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Abstract. In this work we provide the theoretical formulation, discrete approximation and solution
algorithm for instability problems combing geometric instability at large displacements and material
instability due to softening under combined thermo-mechanical extreme loads. While the proposed approach
and its implementation are sufficiently general to apply to vast majority of structural mechanics models,
more detailed developments are provided for truss-bar model. Several numerical simulations are presented
in order to illustrate a very satisfying performance of the proposed methodology.
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1. Introduction

In our recent work (see Ngo et al. 2013), we have studied the thermo-plasticity problem for
small deformation along with the material instability phenomena related to softening under fully
combined thermo-mechanic extreme conditions. However, in controlling the behavior of steel
truss-bar (or cable) structure, the large deformations have to be considered as well; especially in
the case when we need to determine the “ultimate’ resistance of the structure. The main goal of this
paper is to provide a thermo-mechanical model, its discrete approximation, as well as the
numerical solution procedure for such a problem for fully nonlinear case with geometric instability
due to large deformations and material instability due to softening. The main novelty of this work
is precisely such a general framework to be studied. Namely, there are a number of works on large
deformation plasticity (e.g., Eterovic and Bathe 1990 or Ibrahimbegovic and Chorfi 2000), or
those on extending these development further tothermomechanical coupling (e.g., Ibrahimbegovic
and Chorfi 2002, Ibrahimbegovic et al. 2001, Simo and Miehe1992), but none of them considers
material instability problems. Similarly, the works considering geometric instabilities (e.g., Hozjan
et al. 2008, or Ibrahimbegovic et al. 1996, Ibrahimbegovic et al. 2013), do not in general include
material instability phenomena either.

The paper is presented in four main sections. The first section covers the continuum behavior of
the structure with large deformation. A model development to estimate the thermo-mechanical
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response of the structure when localized failure happens will be carried out in the second section.
Section three focus on the numerical solution of the problem by using the ‘adiabatic’ operator split
procedure. Several numerical examples will be presented in section four, followed by the final
section with conclusions.

2. Continuum thermo-plasticity model for large deformation problem

2.1 Thermodynamic model and system of local balance equation

In the finite deformation 1D problem, the position vector in the deformed configuration is
defined as (see Fig. 1)

p(x,t) =x +u(x,t) 1)
where u(x,t) is the corresponding displacement of the particle initially placed at position x. The

intrinsic finite deformation measure can here be defined in terms of the stretch (e.g.,
Ibrahimbegovic 2009)

do du
A=—=14+—=1+¢ 2
-t =1+e (2
Note that in the limit of small strain we recover the small strain deformation measure,
limz_,q 1n(1§+£) = 1. For a number of theoretical formulations, it is convenient to employ the finite
strain measure in terms of the logarithmic strain
E=In(1+¢&) =In(A) 3)

For example, in elasto-plastic material response, the stretch is considered to be the multiplicative
decomposition of the ‘elastic’ stretch (the one that is recovered after complete unloading) and the
‘plastic’ stretch

—de ¥ _P_ qeyp
._dx_l_lpl_l/l (4)
where I” is the residual length of the bar after complete unloading; the choice of the logarithmic
strain, denoting & := InA; &¢ := InA®; &P := [nAP, will than lead to the corresponding additive
decomposition of the ‘strain’ that is equivalent to the small strain case
(5)

The thermo-plasticity free energy for large deformation problem is the composition of
mechanical part, thermal part and thermo-mechanical interaction part (see Ibrahimbegovic et al.
2001, Ibrahimbegovic and Chorfi 2002, Ngo et al. 2013).

E=¢€°+¢P

(&4, §,9) = 3 E(F — )% — G — aB (£ — &)(9 — o) — pel(® — o) —

o (2) ©
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Fig. 1 Initial configuration and deformed configuration for 1D bar in finite deformation

Here pc denotes the heat capacity coefficient, ¥ denotes the temperature, 9, denotes the
reference temperature, E denotes the Young modulus and a denotes the thermal expansion
coefficient.

With this kind of choice for thermo-mechanical free energy, we can establish the state equations
for the Kirchhoff stress 7 and the ‘elastic’ part of entropy 7¢

1= _Fe— &) — aE® — 9,) )

T 9ee

qe — % _ opcs— 9
né = 5 = AE(€ e'p)+pcln(l90) (8)

We note that the total entropy is also decomposed additively the ‘elastic’ entropy and the
‘plastic’ entropy.

The total dissipation is obtained from the second principle of thermodynamics (e.g.,
Ibrahimbegovic 2009) resulting with the additive decomposition of the mechanical and thermal
parts

DP = €0 + ¢ + 97 )
5mech 5ther

Finally, from the principle of maximum plastic dissipation, we obtain the flow equations
specifying the evolution of the internal variables, the plastic strain &7, the hardening variable &
and the plastic entropy part 7?7

. L0 .

&P =}76—(f = ysign(t) (10)
F_ _aqg =
§ =V, =Y (11)
57 =)‘7% (12)
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Here, ¢ is the yield criterion for the thermoplasticity problem, which can be presented in the
simplest form as

0= ¢(t,q,9) = |t| — (r, — q) (13)

where 7,, denotes the initial yield value of the Kirchhoff stress, which is very close to the true or
Cauchy stress for plastically incompressible materials undergoing small elastic strain. With this kind
of yield criterion, we can re-write the mechanical dissipation as a linear function of the plastic
multiplier

Dpech = 7Ty (14)
The energy balance equation can now be re-written in the local form
_ dp . dQ
S s€ e Yy - __ 15
é(e%,&n )+<pv e b)v PA+r o (15)

where e is the internal energy density, v is the velocity field, b is the external distributed loading
applied in the initial configuration, P is the first Piola-Kirchhoff stress as the natural replacement of
the true stress in the initial configuration, r is the internal heat supply and Q is the first
Piola-Kirchhoff type of heat flow representing the ‘real” heat flow in the initial configuration.

The internal energy can be related to the free energy by using the Lagrange transformation

e(e8,&n°) = 9(&,&9) + 7% (16)
Combining these results leads to a final set of local balance equations
dP
—+b=0
. (17)
’9773 = _a'{' 7+ Dpecn
_db_dpae ideri
where = TR TR By considering further that

_dy dpdé Tt dP 1 [dr iy 1 |dr d’p| 1dr

Sw a2 dx Elat T ol T et T | T i (18)
0
the system of local balance equation can further be re-written in terms of the Kirchhoff stress
dt
o +ib=0
* (19)

9Nt = —d—Q+ r+D
n dx mech

By exploiting the state equation in Eq. (9), we can obtain the explicit expression for elastic part of
entropy

9 . . 9 . . .
¢ = aE(€ — &P) + pcln (19—) >n®=aE(E—&P)+ peg = 97¢ = aE9(E — &P) + pc  (20)
0

With this result on hand, the equilibrium system becomes
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dt
—+1b=0
pcd = ot Diecn — ®E9(E — €P)
Note that the Fourier law for heat flow in the finite deformation problem is
d9 k d9
=—fk——=——— 22
¢ k dx? Adx (22)

We note that the set of equilibrium equations in Eq. (22) consists of the mechanical balance equation
and the heat transfer equation. This set of differential equations cannot in general be solved analytically,
thus an approximate solution should be carried out. Among number of possible solutions (see Romero
2009, Simo and Miehe 1992, Ibrahimbegovic 2009), we introduce the ‘adiabatic’ splitting procedure (e.g.,
Ngo et al. 2013), which was proved to provide a stable solution for the coupled thermomechanics
problem (e.g., see Niekamp et al. 2014).

2.2 Adiabatic operator split procedure

In adiabatic operator split procedure, the general thermo-mechanical problem is divided in two the
‘mechanical’ process and the ‘thermal’ process; two processes connecting to each other by the ‘adiabatic’
constrain. In this procedure, the ‘mechanical’ process is assumed to develop while enforcing the adiabatic
condition (7¢ = 0) (see Table 1). In particular, the mechanical process is solved with the evolution of
temperature due to structural heating only. The remaining evolution of temperature (due to external
heating, internal heating and mechanical dissipation) is solved latter in the ‘thermal’ process.

Table 1 Adiabatic operator split procedure

Phase 1 - Mechanical part with “adiabatic”condition ~ Phase 2- Thermal part with ‘adiabatic’ condition
dr
0=—+41b x dQ

_ dx . pC19=—d—+r + Dpoch
ne=0- pcY = —19Ea(€' - sp) x

2.2.1 Constitutive equation of Kirchhoff stress in the mechanical part
From the adiabatic condition, we have the possibility to compute the corresponding temperature
evolution

. . daE . .
Nf=0-9=———(&—¢P) (23)
pc
Applying further this evolution of temperature to the state equation for Kirchhoff stress, we get
© = E(5-8°)-aE(9-9,) - t = E(§-£")-aE$ (24)
. (IZEZS = P
t=|E+ (8-8 ) (25)
pc

cead
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We can appeal to the plastic consistency condition

Go b, e dig
¢_art+aqq+099_0 (26)
Assuming that the plastic threshold it remains constant in each time step, we can write: % =0.

We also have z—f = sign(t)and ‘;—2 = 1. Thus, the condition in Eq. (26) can be re-written

¢ = sign(t)t + K& = 0 > © = -sign(0)KE (27)
where we assumed a linear hardening for the plasticity : § = —K¢&. If we further write the evolution
equations for plastic strain and hardening variable

= ;a < .
& =72 =sign(r) (28)

p

g = ya—i’ = ysign(1) (29)

the last two equations allow us to write §= sign(7)&P. By replacing this result into Eq. (49) we
obtain

t = K&’ (30)

From (25) and (30), we can express the stress rate constitutive equation for the Kirchhoff stress in
terms of the ‘adiabatic’ tangent modulus

(+25) Ry
= ZEz\ © . o oZE2 © (31)
(1+(£+a7E S)) K+E+—2
K Kpc pc
cp.ad

We note that the ‘adiabatic’ tangent modulus plays the same role as the normal tangent modulus in the
mechanical problem only.

2.2.2 Local computation for mechanical variables in the mechanical process
In the mechanical phase, the internal variables are computed by the return mapping algorithm
(e.g., see lbrahimbegovic 2009). Here, it is assumed that we have already computed the
mechanical variables of time step ‘n’: ( 7, & , &,) and that we need to compute their new
values at the next time step ‘n+1’:
Tn+1 = Tn T ATy
Epar = En TAG

$ne1 = $n T Aépiq

which jointly satisfy the plastic criterion at that time: ¢p41 = |Tp41] — (1) + K&py1) = 0. We
start by computing the elastic trial value of the Kirchhoff stress by assuming the internal variables
remain frozen; this leads to

Tl = Tn + CoMAeny, (32)

where C®%? was introduced in the Eq. (25).
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By noting that 7,,,; = 7,, + C®%*(Ae — AeP)and AeP = 7,4 %, we can further write
trial_Ce,ad— 29 (33)

= Tn+1 = Tn+1 n+1gr

The trial value of the plastic criterion can then be computed as

—trial ; =
Onsr =[5 |-(ry + KE,) (34)
If this trial value remains negative or zero, the trial guess is indeed the correct solution, and the step is
elastic. In the opposite, the correct positive value of the plastic multiplier must be computed by enforcing
the plastic criterion
q3n+1 = —7?1(111 - Vn+l(ce'ad + I?) =0- Vn41
Ry (35)
T Ccead 1K

With this plastic multiplier value, the internal variable and the Kirchhoff stress at the step ‘n+1’ can
easily be computed

En+1 = En * Vnt1 (36)
Ens1 = En T, Sign(TH 37)
The stress update at the same time step is then carried out as
Ev, :
On+1 = (1' |G;lr£11 ) G;:lr-}-all (38)

and the mechanical dissipation at the consider time step is computed by the equation:

nh+1 _ =
Dmech - Yn+1Ty

(39)

3. Localized failure in one-dimensional finite deformation thermo-plasticity problem
3.1 Discontinuity in displacement

The localized failure happening in a steel truss-bar or cable required the corresponding kinematic
enhancement in terms of ‘discontinuity” or a ‘jump’ in the displacement field, so as to preserve the mesh
objectivity (e.g., see Ngo et al. 2013 and references therein). In the framework of finite deformation, the
displacement discontinuity has to be introduced in deformed configuration. In this case, we can cast the
displacement field in terms of regular part and ‘enhanced’ part representing the ‘jump’

(p=x+u(x)=x+a+ﬁ[w] (40)
M1 (%)

where ¢o(x) is at a sufficiently smooth C*-function to limit the influence of the ‘jump’ in
displacement within a particular zone, and Hgz(x) is the Heaviside function

_(0,x<X 41
H’_‘_{l,x>i (1)
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The stretchmeasure of finite deformation thus becomes

A—d¢—1+dﬁ+(d(p°+6)=—1+dﬁ+d(p°=+=6 =1+ 1+ L 42
S dx dx dx XU = dx dxu uox = ¢ 1+~ (42)
€ p

By taking further the logarithmic strain measure, we can re-write the last result as
e=InA)=In(1+8)+In(1+8)6; > e =+ &6; =%+ &P + &P6; (43)

where the singular part of the strain field acts as the ‘plastic’ strain at the localized failure point;
with

o ; &=

| <l

. (44)

mi

3.2 Mechanical phase computation at the localized failure point

The constitutive equation of the Kirchhoff stress in Eq. (31) at the localized failure point will
take the following form

—-%:;;g%§£§(§'F§p5x) (45)
pc

We note that iz = 75+ and that the traction should be bounded, which implies that the singular
part in Eq. (45) above should be equal to zero:

—(  o?E29%
R(E+E52K) _
;—ﬁ%£§=0ﬁK=0 (46)
K+E+ X

pcC

Applying the result in Eq. (25) at the localized failure point, we will have
. a2E219 > K =
te=(E+ e (- &P — &P5y)

a’E*9\ ,. . . z
=(E+ p (€ = ysign(tg) — ysign(tz)dz)

(47)

where ¥ denote the singular part of the plastic multiplier, which controls the evolution of ‘plastic’
deformation (displacement ‘jump’) at the localized failure point.

u = ¥sign(re) (48)
The activation of the localized failure is controlled by the following plasticity criterion

0= d_)(T)?J q,9%) = 15-(1y-Q) (49)
where t,, denotes the Kirchhoff type of ultimate traction, g is the traction-like variable controlling
the reduction of traction limit due to softening.

The evolution of the traction at the localized failure point should be in agreement with plastic
consistency condition at that point:
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= 95 . 0= 0 . . =
¢=6_‘ryr)_(+6_(=1q+6_8§8i=0_)r)_(+q+
63- _ (50)
355 0x = 0

By assuming that the localized failure threshold is constant with respect to temperature at a
particular time step (% = 0) and by using a linear softening modulus for the localized failure with
7 = —K& = —Ky = —K&P, we can further obtain from Eq. (50)

ty = K& (51)

The result in Eq. (51) corresponds to a rigid-plastic model for the traction—displacement ‘jump’
at the localized failure point (see Fig. 2).

With this decomposition of strain field, the following function of thermodynamic energy is
established:

\V(S' Sp' éi 8) = \Tj(g' gp' E' 9) + \T[(ﬁ' E' 9)_()6)_( (52)

where (&, &P, &,9) is the regular part controlling the energy at the bulk and (%, ¢, 9;) is the
singular part controlling the energy at the localized failure point.

The internal dissipation can also be decomposed into regular part for the bulk and the singular
part for the localized failure zone

Dlr:)nech TD—tEE, [=)mech : Ether
B = A = == ~p
Dint = w + &+ 9P +1gu+ qE+ 950 O (53)
ﬁint Eint

We note from Eq. (53) that the internal dissipation in localized failure case consists of the regular part
controlling the dissipation in the bulk and the singular part controlling the local dissipation in the localized
failure point. The latter can also be recast in the following form

ﬁmech = T)‘(ﬁ + ag = ?(TR'(Tu'a)) + ?Tu = ?Tu (54)

=l

&P

P
L

Fig. 2 Rigid-plastic model for the traction at localized failure point
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3.3 Thermal phase at the localized failure point

By assuming that the heat capacity pc is equal to zero at the localized failure point, and that the
thermal expansion coefficient a also equals to zero, from the heat transfer equation in Eq. (23), we
obtain

[3_2])_( = ﬁmech - [Q] = Emeché)_( (55)

Thus, we obtain the ‘jump’ in the heat flux at the localized failure point which is produced by the
corresponding value of dissipation at that point.

3.4 Set of local balance equation

3.4.1 Mechanical balance equation
Given that the traction must remain continuous at the localized failure point, we can write the
following equation

P(x=X|y) = th - 1(x = X3) = 75 (56)

where t? is the traction force at the localized failure point written at the deformed configuration,
whereas P is the first Piola-Kirchhoff stress which takes the same value at the same point in the
initial configuration. The complete set of mechanical balance equations can be written as:

{d’(“” +Ab=0 forx £% &7

T(x = X|4) = 1zforx =X

3.4.2 Thermal balance equation
The thermal balance equation consists of the heat transfer equation written for the bulk and also the
‘jump’ in heat flow at the localized failure point

& dQ _
9=-—+ forx #
{pc ax r orx # X (58)
[Ql = Dmechdxforx =X
3.4.3 Local balance equation system

By combining (42) and (43), we finally have the local balance system for the localized failure
problem:

I(dr(m)+kb—0 forx #X

{ 1(x = X|4+) = 1zforx = X (59)
| {pcS———+r forx # X

Ul [0l = Dinecndxforx =%
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4. Numerical solution procedure

4.1 Adiabatic operator split

The adiabatic operator split will have a new appearance when considering the localized failure:

Table 2Adiabatic operator split procedure considering the localized failure

Phase 1 - Mechanical part with “adiabatic”’condition ~ Phase 2- Thermal part with ‘adiabatic’ condition

dt 2 dQ —
0=a+lb pcﬁz—a+Dmech+r
7¢ =0 - pcd = —9Ea(& — &v)
(at localized failure point):

(at localized failure point):

[[Q]] = (5mech) |9Z

Tx = T+x = Tx

4.2 Mechanical part

The following interpolation function is chosen for the displacement:
u (% 1) = Y3-1 Na()da(8) + My ()0 (1) (60)

where a" is the coefficient representing the ‘jump’ in the displacement field at the localized failure
point. We denote with M; (x) an additional shape funtion modelling the ‘jump’ in displacement
field due to localized failure. The function M, (x) and it derivative are represented in Fig. 3.

x =10 X=X X = I'E
L T »
l l px
I z I I
| -2 |
M, (x) : : \i
| |
\ X 1
| —_— |
l le l
| o A |
1 Gp !
Ga(x) ! |
-1
N

Fig. 3 Additional shape function My(x) and its derivative
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M, (x) = Hy-N,(x) =4 ' 2 (61)

dM;(x) _ ) e

G (x) =—— = -5 +08z,.__l 62
dx -+ 8 ifx=%= 1; L e (62)
G sy

In the finite element setting we choose the isoparametric shape function N,(x) as the
C*-function ¢4 (x).
The strain field therefore becomes

"(x,t) = Y3-1Ba(x)Wa(t) + G (OB (D (63)
where B,(x) = deLx(x). We assume the same kind of interpolation is used for the virtual strain

W 52 By (9da(t) + Gry GIOT (D (64)

where w, denotes the virtual displacement nodal value and f. is the variation of the displacement
jump. In order to enforce the patch test satisfaction, we have to employ the following modified form
of Gy, (x)

G1y () = 6100~z fe G1 (O dx (65)
For a two-node element, with the displacement discontinuity placed in its center, we obtain
Gy () = Gy(x) + Gy ()0g = -5 + Oz (66)
The weak form of the mechanical balance equation can be written as:
d
J; whdx +wb()-wb(0)- f; > 1(e,9)dx =0 (67)
fext fint
By applying the mentioned interpolation functions for the virtual strain, we have
Ne 1 —
s, [fie3 BTT(z, 9)dx - [, NThdx| = 0 )
1 — =
T [fle G, (%) t(g,9)dx + fle GV(X)T,—((S)—(dX] =0
Ne 1
Ao [fie3 B t(e, 9)dx - [ NTbdx| = 0 -

he = -llefler(s,{))dx+rg( =0

Eq. (70) can be brought to the linearized form of the balance equations can be written by
making use of the following auxiliary result
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A=1 +%= 1+ BTd + G, (x)od® - AA = BTAd + Gy () Aa™ (70)
We thus obtain the linearized form of the internal force vector for the bulk part
finte = fo BT=T(dy, a®)dx — Afpee = Pinte = Jie BT /-— + EE\ dx AA
int,e 1e A ar 1 inte N 1e \ d d}\ (70a)
C 1
A

~ Afipte = fio BT (A AZ) dx AN = Afipee = fie {BT (A A2)} dx (BTAd + G, (x)Aa)

Mfinge = e {(iﬁ) BTBT} dxAd + [, {(A =) BTGl(X)}dXAal
Ke Fe

(71)

where C denotes the ‘adiabatic’ tangent modulus of the Kirchhoff stress and the logarithmic strain.
The linearized form of the mechanical internal force pertinent to the localized failure point can
be written as

= = d d
A(fe Gy (0)1(e, 9)dx) = [, G () (55) (55) dxaa (70b)
A(fie G1 () Tdx) = f. G1 (%) S BTdxAd + f. G1(x) +dxGy (x)dx Aag" 72)
Le He
Aty = Z2Ad + 22 Aq = PP*1Ad + RAo

By further replacing the finite element interpolations in the linearized equations above, we
obtain the corresponding set of linear algebraic equations expressing discrete linearized form of
the mechanical balance equations

Nem 1 1 Nem t t
1 {Kl’l+ 1Adh+1+Fn+ IA(Xl(n+1)} A 1 {feex i fem

he(l) + [Ln+11 + Pn+1l]Adn+1 + [Hn+11 + K] A =0 (74)
where
Crt
C T\ RTaT _GAl1 1
fle(x'AZ)B Bldx—=Ke =" [-1 1 (7
€9ar1
= D)o

e = fle§BTﬁl(X)dX - Le = %[1] (77)
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n+1i _0tg _ C T _ ¢l
Pe —E—'l—ejieB dXﬁPe—-l—e[_l]

c (78)

C_ —
= flEXGl(X) dxG;(x)dx - H, = 5

In the set of equations in Eq. (75), we start by solving the second one pertaining to the localized
failure point, leading to the element level computations

Aarln N+l _ (Hn+11 + K) (Ln+11 Pn+1l)Adn+1 (79)

By replacing this result into the first of the equations Eq. (75), we recover the
‘static-condensation’ form of the global mechanical balance equation

Nelm{Kn+1 1Ad}1+1} ANelm{fe ext,i fe lntl} (80)
where
K2+1'i — K2+1'1-Fg+1'i(Hg+l’i + ﬁi)'l(Lré+1,i + Pen+1,i) (81)
—y =t i i 1 -1
Rt = |+ R) G G902 ] @

4.2.1 Local computations of internal variables in bulk part
The internal variables are computed by the return mapping algorithm (e.g., see Ibrahimbegovic

2009). Assume that we also have: t,,, & and &, and we need to compute

Tn+1 = Tn + ATn+1

P _
€ne1 = & +A£n+1

fn+1 - fn + A€n+1
In order to satisfy the condition: ¢p11 = |Ty41] — (v + K&py1) = 0, we start by computing
the elastic trial value of the Kirchhoff stress
T = Tn + C*Aen,, (83)
where C®%? is the adiabatic tangent matrix as defined in Eq. (25). We note that 7,,, = 7, +
C®%(As — AeP)and AeP = 7,44 g, so that we will have

_ 3%
- Ty = ,L.trlal ce adym_1 > (84)

The trial value of the plastic criterion can thus be computed

—trlal | %rialll_(,ry + Kan) (85)

n+1

If this value is negative or zero, the trial step is accepted as the correct guess. In the opposite,
we have to compute the plastic multiplier value that will enforce the satisfaction of the plasticity
criterion
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—trial

—trial d _ 0y
¢n+1 ¢n+1 n+1(Cea + K) =0- n+1 - Ce,a:i-j.ﬁ (86)

Given this value of the plastic multiplier, we can carry out the corresponding updates of the
internal variables and the Kirchhoff stress at the step ‘n+1’

En+1 = En + Yn+1 (87)

Eh,1 = B + Yns1sign(otrid) (88)
EYn i

oner = (1- Pt ot (89

The bulk part of mechanical dissipation at the time step ‘n+1” can then be computed explicitly

- — _ ‘T)Elrial
bn+1 = q)Elr-llfll] Yn+1(ce'ald + K) =0-Vp41 = Ce,a;j_}—( (90)

4.2.2 Local computations of internal variables at the localized failure point

Once the localized failure is initiated, it is accompanied by the softening behavior until the
complete failure of the bar. This local computation seeks to provide the corresponding value of
displacement ‘jump’ and the traction in the next time step (a.,, T2*1) starting with the
displacement ‘jump’ in the current time step: (ay', 74). The computed result should satisfy the
localized failure criterion

(T)n+1 = T)‘(,n+1'(‘[u + KEn+1) =0 (91)
In order to test this, we first compute the elastic ‘trial’ traction
il = 5 fe Tl (e, 9)dx = 5 fio C29(BTdl,; + Gy () ally-eh, , )dx (92)

If the trial value of yield function is positive, we have to compute the true value of the traction,
which can be written as

1
Tgn+1 = E_fle Tn+1(8 9)dx = fle Cead(BTd +1t G1(X)0‘1 n+1 8n+1)dx (93)
Combining the last two results, we can further obtain
Ten+1 = T%rrlﬁh LT fle ceadg, (xAagp1dx (94)

With this result in hand, we can express the final value of yield function in terms of its trial
value

1 = = 5=
0= Pper = P + l?fle C®29G; (X)¥n+1dx + K¥peq = 0 (95)

where

B = il (v + Ren) = 0 (96)
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The singular part of plastic multiplier can then be computed at the final time

T trial
bn+i

‘T[ = e, a —
n+1 Cl,ed+R (97)
This result allows us to provide the corresponding updates for the softening variable
AO(rlr,1n+1 = Agn+1 = \=’n+1 (98)

We can also obtain the update of the traction
trial cead = (99)

Tgn+1 = Txn+1” le Yn+1

4.3Thermal transfer equation

The temperature transfer equation at the localized failure point is solved with two following
hypotheses: 1) there is a ‘jump’ in temperature gradient at the localized failure point; 2) the
structural heating is not taken into account in this process. However, we should also add the
evolution of temperature due to the structural dissipation, which was compute in the mechanical
phase to the final evolution of temperature.

pcd = -2—3+5mech +r forx#X

= (100)
[Q] = Dmecndzforx = x
The heat transfer obeys the Fourier heat conduction law for the bulk
_ ol
Q=-kyo (101)
The local energy balance can be rewritten in the equivalent form to the heat equation
. d2 — =
pcd = kxdfz + 1+ Dpech + DmechOx (102)

The strong form Eqg. (102) is further transferred into weak form by introducing an admissible
variation in the temperature field, further denoted as 9, and by applying the virtual work laws

ldwg kd9 1 = =
fO%X& X = fo Wo(r + Dinech + Dmecn8z)dx (103)

f; wypcddx +

Where w, denotes the virtual temperature field. For constructing the finite element
approximations, we consider a 2-node truss-bar element. The nodal values of temperature and the
weighting temperature at node i are denoted as dy; and w g, respectively. More precisely, dg and wyg

denote the real and weighted nodal temperature vector, respectively; for a 2-node element, we have
d91 W|91
do= {d32} e = {Wgz}' (104)

The real and weighting temperature fields along the element are constructed with
isoparametric interpolation shape functions.
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() = X3-1 Na()d§(t) (105)
wy(x) = X2 Na(x)w) (106)

By taking into account the interpolation of real and weight temperature fields, the weak form
(103) is finally reduced to

As2 (fie [NGOPeNGdy + BGO 3 B()d, | dx) = AR (Q§) (107)
Finally, the finite element equations to be solved for the ‘thermal’ phase are given by
Ageh (Medy +Kedy ) = Ay (Q5) (108)
where
MSy, = fle N()pcN(x) dx (109)
K$xz = fo BGO5B() dx (110)

lexz = fle N(X) (I‘ + Emech + ﬁmech(s)_() dx =
_ _ 1
Je NGO( + Dinecn) dx + 0.5Dmech {1}

There are many methods capable of solving the time-dependent Eq. (108). In this paper, the
a-integration scheme is chosen (see Bathe 1996, Ibrahimbegovic 2009). Assuming that the time
interval of interest for the heat transfer problem [0,T] can be divided into n increments: [t,=0, t;..,
te, ..th.1, th, =T], with a typical time step h =t — ty.

By con5|der|ng the equation of Newmark: Ady = Av = %Ade (where vy and P are the

Newmark parameters) and by linearization, equation (111) becomes

(111)

ANel ((B EMe + Ke) Ad,9> ANel (R (112)

where the residuals are computed by the following equation
K = Q§-Mmedk-Kedk (113)
Once Ad, is known, the nodal temperature at the next time step can be updated by the formula
dk*t = dX + Ady (114)

We note that the nodal temperature received in Eg. (113) should also be added the increment of
temperature due to structural heating (adiabatic condition) which was explained in the mechanical
process.

5. Numerical examples

5.1 Steel bar subjected to traction force



106 Van Minh Ngo, Adnan Ibrahimbegovic and Emina Hajdo

We consider a bar length | = 3 mm; fixed at the left end and subjected to an imposed
displacement at the right end, increasing by 0.001mm/s to a final value, and also to an imposed
temperature in the right end with, increasing by 1°C/s (see Fig. 4). The material properties are
given in the Table 3.

o, =299MPa

u, =0 4, —300MPa o, =300MPa %= = u(t)
l . (N - | .
! ] i
: 8 =100 !

! l=3mm ,

[}

! :

! i

i o, = 300MPa o, =299MPa &, =300MPa i

t & - ———aaa —p——y - —————— & 1
1 2 middle element m-1 H

Fig. 4 Bar description and the chosen mesh

The computed force/displacement curve of the bar is given in Fig. 5 for different number of
elements. It is clear that the model can provide the mesh invariant response.

L
300 Force (Nmm32)
250
200
I 3 elements
150
10 elements
1001
301
Displacement (mm)
0 1 Il 1 1 »
0 0.005 0.01 0.015 0.02 0.025

Fig. 5 Force-Displacement Curve
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Table 3Material properties of the bar

Material Properties Value Dimension
Young modulus (E) 205000 MPa
Initial yield stress (a,) 250 MPa
Ultimate stress (oy,) 300 MPa
Plastic hardening modulus (K) 20000 MPa
Localized softening modulus (K) -50000 MPam™
Mass Density (p) 7.865 10 Ns’mm™
Thermal conductivity (k) 45 NstK™?
Heat specific (c) 0.46 10° mm?s2K™*

Thermal elongation(a) 0.00001

The temperature distribution along the bar is shown in Fig. 6, at different time values.

25.00
5‘-
g
*5 24.00 |
-]
=]
£ |
- == After 255
After 20s
23.00 !
0.00 1.00 2.00 3.00
Bar Length (mm)

Fig. 6 Distribution of temperature along the bar

5.2 Truss instability example

We consider a truss as described in the Fig. 7, submitted to a thermo-mechanical loading.

The truss is 8 m high and 2.4 m in with, made of steel bar (area = 100mm?), made of steel bar
(with the cross section area is equal to 100 mm?). The material properties for steel are given in the
Table 3. The truss is subjected to an increasingly horizontal loading acting on the top point (with
the velocity = 1kN/s) and also a temperature rising in the middle of the second floor. The
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temperature is constantly rising with the velocity of 2°C per second.
Fig. 8 shows the deformed configuration of the truss after 17 seconds while shows the
deformed configuration after 18 seconds of loading.

Fig. 7 Truss subjected to horizontal loading and temperature

-3.D4E+D4 .00E+00
-2 BAE+D4 2 BIE+0
5 BTE+M0
8 SOE+00
1.13E+01

-5.10E+03 1.42E+01

-2 SRE+D1 1. TOE+HD1

5 D4E+03 1.98E+01
1.01E+04 2 ITE+D1
1.52E+04 ' 2 EEE+D1
2 02E+D4 2 BIE+D1
2 RIE+04 1. 12E+01

3.04E+04 ' ' 3. 40E+01

(@) Internal force (N) of the truss after 17s (b) Temperature (°C) of the truss after 17 s

Fig. 8 Distribution of internal force and temperature in the truss after 17s
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We note that in this state, the localised failure is detected in element firstly in the two top
inclinedbars (element 4 and 12) and then in the two bottom side inclined bar (element 1 and 9).

The relation between horizontal loading and the horizontal displacement at the top of the truss
is shown in Fig. 10.This figure also shows that for the considered loading type, the maximum (or
the ultimate) horizontal loading which can be act in the truss tower is 18 kN.

4. 81E+02
5. Z9E+H03

5 TTE+I2

Fig. 9 Horizontal displacement of the truss after 18 seconds of loading

rF 3

Force (kN)

18

16 [

14 [

(]

Displacement (m)

0 0.5 1 1 2

[
kv
Lh

Fig. 10 Horizontal force/displacement curve at the top of the truss tower
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6. Conclusions

In this paper, we have presented both the theoretical aspects and the numerical solution
procedure of the thermo-plastic softening problem in large deformations. As the first novelty, the
model is able to consider the localized failure of the material, which is necessary to simulate the
ultimate limit state of the structures. The second contribution of the paper is that it provides a
better understanding on the large deformation of the structure under coupled thermo-mechanical
loading. The detailed developments presented herein, illustrating the model capability of
representing the ultimate behavior at large strains of structures such as the truss-bar or cable, can
readily be extended to other structural models (Ibrahimbegovic 1994, 1995 a,b).
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