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Abstract.  This paper presents an analytical approach to calculate the buckling load of the cylindrical ring 
structures subjected to both hydrostatic and hydrodynamic pressures. Based on the conservative law of energy and 
Timoshenko beam theory, a theoretical formula, which can be used to evaluate the critical pressure of buckling, is 
first derived for the simplified cylindrical ring structures. It is assumed that the hydrodynamic pressure can be treated 
as an equivalent hydrostatic pressure as a cosine function along the perimeter while the thickness ratio is limited to 
0.2. Note that this paper limits the deformed shape of the cylindrical ring structures to an elliptical shape. The 
proposed analytical solutions are then compared with the numerical simulations. The critical pressure is evaluated in 
this study considering two possible failure modes: ultimate failure and buckling failure. The results show that the 
proposed analytical solutions can correctly predict the critical pressure for both failure modes. However, it is not 
recommended to be used when the hydrostatic pressure is low or medium (less than 80% of the critical pressure) as 
the analytical solutions underestimate the critical pressure especially when the ultimate failure mode occurs. This 
implies that the proposed solutions can still be used properly when the subsea vehicles are located in the deep parts of 
the ocean where the hydrostatic pressure is high. The finding will further help improve the geometric design of 
subsea vehicles against both hydrostatic and hydrodynamic pressures to enhance its strength and stability when it 
moves underwater. It will also help to control the speed of the subsea vehicles especially they move close to the sea 
bottom to prevent a catastrophic failure. 
 

Keywords:  buckling; critical load; cylindrical structure; failure mode; plastic yielding; submarine 
structure 
 
 
1. Introduction 

 
At present, underwater vehicles are increasingly needed for the investigation and exploration of 

ocean graphic resources, and subsea operations at ever greater depths (Durban and Libai 1972, 
Tvergaard 1983, Cho et al. 2019, Li et al. 2019a, b). This can induce a very high pressure acting 
on the vehicles especially when subsea vehicles are travelling in a very deep sea. In general, the 
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bearing capacity of high hydrostatic pressure around subsea vehicles is mainly provided by the 
cylindrical shell (Stuart et al. 1968, Hongwei et al. 1999, Qu et al. 2019, Rizzetto et al. 2019). 
Therefore, the cylindrical hull plays a key role in deep submersibles in encountering an external 
pressure. It does not only provide the capability for resisting the external hydrostatic pressure, but 
also the ability for bearing the hydrodynamic pressure induced by fluid around the cylindrical shell. 
In real application, due to a larger workspace and high hydrostatic pressure in the sea, the shape of 
the submarine is usually made as a cylindrical shell in order to bear a high hydrostatic pressure 
underwater. It is noted that deep submersible vehicles have a composite cylindrical pressure hull 
which can effectively bear high external hydrostatic pressure (Zou and Foster 1995, Ganesan and 
Pradeep 2005). Many previous studies have conducted the studies on buckling behaviour of 
cylindrical shells subjected to hydrostatic pressure only while, in fact, the pressure is usually added 
up by the hydrodynamic pressure when structures move or are hit by a strong wave (Timmins and 
O’Young 2009, McClain and Barry 2010, Faridmehr et al. 2019) while the previous analytical 
approaches do not include such extra loads into their formulae. The first analytical result was 
derived using small deflection theory (Pang et al. 2019). The study provided the formula for the 
stability of a thin free-standing circular cylindrical ring under hydrostatic pressure as shown in Eq. 
(1). 𝑃௖௥ = 3𝐸𝐼/𝑅ଷ (1)

 
Where 𝐸 is the modulus of elasticity; 𝐼 is the inertia moment of the cross section, 𝑅 is the 

radius of the mid-surface of the cylindrical structure and 𝑃௖௥ is the critical buckling pressure. 
Furthermore, considering the effect of Poisson’s ratio, Eq. (2) is presented using the principle of 
minimum potential energy (Sun et al. 2012, Pi and Bradford 2013). 

 𝑃௖௥ = 2𝐸1 − 𝑣ଶ ൬ 𝑡𝐷൰ (2)

 
Where, 𝐷, 𝑡, 𝑣  are the diameter, thickness and Poisson’s ratio of the cylindrical shell, 

respectively. Note that Eq. (2) can be obtained by replacing 𝐸 as and substituting 𝐼 = 𝑡ଷ/12 into 
Eq. (1). It is noted that these equations represent linear stability phenomena for general structures 
under static load only. Detailed studies into the structural behaviours of the cylindrical ring under 
realistic loads are still needed. 

Recently, many researchers have conducted studies on the structural stability of subsea vehicle. 
Pi and Bradford (2013) studied the in-plane stability of preload shallow arches acting upon 
dynamic snap-through accounting for rotational end restraints. They considered a sudden-applied 
load and discussed the dynamic snap-through owing to excessive oscillations reaching its unstable 
branch. A series of studies on a semi-analytical method for free vibration analysis of both 
cylindrical and spherical shells was conducted (Li et al. 2019a, b). They used the approach of 
Rayleigh-Ritz to obtain conclusions on the free vibration behaviours of cylindrical and spherical 
shells. A detailed asymptotic analysis of the point indentation of an unpressurized spherical elastic 
shell was studied (Gomez et al. 2016). This implied that the shell can be deformed by ‘mirror 
buckling’ - a portion of the shell inverts to become a spherical cap with equal but opposite 
curvature to the undeformed shell. A series of experiments on the dynamic plastic buckling of 
circular cylindrical shells under axial impact load was carried out (Wang et al. 2014, Ma et al. 
2016). They found two different kinds of non-asymmetric buckling shapes: oval-shaped and 
triangle shaped. However, they did not consider the various loads acting on the structure. The 
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Fig. 1 The distribution patterns of hydrostatic and hydrodynamic pressure 

 
 

nonlinear elastic stability of arches via the principle of virtual work considering geometrical non-
linearity was studied, but the load was assumed to be in a constant direction (Hu et al. 2018, Hu 
and Huang 2019). A report on the buckling of thin-walled circular cylinders under axial 
compression and bending with the financial support of NASA was published (Stuart et al. 1968). 
They completed a series of tests on both electroplated copper and Mylar cylinders under combined 
axial compression and bending (Maier et al. 2017, Constable et al. 2018, Enrichetti et al. 2018). 
They obtained much higher buckling stress values than those reported before. Recently, Hernandez, 
Naranjo and Vellojin (Hernandez et al. 2020) found a new constitutive equation in integral form. 

 𝑃 = 𝑃ଵ + 𝑃ଶሺ1 − 4 sinሺ𝜃ሻଶሻ (3)
 
It is notably that the buckling phenomena of the circular cylindrical shell subjected to both 

hydrostatic and hydrodynamic pressure loads, which usually occur in the working state (Timmins 
and O’Young 2009, McClain and Barry 2010, Berkenpas et al. 2018), have never been fully 
investigated in the past. In reality, the hydrodynamic pressure is largely produced when the vehicle 
is moving underwater. This can create different structural behaviour and failure mechanism of 
vehicle from the external hydrostatic pressure only. The load distribution patterns of the 
hydrostatic and hydrodynamic pressures are presented in Fig. 1 and the combination of both 
pressures is presented in Eq. (3). It is important to note that there are many differences between the 
buckling phenomena caused by hydrostatic load only and combined pressures (Franzoni et al. 
2019a, b, Lu et al. 2019). This paper is the first to discuss this problem and provides a new 
theoretical approach to evaluate the buckling capacity of the circular cylindrical shell subjected to 
both hydrostatic and hydrodynamic pressures. The outcome will help facilitate the primary 
geometric design of the subsea vehicle in order to prevent buckling instability phenomena under 
hydrostatic and hydrodynamic pressures. 

 
 

2. Analytical solution 
 
2.1 Deformed shape 
 
Generally, the thickness ratio (thickness/radius) is about 5-20% for subsea vehicle. This leads 

to the ellipse deformation shape, as shown in Fig. 2 (Narayana et al. 2013, Franzoni et al. 2019a, b). 
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Fig. 2 Deformed shape of circular ring
 
 
The original circular radius is noted as 𝑅. The deformation parameters are expressed as 𝑢௫,𝑢௬ that are related to the deformation of the semi-major axis and semi-minor axis, respectively. 

The length of semi-major and semi-minor axis of 𝑎, 𝑏 after buckling are defined as shown in Eq. 
(4) below. 𝑎 = 𝑅 + 𝑢௫, 𝑏 = 𝑅 − 𝑢௬, (4)

 
Obviously, the perimeter has a very small change after deformation. Therefore, the relationship 

of 𝑢௫, 𝑢௬ can be limited by Eq. (5), where the eccentricity of 𝑒 is defined as 𝑒ଶ = 1 − 𝑏ଶ/𝑎ଶ. 
 1 = ቀ1 + 𝑢௫𝑅 ቁ ൬1 − 14 𝑒ଶ൰ ⟹ 𝑢௫ = 𝑢௬ = 𝑢 (5)
 
According to Eq. (5), it can be seen that the increment of semi-major axis is equal to the 

decrement of the semi-minor axis. Hence, both 𝑢௫, 𝑢௬ can be equally denoted as 𝑢. 
It is well known that the elliptic integral of the second kind can be written in the asymptotic 

expressions as shown in Eq. (6). 
 𝐸ሺ𝑒, 𝜃ሻ = 𝜃 − 12 𝑒ଶ න 𝑠𝑖𝑛ଶሺ𝜑ሻ𝑑𝜑 − 18 𝑒ସఏ

଴ න 𝑠𝑖𝑛ସሺ𝜑ሻ𝑑𝜑ఏ
଴ ∙ ∙ ∙ (6)

 
Further, the internal energy is calculated from the stretching and bending strain. The stretching 

strain of the middle surface of the shell is shown in Eq. (7). Also, it can be seen that the stretching 
strain is proportional to the square of 𝑢. 

 𝜀௠ = 𝑢𝑟 + 𝜕𝑢𝜕𝜃 = 2𝑢ଶ𝑅ଶ , 𝛿𝜀௠ = 4𝑢𝑅ଶ 𝛿𝑢 (7)

 
As for the changes of curvature, it can be expressed as shown in Eq. (8) (Fujita and Nosaka 

2002, Okubo et al. 2003), where 𝜌ᇱ is the radius of the shell after deformation. It is convenient to 
get ଵఘᇲ = ଵோ + ଷ௨ோమ ሺ2 cosሺ𝜃ሻଶ − 1ሻ when the 2nd term is neglected. 
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𝜅 = 1𝜌ᇱ − 1𝑅 (8)
 
Taking the analysis of deformation above into account, we can deduce the Eq. (9) from Eq. (8). 

In addition, we can obtain the expression of curvature changes and the virtual work from curvature 
denoted with the parameter 𝑢. 

 𝜅 = 3𝑢𝑅ଶ cosሺ2𝜃ሻ , 𝛿𝜅 = 3cos ሺ2𝜃ሻ𝑅ଶ 𝛿𝑢 (9)
 
2.2 Principle of virtual work 
 
Considering the energy from stretching and bending strain, we can establish the control 

equation illustrated in Eq. (10) on the basis of principle of virtual work. 
 ර 𝐸𝐴𝜀௠𝛿𝜀௠ ∙ 𝑑𝑠 + ර 𝐸𝐼𝜅𝛿𝜅 ∙ 𝑑𝑠 = ර 𝑝𝑑𝑠 ∙ 𝛿𝑢 (10)
 
Considering the characteristic of hydrostatic pressure deduced by the deep water, we can see 

that the pressure is always in the normal direction of surface. This means that the direction can be 
changed as the deformation occurs. Therefore, 𝑝 ∙ 𝑑𝑠 = 𝑝ሺ𝑅 + 3𝑢 cosሺ2𝜃ሻሻ𝑑𝜃  and we can 
simplify Eq. (10) by substituting Eqs. (7) and (9). 

 ර 𝐸𝐴 2𝑢ଶ𝑅ଶ ∙ 4𝑢𝑅ଶ 𝛿𝑢𝑑𝑠 + ර 𝐸𝐼 3𝑢𝑅ଶ cosሺ2𝜃ሻ 3 cosሺ2𝜃ሻ𝑅ଶ 𝛿𝑢𝑑𝑠= ර 𝑃ሺ𝑅 + 3𝑢 cosሺ2𝜃ሻሻ cosሺ2𝜃ሻ 𝛿𝑢𝑑𝜃 
(11)

 
Owing to 𝛿𝑢 being the arbitrary displacement, we can simplify Eq. (12) as follows 
 ර ቆ𝜋𝐸𝐴8 𝑢ଷ𝑅ଷ + 9𝐸𝐼𝑢𝑅ଷ cosሺ2𝜃ሻଶቇ ∙ 𝛿𝑢𝑑𝜃 = 3𝑃𝜋𝑢 ∙ 𝛿𝑢 (12)

 
Considering 𝑢 is extremely small compared to 𝑅, it is reasonable to neglect the 1st term of 𝑢ଷ, 

and we can simplify it as follows 
 9𝐸𝐼𝜋𝑢𝑅ଷ = 3𝑃𝜋𝑢 ⟹ 𝑃௖௥ = 3𝐸𝐼𝑅ଷ  (13)
 
According to the Eqs. (12) and (13), we can see that in the case of considering both hydrostatic 

P1 and hydrodynamic P2 pressure, only the term with pressure is different. Therefore, we can 
simplify Eq. (12) as Eq. (3). Considering the arbitrary 𝛿𝑢, it can be represented as follows 

 ሺ𝑃ଵ − 𝑃ଶሻ + 23 𝑃ଶ 𝑅𝑢 = 𝑃௖௥ (14)
 
Where Pcr is the critical pressure in the case of combined pressure. From Eq. (14), the 

displacement 𝑢 is determined by the hydrostatic and hydrodynamic pressures. However, the 
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displacement is limited to a certain small range according to the ultimate strength of the material. 
It is assumed that the cylindrical shell buckles when any point is in a plastic state, so the maximum 
displacement is limited by Eq. (15) 

 3𝑢𝑅ଶ 𝑡2 = 𝜀௦ ⟹ 𝑢௠ = 23 𝑅ଶ𝑡 𝜀௦ (15)
 
Where 𝜀௦ is the yielding strain of material. When the structure is in the plastic state, let 

denoted 𝑝ଵ = 𝑃ଵ/𝑃௖௥,   𝑝ଶ = 𝑃ଶ/𝑃௖௥ and 𝑢 = 𝑡/𝑅, Eq. (14) can be simplified as 
 𝑝ଵ + 𝑝ଶ ∙ ൬ 𝜇𝜀௦ − 1൰ = 1 (16)
 

After substituting 𝛼 = ఓఌೞ − 1 in Eq. (16), Eq. (17) can be obtained. 
 𝑝ଵ + 𝛼 ∙ 𝑝ଶ = 1 (17)
 
Hydrodynamic pressure is a very different type of pressure compared to hydrostatic pressure. 

However, from Eqs. (16) and (17), it can be seen that the hydrodynamic pressure is an equivalent 
hydrostatic pressure on the basis of the transformation rules. In addition, if the cylindrical structure 
does not deform as an ellipse, it is reasonable to create a hypothesis that the structure will deform 
as a harmonic function as described in Eq. (18) 

 𝑟 = 𝑅 + 𝑢 ∙ cosሺ2𝜃ሻ (18)
 
Firstly, we can obtain changes in the curvature shown in Eq. (19). We can see that the curvature 

in this deformation is the same as Eq. (9). This means that the identical critical pressure with the 
deformation can be obtained as described earlier. 

 𝜅 = 1𝜌ᇱ − 1𝑅 = 𝜅 = 3𝑢𝑅ଶ cosሺ2𝜃ሻ (19)
 
In the previous section, it is assumed that the structures buckle before entering a plastic state. 

However, the failure mode can be different as the structure may reach the ultimate strength state 
before buckling. In such case, Eq. (17) is also applicable, but the critical pressure should be 
adapted as follows where 𝜎௦ is the critical stress. 

 𝑃௖௥ = 𝜎௦ ∙ 𝜇 (20)
 
 

3. Finite Element Method (FEM) 
 
3.1 Model description 
 
To verify the theoretical solution, numerical simulations are carried out using Finite Element 

Method (FEM) with ANSYS 2020. The radius of the cylindrical shell is set as 1.0 meter and the 
section profile is 1.0 metre wide, and 0.1 metre height. In light of mechanics, such a cylindrical 
shell can be considered as a 2-D problem. The front view with a distributed pressure is shown in 
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(a) Hydrostatic pressure (Load step 1) (b) Hydrodynamic pressure (Load step 2) 

Fig. 3 Pressure distribution on a circular ring
 
 

Table 1 The comparison of the elastic energy (kJ) with different mesh size (m) 
Mesh size 0.2 0.15 0.1 0.08 0.05 0.03 0.02 0.01

Elastic energy 14.76 14.81 14.89 14.90 14.92 14.93 14.93 14.93 
 
 

Fig. 3. Furthermore, the pressure is set as a parameter in different cases of simulation. It should be 
noted that the directional pressure changes after deformation. 

In this study, steel is considered as a cylindrical shell as it provides better performance 
underwater than other materials (Zou et al. 2018, Werner 2019). The elastic modulus is set as 210 
GPa, the yield stress 𝜎௦ is 210 MPa and the yield strain 𝜀௦ is 0.1%. Therefore, in this case, the 
critical pressure would be 𝑃௖௥ = 21 𝑀𝑃𝑎. 

 𝑀௨ = 𝜎௦𝑡ଶ4 = 525 kN. m,  𝑃௖௥ଵ = 52.5 MPa, 𝑃௖௥ଶ = 𝜎௦𝜇 = 21 MPa (21)
 
The circular ring model is made of the beam element (188 elements based on Timoshenko 

beam theory). According to the real condition in the application, two load steps are set including 
the first load step being the hydrostatic pressure 𝑝ଵ  and the second load step being the 
hydrodynamic pressure 𝑝ଶ whose distribution is deduced by the potential flow theory, which is 
illustrated in Fig. 3. Both the rightmost and leftmost nodes are constrained in Y-direction. In 
addition, the highest and lowest nodes are constrained in X-direction. A nonlinear effect is 
considered and 10-time steps is set in the first load step, and 100 time steps are set in the second 
load step. Mesh convergence analyses has been conducted in order to optimise the proper mesh 
size. Table 1 illustrates the elastic energy with different mesh sizes which is also plotted in Fig. 4. 
It can be seen from the plot that the total elastic energy has no change when the mesh size is 
smaller than 0.03 m. Hence, the size of element is set as 0.02 m to ensure its accuracy and reduce 
time consuming. 

 
3.2 Model validation 
 
The deformed shape of the cylindrical shell is carried out under the critical pressure. Fig. 5 
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shows the radial displacement (in the cylindrical coordinate, X-directional displacement means the 
radial displacement). It can be seen that all the displacements of the rightmost, leftmost, highest 
and lowest points have the identical values of 0.846 mm, which concurs with the analytical 
solution. 

 

 
Fig. 4 Mesh convergence analysis

 
 

Fig. 5 Radial displacement of deformed circular ring (scale = 3.0) 
 
 

 
Fig. 6 Radial displacement vs the circumference angle of half ring 
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Fig. 7 The contour of moment
 
 

 
Fig. 8 Moment vs circumferential angle of half ring

 
 
Fig. 6 shows the results of the radial displacement along the circumference degree. The result 

of half part is presented as the cylindrical structure buckles a symmetrical shape. The results of 
FEM and analytical solution are compared. It is found that the FEM results match well with the 
analytical solution as shown in Fig. 6. 

Fig. 7 presents the contour plot of the moment across the circumference of the cylindrical 
structure while Fig. 8 is the plot of moment and the circumferential angle relationship. It can be 
seen that the numerical result agrees well with the analytical results. Based on the radial 
displacement and moment in the cylindrical shell derived from numerical simulation. It can be 
concluded that the verified FEM model can be sufficiently used further. 

 
 

4. Results 
 
4.1 Time history analysis 
 
Fig. 9 presents the displacement time history of the highest and leftmost nodes under the 

critical pressure of 21 MPa calculated using Eq. (21). It should be pointed out that the plot starts 
from t = 1.0 which is the end time step of the hydrostatic pressure. This shows that the hydrostatic 
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Fig. 9 Radial displacement at the highest and leftmost points under the calculated critical pressure

 
 

pressure produces little displacement. After applying hydrodynamic pressure, it can be seen in this 
plot that the displacement response has turning points at point B ends at point where the pressure 
of 21 MPa is applied. At point B, the structure reaches the yield state at the pressure of 19.9 MPa 
at point B. Between B and C, the displacement increases significantly due to the change from 
elastic stage to plastic stage. As described above, in this case, there is no bifurcation. It should be 
noted that there is no data obtained after point C as the simulation stops at this point. Between 
stages. It is important to note that the critical pressure applied is the estimation made by analytical 
solution. It is unclear whether the pressure is a buckling pressure as the postbuckling stage cannot 
be seen clearly. Hence, it is important to enhance to simulation by increasing the pressure to 
correctly estimate the buckling pressure. 

As described above, it is difficult to obtain the actual critical load from Fig. 9. This is because 
the structure may still bear some load after the last time step. Thus, the simulation with larger load 
is conducted to accurately obtain the critical load. 

Fig. 10 depicts the time history of displacement on the highest and leftmost points under the 
hydrodynamic pressure. There are also two turning points, B and C. However, the displacement 
drops dramatically, which means the analysis could not go further for larger displacement due to 
the buckling. Therefore, the corresponding load is remarked as the critical load. 

 
 

 
Fig. 10 Radial displacement at the highest and leftmost nodes including post-buckling stage 
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Fig. 11 The contour plot of plastic strain and stress under the pressure of 21 MPa 
 
 
Fig. 11 shows the contour plot of the plastic strain and stress at time step of 1.81 under the 

critical pressure of 21 MPa. There are 4 regions where plastic strain appears. Two regions lay in 
the outer area close to the highest and lowest points of the circular ring while the other two lay in 
the inner area close to the rightmost and leftmost points of the ring. These characteristics are also 
revealed in the contour plot of stress. It shows the regions, where plastic strain doesn’t appear, are 
still in an elastic state. This means that the areas, which lay on the perpendicular line, do not enter 
a plastic state simultaneously. 

 
4.2 Parametric study 
 
4.2.1 Case 1: Ultimate failure 
Using the methods shown above, we have carried out a number of numerical simulations 

considering different 𝑝ଵ, 𝑝ଶ with the thickness of 0.1, 0.2, respectively. These results are shown 
in Table 2. It is shown that the summation of functions of hydrostatic and hydrodynamic pressures 
is greater than 1 meaning that the failure mode is the ultimate failure. 

Fig. 13 shows the results of hydrodynamic pressure 𝑝ଶ with the hydrostatic pressure 𝑝ଵ. The 
black solid line is derived using the analytical solution of Eq. (17). The black solid circle is the 
FEM result with 𝜇 = 0.1 and 𝜇 = 0.2. It can be concluded that the results of FEM agree very 

 
 

Table 2 Results of 𝑝ଵ with different 𝑝ଶ for Case 1 

Case 𝑅 (m) 𝑡 (m) 𝑝ଵ 𝛼 ∙ 𝑝ଶ 𝑝ଵ + 𝛼 ∙ 𝑝ଶ 
1 

1 

0.1 

0.67 0.69 1.36 
2 0.76 0.45 1.21 
3 0.86 0.24 1.10 
4 0.90 0.17 1.07 
5 0.95 0.08 1.03 
6 

0.2 

0.61 0.62 1.23 
7 0.75 0.71 0.94 
8 0.83 0.26 1.09 
9 0.95 0.08 1.03 
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Fig. 12 𝑝ଶ against 𝑝ଵ for Case 1

 
 

well with the prediction when the 𝑝ଵ is close to the critical load. However, when the hydrostatic 
pressure 𝑝ଵ is small, especially smaller than 0.8, there are 30% more errors between the analytical 
solution and FEM results. This shows that the analytical solution underestimates the critical 
hydrodynamic pressure. 

 
4.2.2 Case 2: Buckling failure 
In this case, the radius is increased from 1 m to 2 m while the thickness is similar to the 

previous section in order to reduce the thickness ratio and study another failure condition. Due to 
the change in geometry, the parameters 𝜇 of 0.05 and 0.1 are considered. The results of the 
nominal pressures 𝑝ଵ and 𝑝ଶ are listed in Table 3. It should be noted from Eq. (22) that the 
critical pressure of buckling is less than the ultimate strength. Therefore, the buckling critical 
pressure 𝑃௖௥ଵ  is expected to be the critical load in this condition. 

 𝑃௖௥ଵ = 6.56 MPa, 𝑃௖௥ଶ = 𝜎௦𝜇 = 10.5 MPa (22)
 
Fig. 14 shows the results of hydrodynamic pressure 𝑝ଶ against the hydrostatic pressure 𝑝ଵ in 

Case 2. The result shows that the FEM results agree very well with the theoretical prediction of 
 
 

Table 3 Results of 𝑝ଵ with different 𝑝ଶ for Case 2 

Case 𝑅 (m) 𝑡 (m) 𝑝ଵ 𝛼 ∙ 𝑝ଶ 𝑝ଵ + 𝛼 ∙ 𝑝ଶ 
1 

2 

0.1 

0.04 0.90 0.94 
2 0.23 0.70 0.93 
3 0.51 0.45 0.96 
4 0.75 0.20 0.95 
5 0.90 0.10 1.0 
6 

0.2 

0.024 0.90 0.924 
7 0.241 0.70 0.941 
8 0.443 0.45 0.993 
9 0.672 0.15 0.822 
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Fig. 13 𝑝ଶ against 𝑝ଵ for Case 2 

 
 

this paper. In comparison to the results in case 1, the same characteristic is presented here as Case 
1. 

As a result, it can be concluded that there are two types of failure of the circular cylindrical 
shell under both external hydrostatic pressure and hydrodynamic pressure. The first mode of 
failure is when the pressure exceeds the ultimate strength of material. In this case, the critical 
pressure 𝑃௖௥ should be calculated by Eq. (20). The second mode of the failure is the buckling of 
the structure. In this case, the critical pressure 𝑃௖௥ should be calculated by Eq. (13). 

On the condition of hydrostatic pressure 𝑝ଵ being more than 0.8, the hydrostatic pressure 𝑝ଵ 
and hydrodynamic pressure 𝑝ଶ, the results from FEM agree with Eq. (17) very well for both 
failure modes especially when the hydrostatic pressure is larger than 0.8. However, if hydrostatic 
pressure is smaller than 0.8, the assumption of ellipse deformation is not accurate especially when 
the ultimate failure mode occurs as shown in Case 1. Therefore, the error between theoretical 
solution and the FEM value will increase as there is a decrease in 𝑝ଵ. Nevertheless, in the actual 
application, the investigation of subsea vehicle, submarine, etc., are usually under the condition 
when 𝑝ଵ = 0.8, 0.9 or even more. Thus, this study confirms that Eq. (17) can be used to estimate 
the 𝑝ଶ which is linked to the velocity of the subsea vehicle. 

 
 

5. Conclusions 
 
This paper investigates the in-plane nonlinear elastic stability of the circular ring structures 

subjected to both hydrostatic and hydrodynamic pressure. Based on the principle of energy, the 
relationship between the hydrostatic and hydrodynamic pressure in the buckling state is concluded 
in this study. A series of numerical simulations are conducted to verify the theoretical solutions 
considering the two possible failure modes: ultimate strength and buckling failure when such 
circular ring structure bears uniform pressure only. It is largely influenced by the elastic modulus 
and the thickness ratio of the cylindrical shell. It is noted that the hydrodynamic pressure can be 
taken as the hydrostatic pressure according to the rules of conversion in this present paper. When 
the hydrostatic pressure is larger than 0.8, the circular ring will be buckled at hydrodynamic 
pressure that can be predicted by the analytical solutions. However, when the hydrostatic pressure 
is smaller than 0.8, the analytical solution provides a lower limit for the predicted value especially 
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when the ultimate failure is taken into account. The proposed solutions can be correctly and easily 
used to help predict and estimate the structural performance of subsea vehicles especially when the 
subsea vehicles are in a very high hydrostatic pressure in the deeper parts of the ocean. The 
outcome of this study will help to control the velocity of the subsea vehicle considering both 
hydrostatic and hydrodynamic pressures in order to maintain its structural stability and prevent 
catastrophic failure. It will also help improve the design of vehicle geometry in terms of thickness 
and cross section taking into account the velocity and critical pressure from both hydrostatic and 
hydrodynamic pressure. 
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