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Investigation of two parallel lengthwise cracks
In an inhomogeneous beam of varying thickness
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Abstract. Analytical investigation of the fracture of inhomogeneous beam with two parallel lengthwise cracks is
performed. The thickness of the beam varies continuously along the beam length. The beam is loaded in three-point
bending. Two beam configurations with different lengths of the cracks are analyzed. The two cracks are located
arbitrary along the thickness of the beam. Solutions to the strain energy release rate are derived assuming that the
material has non-linear elastic mechanical behavior. Besides, the beam exhibits continuous material inhomogeneity
along its thickness. The balance of the energy is analyzed in order to derive the strain energy release rate. erifications
of the solutions are carried-out by considering the complementary strain energy stored in the beam configurations.
The influence of the continuous variation of the thickness along the beam length on the lengthwise fracture behavior
is investigated. The dependence of the lengthwise fracture on the lengths of the two parallel cracks is also studied.

Keywords: lengthwise fracture; inhomogeneous beam; material non-linearity; three-point bending;
variable thickness

1. Introduction

Beams of continuously varying thickness in the length direction provide a very efficient
distribution of the material in engineering structures. Thus, beams of continuously varying
thickness are suitable for attaining of high requirements imposed on advanced structures in terms
of weight, cost, strength and stability. Therefore, it is not surprising that such beams are widely
used in various load-bearing structural applications in aeronautical, mechanical and civil
engineering especially when the low weight is an important issue.

Beam structures manufactured by using of inhomogeneous materials with continuously
(smoothly) varying material properties in one or more directions exhibit significant advantages
over homogeneous beams. This is due mainly to the fact that the microstructure of inhomogeneous
materials can be tailored during manufacturing so as to improve the behavior of the structural
members and components in the period of their exploitation. Functionally graded materials are
typical example for commonly used advanced class of inhomogeneous materials (Altunsaray and
Bayer 2014, Butcher et al. 1999, Dolgov 2005, 2016, Gasik 2010, Hedia et al. 2014, Hirai and
Chen 1999, Mahamood and Akinlabi 2017, Markworth et al. 1995, Miyamoto et al. 1999, Nemat-
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Allal et al. 2011, Simsek 2012, Simsek 2015, Simsek et al. 2013, Tokovyy and Ma 2017, Tokovyy
and Ma 2019, Tokovyy 2019, Uslu Uysal and Kremzer 2015, Uslu Uysal 2016, Uslu Uysal and
Glven 2015, Uslu Uysal and Glven 2016, Wu et al. 2014). Functionally graded materials are
made by mixing of two or more constituent materials so as to form a graded distribution of
material properties in the solid. In this way, requirements for different material properties in
different parts of a high-performance structural member can be satisfied. Due to their wide
applications in aerospace, aeronautics, nuclear reactors, electronics, optics, biomedicine,
mechanical and civil engineering, the functionally graded materials have received considerable
attention in the international research community around the globe for the last three decades.

Since certain kinds of inhomogeneous materials, such as functionally graded materials can be
built-up layer by layer (Miyamoto et al. 1999), a high probability for appearance of lengthwise
cracks between layers exists. The lengthwise cracks threaten the structural integrity and reduce the
load bearing capacity of engineering structures (Szekrenyes 2010, 2012). Therefore, several papers
which are concerned with analyses of lengthwise fracture behaviour of inhomogeneous
(functionally graded) beams have been published recently (Rizov 2017, 2018a, 2018b, 2019a,
2019b). These papers, however, consider lengthwise fracture of inhomogeneous beams with one
lengthwise crack assuming that the beam cross-section is constant along the beam length (Rizov,
2017, 2018a, 2018b, Rizov 2019a, 2019b).

In contrast to the previous papers, the present paper is focused on analyzing the lengthwise
fracture behavior of an inhomogeneous beam structure of continuously varying thickness in the
length direction. Two parallel lengthwise cracks are located arbitrary along the beam thickness.
The beam under consideration exhibits continuous (smooth) material inhomogeneity in the
thickness direction. The material has non-linear elastic mechanical behavior. The lengthwise
fracture is studied in terms of the strain energy release rate. Solutions to the strain energy release
rate are derived by considering the balance of the energy at different lengths of the two cracks. The
fracture is analyzed also by considering the complementary strain energy in the beam for
verification. The influence of the locations and lengths of the two cracks on the fracture behavior
is investigated. The effect of the continuous variation of the thickness along the beam length on the
fracture is also evaluated.

2. Analysis of the strain energy release rate

The present paper deals with lengthwise fracture analysis of the inhomogeneous beam
configuration with two parallel lengthwise cracks shown in Fig. 1. The lengths of the lower and
upper cracks are a; and ay, respectively. The length of the beam is I. The cross-section of the beam
is a rectangle. The width of the beam, b, is constant along the beam length. The thickness of the
beam, hy, varies continuously along the beam length according to the following law

h,=h+(h, - h)sin(lz XJ , )

where
0<x <I. )

In (1), h and hs are the thicknesses of the beam at the ends and at the mid-span, respectively.
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Fig. 1 Geometry and loading of a beam configuration of continuously varying thickness with two
lengthwise cracks (the lower crack is shorter than the upper one)

The lengthwise centroidal axis, xi, is shown in Fig. 1.

The beam geometry is symmetrical with respect to the mid-span and with respect to x; axis. In
portion, OA, the beam is divided in three parts (lower, interstitial and upper part) by the two
cracks. At the left-hand end of the beam, the thicknesses of the lower, interstitial and upper parts of
the beam are hy, hy and hs, respectively. The thickness of the interstitial part is constant in the
length direction. By using (1), the variations of the thicknesses of the lower and upper parts of the
beam, hy and hys, are expressed as

h, = h, +%(hs — h)sin (Iﬁ xlj 3)
and
1 (7
h, =h, +§(hS —h)sin [T xl), 4)
where
0<x, <a. (5)

In portion, AB, the beam is divided in two parts (lower and upper part) by the upper crack (Fig.
1). The thicknesses of the upper and lower parts of the beam are denoted by hg and huy,
respectively. By applying (1), the continuous variation of hy in the length direction is written as

h, =h +h, +%(hs —h)sin (Iﬁ xlj 6)

where
0<x <a,. @)

The beam is subjected to three-point bending by a force, F, directed upwards (Fig. 1).
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Fig. 2 Cross-section of the lower part of beam portion OA (the position of the neutral axis is denoted by n—n)

Apparently, the upper part of the beam in portion, OB, and the interstitial part in portion, OA,
are free of stresses.

The beam exhibits continuous material inhomogeneity in thickness direction. Besides, the
material has non-linear elastic mechanical behavior.

The fracture is studied in terms of the strain energy release rate by considering the balance of
the energy. First, the strain energy release rate is derived assuming a small increase, dai, of the
length of the lower crack. The balance of the energy is written as

F&Nzg—uéal +Ga1b5al, (8)

a4

where w is the vertical displacement of the application point of F, U is the strain energy in the
beam, Gq, is the strain energy release rate due to the increase of the lower crack. From (8), one

obtains
G, ="+ 9)
The strain energy stored in the beam is expressed as
U =Ug+tUu +Ugp +Upy (10)

where Uoa and Uag are the strain energies in the lower parts of the beam portions, OA and AB,
respectively, Ugp and Upy are the strain energies in the beam portions, BD and DH, respectively.
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The strain energy stored in the lower part of the beam portion, OA, is written as

he

j=d

Uon= bj UgondX,dZ, (11)
0

|
no ||

where Ugoa is the strain energy density, z, is the vertical centroidal axis of the cross-section of the
lower part of the beam portion OA (Fig. 2). A stress-strain relation is necessary in order to obtain
the strain energy density. In the present paper, the mechanical behavior of the material is treated by
using the following non-linear stress-strain relation (Lukash 1998)

o=Pec"-Qg", (12)

where o is stress, ¢ is strain, P, Q, m and n are material properties.
The strain energy density is derived by integrating (12) in boundaries from 0 to ¢

Pgm+l an+l
Uy =— ——. 13
O M+l n+l (13)

It is assumed that P is distributed along the thickness of the beam according to the following
exponential law

h‘+z
I’E !
P=PRe ", (14)
where
h, h
-Lt<z <1, 15
) Sh=5 (15)

In (14), Py is the value of P at the upper surface of the beam, r is a material property that
controls the gradient of P in the thickness direction, z; is the vertical centroidal axis of the beam
cross-section.

In order to express the distribution of P in the cross-section of the lower part of beam portion,
OA, formula (14) is re-written as

ht—hT+zz

P=Pe " . (16)

The distribution of the strains in thickness direction is treated by applying the Bernoulli’s
hypothesis for plane sections since the present paper deals with beams of high length to thickness
ratio. Therefore, ¢ is distributed linearly along the thickness of the lower part of the beam portion,
OA

&= KOA(ZZ — Iy, )’ 17)

where
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— gz <1 (18)

In (17), xoa is the curvature, zz, is the coordinate of the neutral axis, n—n. It should be noted
that the neutral axis shifts from the centroid since the beam exhibits material inhomogeneity in the
thickness direction.

The curvature and the coordinate of the neutral axis are determined by using the equations for
equilibrium of the elementary forces in the cross-section of the lower part of the beam portion, OA

71

Noa =b [odz, , (19)
Py
2
htl
2

Mo, =b _[ozzdzz, (20)
hu

where Noa and Moa are, respectively, the axial force and the bending moment in the cross-section.
Apparently (Fig. 1)

No,=0, (21)

F
Mgo=—
OA 2
After substituting of & in (19) and (20), the equations are solved with respect to xoa and zz, by
using the MatLab computer program. Then, (17) is substituted in (13) to obtain ugoa.
The strain energy in the lower part of the beam portion, AB, is expressed as (Fig. 1)

X, (22)

3

Usa=b j a2, 3
h

El

where Uoag is the strain energy density, z3 is the vertical centroidal axis of the cross-section of the
lower part of the beam portion, AB. Formula (13) is applied to obtain ugas. For this purpose, ¢ is
replaced with eag Where ¢ag is the strain in the lower part of the beam portion, AB. The distribution
of eap is expressed by replacing of xoa, z2n and zz with xag, zan and z3 in (17). The curvature, xas,
and the coordinate of the neutral axis, zs,, of the cross-section of the lower part of the beam
portion, AB, are found from equations (19) and (20). For this purpose, ha, ¢ and z, are replaced
with hu, oas and zz where oag is the normal stress. Formula (12) is used to obtain the distribution of
oas by replacing of ¢ with ¢ag. In order to express the distribution of P, formula (16) is re-written
as

hy —h+z3
2
r

P=Pe " , (24)
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where
ht4 ht4
-—<Z7,<—, 25
, k=T, (25)
The strain energy in the beam portion, BD, is written as (Fig. 1)

I h

2 2
Ugp= b_[ J. UogpdX,dz, (26)

a

[Ny

where Uggp is the strain energy density, z4 is the vertical centroidal axis of the cross-section of the
beam. The strain energy density is found by replacing of & with ggp in formula (13). The curvature
and the coordinate of the neutral axis are obtained from the equations of equilibrium (19) and (20).
For this purpose, hiu, o and z; are replaced with h;, osp and zs. The normal stress, ggp, is found by
replacing of & with egp in (12).

The strain energy in the beam portion, DH, is expressed as (Fig. 1)

=

t

Upy=b Uopn dX,dZs (27)

N | —t—y —
c—’.\)‘

=y

where ugpn is the strain energy density, zs is the vertical centroidal axis of the cross-section of the
beam. Formula (13) is used to determine the strain energy density by replacing of ¢ with epn. The
curvature, xpn, and the coordinate of the neutral axis, zsn, are obtained from Egs. (19) and (20) by
replacing of hu, o and z; with hy, opn and zs. Besides, the bending moment in the beam portion,
DH, that participates in equation (20) is found as (Fig. 1)

F I
MDHZEXl_F(Xl_Ej’ (28)

where
|
—<x <. 29
5 =% (29)

By using the integrals of Maxwell-Mobhr, the vertical displacement of the application point of
the external force, F, is expressed as

a1 l az 1
w= _([EleOA(Xl)Xm + jleKAB(Xl)dxl +

! . (30)
X

21 4
+ IE X Kgp (X, )dX, + J(E - ?1}(% (x,)dx,
3, !

2

By substituting of (10), (11), (23), (26), (27) and (30) in (9), one obtains the following
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expression for the strain energy release rate

Fl 1 1
Ga1 :E[ Eal KOA(al)_EalKAB(al) } -

=3
=

T

Se—n ‘
=

h!4
2
Ugon ()02, + [ Ugpg(a;)dz, - (31)
htA
T2

~|

The integration in (31) is performed by using the MatLab computer program. It should be
mentioned that hi, hu, xoa, Kas, Uooa and Uoag are obtained by (3), (6), (13), (19) and (20) at x1=as.
Further, the strain energy release rate is derived assuming a small increase, A&, , of the length

of the upper crack (Fig. 1). Thus, formula (9) is re-written as

%~ b oa boa, (32)
b da, boa,
By substituting of (10), (11), (23), (26), (27) and (30) in (32), one drives
N B
Fl 1 1 2 2
G, = b EazKAB(az)_EazKBD(az) -~ j uOAB(az)dzs+I Uyp (a,)dz, (33)
Ny h
2 2

where ht, hu, xas, ksp, Uoas and uesp are obtained by (1), (6), (13), (19) and (20) at x;=a;. The
integration in (33) is carried-out by the MatLab computer program.

The longitudinal fracture behavior of the inhomogeneous non-linear elastic beam is analyzed
also for the case when the lower crack arm is longer than the upper one (Fig. 3). First, the strain
energy release rate is derived assuming a small increase, dai, of the length of the lower crack. Eq.
(9) is used.

In portion, OA, the two cracks divide the beam in three parts: lower, interstitial and upper part.
The interstitial and upper parts are free of stresses. The lower cracks divides beam portion, AB, in

_ . L hy
W hs upper crack ARy,
A — 2|
2 ‘h,vzi lower crack é’ I
2
a, |
[ | [
2 2

Fig. 3 Beam configuration in which the lower crack is longer than the upper one
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lower and upper part.
The upper part is free of stresses. Therefore, the strain energy in the beam (Fig. 3) is written as

U =Ugu+Upp +Upy (34)

where Uogg is the strain energy in the lower part of the beam portions, OA and AB, Ugp and Upn
are the strain energies in the beam portions, BD and DH, respectively.

The strain energy in the lower part of the beam portions, OA and AB, is obtained by applying
formula (11). Formula (13) is used to derive the strain energy density. The curvature and the
coordinate of the neutral axis are found from equations for equilibrium (19) and (20).

The strain energy, Ugp, is expressed as

=

Ugo=b Uygpdx,dz, - (35)

D o | —
!_,N‘

Y=y

The strain energy in the beam portion, DH, is found by using formula (27).
The expression (30) for the vertical displacement of the application point of F is re-written as
(Fig. 3)
W= TlleOA(Xl)dxl +
5 2

, . (36)

21 (X
+ _[E Xy Kgp (% )dX, + I(E - ?l}(DH (x,)dx,
i 1

2

By substituting of (11), (27), (35) and (36) in (9), one derives the following expression for the
strain energy release rate:

=

t1 hy

F[ 1 1 B z

G, :E[ Eal KOA(al)_EalKBD(al) } __[ Ugon(8,)dz, + j Upgp (3,)dz; - (37)
g _h
2 2

Integration in (37) is performed by the MatLab computer program. In (37), h, ha, xos, xBb, Uooa
and uoep are obtained by (1), (3), (13), (19) and (20) at x;=a.

Since the interstitial and upper parts of portion, OA, and the upper part of portion, AB, of the
beam are free of stresses, the upper crack in the beam configuration shown in Fig. 3 can not grow.
Thus

G. =0. (38)

It should be noted that formula (38) can be proved by substituting of (11), (27), (35) and (36) in
(32).

The solutions to the strain energy release rate (31), (33), (37) and (38) are verified by applying
the following formula (Rizov 2018)

_du”

o (39)
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where U”is the complementary strain energy stored in the beam, da is an elementary increase of
the crack length.

First, the beam configuration shown in Fig. 1 is considered. By assuming an elementary
increase, dai, of the lower crack, formula (39) takes the form

_du”

W= . (40)
' bda,
The complementary strain energy is written as
U =U +U g+U+U,,, (41)

where Uy, and U,, are the complementary strain energies in the lower parts of the beam

portions, OA and AB, respectively, U;D and U;H are the complementary strain energies in

the beam portions, BD and DH, respectively.
The complementary strain energy in the lower part of the beam portion, OA, is determined by
formula (11). For this purpose, ugoa is replaced with the complementary strain energy density,

USOA . The following formula is applied to derive the complementary strain energy density
Ugon= OF = Ugop - (42)
By substituting of (12) and (13) in (42), one obtains

Pgm+lm an+ln
m+1 n+1

(43)

USOA:
where ¢ is expressed by (17). The curvature, xoa, and the coordinate of the neutral axis, zzn, are

found equilibrium Egs. (19) and (20).

The complementary strain energy, U, ,

is obtained by applying formula (23). For this
purpose, Uoag, is replaced with the complementary strain energy density, u;AB. Formula (43) is

used to determine U,,, by replacing of & with esg.
The complementary strain energy in beam portion, BD, is found by replacing of ueep with
u;BD in formula (26). The complementary strain energy density, u;BD , is obtained by (43). For

this purpose, ¢ is replaced with &ag.
The strain energy density, Uopn, is replaced with the complementary strain energy density,

Uppy » in formula (27) in order to obtain U[, . Formula (43) is used to express the
complementary strain energy density by replacing of ¢ with epn.

The strain energy release rate, Ga,, is found by substituting of (41), U;, , U, , Uy, and
Ugy in (40). The result is
ha [
2 2
G, = [ Uson(a)dz, - | Ug,e(a))dz, - (44)
hll hx4
2 2

The integration in (44) is performed by using the MatLab computer program. It should be
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mentioned that h,, h,, Uy, and U, are obtained by (3), (6), and (43) at x;=as. The strain

energy release rate obtained by (44) is exact match of that found by (31) which is a verification of
the solution to Ga,.

The strain energy release rate, Ga,, in the beam configuration shown in Fig. 1 is also obtained
by applying formula (40). For this purpose, (40) is re-written as

_du’
“ bda,

where da; is an elementary increase of the length of the upper crack. By substituting of (41),

Uos » U, Uy and U, in(45), one obtains

(45)

Nis h
7 * E *
Ga2 = I Ugas (8.2 ) Z3— I Uogp (az)dz4 ' (46)
o h
T2 2

where h,, h,, Uy,s and U,y are obtained by (1), (6), and (43) at x;=a;. The integration in

(46) is performed by the MatLab computer program. The fact that the strain energy release rate
calculated by (46) matches exactly that obtained by (33) verifies the solution to Ga,for the beam
shown in Fig. 1.

Formula (40) is applied also to determine the strain energy release rate when the lower crack is
longer than the upper one in the beam configuration shown in Fig. 3. For this purpose, the
complementary strain energy in the beam is written as

U’ :USAB"'U;D +UI;H ' (47)

where USAB is the complementary strain energy in the lower part of the beam portions, OA and
AB, U,, and U[, are the strain energies in the beam portions, BD and DH, respectively.

The complementary strain energy in the lower part of the beam portions, OA and AB, is
obtained by replacing of ugas with u; s Informula (11).

The complementary strain energy, U, , is obtained by applying formula (35). For this
purpose, Uoep is replaced with the complementary strain energy density, USBD :

By substituting of (47), Ug,s , Ugp and Ug,, in (40), one derives

Ny hy
2 N 2 X
Galzj uOOA(al)dZZ + .[ UOBD(al)dza : (48)
_hy e
2 2

The integration in (48) is performed by the MatLab computer program. The quantities, h;, hu,
u;OA and u;BD are obtained by (1), (3) and (43) at x;=a;. The strain energy release rate
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Fig. 4 The strain energy release rate in non-dimensional form plotted against hs/h ratio (curve 1 - at
increase of the upper crack, curve 2 - at increase of the lower crack)

obtained by (48) is exact match of that found by (37). This fact verifies the solution to G, for the
beam shown in Fig. 3.
Formula (38) is verified by substituting of (47), U,z , Ug, and U, in (45).

3. Numerical results

This section of the paper presents numerical results obtained by applying the solutions to the
strain energy release rate derived in the previous section. These numerical results illustrate the
influence of various factors, such as the continuously varying thickness of the beam in the length
direction, the location of the cracks along the beam thickness, the lengths of the two cracks, the
material inhomogeneity in the thickness direction and the non-linear mechanical behavior of the
material on the lengthwise fracture in the beam configurations shown in Fig. 1 and Fig. 3. The
strain energy release rate is presented in non-dimensional form by applying the formula
en=G/(Pub). It is assumed that b=0.008 m, h=0.005 m, 1=0.150 m and F=2 N.

First, the influence of the continuously varying thickness along the beam length on the fracture
behaviour is investigated. The variation of the thickness along the beam length is characterized by
hs/h ratio. The beam configuration in which the lower crack is shorter than the upper one is
considered (Fig. 1). In order to evaluate the influence of the continuously varying thickness on the
fracture behaviour, the strain energy release rate in non-dimensional form is plotted against hs/h
ratio in Fig. 4 at m=0.6, n=0.8, Q/Py=0.7 and r=0.3. The curves in Fig. 4 indicate that the strain
energy release rate decreases with increasing of hs/h ratio (this behavior is due to the increase of
the beam stiffness). One can observe also in Fig. 4 that the strain energy release rate derived
assuming increase of the upper crack is higher in comparison to that obtained assuming increase of
the lower crack.

The influence of the continuous material inhomogeneity along the thickness of the beam on the
fracture behavior is investigated too. The beam configuration shown in Fig. 1 is considered. The
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Fig. 5 The strain energy release rate in non-dimensional form plotted against material property r (curve
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Fig. 6 The strain energy release rate in non-dimensional form plotted against hi/h ratio (curve 1 - at
non-linear elastic behavior of the material and curve 2 - at linear-elastic behavior of the material)

solution to the strain energy release rate derived assuming increase of the upper crack is applied.
The influence of the material inhomogeneity on the fracture behavior is illustrated in Fig. 5 where
the strain energy release rate in non-dimensional form is plotted against the material property, r, at
three ay/l ratios for a1/l =0.15. It should be noted that a,/I ratio characterizes the length of the upper
crack. It is evident from Fig. 5 that the strain energy release rate decreases with increasing of r. It
can be observed also that the strain energy release rate increases with increasing of ax/l ratio (Fig.
5).

The influence of the location of the lower crack along the beam thickness on the fracture
behavior is evaluated. The beam configuration in which the lower crack is shorter than the upper
one is considered (Fig. 1). The solution to the strain energy release rate obtained assuming increase
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Fig. 7 The strain energy release rate in non-dimensional form plotted against the external force F
(curve 1 - for the beam configuration in which the lower crack is shorter and curve 2 - for the
beam configuration in which the lower crack is longer)

of the lower crack is used. The location of the lower crack along the beam thickness is
characterized by hi/h ratio. The strain energy release rate in non-dimensional form is plotted
against hy/h ratio in Fig. 6 at (hi+h2)/h=0.9. The curves shown in Fig. 6 indicate that the strain
energy release rate decreases with increasing of hi/h ratio. The strain energy release rate obtained
assuming linear-elastic behavior of the inhomogeneous material is also plotted in Fig. 6. It should
be noted that the linear-elastic solution to the strain energy release rate is derived by substituting of
m=0 and Q=0 in the non-linear solution (31) since at m=0 and Q=0 the non-linear stress-strain
relation (12) transforms in the Hooke’s law assuming that P is the modulus of elasticity of the
inhomogeneous material. One can observe in Fig. 6 that the material non-linearity leads to increase
of the strain energy release rate.

The fracture behavior of the beam in which the lower crack is longer than the upper one (Fig.
3) is compared with that of the beam in which the lower crack is shorter than the upper one (Fig.
1). For this purpose, the strain energy release rate obtained by applying the solutions derived
assuming increase of the lower crack in the beam configurations shown in Fig. 1 and Fig. 3 is
plotted in non-dimensional form against the external force, F, in Fig. 7.

One can observe in Fig. 7 that the strain energy release rate in the beam in which the lower
crack is longer (Fig. 3) is higher in comparison with that in the beam in which the upper crack is
longer (Fig. 1).

4. Conclusions

Lengthwise fracture behavior of inhomogeneous beam of continuously varying thickness along
the length of the beam is investigated analytically. Two parallel lengthwise cracks are located
arbitrary along the beam thickness. The beam is subjected to three-point bending. Solutions to the
strain energy release rate are derived by considering the balance of the energy. It is assumed that
the beam exhibits continuous material inhomogeneity in the thickness direction. Besides, the
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material has non-linear elastic mechanical behavior. Two beam configurations are analyzed. In the
first configuration the lower crack is shorter than the upper one. A beam configuration in which the
lower crack is longer than the upper one is also analyzed. In order to verify the solutions to the
strain energy release rate, the lengthwise fracture behavior of the two beam configurations is
analyzed also by considering the complementary strain energy. The influence of the varying
thickness along the beam length on the lengthwise fracture behavior is investigated. It is found that
the strain energy release rate decreases with increasing of hs/h ratio (this ratio characterizes the
continuous variation of the beam thickness in the length direction). The analysis reveals also that
the strain energy release rate at increase of the upper crack is higher than that at increase of the
lower crack in the beam configuration in which the lower crack is shorter than the upper one. The
analysis of the influence of the material inhomogeneity in the thickness direction of the beam on
the lengthwise fracture behavior indicates that the strain energy release rate decreases with
increasing of the material property, r. The strain energy release rate decreases also with increasing
of ha/h ratio.

The non-linear mechanical behavior of the beam leads to increase of the strain energy release
rate. The investigation of the strain energy release rate shows that the upper crack can not grow in
the beam configuration in which the lower crack is longer than the upper one. When increase of
the lower crack is assumed, it is found that the strain energy release rate in the beam configuration
in which the lower crack is longer is higher in comparison with that in the beam configuration in
which the upper crack is longer.
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