation of the rod crack propagation will not initiate. For this purpose, the variation of  
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Fig. 5 The SERR - 𝐻3𝑙𝑤/𝐻3𝑢𝑝  graphs (1 - at 𝐻3𝑙𝑤𝐵3/𝐻3𝑙𝑤𝐵1 = 0.5, 2 - at 𝐻3𝑙𝑤𝐵3/𝐻3𝑙𝑤𝐵1 = 1.0 and 3 

- at 𝐻3𝑙𝑤𝐵3/𝐻3𝑙𝑤𝐵1 = 2.0) 

 

 
Fig. 6 The SERR - 𝑛𝑙𝑤/𝑛𝑢𝑝  graphs (1-at 𝑛𝑙𝑤𝐵3/𝑛𝑙𝑤𝐵1 = 0.5 , 2-at 𝑛𝑙𝑤𝐵3/𝑛𝑙𝑤𝐵1 = 1.0  and 3-at 

𝑛𝑙𝑤𝐵3/𝑛𝑙𝑤𝐵1 = 2.0) 

 
 

the SERR induced by increase of 𝛽 has to be analyzed. The graph of this variation is reported in 

Fig. 8. The value of 𝛽 at which the SERR reaches the fracture toughness, 𝐺𝐶 , is the boundary 
value denoted by 𝛽𝑙𝑚𝑡 in Fig. 8 (the fracture toughness is a parameter defined as the SERR at the 

initiation of crack propagation). At 𝛽 < 𝛽𝑙𝑚𝑡 crack propagation will not initiate (in this sense the 
safety of the rod against crack propagation is guaranteed).    

The approach can be applied to determine the boundary length of the crack (this is the length at 

which crack propagation initiates). Determination of the boundary crack length is demonstrated in 

Fig. 9 where the variation of the SERR with increase of 𝑎/𝑙 ratio is presented. The boundary crack 
length corresponds to the fracture toughness as displayed in Fig. 9.  
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Fig. 7 The SERR-𝑟𝑙𝑤𝐵3/𝑟𝑙𝑤𝐵1 graphs (1-at 𝑟𝑙𝑤/𝑟𝑢𝑝 = 0.5, 2-at 𝑟𝑙𝑤/𝑟𝑢𝑝 = 1.0 and 3-at 𝑟𝑙𝑤/𝑟𝑢𝑝 = 2.0) 

 

 

Fig. 8 The SERR-𝛽 graph 

 
 

If the crack length does not exceed its boundary value crack propagation will not initiate and 
the safety of the rod is guarantied.   
 

 

5. Conclusions 
 

An approach for analyzing longitudinal fracture in non-linear viscoelastic rods performing non-
uniform rotational movement is developed. The rods are functionally graded along thickness and 
length. First, a general treatment of the problem is presented. Determination of the forces of inertia 
and their distribution along the length of a rod hosting a longitudinal crack is considered in detail.  
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Fig. 9 The SERR-𝑎/𝑙 ratio graph 

 
 

A general approach for deriving the SERR under action of the forces of inertia is reported for an 
arbitrary law of rotation of the rod. Then the general approach is applied for a particular case. The 
correctness of the SERR solution is confirmed by using the integral J. The change of the SERR 
due to variation of various parameters of the theoretical model of a rod performing non-uniform 
rotation is thoroughly studied. The results are displayed in a variety of graphs. It is found that 

increase of 𝐻1𝑙𝑤/𝐻1𝑢𝑝, 𝐻1𝑙𝑤𝐵3/𝐻1𝑙𝑤𝐵1, 𝑛𝑙𝑤/𝑛𝑢𝑝, 𝑛𝑙𝑤𝐵3/𝑛𝑙𝑤𝐵1, 𝑟𝑙𝑤𝐵3/𝑟𝑙𝑤𝐵1 and 𝑟𝑙𝑤/𝑟𝑢𝑝 ratios is 

accompanied by reduction of the SERR. The analysis indicates that the effect of variation of 

𝐻1𝑙𝑤/𝐻1𝑢𝑝, 𝐻1𝑙𝑤𝐵3/𝐻1𝑙𝑤𝐵1 ratios on the SERR is stronger than the effect of variation 𝑛𝑙𝑤/𝑛𝑢𝑝, 

𝑛𝑙𝑤𝐵3/𝑛𝑙𝑤𝐵1 , 𝑟𝑙𝑤𝐵3/𝑟𝑙𝑤𝐵1  and 𝑟𝑙𝑤/𝑟𝑢𝑝  ratios in sense that the SERR- 𝐻1𝑙𝑤/𝐻1𝑢𝑝  curves are 

stepper and the distance between these curves at different 𝐻1𝑙𝑤𝐵3/𝐻1𝑙𝑤𝐵1 ratios is bigger. The 

increase of 𝐻2𝑙𝑤/𝐻2𝑢𝑝, 𝐻2𝑙𝑤𝐵3/𝐻2𝑙𝑤𝐵1, 𝐻3𝑙𝑤/𝐻3𝑢𝑝 and 𝐻3𝑙𝑤𝐵3/𝐻3𝑙𝑤𝐵1 ratios generate growth of 

the SERR (here, the effect of variation of 𝐻2𝑙𝑤/𝐻2𝑢𝑝 and 𝐻2𝑙𝑤𝐵3/𝐻2𝑙𝑤𝐵1 ratios is stronger than 

the effect of 𝐻3𝑙𝑤/𝐻3𝑢𝑝 and 𝐻3𝑙𝑤𝐵3/𝐻3𝑙𝑤𝐵1 ratios). It is demonstrated that the approach can be 

applied also for checking the safety of rods in which a longitudinal crack is observed during 
lifetime. For instance, it is shown that the approach can be used for determining the boundary 
value of the parameter governing the rotation of the rot and the boundary crack length (the rod can 
be regarded as safe if the parameter involved in the law of rotation and the crack length do not 

exceed their boundary values). The paper contributes for clarifying the longitudinal facture in rods 
performing non-uniform rotation and helps for improving their safety.                      
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