Coupled Systems Mechanics, Vol. 4, No. 3(2015) 251-262
DOI: http://dx.doi.org/10.12989/csm.2015.4.3.251 251

Dynamical behaviour of electrically actuated microcantilevers
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Abstract. The current paper aims at investigating the nonlinear dynamical behaviour of an electrically
actuated microcantilever. The microcantilever is excited by a combination of AC and DC voltages. The
nonlinear equation of motion of the microcantilever is obtained by means of force and moment balances. A
high-dimensional Galerkin scheme is then applied to reduce the equation of motion to a discrete model. A
numerical technique, based on the pseudo-arclength continuation method, is used to solve the discretized
model. The electrostatic deflection of the microcantilever and static pull-in instabilities, due to the DC
voltage, are analyzed by plotting the so-called DC voltage-deflection curves. At the simultaneous presence
of the DC and AC voltages, the nonlinear dynamical behaviour of the microcantilever is analyzed by
plotting frequency-response and force-response curves.
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1. Introduction

Microcantilevers are present in a wide spectrum of applications, for example, in capacitive
accelerometers, micropumps, capacitive sensors, resonators, and microswitches (Zengerle et al.
1992, Saif et al. 1999, Bao et al. 2000, Ibrahimbegovi¢ and Al Mikdad 2000, Ansari et al. 2012,
Ansari et al. 2013, Ibrahimbegovi¢ et al. 2013, Ngo et al. 2014). Between all forms of actuation,
the electric actuation is the preferred one; it is usually comprised of DC and AC components.
Under an electrostatic actuation, due to the DC voltage, the microcantilever deflects to a new
non-trivial equilibrium configuration. The application of the AC voltage over the DC voltage
causes the microcantilever to oscillate over the deflected configuration. When the applied potential
difference exceeds a threshold, known as the pull-in voltage, the elastic restoring force can no
longer withstand the electric excitations and the system fails and establishes a physical contact and
collapse.

The static deflection of microbeams, due to the DC voltage, and the corresponding pull-in have
been examined by many researchers and are still of interest today. Only a few studies are reviewed
here, specifically those published in recent years. For instance, the pull-in instability of
electrostatically actuated beams with different boundary conditions was examined by
Pamidighantam et al. (2002). Hu et al. (2010) conducted a pull-in analysis of an electrostatically
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actuated geometrically nonlinear initially curved microbeams. Baghani (2012) contributed to the
field by analyzing the size dependent response of microcantilevers actuated by a DC voltage.
Wang et al. (2012) examined the pull-in characteristics of an electrostatically actuated microbeam.

There are few studies in the literature that considered both the DC and AC components of the
electric actuation (Ghayesh et al. 2013). For example, Abdel-Rahman and Nayfeh (2003)
examined the response of a deformable electrode of a sensor subjected to superharmonic and
subharmonic electric actuations. Younis et al. (2003) proposed a reduced-order model to
characterize the statics and dynamics of electrically actuated microbeams. Alsaleem et al. (2009)
conducted an experimental investigation on the nonlinear resonances and dynamic pull-in
instability of a resonator. Jia et al. (2012) contributed to the field by performing an analytical
investigation on the nonlinear dynamics of electrically actuated micro-switches tuned near a
resonance region. Kim et al. (2012) investigated the primary, subharmonic, and superharmonic
resonances of a microcantilever by means of the method of multiple timescales.

Most of the studies in the literature employed assumed-mode methods to discretize the partial
differential equation of motion into a set of ordinary differential equations. As reported in Ref.
(Younis 2011), for an electrostatic analysis of a system only subject to a DC voltage, at least four
modes are required. When an AC voltage is superimposed over the DC voltage, the number of
modes required in the discretization increases in order to obtain converged and reliable dynamical
results. Therefore, the necessity of developing a high-dimensional discretized model (Farokhi et al.
2013, Farokhi et al. 2013, Ghayesh et al. 2013a, Ghayesh et al. 2013b, Ghayesh et al. 2013c,
Ghayesh and Amabili 2014) capable of analyzing the static and dynamic behaviour of the system
accurately is seriously felt. To this end, the present paper examines the motion characteristics of an
electrically actuate microcantilever using a high-dimensional discretization. The electrical field
consists of a DC voltage along with a harmonic AC voltage. Employing an 8-mode Galerkin
scheme, the nonlinear partial differential equation of motion is discretized and then the
pseudo-arclength continuation technique is utilized to solve the discretized equations. First, the
static analysis is conducted in order to obtain the deflected configuration of the microcantilever
due to the DC voltage. Second, the resonant response of the microcantilever is examined under the
harmonic AC actuation, around the deflected configuration, by constructing the
frequency-response and force-response curves.

2. Model development

Shown in Fig. 1 is a microcantilever (deformable electrode) of length L, width b, flexural
stiffness El, axial stiffness EA, and thickness h, separated by a dielectric spacer with an initial gap
d from a stationary electrode modelled as a ground plane; the dielectric constant of the gap
medium is denoted by e. The microcantilever is actuated by an electric force in the form of

combined DC and AC voltages; i.e., Vpc +Vac cos(at ), where Vpc stands for the polarization
voltage or static loading, Vac  represents the amplitude of the AC voltage, and w denotes the
frequency of the AC voltage (i.e., the excitation frequency).

The transverse displacement of the centreline of the microcantilever is denoted by w(x,t). For
an Euler-Bernoulli microcantilever, the application of force and moment balances for an
infinitesimal element of the microcantilever gives (Ghayesh et al. 2011, Ghayesh et al. 2012)
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with F, M, and N representing the electric load, the bending moment, and the axial force,
respectively.
Substitution of Eq. 1(b) into Eq. 1(a) as well as formulating a viscous-type damping gives
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where  is the damping coefficient.
Substitution of the following dimensionless parameters into Eq. (2)
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and dropping the asterisk notation for the sake of brevity renders the equation of motion
dimensionless as
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with the following dimensionless boundary conditions
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The denominator in Eq. (4) may be approximated by the Taylor expansion up to minimum
order of twenty to avoid numerical error. However, in the current study, this term is handled as it
appears; this makes the run-time significantly higher but leads to accurate and converged results.

In order to reduce the continuous system of Eq. (4) into a set of discretized equations with finite
degrees of freedom, the Galerkin method is utilized. Hence, the transverse displacement is
approximated through use of the following series expansion (Ghayesh 2012)

w(x,t) = > ¢, (), (t) (6)

where N is the number of degrees of freedom, g, (t) represents the rth generalized coordinate, and
#r (X) denotes the rth mode shape satisfying the boundary conditions of Eq. (5). Inserting Eq. (6)
into Eq. (4), multiplying the resultant equations by the corresponding eigenfunction and
integrating over the spatial domain results in the following set of second-order nonlinear ordinary
differential equations with time-dependent terms both at numerators and denominators
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where the dot and prime notations represent the differentiations with respect to the dimensionless
time and axial coordinate, respectively.

Eq. (7) consists of N second-order nonlinear ordinary differential equations. In order to solve
these equations numerically, a change of variables x; = q;is employed to convert these equations
into a set of 2N first-order nonlinear ordinary differential equations (Ghayesh 2012, Ghayesh et al.
2012). The linear parts of these 2N equations are then solved by means of an eigenvalue analysis
in order to obtain the linear natural frequencies of the microcantilever over the deflected
configuration (due to the DC voltage). The pseudo-arclength continuation technique is then
employed in order to obtain the static deflection due to the DC voltage as well as the dynamic
oscillations due to the AC voltage.

(b)

Fig. 1 (a) Electrically actuated microcantilever (Kim et al. 2012) and (b) schematic representation of an
electrically actuated microcantilever
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3. Nonlinear electrostatic deflection

The nonlinear electrostatic deflection of the microcantilever due to the DC voltage is obtained
in this section; Vac is set to zero. The DC voltage is increased as the bifurcation parameter and the
microcantilever deflection is obtained. Fig. 2 shows the electrostatic deflection of the
microcantilever through (a) the amplitude of the first generalized coordinate and (b) the deflection
amplitude of the free end (tip) of the microcantilever for the following system parameters: «;=2.8
and a,=3.0. As seen in this figure, the tip deflection amplitude increases with Vpc until reaching a
critical value named as pull-in voltage, where a limit point bifurcation occurs and the solution
becomes unstable. It can also be seen that the unstable branch is not the symmetric counterpart of
the stable solution branch, since the electrostatic pull-in occurs when the tip displacement is in the
vicinity of 0.4, rather than 0.5.
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Fig. 2 Electrostatic deflection of the microcantilever actuated by an electrostatic excitation load Vpc: ()

the amplitude of the first generalized coordinate and (b) the amplitude of the deflection at the tip of
the microcantilever
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Fig. 3 illustrates the influence of a; on the electrostatic deflection curves of the system; the
value of «; is set to 3.0. As seen, for larger values of a;, the pull-in takes place at lower Vpc. A
snap-through motion is predicated for the case with a; =70.

The effect of a, on the electrostatic deflection of the microcantilever is highlighted in Fig. 4,
through (a) the deflection amplitude of the g; motion and (b) the deflection amplitude of the
free-end (tip) of the microcantilever; the value of «, is set to 2.8. As seen in this figure, the larger
the value of a, is, the smaller the pull-in voltage becomes.

(b)

Fig. 3 Electrostatic deflection of the microcantilever for several values of a;: (a) deflection amplitude of
the q; motion and (b) deflection amplitude of the tip of the microcantilever. The values of o, are
denoted on the curves
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1.5

(b)

Fig. 4 Electrostatic deflection of the microcantilever for several values of a,: (a) deflection amplitude of
the g, motion and (b) deflection amplitude of the tip of the microcantilever. The values of a, are
denoted on the curves

4. Nonlinear electrodynamic oscillations

This section analyzes the nonlinear electrodynamic oscillations of the microcantilever due to
the AC voltage; in other words, the DC voltage is applied to the microcantilever causing it to
deflect to a new configuration; the AC voltage is applied (with Vac amplitude and Q frequency)
which causes it to oscillate over the deflected configuration (due to the DC voltage). The case
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study in this section is for a microcantilever with &;=3.7, 2,=3.9, and p=0.02309.

Application of an eigenvalue analysis upon the linear terms of the deflected microcantilever
(due to the DC voltage) gives w;=3.3926; this value is the same for all figures of this section.

Fig. 5 shows the maximum oscillation amplitude as the excitation frequency Q (i.e., the
frequency of the AC voltage) varies. For this figure, Vpc and Vac are set to 0.3003 and 0.0040,
respectively. Sub-figures (a) and (b) illustrate the maximum oscillation amplitude of the g; motion
and the tip of the microcantilever, respectively.
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Fig. 5 Maximum oscillation amplitude versus the AC actuation frequency for fixed Vpc and Vac: (a) for

the g; motion and (b) for the tip of the microcantilever. Solid and dashed lines represent the stable
and unstable solutions, respectively
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As seen in the figure, the nonlinear behaviour of the microcantilever is a softening type with
two limit point bifurcations at points A and B with Q=0.9896w; and Q=0.9822w,, respectively; the
solution branch between these two points is unstable. The bifurcation point A is responsible for a
jump from the lower amplitude solution branch to the higher-amplitude one.

Fig. 6 shows the maximum oscillation amplitude as the AC actuation amplitude (Vac) is varied,;
the values for Vpc and Q are set to 0.3003 and 0.98cw;, respectively. As V¢ is increased from zero,
the oscillation amplitude increases accordingly until point A (Vac =0.0097) is hit, where the first
instability occurs via a limit point bifurcation; at this point, a jump occurs to the upper stable
branch.
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Fig. 6 Maximum oscillation amplitude versus the AC actuation amplitude for fixed Vpc and Q: (a) for the
g, motion and (b) for the tip of the microcantilever. Solid and dashed lines represent the stable and
unstable solutions, respectively
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Decreasing Vac from 0.2, the oscillation amplitude decreases accordingly until reaching point B
(Vac =0.0043), where another limit point bifurcation occurs, accompanied by a jump to the
lower-amplitude solution branch.

Increasing the actuation frequency Q, to 1.02w,, from 0.9800w, in Fig. 6, the curves of Fig. 7 is
generated. It is seen that due to increased actuation frequency €, the unstable solution branch and
bifurcation points diminish; in other words, the system displays only a stable periodic response for
the ranges of V¢ studied here.
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Fig. 7 Maximum oscillation amplitude versus the AC actuation amplitude for fixed Vpc and Q: (a) for the
g, motion and (b) for the tip of the microcantilever
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5. Conclusions

The nonlinear dynamical behaviour of an electrically actuated microcantilever has been
examined numerically in this paper. The electric actuation is comprised of AC and DC voltages.
The geometrically nonlinear equation governing the transverse motion of the microcantilever was
obtained by means of force and moment balances. The application of the Galerkin method on the
equation of motion resulted in a high-dimensional set of ordinary differential equations which
were solved using the pseudo-arclength continuation technique for both electrostatic and
electrodynamic deflections of the microcantilever in order to analyze pull-in instabilities as well as
nonlinear responses.

The static analysis showed that the unstable branch is not a symmetric counterpart of the stable
solution branch. It was also shown that increasing either oy or a, results in a lower pull-in voltage
and hence decreases the resistance of the system against the pull-in instability.

The dynamic analysis, on the other hand, revealed that the microcantilever displays a
softening-type nonlinear behaviour; the frequency-response curves of the system showed that two
limit point bifurcations occur by varying the actuation frequency. The force-response curves of the
system revealed that for a system with actuation frequency less than w;, two limit point
bifurcations occur as the AC voltage is varied; the force-response curve of the system with
actuation frequency higher than w;, on the other hand, shows only stable response without any
limit point bifurcations.
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