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Abstract. This paper proposes an approximate formulation to estimate the bifurcation buckling loads of
cylindrical shells with soft elastic cores under the conditions of axial compression. In general, thin-walled,
axially compressed cylindrical shells buckle into a diamond pattern in the elastic range. However,
buckling symmetrical with respect to the axis of the cylinder may occur when the cylindrical shell is
supported by an elastic medium. By considering this characteristic, we introduce the simplified
approximate formulation that can give sufficiently accurate results for the bifurcation buckling loads of
cylindrical shells. Moreover the results are compared with the exact buckling loads in order to confirm the
accuracy of the proposed approximate formulation.
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1. Introduction

Thin-walled cylindrical shell structures are widely used in many engineering fields, for example,
in offshore, civil, mechanical and aircraft structures, and so on. Moreover in many engineering
applications, thin- walled cylindrical shells are often supported by an inner elastic core or outer
elastic medium; Practical examples include from “huge” cylindrical tunnel liners (Croll 2001), pipe-
in-pipe systems (Sato and Patel 2007, Sato et al. 2008, Arjomandi and Taheri 2010, 2011a, 2011b)
to “quite small” carbon nanotubes (Ru 2001, He ef al. 2005, Sato and Shima 2009). The analytical
investigations on the elastic buckling of a thin cylindrical shell filled with an elastic core have been
carried out for a variety of loading configurations (Yao 1962, Seide 1962, Yabuta 1980, Karam and
Gibson 1995, Hutchinson and He 2000, Dawson and Gibson 2007). In the practical structural design
of such structures, one of the most important issues is to estimate the buckling pressure precisely.
Hence, the effects of interaction between the shells and the inner elastic core material (or
surrounding elastic mediums) on the buckling behavior are of great interest. In this case, however,
the structural behavior of the inner core is governed by three-dimensional theory of elasticity; hence
the interactive buckling behavior and its governing equation to describe such a phenomenon based
on the thin cylindrical shell theory are quite complex.

From this point of view, we offer a simplified approximate formulation for obtaining the axially
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Fig. 1 Analytical model

compressed buckling pressure in this study. The simplified critical elastic buckling pressure obtained
here is shown to give sufficiently accurate results compared with the exact values obtained by the
formulation introduced by Yao (1962). It can be calculated without much difficulty and is thus very
effective and convenient for most practical purposes in determining the critical elastic buckling
pressure of axially compressed cylindrical shells.

2. Analytical model

Fig. 1 shows the analytical model considered in this study. The system is idealized as a thin
cylindrical shell with Young’s modulus E,, Poisson’s ratio v, shell radius a and thickness 4, under
the axial compression, in contact with an homogeneous and isotropic elastic core material having
Young’s modulus £, Poisson’s ratio 1.. Here we consider the cylindrical shell under the axial
compression .

3. Exact formulation

Here we briefly introduce the exact formulation by Yao (1962). The axially compressed buckling
load has been solved by using the differential equations for equilibrium of the shell. Moreover, the
stress function has been used to account for the spring constant of the compliant core. Thus, the
displacements and stress components of a point in the elastic core can be determined as follows
(Yao 1962)

2G,-u = —ncosnzsinm8{c,l,,(nr)+ c,K, (nr)

+Llesl, o\ (nr) + 4Ky iy (n7) + e, (n7) + ¢K,,,_y(n7)] } (1a)
a
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2G,-v = —sinnzcosmé{m[cllm(nr) + ¢, K, (nr)]
r
P2 eyl () + €4k (1)) + =2 el () + céKml(nr)]} (1b)

2G,-w = —sinnzsinm 49{011;"(111”) + czK;n(nr)

+LlesL, . ((nr) + c4K, o (nr) + esL,_ (nr) + ¢6K,_(n1)]
a

3-4
4 VC[C3Im+1(””) +cyK,, 1 (nr) +esl, _(nr) +66Km—1(nr)]} (1c)

7., = —ncosnzsinm 9{011;,,(141”) + CzK;w(”’”)

+LlesL, . (nr) + c4K,, o (nr) + esL,_ (nr) + ¢6K,_(n7)]
a

_g; 1 (el 1(nr) + cyK,, o (nr) + csl, _(nr) + CéKm—l(nr)]} (1d)

STl (nr) + eiKp o (n7)]

T,y = —sinnzcosm H{m[cll;n(nr) + czK;,z(nr)] +
r
+ ”—’;l‘—f[csl;,,, (n7) + ¢6K,, _ (n) -5 e, (nr) + ¢ K, (nr)]
r

S D e, )+ ey )] - S e, ) + oK, mn} (le)

2,

2
o, = sinnzsinm 0{C1|:— (nz + niz)lm(nr) + l[m(nr)} + cz[— (nz + niz)Km(nr) + le(nr)}
r r r r
+ 158l (1) + €Kiy () + €5,y (1) + 6K,y ()]
a

n2r2+(m+ 1)2—(2—g)(m+ 1)[

r-a

3l (nr) + ¢, K, (nr)]

n’r+(m=1)+2-g)(m—1)
r-a

[Cslm—l(”r)+ceKm—1(”V)]} (19)
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in which u», v, and w are the axial, circumferential and outward normal displacements,
cs=2(1-v), G, = E.,/2(1+v,), n = kn/L (L is the length of the cylinder), o = 2(1-v,),
h = t/1-,, mis the number of buckling waves in the circumferential direction, & is the number
of half buckling waves in the z direction, /,, and K,, are the modified Bessel functions of first and
second kind of order m, respectively.

We suppose that the governing equations for the deformation of thin cylindrical shells are (Yao 1962)

2 2 2
[8_Lt+(_;l—v)(l+ﬂ)ﬁ}+l'i‘_l/gﬂ+l/£8_w+£:0 (2a)
02> 242 00> 2a 000z a0z Kyt

2
(1+vp+ N, 5u+|:18v+ 8v}+[16w 10w } Lo (2b)
2a  K,ptdd6oz o8¢ 2 o 200 ppod Kyt
4 4
5_”+l2@+[/1a28—2’+2/1 0w | Adw 248w, N: 0w, zlw}_ =0 (20
adz 400 oz 060z 400 d o6 Kitor a »

where K, = E,/(1 - Vf,), A =1/12a" and f-s fo, f, are the restoring forces which can be
determined from the stresses in the core derived in Eqgs. (1a)-(1f).
4. Simplified formulation

4.1 Evaluation of the core stiffness

The fact that the displacement in the core at » =0 is equal to 0 leads
c;, =c4=¢=0 3)

Thus, the relationships between the shell displacements (1) can be rewritten as

u(a)/ cosnzsinm@ €
v(a)/sinnzcosm@p = (X(a)) -4 c3 (4a)
w(a)/ sinnzsinm 6 Cs
7./ cosnzsinm6 ¢
7.,/ sinnzcosm@;y = (Y(a)) - qc; (4b)
o,/ sinnzsinm @ Cs

Moreover, when we consider the “Winkler foundation model”, only the core rigidity in the radial
direction should be modeled, namely

u(a)/ cosnzsinm@ ¢ 0
v(a)/sinnzcosm@p = (X(a)) ¢3¢ =10 (5)
w(a)/ sinnzsinm € Cs 1
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By solving Eq. (5) and substituting the solutions into Eq. (4b) gives the following for the core
stress

2G,[(1+ a)naly(na)’ —2nal,(na)’ + I,(na){2(1 — a)I,(na) + (1 + a)nal,(na)}]
a[naly(na)’ —2nal,(na)’ + I,(na){2(1 =2 a)l,(na) + nal,(na)}]

x sinnzsinm 6 (6)

S = g(a) = -

Clearly, from Eq. (6) the modulus of the “Winkler foundation” due to the elastic core can be
obtained.

4.2 Simplified buckling pressure
From the exact analysis mentioned above, we can find that axisymmetric buckling mode (m = 0)

occurs when a cylindrical shell is supported by a relatively soft elastic core. Thus, we assume that
the cylindrical shell displacements can be expressed as follows

u=20
v=20
w = Asinm@ sinnz 7

Substituting Eq. (7) and the restoring force in the radial direction into Eq. (2c) gives

s, 12 1 12N,
at o Epht2
~24G.[(1 + @)naly(na)’ - 2nal,(na)’ + Iy(na) {2(1 — a)l,(na) + (1 + )nal,(na)}] _ 0
aEphl‘z[naIO(na)2 - 2nall(na)2 +1y(na){2(1 =2a)l,(na) + nal,(na)}|]
®)

By solving the above equation under the assumption that ¢ is much larger than ¢, the buckling
load can be derived as

v Ehrz[_n4_£
T

L 24G,[(1+ a)naly(na)’ —2nal,(na)’ + I,(na){2(1 — a)I,(na) + (1 + a)na]z(na)}]} ©)
aE,ht'[naly(na)’ - 2nal,(na)’ + I(na){2(1 - 2a)I,(na) + nal,(na)}]

where
L(na) = I,(na)— 21 (na) (10a)
na

and the assumption that the wave number £ is large gives the following simplifications

I (na)/Iy(na) > 1 (10b)
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I,(na)/ly(na) > 1— nla (10c)

From Egs. (9) and (10), we obtain the normalized form as
2.2
N, 1 2G, +G,+nt

C

Kt pd Kna Kn 12

- 2G, N G, LTk (/a)'(a/L)’ an
7K (a/L)’ ZKK(t/a)(a/L) 7Kk(t/a)(a/L) 12
Eq. (11) has a minimum value when
aNCV _
=5 =0 (12)
Thus we have the equations below
24G,— 12K, (t/a) — 6 2G(a/LYk+ 'K (a/L) (t/a)’k" = 0 (13)

From Egs. (13) and (11), the wave number associated with the lowest buckling load and the
corresponding normalized simplified critical load can be obtained by ignoring the first term of Eq.
(13), which results in the following explicit form

32246+ d' K

Ker 72'K1/4(a/L)t3/4 (14)
p
N, 31/4ﬁa3/2Gc(— 2aG, + Kpt)l/zttl/z B 4aGCK;7/4t5/4 n 2K;/419/4
Kyt 23K, °"(-2aG, + K1) a

_3V2d PG K (26K ) + (/@) - 4aGk) 2k 4
2ﬁK;/4t3/4(—2(GC/Kp) + (t/a))1/2a3/2
(G/K)(=2(G./K)+(t/a)"* ~2(G./K)(t/a)"* + (t/a)"”
V3(=2(G./K,) +(t/a))"*

-1/4

_ /49" /a)

(15)

5. Accuracy of the simplified formulation

Fig. 2 shows the comparison of the ratio of the simplified buckling load to the exact one. The
nondimensional length parameters are set as 6/ a=0.5 and a/L =0.1; the Poisson’s ratio for the
core v and the pipe vp take the values 0.4 and 0.3, respectively. We can see from this figure that
the exact and simplified buckling pressures agree well with each other. Especially when the shell is
relatively thick and/or the core material is relatively soft, the simplified Eq. (15) has high accuracy.
This is because the formulation shown here is based on the simplification of the core stiffness.
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Fig. 2 Comparison between the exact and simplified buckling pressures

These comparisons confirm the validity of the proposed simplified approximations for the axially
compressed buckling pressure.

6. Conclusions

This paper presents a theoretical formulation for the bifurcation buckling loads of cylindrical
shells with an elastic core under the axial compression. In this investigation, a simplified formula
for estimating the elastic buckling load was derived. The simplified formula obtained from this
study is shown to give sufficiently accurate results compared with the exact solution. It can be
calculated without much difficulty and is thus quite convenient for most practical purposes in
determining the critical elastic buckling loads for cylindrical shells with an elastic core.
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