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1. Introduction 
 

The size of the filtration pore of the membrane can be 

varied widely depending on the filtered media . In 

conventional filtration membranes, the radius of the 

filtration pore is usually far larger than the size of the 

molecule of the flowing liquid, and the flow is on the 

macroscale and can be modeled by continuum hydro- 

dynamic theories (Yang et al. 2012, Yoon 2018, Wang et 

al. 2013). In nanoporous filtration membranes, the radius of 

the filtration pore is on the 1nm or 10nm scales, often 

comparable to the molecule size of the flowing liquid, for 

realizing the super purification (Bottino et al. 2011, Brown 

et al. 1975, Elizabeth et al. 2012, Sanjay et al. 2021). In the 

applications of nanoporous filtration membranes such as for 

ultimate purification, hemofiltration and DNA analysis, the 

filtration pore is so small that it can only contain several 

molecule layers of the flowing media, and the flow inside 

the filtration pore is essentially on the nanoscale with the 

non-continuum behavior (Fissel et al. 2009, Jackson and 

Hillmyer 2010, Surwade et al. 2015). In the liquid-particle 

separation, because of the size of the filtered particle, the 

radius of the filtration pore can also be significantly bigger 

so that the thickness of the physically adsorbed layer 

potentially fully formed on the pore wall is comparable to 

but less than the inner radius of the filtration pore; In this 

case, inside the filtration pore actually occurs the multiscale 

flow consisting of both the nanoscale non-continuum 

adsorbed layer flow and the macroscopic continuum liquid 

flow (Atkas and Aluru 2002, Borg et al. 2013). Although 

the experimental studies on microporous or nanoporous 

filtration membranes have been carried out a lot (Ariono et 

al. 2018, Baker and Bird 2008, El-ghzizel et al. 2019, Jin et  
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al. 2019), the theoretical researches on the flow and mass 

transfer in these membranes are only a few regarding the 

multiscale and nanoscale flow regimes. Atkas and Aluru 

(2002) used molecular dynamics simulation (Monte Carlo 

Method) to model the non-continuum layer flow near the 

solid wall and used the Stokes equation to simulate the 

continuum liquid flow in the other area in the study of 

microporous membrane filtration. Their multiscale scheme 

will face the computational difficulty when simulating the 

relatively thick membrane because of the huge cost of the 

computational time and computer storage. Borg et al. 

(2018) also used this multiscale method to simulate the 

water flow through the filtration membrane with the 

diameter of the filtration pore below 2nm for a 

laboratory-scale membrane. Their multiscale scheme is 

usually not applicable for an engineering multiscale flow 

because of the implementation of the molecular dynamics 

simulation in the over large area. On the other hand, full 

molecular dynamics simulation is intractable for the flow in 

these membranes because of the too huge computational 

burden caused by the over large membrane size; It is often 

seen to simulate the flow in the biological membrane such 

as the cell membrane because of the small thicknesses of 

these membranes only on the scales of 1nm or 10nm 

(Khalili-Araghi et al. 2009).   

For overcoming the computational difficulty, by using 

the newly derived closed-form explicit flow equations for 

the multiscale flow (Zhang 2020, 2021) and the formerly 

derived non-continuum nanoscale flow equation (Zhang 

2016), both of which were shown to be ultra efficient for an 

engineering flow, the present paper aims to investigate the 

influences of both the liquid-pore wall interaction and the 

pore diameter on the mass transfer through the microporous 

or nanoporous filtration membranes in the wide range of the 

operational parameter values covering the macroscale, 

multiscale to nanoscale flows. The flow phenomena inside 

the mentioned filtration membranes are thus able to be more  
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Fig. 1 Liquid flow in the filtration pore of microporous 

or nanoporous filtration membranes; The orientated 

molecule layers are formed on the pore wall because of 

the liquid physical adsorption to the pore wall 
 

 

easily explored. The obtained results should be indicative to 

the design of the relevant filtration membranes in 

engineering use.  
 

 

2. Flow equations for the different flow regimes in the 
membrane 

 

Fig. 1 shows the filtration pore in a micro/nano porous 

filtration membrane inside which the flowing media is 

contained. Dependent on the inner radius 𝑅0  of the 

filtration pore due to the filtration requirement, the 

thickness ℎ𝑏𝑓 of the physically adsorbed layer potentially 

fully formed on the pore wall can be lower than but 

comparable to the magnitude of 𝑅0, far lower than 𝑅0, or 

greater than 𝑅0. For these three cases, the flow regimes in 

the membrane are qualitatively different.  

The physically adsorbed layer shown in Fig. 1 may be 

the equivalent layer. The actual adsorbed layer may not be 

exactly like as Fig.1 shows. The flow in the membrane is 

driven by the pressure difference. In the present study, the 

wall slippage is neglected, and the Poiseuille flow occurs 

inside the filtration pore. The inside wall of the pore is 

assumed as identical everywhere. The present analysis is 

thus not for the asymmetric filtration pore.  

  

2.1 For the multiscale flow 
 

When ℎ𝑏𝑓 is lower than but comparable to 𝑅0, in the 

filtration pore simultaneously occur the nanoscale 

non-continuum adsorbed layer flow and the macroscopic 

continuum liquid flow both of which may be significant. 

The analytical approach should solve these two flows by 

considering the boundary conditions and the two different 

flow regimes. According to the developed analysis (Zhang 

2021), in this multiscale flow, the total mass flow rate 

through the pore is expressed as: 

𝑞𝑚 = 2𝜋𝑅𝑒,0[
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for 𝑅0 > ℎ𝑏𝑓 

where 𝑝 is the driving pressure, x is the coordinate in the 

pore axial direction, D is the diameter of the liquid 

molecule, 𝑅𝑒,0 = 𝑅0 (1 −
𝜆𝑥

2
) , 𝜆𝑏𝑓,0 =

𝜆𝑥
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ℎ𝑏𝑓

𝑅0
, 𝜌 

and 𝜂 are the bulk density and the bulk viscosity of the 

liquid flowing through the membrane respectively, 𝜌𝑏𝑓,1
𝑒𝑓𝑓

 

and 𝜂𝑏𝑓,1
𝑒𝑓𝑓

 are the average density and the effective viscosity 

of the adsorbed layer across the layer thickness 

respectivel 𝜂𝑏𝑓,1
𝑒𝑓𝑓

= 𝐷ℎ𝑏𝑓/[(𝑛 − 1)(𝐷 + 𝛥𝑥)(𝛥𝑙/𝜂𝑙𝑖𝑛𝑒,𝑙)𝑎𝑣𝑟,𝑛−1] , 

𝑞0 =
𝛥𝑗+1

𝛥𝑗
 and 𝑞0 is constant, 𝛥𝑥 is the separation distance 

between the neighboring liquid molecules in the flow 

direction in the adsorbed layer, 𝜀 = (2𝐷𝐼 + 𝐼𝐼)/[ℎ𝑏𝑓(𝑛 −
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𝑙𝑖𝑛𝑒,𝑗−1
 and 𝛥𝑗−1  are the local 

viscosity and the local separation distance between the 𝑗𝑡ℎ  

and (𝑗 − 1)𝑡ℎ  molecules (or molecule layers) across the 

adsorbed layer thickness respectively, 𝑗 and (𝑗 − 1)  are 

the order numbers of the molecules (or the molecule layers) 

across the adsorbed layer thickness respectively as shown in 

Fig. 1, and 𝑛 is the number of the molecule layers across 

the adsorbed layer thickness. 

 

2.2 For the nanoscale flow 
 

When 𝑅0 ≤ ℎ𝑏𝑓 , the macroscopic continuum liquid 

disappears and only the nanoscale non-continuum adsorbed 

layer remains in the pore. For this case, the flow inside the 

whole pore is essentially non-continuum, and it is heavily 

influenced by the liquid-pore wall interaction. In this case, 

the mass flow rate through the pore is (Zhang 2016 and 

2017): 

𝑞𝑚 =
𝜋𝜌𝑏𝑓,2

𝑒𝑓𝑓
(𝑅0)𝑆(𝑅0)𝑅0

4

4𝜂
𝑏𝑓,2
𝑒𝑓𝑓

(𝑅0)

𝜕𝑝

𝜕𝑥
, for 𝑅0 ≤ ℎ𝑏𝑓 (2) 

where 𝜌𝑏𝑓,2
𝑒𝑓𝑓

 and 𝜂𝑏𝑓,2
𝑒𝑓𝑓

 are the average density and the 

effective viscosity of the adsorbed layer across the pore 

radius respectively, and S (−1 < 𝑆 < 0) is the parameter 

accounting for the non-continuum effect of the adsorbed 

layer due to the discontinuity and inhomogeneity across the 

adsorbed layer thickness (Zhang 2016); Stronger the 
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liquid-pore wall interaction, smaller the absolute value of 𝑆 

and thus stronger the non-continuum effect of the adsorbed 

layer (Zhang 2016).  

 

2.3 For the conventional macroscopic flow 
 

When 𝑅0 is far greater than ℎ𝑏𝑓, the adsorbed layer 

effect is negligible and the flow in the whole pore can be 

considered as macroscopic and continuum. For this case, 

the macroscopic flow theory can be applied, and the mass 

flow rate through the pore is: 

𝑞𝑚,𝑐𝑜𝑛𝑣 = −
𝜋𝜌𝑅0

4

4𝜂

𝜕𝑝

𝜕𝑥
, for 𝑅0 ≫ ℎ𝑏𝑓 (3) 

 

 

3. Calculation 

 
For understanding the flow behavior inside the filtration 

pore covering from the macroscale, multiscale to nanoscale, 

the following parameter is defined:  

𝑟𝑞 =
𝑞𝑚

𝑞𝑚,𝑐𝑜𝑛𝑣

 (4) 

The value of 𝑟𝑞  can show how the flow in the pore 

deviates from the classical macroscopic flow theory when 

the size of the pore is changed from the macroscale to the 

nanoscale. 

Substituting Eqs. (1) and (3) into Eq. (4) and re- 

arranging gives that: 
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(5) 

where 𝐶𝑦,1 = 𝜂𝑏𝑓,1
𝑒𝑓𝑓

/𝜂 and 𝐶𝑞,1 = 𝜌𝑏𝑓,1
𝑒𝑓𝑓

/𝜌. 

Substituting Eqs. (2) and (3) into Eq.(4) and re- 

arranging gives that: 

𝑟𝑞 = −
𝐶𝑞,2(𝑅0)𝑆(𝑅0)

𝐶𝑦,2(𝑅0)
 , for 𝜆𝑥 ≥ 1 (6) 

where 𝐶𝑞,2 = 𝜌𝑏𝑓,2
𝑒𝑓𝑓

/𝜌 and 𝐶𝑦,2 = 𝜂𝑏𝑓,2
𝑒𝑓𝑓

/𝜂. 

In the exemplary calculations, it was taken that 𝛥𝑥/𝐷 =
𝛥𝑛−2/𝐷 = 0.15 and 𝜂𝑙𝑖𝑛𝑒,𝑖/𝜂𝑙𝑖𝑛𝑒,𝑖+1 = 𝑞0

𝑚, where 𝑞0 and 

𝑚  are positive constant respectively (𝑚  is the index 

measuring the local viscosity inhomogeneity) (Jiang and 

Zhang 2022, Zhang 2014). 

 
3.1 Parameter formulation 

 

For the hydrophobic pore wall, the interaction between 

the pore wall and the flowing liquid is weak and the 

boundary layer is weakly adsorbed to the pore wall. 

However, for the hydrophilic pore wall, the liquid-pore wall 

interaction may be much stronger and it may be 

medium-level or even strong. The membrane polarity 

should significantly influence the liquid-pore wall 

interaction. The polar pore wall would have a relatively 

strong interaction with a polar liquid, while it would have a 

relatively weak interaction with a non-polar liquid. 

Normally, the non-polar pore wall has a relatively weak 

interaction with a non-polar liquid. The polarity or 

non-polarity of the pore wall can also be realized by coating 

a specific material on the pore wall. Besides these, both the 

temperature and pressure inside the pore will significantly 

influence the liquid-pore wall interaction; The higher 

temperature enlarges the distance between the molecule of 

the solid pore wall and the molecule of the flowing liquid, 

reduces the adsorption strength of the pore wall and 

weakens the liquid-pore wall interaction; While, the higher 

pressure has the opposite effect. In the present calculations, 

the weak, medium and strong liquid-pore wall interactions 

were considered respectively. The parameters in the above 

equations dependent on the liquid-pore wall interaction are 

formulated as follows respectively.  

The parameter 𝐶𝑦,1  is expressed as (Zhang 2004, 

2014): 

𝐶𝑦,1(𝐻𝑏𝑓) = {

1                            ,    for  𝐻𝑏𝑓 ≥ 1

𝑎0 +
𝑎1
𝐻𝑏𝑓

+
𝑎2

𝐻𝑏𝑓
2    ,    for  𝐻𝑏𝑓 < 1  (7) 

where 𝐻𝑏𝑓 = ℎ𝑏𝑓/ℎ𝑐𝑟 , ℎ𝑐𝑟  is the critical thickness, and 

𝑎0, 𝑎1  and 𝑎2  are constant respectively. ℎ𝑐𝑟  is the 

parameter characterizing the influence of the adsorbed layer 

thickness on the effective viscosity or average density of the 

adsorbed layer; Stronger the liquid-pore wall interaction, 

larger the value of ℎ𝑐𝑟 ,  then greater the value of 𝐶𝑦,1 and 

more solidified the adsorbed layer (i.e. greater the value of 

𝜂𝑏𝑓,1
𝑒𝑓𝑓

). This is based on the experimental observation that 

when the size of a nanochannel is critically large, the liquid 

confined in the nanochannel becomes continuum (Meyer et 

al. 1998). 

The parameter 𝐶𝑞,1 is expressed as (Zhang 2004 and 

2014): 

𝐶𝑞,1(𝐻𝑏𝑓)

= {
1                                                   ,   for  𝐻𝑏𝑓 ≥ 1

𝑚0 +𝑚1𝐻𝑏𝑓 +𝑚2𝐻𝑏𝑓
2 +𝑚3𝐻𝑏𝑓

3     ,   for  𝐻𝑏𝑓 < 1
 (8) 

where 𝑚0, 𝑚1, 𝑚2 and 𝑚3 are constant respectively. 

The parameter 𝐶𝑦,2  is expressed as (Zhang 2004, 

2014): 

𝐶𝑦,2(𝑅
_

0) = {
1                               ,   for   𝑅

_

0 ≥ 1

𝑎0 +
𝑎1

𝑅
_

0

+
𝑎2

𝑅
_

0
2

          ,   for  𝑅
_

0 < 1
 (9) 

where 𝑅
_

0 = 𝑅0/𝑅𝑐𝑟 . 𝑅𝑐𝑟  is the critical radius for 

characterizing the influence of the pore radius on the 

effective viscosity and average density of the 

non-continuum film in the whole pore; 𝑅𝑐𝑟 = 2ℎ𝑐𝑟 .  

The parameter 𝐶𝑞,2  is expressed as (Zhang 2004, 

2014):  
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Table 1(a) Liquid viscosity data for different liquid-pore 

wall interactions (Zhang 2004, 2014) 

Parameter 
 

Interaction 
𝑎0 𝑎1 𝑎2 

Strong 1.8335 -1.4252 0.5917 

Medium 1.0822 -0.1758 0.0936 

Weak 0.9507 0.0492 1.6447×10-4 

 

Table 1(b) Liquid density data for different liquid-pore wall 

interactions (Zhang 2004, 2014) 

Parameter 
 

Interaction 
𝑚0 𝑚1 𝑚2 𝑚3 

Strong 1.43 -1.723 2.641 -1.347 

Medium 1.30 -1.065 1.336 -0.571 

Weak 1.116 -0.328 0.253 -0.041 

 

Table 1(c) Liquid non-continuum property data for different 

liquid-pore wall interactions (Zhang 2004, 2014) 

Parameter 
 

Interaction 
n0 n1 n2 n3 

Strong 0.4 -1.374 -0.534 0.035 

Medium -0.649 -0.343 -0.665 0.035 

Weak -0.1 -0.892 -0.084 0.1 

 

 

𝐶𝑞,2(𝑅
_

0) = {
1                                                ,   for   𝑅

_

0 ≥ 1

𝑚0 +𝑚1𝑅
_

0 +𝑚2𝑅
_

0
2 +𝑚3𝑅

_

0
3      ,   for  𝑅

_

0 < 1
 (10) 

Eqs. (7)-(10) are the regressed equations for fitting the 

experimental data of the effective viscosity and average 

density of the confined liquid in the nanochannel which 

showed the dependence on the nanochannel size (Meyer et 

al. 1998, Zhang 2004). 

The parameter S is expressed as (Zhang 2004, 2014): 

𝑆(𝑅
_

0) = {
−1                  ,    for 𝑅

_

0 ≥ 1

[𝑛0 + 𝑛1(𝑅
_

0 − 𝑛3)
𝑛2]−1  ,  for 𝑛3 < 𝑅

_

0 < 1
 (11) 

where 𝑚2 , 𝑚3 , 𝑛2  and 𝑛3  are constant respectively. 

Equation (11) is also the regressed equation for fitting the 

values of S obtained in MDS (Zhang 2016).  

The parameters 𝜀 , 𝐹1  and 𝐹2  are expressed as 

respectively (Zhang 2020): 

6

2 04.56 10 ( / 31.419)( 133.8)( 0.188)( 41.62)n D n q m −

−=   + + + +  (12) 

𝐹1 = 0.18(𝛥𝑛−2/𝐷 − 1.905)(𝑙𝑛 𝑛 − 7.897) (13) 

and 

4

2 2 03.707 10 ( / 1.99)( 64)( 0.19)( 42.43)nF D n q m−

−= −   − + + +  (14) 

Eqs. (12)-(14) are the equations regressed out which 

well fit the actual calculated values of 𝜀, 𝐹1 and 𝐹2. They 

have the merit of convenient calculation. 

For the exemplary weak, medium and strong liquid-pore 

wall interactions considered, the parameter values are 

chosen as follows: 

Weak interaction: m=0.5, n=3, 𝑞0 = 1.03, ℎ𝑐𝑟=3.5nm 

Medium interaction: m=1.0, n=5, 𝑞0 = 1.1, ℎ𝑐𝑟=10nm 

Strong interaction: m=1.5, n=8, 𝑞0 = 1.2, ℎ𝑐𝑟=20nm 

These parameter values fit the MDS results respectively 

for different levels of the liquid-channel wall interactions 

(Jiang and Zhang 2022, Zhang 2015, 2016). 

The other input parameter values are shown in Tables 

1(a)-1(c). 

The parameter values in Tables 1(a)-1(c) for different 

liquid-pore wall interactions were chosen according to the 

rheological property measurements of the confined liquid in 

the nanochannel (Meyer et al. 1998) or the molecular 

dynamics simulation (MDS) results (Jiang and Zhang 2022, 

Zhang 2015 and 2016). 

 

 

4. Results 
 

Fig. 2 shows the variations of the value of 𝑟𝑞  with 

ℎ𝑏𝑓/𝑅0  respectively for the weak, medium and strong 

liquid-pore wall interactions. It is shown that for ℎ𝑏𝑓/𝑅0 <

0.01 , the value of 𝑟𝑞  approaches to unity and the 

conventional hydrodynamic flow theory can be used to 

calculate the transferred mass through the pore; While for 

ℎ𝑏𝑓/𝑅0 > 0.01, the new calculation approach should be 

used by incorporating the adsorbed layer effect and the 

conventional calculation will overestimate the transferred 

mass owing to ignoring the adsorbed layer effect. For 

0.01 < ℎ𝑏𝑓/𝑅0 < 1, the multiscale flow approach should 

be used for the calculation and it gives the mass flow rate 

through the pore significantly lower than the classical 

hydrodynamic theory calculation. Attend that for the 

multiscale flow with the value of ℎ𝑏𝑓/𝑅0 close to unity, 

the present multiscale calculation has pronounced errors, 

and the jump-up of all the three curves for the value of 

ℎ𝑏𝑓/𝑅0  around unity in Fig. 2 should be artificial and 

abandoned. For ℎ𝑏𝑓/𝑅0 > 1, the multiscale flow vanishes 

and the flow in the pore enters into the entire adsorbed layer 

flow regime; For this case, the nanoscale non-continuum 

flow approach should be used to make the calculation by 

incorporating both the non-continuum and rheological 

property variation effects of the layer.  

Fig. 2 shows that for ℎ𝑏𝑓/𝑅0 > 0.01, the adsorbed 

layer has a significant influence on the flow in the pore, 

especially for ℎ𝑏𝑓/𝑅0 > 1 i.e., for the nanoscale non- 

continuum flow regime; With the increase of the interaction 

strength between the liquid and the pore, the mass flow rate 

through the pore is significantly reduced. It is shown that 

for ℎ𝑏𝑓/𝑅0 > 1, the medium and strong liquid-pore wall 

interactions both are very harmful for the mass transfer 

through the pore as the values of 𝑟𝑞  are far lower than 

unity, and the weak liquid-pore wall interaction is 

mandatory for the good mass transfer or the high flux in the 

pore. Even for 0.01 < ℎ𝑏𝑓/𝑅0 < 1 i.e., the multiscale 

flow regime, the medium and strong liquid-pore wall 

interactions are also very harmful, and the weak liquid-pore 

wall interaction is plausible for the flux in the pore. Fig. 2  
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Fig. 2 The pore radius-dependent ratio 𝑟𝑞  of the total 

mass flow rate through the filtration pore calculated from 

the multiscale or non-continuum nanoscale approaches 

to that calculated from the classical macroscopic flow 

theory 

 

 

also shows that for ℎ𝑏𝑓/𝑅0 > 0.01, the value of 𝑟𝑞  is 

rapidly reduced with the increase of ℎ𝑏𝑓/𝑅0 , especially 

when ℎ𝑏𝑓/𝑅0 > 1. This obviously indicates that with the 

increase of ℎ𝑏𝑓 or/and with the reduction of 𝑅0, the flow 

rate through the pore is much faster reduced than the 

classical hydrodynamic theory prediction, owing to the 

multiscale flow effect or the nanoscale non-continuum flow 

effect. Fig. 2 suggests that with the increase of the 

membrane polarity, the transport of the polar liquid like 

water is more difficult through the pore with ℎ𝑏𝑓/𝑅0 >

0.01, particularly for smaller 𝑅0 values, because of the 

increased liquid-pore wall interaction strength. 

The results in Fig. 2 qualitatively agree with the 

molecular dynamics simulation results especially for 

ℎ𝑏𝑓/𝑅0 > 1 which show that the increase of the interaction 

strength between the channel wall and the liquid 

significantly reduces the mass flow rate through the 

nanochannel or the reduction of the channel size rapidly 

slows the liquid flow through the nanochannel if no wall 

slippage occurs (Liu and Li 2011, Takaba et al. 2007). 

Regarding the multiscale flow regime for 0.01 <
ℎ𝑏𝑓/𝑅0 < 1, the comparison of the present results with the 

experiments or the hybrid MDS-continuum fluid model 

needs to be done in the future.  

 

 

5. Conclusions 
 
The analytical results are presented for the mass flow 

rate through a cylindrical filtration pore in micro/nano 

porous filtration membranes covering from the macroscale, 

multiscale to nanoscale. Owing to the effect of the adsorbed 

layer on the pore wall, when the radius 𝑅0 of the filtration 

pore is less than one hundred times of the thickness ℎ𝑏𝑓 of 

the adsorbed layer, the classical hydrodynamic flow 

analysis is inaccurate and the corresponding analysis should 

incorporate the adsorbed layer effect. For 0.01 <
ℎ𝑏𝑓/𝑅0 < 1 , the multiscale analysis should be required 

owing to the simultaneous occurring of the adsorbed layer 

flow and the continuum liquid flow. For ℎ𝑏𝑓/𝑅0 > 1, the 

non-continuum nanoscale analysis should be required 

owing to the entire adsorbed layer flow in the pore. 

However, for ℎ𝑏𝑓/𝑅0 < 0.01 , the continuum hydro- 

dynamic flow analysis should still be valid owing to the 

negligible effect of the adsorbed layer.  

The calculation results show that whenever in the 

multiscale flow or in the non-continuum nanoscale flow, the 

adsorbed layer has a significant influence on the flow in the 

pore. The medium and strong liquid-pore wall interactions 

are very harmful for the flux in the nanoscale pore because 

of the adsorbed layer effect, and the weak liquid-pore wall 

interaction is very beneficial for the high flux in the pore. 

Also, the reduction of the radius of the pore much more 

rapidly drops the flow rate through the pore than the 

classical hydrodynamic flow theory prediction owing to the 

significant adsorbed layer effect when the multiscale flow 

or the non-continuum nanoscale flow occur. 
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