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Abstract.  In this work we provide the theoretical formulation, discrete approximation and solution 
algorithm for instability problems combing geometric instability at large displacements and material 
instability due to softening under combined thermo-mechanical extreme loads. While the proposed approach 
and its implementation are sufficiently general to apply to vast majority of structural mechanics models, 
more detailed developments are provided for truss-bar model. Several numerical simulations are presented 
in order to illustrate a very satisfying performance of the proposed methodology. 
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1. Introduction 
 

In our recent work (see Ngo et al. 2013), we have studied the thermo-plasticity problem for 

small deformation along with the material instability phenomena related to softening under fully 

combined thermo-mechanic extreme conditions. However, in controlling the behavior of steel 

truss-bar (or cable) structure, the large deformations have to be considered as well; especially in 

the case when we need to determine the „ultimate‟ resistance of the structure. The main goal of this 

paper is to provide a thermo-mechanical model, its discrete approximation, as well as the 

numerical solution procedure for such a problem for fully nonlinear case with geometric instability 

due to large deformations and material instability due to softening. The main novelty of this work 

is precisely such a general framework to be studied. Namely, there are a number of works on large 

deformation plasticity (e.g., Eterovic and Bathe 1990 or Ibrahimbegovic and Chorfi 2000), or 

those on extending these development further tothermomechanical coupling (e.g., Ibrahimbegovic 

and Chorfi 2002, Ibrahimbegovic et al. 2001, Simo and Miehe1992), but none of them considers 

material instability problems. Similarly, the works considering geometric instabilities (e.g., Hozjan 

et al. 2008, or Ibrahimbegovic et al. 1996, Ibrahimbegovic et al. 2013), do not in general include 

material instability phenomena either.  

The paper is presented in four main sections. The first section covers the continuum behavior of 

the structure with large deformation. A model development to estimate the thermo-mechanical 
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response of the structure when localized failure happens will be carried out in the second section. 

Section three focus on the numerical solution of the problem by using the „adiabatic‟ operator split 

procedure. Several numerical examples will be presented in section four, followed by the final 

section with conclusions. 

 

 

2. Continuum thermo-plasticity model for large deformation problem 
 

2.1 Thermodynamic model and system of local balance equation 
 

In the finite deformation 1D problem, the position vector in the deformed configuration is 

defined as (see Fig. 1) 

 𝜑(𝑥, 𝑡) = 𝑥 + 𝑢(𝑥, 𝑡)

 

(1) 

where u(x,t) is the corresponding displacement of the particle initially placed at position x. The 

intrinsic finite deformation measure can here be defined in terms of the stretch (e.g., 

Ibrahimbegovic 2009)     

 𝜆 ≔
𝑑𝜑

𝑑𝑥
= 1 +

𝑑𝑢

𝑑𝑥
= 1 + 𝜀̅

 

(2) 

Note that in the limit of small strain we recover the small strain deformation measure,  

lim�̅�→0
ln(1+�̅�)

�̅�
= 1. For a number of theoretical formulations, it is convenient to employ the finite 

strain measure in terms of the logarithmic strain 

 𝜀̅ ≈ ln(1 + 𝜀)̅ = ln(𝜆)

 

(3) 

For example, in elasto-plastic material response, the stretch is considered to be the multiplicative 

decomposition of the „elastic‟ stretch (the one that is recovered after complete unloading) and the 

„plastic‟ stretch 

 𝜆 ≔
𝑑𝜑

𝑑𝑥
=
𝑙𝜑

𝑙
=
𝑙𝜑

𝑙𝑝
𝑙𝑝

𝑙
= 𝜆𝑒𝜆𝑝

 

(4) 

where l
p
 is the residual length of the bar after complete unloading; the choice of the logarithmic 

strain, denoting 𝜀̅ ≔ 𝑙𝑛𝜆; 𝜀̅𝑒 ≔ 𝑙𝑛𝜆𝑒 ; 𝜀̅𝑝 ≔ 𝑙𝑛𝜆𝑝 , will than lead to the corresponding additive 

decomposition of the „strain‟ that is equivalent to the small strain case 

 𝜀̅ = 𝜀̅𝑒 + 𝜀̅𝑝

 

(5) 

 

The thermo-plasticity free energy for large deformation problem is the composition of 

mechanical part, thermal part and thermo-mechanical interaction part (see Ibrahimbegovic et al. 

2001, Ibrahimbegovic and Chorfi 2002, Ngo et al. 2013). 

 𝜓(𝜀̅𝑒 , 𝜉̅, 𝜗) =
1

2
𝐸(𝜀̅ − 𝜀̅𝑝)2 − �̅�𝜉̅2 − 𝛼𝐸(𝜀̅ − 𝜀̅𝑝)(𝜗 − 𝜗0) − 𝜌𝑐[(𝜗 − 𝜗0) −

𝜗ln(
𝜗

𝜗0
)

 

(6) 
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Fig. 1 Initial configuration and deformed configuration for 1D bar in finite deformation 

 

 

Here 𝜌𝑐  denotes the heat capacity coefficient, 𝜗  denotes the temperature, 𝜗0  denotes the 

reference temperature, E denotes the Young modulus and 𝛼  denotes the thermal expansion 

coefficient.  

With this kind of choice for thermo-mechanical free energy, we can establish the state equations 

for the Kirchhoff stress 𝜏 and the „elastic‟ part of entropy �̅�𝑒 

 𝜏 =
𝜕𝜓

𝜕𝜀𝑒
= 𝐸(𝜀̅ − 𝜀̅𝑝) − 𝛼𝐸(𝜗 − 𝜗0)

 

(7) 

 �̅�𝑒 = −
𝜕𝜓

𝜕𝜗
= 𝛼𝐸(𝜀̅ − 𝜀̅𝑝) + 𝜌𝑐𝑙𝑛 (

𝜗

𝜗0
)

 

(8) 

We note that the total entropy is also decomposed additively the „elastic‟ entropy and the 

„plastic‟ entropy. 

The total dissipation is obtained from the second principle of thermodynamics (e.g., 

Ibrahimbegovic 2009) resulting with the additive decomposition of the mechanical and thermal 

parts 

 𝐷𝑝 = 𝜏𝜀̅̇𝑝 + �̅�𝜉̅̇⏟      

�̅�𝑚𝑒𝑐ℎ

+ 𝜗�̇̅�𝑝⏟

�̅�𝑡ℎ𝑒𝑟 
(9) 

Finally, from the principle of maximum plastic dissipation, we obtain the flow equations 

specifying the evolution of the internal variables, the plastic strain 𝜀̅̇𝑝, the hardening variable 𝜉̅̇ 
and the plastic entropy part �̇̅�𝑝 

 𝜀̅̇𝑝 = �̇̅�
𝜕�̅�

𝜕𝜏
= �̇̅�𝑠𝑖𝑔𝑛(𝜏) (10) 

 

 𝜉̅̇ = �̇̅�
𝜕�̅�

𝜕𝑞
= �̇̅�      (11) 

 

 �̇̅�𝑝 = �̇̅�
𝜕�̅�

𝜕𝜗
 (12) 
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Here, �̅� is the yield criterion for the thermoplasticity problem, which can be presented in the 

simplest form as 

 0 ≥ �̅�(𝜏, �̅�, 𝜗) ≔ |𝜏| − (𝜏𝑦 − �̅�)

 

(13) 

where 𝜏𝑦 denotes the initial yield value of the Kirchhoff stress, which is very close to the true or 

Cauchy stress for plastically incompressible materials undergoing small elastic strain. With this kind 

of yield criterion, we can re-write the mechanical dissipation as a linear function of the plastic 

multiplier 

 𝐷𝑚𝑒𝑐ℎ = �̇̅�𝜏𝑦

 

(14) 

The energy balance equation can now be re-written in the local form 

 
�̇�(𝜀̅𝑒 , 𝜉̅, 𝜂𝑒) + (𝜌�̇� −

𝑑𝑃

𝑑𝑥
− 𝑏)𝑣 = 𝑃�̇� + 𝑟 −

𝑑𝑄

𝑑𝑥
 

(15) 

where e is the internal energy density, v is the velocity field, b is the external distributed loading 

applied in the initial configuration, P is the first Piola-Kirchhoff stress as the natural replacement of 

the true stress in the initial configuration, r is the internal heat supply and 𝑄  is the first 

Piola-Kirchhoff type of heat flow representing the „real‟ heat flow in the initial configuration. 

The internal energy can be related to the free energy by using the Lagrange transformation 

 �̅�(𝜀̅𝑒 , 𝜉̅, 𝜂𝑒) = �̅�(𝜀̅𝑒 , 𝜉̅, 𝜗) + �̅�𝑒𝜗

 

(16) 

Combining these results leads to a final set of local balance equations 

 

{

𝑑𝑃

𝑑𝑥
+ 𝑏 = 0

𝜗�̇̅�𝑒 = −
𝑑𝑄

𝑑𝑥
+ 𝑟 + �̅�𝑚𝑒𝑐ℎ 

(17) 

where =
𝑑�̅�

𝑑𝜆
=
𝑑�̅�

𝑑�̅�

𝑑�̅�

𝑑𝜆
 . By considering further that  

𝑃 =
𝑑�̅�

𝑑𝜆
=
𝑑�̅�

𝑑𝜀̅

𝑑𝜀̅

𝑑𝜆
=
𝜏

𝜆
→
𝑑𝑃

𝑑𝑥
=
1

𝜆2
[
𝑑𝜏

𝑑𝑥
𝜆 − 𝜏

𝑑𝜆

𝑑𝑥
] =

1

𝜆2
6
𝑑𝜏

𝑑𝑥
𝜆 − 𝜏

𝑑2𝜑

𝑑𝑥2⏟
0

7 =
1

𝜆

𝑑𝜏

𝑑𝑥
 

(18) 

the system of local balance equation can further be re-written in terms of the Kirchhoff stress 

 

{

𝑑𝜏

𝑑𝑥
+ 𝜆𝑏 = 0

𝜗�̇̅�𝑒 = −
𝑑𝑄

𝑑𝑥
+ 𝑟 + 𝐷𝑚𝑒𝑐ℎ 

(19) 

By exploiting the state equation in Eq. (9), we can obtain the explicit expression for elastic part of 

entropy 

�̅�𝑒 = 𝛼𝐸(𝜀̅ − 𝜀̅𝑝) + 𝜌𝑐𝑙𝑛 (
𝜗

𝜗0
) → �̇̅�𝑒 = 𝛼𝐸(𝜀̅̇ − 𝜀̅̇𝑝) + 𝜌𝑐

�̇�

𝜗
→ 𝜗�̇̅�𝑒 = 𝛼𝐸𝜗(𝜀̅̇ − 𝜀̅̇𝑝) + 𝜌𝑐�̇�

 

(20) 

With this result on hand, the equilibrium system becomes 
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𝑑𝜏

𝑑𝑥
+ 𝜆𝑏 = 0

𝜌𝑐�̇� = −
𝑑𝑄

𝑑𝑥
+ 𝑟 + �̅�𝑚𝑒𝑐ℎ − 𝛼𝐸𝜗(𝜀̅̇ − 𝜀̅̇

𝑝) 

(21) 

Note that the Fourier law for heat flow in the finite deformation problem is   

 
𝑄 = −𝑘

𝑑𝜗

𝑑𝑥𝜑
= −

𝑘

𝜆

𝑑𝜗

𝑑𝑥
 

(22) 

We note that the set of equilibrium equations in Eq. (22) consists of the mechanical balance equation 

and the heat transfer equation. This set of differential equations cannot in general be solved analytically, 

thus an approximate solution should be carried out. Among number of possible solutions (see Romero 

2009, Simo and Miehe 1992, Ibrahimbegovic 2009), we introduce the „adiabatic‟ splitting procedure (e.g., 

Ngo et al. 2013), which was proved to provide a stable solution for the coupled thermomechanics 

problem (e.g., see Niekamp et al. 2014). 

 

2.2 Adiabatic operator split procedure 
 

In adiabatic operator split procedure, the general thermo-mechanical problem is divided in two the 

„mechanical‟ process and the „thermal‟ process; two processes connecting to each other by the „adiabatic‟ 

constrain. In this procedure, the „mechanical‟ process is assumed to develop while enforcing the adiabatic 

condition (�̇̅�𝑒 = 0) (see Table 1). In particular, the mechanical process is solved with the evolution of 

temperature due to structural heating only. The remaining evolution of temperature (due to external 

heating, internal heating and mechanical dissipation) is solved latter in the „thermal‟ process. 

 

 
Table 1 Adiabatic operator split procedure 

Phase 1 - Mechanical part with “adiabatic”condition Phase 2- Thermal part with „adiabatic‟ condition 

8
0 =

𝑑𝜏

𝑑𝑥
+ 𝜆𝑏

𝜂�̇� = 0 → 𝜌𝑐�̇� = −𝜗𝐸𝛼(𝜀̇ − 𝜀�̇�)

 
𝜌𝑐�̇̃� = −

𝑑𝑄

𝑑𝑥
+ 𝑟 + 𝐷𝑚𝑒𝑐ℎ 

 

 

2.2.1 Constitutive equation of Kirchhoff stress in the mechanical part 
From the adiabatic condition, we have the possibility to compute the corresponding temperature 

evolution 

 
�̇̅�𝑒 = 0 → �̇� = −

𝜗𝛼𝐸

𝜌𝑐
(𝜀̅̇ − 𝜀̅̇𝑝)

 

(23) 

Applying further this evolution of temperature to the state equation for Kirchhoff stress, we get 

 η = E(ε̅-ε̅p)-αE(ϑ-ϑ0) → η̇ = E(ε̇̅-ε̇̅
p
)-αEϑ̇

 

(24) 

 

η̇ = 4E+
α2E2ϑ

ρc⏟      
Ce,ad

5(ε̇̅-ε̇̅
p
)

 

(25) 
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We can appeal to the plastic consistency condition 

 ϕ̇̅ =
∂ϕ̅

∂η
η̇+

∂ϕ̅

∂q̅
q̇̅ +

∂ϕ̅

∂ϑ
ϑ̇ = 0

 

(26) 

Assuming that the plastic threshold it remains constant in each time step, we can write: 
𝜕�̅�

𝜕𝜗
= 0. 

We also have 
𝜕�̅�

𝜕𝜏
= 𝑠𝑖𝑔𝑛(𝜏)and 

𝜕�̅�

𝜕�̅�
= 1. Thus, the condition in Eq. (26) can be re-written 

 ϕ̇̅ = sign(η)η̇+ K̅ξ̇̅ = 0 → η̇ = -sign(η)K̅ξ̇̅

 

(27) 

where we assumed a linear hardening for the plasticity : �̅� = −�̅�𝜉̅. If we further write the evolution 

equations for plastic strain and hardening variable 

 ε̇̅
p
= γ̇̅

∂ϕ

∂η
= γ̇̅sign(η)

 

(28) 

 ε̇̅
p
= γ̇̅

∂ϕ

∂η
= γ̇̅sign(η)

 

(29) 

the last two equations allow us to write 𝜉̅̇ = 𝑠𝑖𝑔𝑛(𝜏)𝜀̅̇𝑝. By replacing this result into Eq. (49) we 

obtain 

 η̇ = K̅ε̇̅
p

 

(30) 

From (25) and (30), we can express the stress rate constitutive equation for the Kirchhoff stress in 

terms of the „adiabatic‟ tangent modulus 

 

η̇ =
(E+

α2E2ϑ

ρc
)

.1+(
E

K̅
+

α2E2ϑ

K̅ρc
)/

ε̇̅ =
K̅(E+

α2E2ϑ

ρc
)

K̅+E+
α2E2ϑ

ρc⏟      
Cp,ad

ε̇̅

 

(31) 

We note that the „adiabatic‟ tangent modulus plays the same role as the normal tangent modulus in the 

mechanical problem only. 

 

2.2.2 Local computation for mechanical variables in the mechanical process 
In the mechanical phase, the internal variables are computed by the return mapping algorithm 

(e.g., see Ibrahimbegovic 2009). Here, it is assumed that we have already computed the 

mechanical variables of time step „n‟: ( 𝜏𝑛, 𝜀�̅�
𝑝
 , 𝜉�̅�)  and that we need to compute their new 

values at the next time step „n+1‟: 

𝜏𝑛+1 = 𝜏𝑛 + Δ𝜏𝑛+1 

𝜀�̅�+1
𝑝

= 𝜀�̅�
𝑝
+ Δ𝜀�̅�+1

𝑝
 

𝜉�̅�+1 = 𝜉�̅� + Δ𝜉�̅�+1 
 

which jointly satisfy the plastic criterion at that time:  �̅�𝑛+1 = |𝜏𝑛+1| − (𝜏𝑦 + �̅�𝜉�̅�+1) = 0. We 

start by computing the elastic trial value of the Kirchhoff stress by assuming the internal variables 

remain frozen; this leads to 

 ηn+1
trial = ηn + C

e,adΔεn+1

 

(32) 

where 𝑒, 𝑑 was introduced in the Eq. (25). 
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By noting that  𝜏𝑛+1 = 𝜏𝑛 +  
𝑒, 𝑑(Δ𝜀 − Δ𝜀𝑝)and Δ𝜀𝑝 = �̅�𝑛+1

𝜕�̅�

𝜕𝜏
, we can further write 

 → ηn+1 = ηn+1
trial-Ce,adγ̅

n+1

∂ϕ̅

∂η

 

(33) 

The trial value of the plastic criterion can then be computed as 

 ϕ̅
n+1

trial
= |ηn+1

trial|-(ηy + K̅ξ
n)

 

(34) 

If this trial value remains negative or zero, the trial guess is indeed the correct solution, and the step is 

elastic. In the opposite, the correct positive value of the plastic multiplier must be computed by enforcing 

the plastic criterion 

 �̅�𝑛+1 = �̅�𝑛+1
𝑡𝑟𝑖 𝑙 − �̅�𝑛+1( 

𝑒, 𝑑 + �̅�) = 0 → �̅�𝑛+1

=
�̅�𝑛+1
𝑡𝑟𝑖 𝑙

 𝑒, 𝑑 + �̅�
 

(35) 

With this plastic multiplier value, the internal variable and the Kirchhoff stress at the step „n+1‟ can 

easily be computed 

 ξ̅
n+1

= ξ̅
n
+ γ̅

n+1

 

(36) 

 
ε̅n+1
p

= ε̅n
p
+ γ̅

n+1
sign(ηn+1

trial) (37) 

The stress update at the same time step is then carried out as 

 ζn+1 = (1-
Eγ̅n+1

|ζn+1
trial|

)ζn+1
trial

 

(38) 

and the mechanical dissipation at the consider time step is computed by the equation: 

 D̅mech
n+1 = γ̅

n+1
ηy

 

(39) 

 

 

3. Localized failure in one-dimensional finite deformation thermo-plasticity problem 
 

3.1 Discontinuity in displacement 
 
The localized failure happening in a steel truss-bar or cable required the corresponding kinematic 

enhancement in terms of „discontinuity‟ or a „jump‟ in the displacement field, so as to preserve the mesh 

objectivity (e.g., see Ngo et al. 2013 and references therein). In the framework of finite deformation, the 

displacement discontinuity has to be introduced in deformed configuration. In this case, we can cast the 

displacement field in terms of regular part and „enhanced‟ part representing the „jump‟ 

 θ = x + u(x) = x + û + u̅̅[Hx̅(x) + θ
0
(x)⏟        

M1(x)

]

 
(40) 

where 𝜑0(𝑥)  is at a sufficiently smooth C
1
-function to limit the influence of the „jump‟ in 

displacement within a particular zone, and 𝐻�̅�(𝑥) is the Heaviside function 

 Hx̅ = ,
0, x ≤ x̅
1, x > x̅

 

 

(41) 
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The stretchmeasure of finite deformation thus becomes 

𝜆 =
𝑑𝜑

𝑑𝑥
= 1 +

𝑑�̂�

𝑑𝑥
+ (
𝑑𝜑0
𝑑𝑥

+ 𝛿�̅�) �̅̅� = 1 +
𝑑�̂�

𝑑𝑥
+
𝑑𝜑0
𝑑𝑥

�̅̅�
⏟      

�̅�

+ �̅̅�𝛿�̅� = (1 + 𝜀)̅ 41 +
�̅̅�

1 + 𝜀̅⏟  
�̅̅�𝑝

𝛿�̅�5 (42) 

By taking further the logarithmic strain measure, we can re-write the last result as 

𝜀 ≔ ln(𝜆) = ln(1 + 𝜀)̅ + ln(1 + 𝜀̅)̅ 𝛿�̅� → 𝜀 = 𝜀̅ + 𝜀̅�̅��̅� = 𝜀̅
𝑒 + 𝜀̅𝑝 + 𝜀̅̅𝑝𝛿�̅�

 

(43) 

where the singular part of the strain field acts as the „plastic‟ strain at the localized failure point; 

with  

 ε̅̅
p
δx̅;  ε̅̅

p
:=

u̅̅

1+ε̅

 

(44) 

 
3.2 Mechanical phase computation at the localized failure point 
 

The constitutive equation of the Kirchhoff stress in Eq. (31) at the localized failure point will 

take the following form 

 
η̇x̅ =

K̅(E+
α2E2ϑx̅

ρc
)

K̅+E+
α2E2ϑx̅

ρc

(ε̇̅+ ε̇̅̅
p

δx̅)

 

(45) 

We note that �̇��̅� = �̇��̅�|± and that the traction should be bounded, which implies that the singular 

part in Eq. (45) above should be equal to zero: 

 K̅(E+
α2E2ϑx̅

ρc
)

K̅+E+
α2E2ϑx̅

ρc

ε̇̅̅
p
= 0 → K̅ = 0

 

(46) 

Applying the result in Eq. (25) at the localized failure point, we will have 

�̇��̅� = .𝐸 +
𝛼2𝐸2𝜗

𝜌𝑐
/ (𝜀̅̇ − 𝜀̅̇𝑝 − 𝜀̅̅̇𝑝𝛿�̅�)

= .𝐸 +
𝛼2𝐸2𝜗

𝜌𝑐
/ (𝜀̅̇ − �̇̅�𝑠𝑖𝑔𝑛(𝜏�̅�) − �̇̅̅�𝑠𝑖𝑔𝑛(𝜏�̅�)𝛿�̅�)

 

(47) 

where �̅̅� denote the singular part of the plastic multiplier, which controls the evolution of „plastic‟ 

deformation (displacement „jump‟) at the localized failure point.  

 u̇̅̅ = γ̇̅̅sign(ηx̅)

 

(48) 

The activation of the localized failure is controlled by the following plasticity criterion 

 0 ≥ ϕ̅̅(ηx̅, q̅̅, ϑx̅) ≔ ηx̅-(ηu-q̅̅)

 

(49) 

where𝜏𝑢 denotes the Kirchhoff type of ultimate traction, �̅̅� is the traction-like variable controlling 

the reduction of traction limit due to softening.  

The evolution of the traction at the localized failure point should be in agreement with plastic 

consistency condition at that point: 
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 ϕ̅̅
̇
=

∂ϕ̅̅

∂ηx̅
η̇x̅ +

∂ϕ̅̅

∂q̅̅
q̇̅̅ +

∂ϕ̅̅

∂ϑx̅
ϑ̇x̅ = 0 → η̇x̅ + q̇̅̅ +

∂ϕ̅̅

∂ϑx̅
ϑ̇x̅ = 0

 

(50) 

By assuming that the localized failure threshold is constant with respect to temperature at a 

particular time step (
𝜕�̅̅�

𝜕𝜗�̅�
= 0) and by using a linear softening modulus for the localized failure with  

�̅̅� = −�̅̅�𝜉̅̅ = −�̅̅��̅̅� = −�̅̅�𝜀̅̅𝑝, we can further obtain from Eq. (50) 

 η̇x̅ = K̅̅ε̇̅̅
p

 

(51) 

The result in Eq. (51) corresponds to a rigid-plastic model for the traction–displacement „jump‟ 

at the localized failure point (see Fig. 2). 

With this decomposition of strain field, the following function of thermodynamic energy is 

established: 

 ψ(ε, εp, ξ, ϑ) = ψ̅(ε̅, ε̅p, ξ̅, ϑ) + ψ̅̅(u̅̅, ξ̅̅, ϑx̅)δx̅

 

(52) 

where �̅�(𝜀,̅ 𝜀 ̅𝑝, 𝜉̅, 𝜗) is the regular part controlling the energy at the bulk and �̅̅�(�̅̅�, 𝜉̅̅, 𝜗�̅�) is the 

singular part controlling the energy at the localized failure point.  

The internal dissipation can also be decomposed into regular part for the bulk and the singular 

part for the localized failure zone 

 

Dint = ηε̇̅
p
+ q̅ξ̇̅

⏞    

D̅mech
p

+ ϑη̇p⏞
D̅ther

⏟          
D̅int

+ ηx̅ u̇̅̅ + q̅̅ξ̅̅
̇⏞    

D̅̅mech

+ ϑx̅η̇̅̅
p⏞

D̅̅ther

⏟          

D̅̅int

δx̅

 

(53) 

We note from Eq. (53) that the internal dissipation in localized failure case consists of the regular part 

controlling the dissipation in the bulk and the singular part controlling the local dissipation in the localized 

failure point. The latter can also be recast in the following form 

 D̅̅mech = ηx̅ u̇̅̅ +  q̅̅ξ̅̅
̇
= γ̇̅̅ (ηx̅-(ηu-q̅̅)) + γ̇̅̅ηu = γ̇̅̅ηu

 

(54) 

 

 

Fig. 2 Rigid-plastic model for the traction at localized failure point 
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3.3 Thermal phase at the localized failure point 
 
By assuming that the heat capacity 𝜌𝑐 is equal to zero at the localized failure point, and that the 

thermal expansion coefficient 𝛼 also equals to zero, from the heat transfer equation in Eq. (23), we 

obtain 

 *
dQ

dx
+
x̅
= D̅̅mech → ⟦Q⟧ = D̅̅mechδx̅

 

(55) 

Thus, we obtain the „jump‟ in the heat flux at the localized failure point which is produced by the 

corresponding value of dissipation at that point. 

 

3.4 Set of local balance equation 
 

3.4.1 Mechanical balance equation 
Given that the traction must remain continuous at the localized failure point, we can write the 

following equation 

 P(x = x̅|±) = tx̅θ
θ
→ η(x = x̅|±) = ηx̅

 

(56) 

where 𝑡𝜑 is the traction force at the localized failure point written at the deformed configuration, 

whereas P is the first Piola-Kirchhoff stress which takes the same value at the same point in the 

initial configuration. The complete set of mechanical balance equations can be written as: 

 
{

dη(λ,ϑ)

dx
+ λb = 0forx ≠ x̅

η(x = x̅|±) = ηx̅forx = x̅  

(57) 

 

3.4.2 Thermal balance equation 
The thermal balance equation consists of the heat transfer equation written for the bulk and also the 

„jump‟ in heat flow at the localized failure point 

 
{
ρcϑ̇̃ = -

dQ

dx
+ rforx ≠ x̅

⟦Q⟧ = D̅̅mechδx̅forx = x̅  

(58) 

 

3.4.3 Local balance equation system 
By combining (42) and (43), we finally have the local balance system for the localized failure 

problem: 

 

{
 
 

 
 {

dη(λ,ϑ)

dx
+ λb = 0forx ≠ x̅

η(x = x̅|±) = ηx̅forx = x̅

{
ρcϑ̇̃ = -

dQ

dx
+ rforx ≠ x̅

⟦Q⟧ = D̅̅mechδx̅forx = x̅
 

(59) 
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4. Numerical solution procedure 

 

4.1 Adiabatic operator split 
 

The adiabatic operator split will have a new appearance when considering the localized failure: 

 

 
Table 2Adiabatic operator split procedure considering the localized failure 

Phase 1 - Mechanical part with “adiabatic”condition Phase 2- Thermal part with „adiabatic‟ condition 

8
0 =

𝑑𝜏

𝑑𝑥
+ 𝜆𝑏

�̅��̇� = 0 → 𝜌𝑐�̇� = −𝜗𝐸𝛼(𝜀̅̇ − 𝜀 �̇̅�)
 

(at localized failure point): 

𝜏−|�̅� = 𝜏+|�̅� = 𝜏�̅�
 

𝜌𝑐�̇̃� = −
𝑑𝑄

𝑑𝑥
+ �̅�𝑚𝑒𝑐ℎ + 𝑟 

(at localized failure point): 

⟦𝑄⟧ =  (�̅̅�𝑚𝑒𝑐ℎ)|�̅� 

 

 

4.2 Mechanical part 
 

The following interpolation function is chosen for the displacement: 

 uh(x, t) = ∑ Na(x)da(t)
2
a=1 +M1(x)α1

m(t)

 

(60) 

where 𝛼1
𝑚 is the coefficient representing the „jump‟ in the displacement field at the localized failure 

point. We denote with 𝑀1(𝑥) an additional shape funtion modelling the „jump‟ in displacement 

field due to localized failure. The function 𝑀1(𝑥) and it derivative are represented in Fig. 3. 

 

 

 

Fig. 3 Additional shape function M1(x) and its derivative 
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M1(x) = Hx̅-N2(x) = 8
-
x

le
ifx ∊ [0,

le

2
[

1-
x

le
ifx ∊]

le

2
, le] 

(61) 

 

G1(x) =
dM1(x)

dx
= 8

-
1

le
ifx ∊ [0,

le

2
[∪]

le

2
, le]

-
1

le
+ δx̅ifx = x̅ =

le

2

= -
1

le⏟
G̅1(x)

+ δx̅(x̅=le
2
)⏟    

G̅̅1(x)δx̅
 

(62) 

In the finite element setting we choose the isoparametric shape function 𝑁2(𝑥)  as the 

 1-function 𝜑0(𝑥). 
The strain field therefore becomes  

 εh(x, t) = ∑ Ba(x)wa(t)
2
a=1 + G1(x)β1

m(t)

 

(63) 

where 𝐵 (𝑥) =
𝑑𝑁𝑎(𝑥)

𝑑𝑥
. We assume the same kind of interpolation is used for the virtual strain 

 dw

dx
= ∑ Ba(x)da(t)

2
a=1 + G1v(x)α1

m(t)

 

(64) 

where wa denotes the virtual displacement nodal value and . is the variation of the displacement 

jump. In order to enforce the patch test satisfaction, we have to employ the following modified form 

of 𝐺1𝑣(𝑥) 

 G1v(x) = G1(x)-
1

le
∫ G1(x)dxle

 

(65) 

For a two-node element, with the displacement discontinuity placed in its center, we obtain 

 Gv(x) = G̅v(x) + G̅̅v(x)δx̅ = -
1

le
+ δx̅

 

(66) 

The weak form of the mechanical balance equation can be written as: 

 ∫ wbdx
l

+wb(l)-wb(0)⏟                
fext

-∫
1

λ

dw

dx
η(ε, ϑ)dx

l⏟          
fint

= 0

 
(67) 

By applying the mentioned interpolation functions for the virtual strain, we have 

 

8
Ae=1
Nel *∫

1

λ
BTτ(ε, ϑ)dx

le
-∫ NTbdx
le

+ = 0

1

λ
[∫ G̅v(x)le

τ(ε, ϑ)dx + ∫ G̅̅v(x)τx̅δx̅dxle
] = 0

 

(68) 

 

 Ae=1
Nel *∫

1

λ
BTτ(ε, ϑ)dx

le
-∫ NTbdx
le

+ = 0

he = -
1

le
∫ τ(ε, ϑ)dx
le

+ τx̅ = 0  

(69) 

Eq. (70) can be brought to the linearized form of the balance equations can be written by 

making use of the following auxiliary result 
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 λ = 1 +
du

dx
= 1 + BTd + G1̃(x)α1

m → Δλ = BTΔd + G̅1(x)Δα1
m

 

(70) 

We thus obtain the linearized form of the internal force vector for the bulk part 

fint,e = ∫ BT
1

λ
τ(da, α1

m)dx
le

→ Δfint,e =
∂f
int,e

∂λ
Δλ = ∫ BT

(

 -
τ

λ2
+
dτ

dε⏟
C

dε

dλ⏟
1

λ )

 dx
le

Δλ 

→ Δfint,e = ∫ BT (
C

λ
-
τ

λ2
) dx

le
Δλ → Δfint,e = ∫ ,BT (

C

λ
-
τ

λ2
)- dx

le
(BTΔd + G̅1(x)Δα1

m)

 

(70a) 

 

 Δfint,e = ∫ ,(
C

λ
-
τ

λ2
)BTBT- dx

le⏟            
Ke

Δd + ∫ ,(
C

λ
-
τ

λ2
)BTG̅1(x)- dxle⏟              
Fe

Δα1
m

 
(71) 

where C denotes the „adiabatic‟ tangent modulus of the Kirchhoff stress and the logarithmic strain.  

The linearized form of the mechanical internal force pertinent to the localized failure point can 

be written as 

 (∫ �̅�1(𝑥)𝜏(𝜀, 𝜗)𝑑𝑥𝑙𝑒
) = ∫ �̅�1(𝑥)𝑙𝑒

(
𝑑𝜏

𝑑𝜀
) (

𝑑𝜀

𝑑𝜆
) 𝑑𝑥 𝜆 (70b) 

 

 Δ(∫ G̅1(x)τdxle
) = ∫ G̅1(x)le

C

λ
BTdx⏟          

Le

Δd + ∫ G̅1(x)le
C

λ
dxG̅1(x)dx⏟              
He

Δα1
m

 
(72) 

 

 Δtx̅ =
∂tx̅

∂d
Δd +

∂tx̅

∂α1
m Δα1

m = Pe
n+1Δd + K̅̅Δα1

m

 

(73) 

By further replacing the finite element interpolations in the linearized equations above, we 

obtain the corresponding set of linear algebraic equations expressing discrete linearized form of 

the mechanical balance equations 

 
{
Ae=1
Nelm{Ke

n+1,iΔdn+1
i + Fe

n+1,iΔα1(n+1)
m,i } = Ae=1

Nelm{fn
e,ext,i-fn

e,int,i}

hn
e(i) + [Le

n+1,i + Pe
n+1,i]Δdn+1

i + [He
n+1,i + K̅̅]Δα1

m = 0

 

(74) 

where 

 Ke ≔ ∫ (
C

λ
-
τ

λ2
)BTBTdx → Ke =

(
C

λ
-
τ

λ2
)A

le
0
1 -1

-1 1
1

le

 

(75) 

 

 Fe ≔ ∫ (
C

λ
-
τ

λ2
)BTG̅1(x)dxle

→ Fe = -
(
C

λ
-
τ

λ2
)A

le
[
1

-1
]

 

(76) 

 

 Le ≔ ∫
C

λ
BTG̅1(x)dxle

→ Le = -
C

λle
[
1

-1
]

 

(77) 
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 Pe
n+1,i =

∂tx̅

∂d
= -

C

le
∫ BTdx
le

→ Pe = -
C

le
[
1

-1
] 

He ≔ ∫
C

λ
G̅1(x)le

dxG̅1(x)dx → He =
C

λle

 

(78) 

In the set of equations in Eq. (75), we start by solving the second one pertaining to the localized 

failure point, leading to the element level computations 

 
Δα1

m,n+1 = -(He
n+1,i + K̅̅i)

-1
(Le
n+1,i + Pe

n+1,i)Δdn+1
i

 

(79) 

By replacing this result into the first of the equations Eq. (75), we recover the 

„static-condensation‟ form of the global mechanical balance equation 

 Ae=1
Nelm{K̂e

n+1,iΔdn+1
i } = Ae=1

Nelm{fn
e,ext,i-fn

e,int,i}

 

(80) 

where 

 
K̂e
n+1,i = Ke

n+1,i-Fe
n+1,i(He

n+1,i + K̅̅i)
-1
(Le
n+1,i + Pe

n+1,i)

 

(81) 

 

 K̂e
n+1,i = 01- (

Ci

λle
+ K̅̅i)

-1

(
1

λ
+ 1)

Ci

λle
1 (
Ci

λ
-
τ

λ2
)
A

le
0
1 -1

-1 1
1

 

(82) 

 

4.2.1 Local computations of internal variables in bulk part 
The internal variables are computed by the return mapping algorithm (e.g., see Ibrahimbegovic 

2009). Assume that we also have: 𝜏𝑛, 𝜀�̅�
𝑝
 and 𝜉�̅� and we need to compute  

𝜏𝑛+1 = 𝜏𝑛 + Δ𝜏𝑛+1 

𝜀�̅�+1
𝑝

= 𝜀�̅�
𝑝
+ Δ𝜀�̅�+1

𝑝
 

𝜉�̅�+1 = 𝜉�̅� + Δ𝜉�̅�+1 

In order to satisfy the condition: �̅�𝑛+1 = |𝜏𝑛+1| − (𝜏𝑦 + �̅�𝜉�̅�+1) = 0, we start by computing 

the elastic trial value of the Kirchhoff stress  

 ηn+1
trial = ηn + C

e,adΔεn+1

 

(83) 

where  𝑒, 𝑑  is the adiabatic tangent matrix as defined in Eq. (25). We note that 𝜏𝑛+1 = 𝜏𝑛 +

 𝑒, 𝑑(Δ𝜀 − Δ𝜀𝑝)and Δ𝜀𝑝 = �̅�𝑛+1
𝜕�̅�

𝜕𝜏
, so that we will have  

 → ηn+1 = ηn+1
trial-Ce,adγ̅

n+1

∂ϕ̅

∂η

 

(84) 

The trial value of the plastic criterion can thus be computed 

 ϕ̅
n+1

trial
= |ηn+1

trial|-(ηy + K̅ξ
n)

 

(85) 

If this value is negative or zero, the trial step is accepted as the correct guess. In the opposite, 

we have to compute the plastic multiplier value that will enforce the satisfaction of the plasticity 

criterion 
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ϕ̅
n+1

= ϕ̅
n+1

trial
-γ̅
n+1(C

e,ad + K̅) = 0 → γ̅
n+1

=
ϕ̅n+1
trial

Ce,ad+K̅

 

(86) 

Given this value of the plastic multiplier, we can carry out the corresponding updates of the 

internal variables and the Kirchhoff stress at the step „n+1‟ 

 ξ̅n+1 = ξ̅n + γ̅n+1

 

(87) 

 ε̅n+1
p

= ε̅n
p
+ γ̅n+1sign(σn+1

trial)

 

(88) 

 σn+1 = (1-
Eγ̅n+1

|σn+1
trial|

)σn+1
trial

 

(89) 

 

The bulk part of mechanical dissipation at the time step „n+1‟ can then be computed explicitly 

 ϕ̅n+1 = ϕ̅n+1
trial-γ̅n+1(C

e,ad + K̅) = 0 → γ̅n+1 =
ϕ̅n+1
trial

Ce,ad+K̅

 

(90) 

 

 

4.2.2 Local computations of internal variables at the localized failure point 
Once the localized failure is initiated, it is accompanied by the softening behavior until the 

complete failure of the bar. This local computation seeks to provide the corresponding value of 

displacement „jump‟ and the traction in the next time step (𝛼𝑛+1
𝑚 , 𝜏�̅�

𝑛+1 ) starting with the 

displacement „jump‟ in the current time step: (𝛼𝑛
𝑚, 𝜏�̅�

𝑛). The computed result should satisfy the 

localized failure criterion  

 ϕ̅̅n+1 = τx̅,n+1-(τu + K̅̅ξ̅̅n+1) = 0

 

(91) 

In order to test this, we first compute the elastic „trial‟ traction 

 τx̅,n+1
trial =

1

le
∫ τn+1

trial(ε, ϑ)dx
le

=
1

le
∫ Ce,ad(BTdn+1

i + G̅1(x)α1,n
m -εn+1

p
)dx

le

 

(92) 

If the trial value of yield function is positive, we have to compute the true value of the traction, 

which can be written as 

 τx̅,n+1 =
1

le
∫ τn+1(ε, ϑ)dxle

=
1

le
∫ Ce,ad(BTdn+1

i + G̅1(x)α1,n+1
m -εn+1

p
)dx

le

 

(93) 

Combining the last two results, we can further obtain 

 τx̅,n+1 = τx̅,n+1
trial +

1

le
∫ Ce,adG̅1(x)Δα1,n+1

m dx
le

 

(94) 

With this result in hand, we can express the final value of yield function in terms of its trial 

value 

 0 = ϕ̅̅n+1 = ϕ̅̅n+1
trial +

1

le
∫ Ce,adG̅1(x)γ̅̅n+1dxle

+ K̅̅γ̅̅n+1 = 0

 

(95) 

where 

 ϕ̅̅n+1
trial = τx̅,n+1

trial -(τu + K̅̅ξ̅̅n) = 0

 

(96) 
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The singular part of plastic multiplier can then be computed at the final time 

 γ̅̅n+1 =
ϕ̅̅n+1
trial

Ce,ad

le
+K̅̅

 

(97) 

This result allows us to provide the corresponding updates for the softening variable 

 Δα1,n+1
m =Δξ̅̅n+1 = γ̅̅n+1 (98) 

 

We can also obtain the update of the traction 

 τx̅,n+1 = τx̅,n+1
trial -

Ce,ad

le
γ̅̅n+1

 

(99) 

 

 

4.3Thermal transfer equation 
 

The temperature transfer equation at the localized failure point is solved with two following 

hypotheses: 1) there is a „jump‟ in temperature gradient at the localized failure point; 2) the 

structural heating is not taken into account in this process. However, we should also add the 

evolution of temperature due to the structural dissipation, which was compute in the mechanical 

phase to the final evolution of temperature. 

 
{
ρcϑ̇̃ = -

dQ

dx
+ D̅mech + rforx ≠ x̅

⟦Q⟧ = D̅̅mechδx̅forx = x̅  

(100) 

The heat transfer obeys the Fourier heat conduction law for the bulk 

 Q = -k
1

λ

dϑ

dx

 

(101) 

The local energy balance can be rewritten in the equivalent form to the heat equation  

 ρcϑ̇ = k
d2ϑ

λdx2
+ r + D̅mech + D̅̅mechδx̅

 

(102) 

The strong form Eq. (102) is further transferred into weak form by introducing an admissible 

variation in the temperature field, further denoted as , and by applying the virtual work laws 

 ∫ wϑρcϑ̇dx + ∫
dwϑ

dx

k

λ

dϑ

dx
dx = ∫ wϑ(r + D̅mech + D̅̅mechδx̅)dx

l

0

l

0

l

0

 

(103) 

Where 𝑤𝜗  denotes the virtual temperature field. For constructing the finite element 

approximations, we consider a 2-node truss-bar element. The nodal values of temperature and the 

weighting temperature at node i are denoted as dϑi and wi, respectively. More precisely, d and w 

denote the real and weighted nodal temperature vector, respectively; for a 2-node element, we have 

 
dθ = 2

d1
d2

3 ;w = {
w1
w2

},

 

(104) 

The real and weighting temperature fields along the element are constructed with                                                                    

isoparametric interpolation shape functions. 
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 ϑ(x) = ∑ Na(x)dϑ
a(t)2

a=1

 

(105) 

 
wϑ(x) = ∑ Na(x)wϑ

a2
a=1  (106) 

By taking into account the interpolation of real and weight temperature fields, the weak form 

(103) is finally reduced to 

 Ae=1
Nel (∫ *N(x)ρcN(x)ḋϑ + B(x)

k

λ
B(x)dϑ + dxle

) = Ae=1
Nel (Qϑ

e)

 

(107) 

Finally, the finite element equations to be solved for the „thermal‟ phase are given by 

 Ae=1
Nel (Meḋϑ + K

edϑ ) = Ae=1
Nel (Qϑ

e)

 

(108) 

where 

 M2x2
e = ∫ N(x)ρcN(x)

le
dx

 

(109) 

 K2x2
e = ∫ B(x)

k

λ
B(x)

le
dx (110) 

Qϑ
e
1x2

= ∫ N(x)(r + D̅mech + D̅̅mechδx̅)le
dx =

∫ N(x)(r + D̅mech)le
dx + 0.5D̅̅mech ,

1
1
- 

(111) 

There are many methods capable of solving the time-dependent Eq. (108). In this paper, the 

-integration scheme is chosen (see Bathe 1996, Ibrahimbegovic 2009). Assuming that the time 

interval of interest for the heat transfer problem [0,T] can be divided into n increments: [t0=0, t1.., 

tk, ..tn-1, tn =T], with a typical time step h = tk+1 – tk.  

By considering the equation of Newmark: Δ�̇�ϑ = Δ𝒗 =
1

h
Δ𝒅ϑ   (where γ and β are the 

Newmark parameters) and by linearization, equation (111) becomes 

 
Ae=1
Nel .(

γ

βΔt
Me + Ke)Δdϑ/ = Ae=1

Nel (Rk )

 

(112) 

where the residuals are computed by the following equation 

 Rk = Qϑ
e-Meḋϑ

k-Kedϑ
k

 

(113) 

Once 𝚫𝒅𝜗 is known, the nodal temperature at the next time step can be updated by the formula 

 dϑ
k+1 = dϑ

k + Δdϑ

 

(114) 

We note that the nodal temperature received in Eq. (113) should also be added the increment of 

temperature due to structural heating (adiabatic condition) which was explained in the mechanical 

process. 

 

 

5. Numerical examples 
 

5.1 Steel bar subjected to traction force 
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We consider a bar length l = 3 mm; fixed at the left end and subjected to an imposed 

displacement at the right end, increasing by 0.001mm/s to a final value, and also to an imposed 

temperature in the right end with, increasing by 1
0
C/s (see Fig. 4). The material properties are 

given in the Table 3. 

 

 

 

Fig. 4 Bar description and the chosen mesh 

 

 

The computed force/displacement curve of the bar is given in Fig. 5 for different number of 

elements. It is clear that the model can provide the mesh invariant response. 

 

 

 

Fig. 5 Force-Displacement Curve 
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Table 3Material properties of the bar 

Material Properties Value Dimension 

 Young modulus (E) 205000 MPa 

 Initial yield stress (𝜎𝑦) 250 MPa 

 Ultimate stress (𝜎𝑢) 300 MPa 

 Plastic hardening modulus (Kp) 20000 MPa 

 Localized softening modulus (K̅̅) -50000 MPam
-1

 

 Mass Density (𝜌) 7.865 10
-9 

Ns
2
mm

-4 

 Thermal conductivity (k) 45 Ns
-1

K
-1 

 Heat specific (c) 0.46 10
9 

mm
2
s

-2
K

-1 

Thermal elongation(𝛼) 0.00001  

 

 

The temperature distribution along the bar is shown in Fig. 6, at different time values. 

 

 

 

Fig. 6 Distribution of temperature along the bar 

 

 

5.2 Truss instability example 
 

We consider a truss as described in the Fig. 7, submitted to a thermo-mechanical loading. 

The truss is 8 m high and 2.4 m in with, made of steel bar (area = 100mm
2
), made of steel bar 

(with the cross section area is equal to 100 mm
2
). The material properties for steel are given in the 

Table 3. The truss is subjected to an increasingly horizontal loading acting on the top point (with 

the velocity = 1kN/s) and also a temperature rising in the middle of the second floor. The 
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temperature is constantly rising with the velocity of 2
0
C per second. 

Fig. 8 shows the deformed configuration of the truss after 17 seconds while shows the 

deformed configuration after 18 seconds of loading. 

 

 

 

Fig. 7 Truss subjected to horizontal loading and temperature 

 

 

  

(a) Internal force (N) of the truss  after 17s (b) Temperature (
0
C) of the truss after 17 s 

Fig. 8 Distribution of internal force and temperature in the truss after 17s 
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We note that in this state, the localised failure is detected in element firstly in the two top 

inclinedbars (element 4 and 12) and then in the two bottom side inclined bar (element 1 and 9).  

The relation between horizontal loading and the horizontal displacement at the top of the truss 

is shown in Fig. 10.This figure also shows that for the considered loading type, the maximum (or 

the ultimate) horizontal loading which can be act in the truss tower is 18 kN. 

 

 

 

Fig. 9 Horizontal displacement of the truss after 18 seconds of loading 

 

 

 

Fig. 10 Horizontal force/displacement curve at the top of the truss tower 
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6. Conclusions 
 

In this paper, we have presented both the theoretical aspects and the numerical solution 

procedure of the thermo-plastic softening problem in large deformations. As the first novelty, the 

model is able to consider the localized failure of the material, which is necessary to simulate the 

ultimate limit state of the structures. The second contribution of the paper is that it provides a 

better understanding on the large deformation of the structure under coupled thermo-mechanical 

loading. The detailed developments presented herein, illustrating the model capability of 

representing the ultimate behavior at large strains of structures such as the truss-bar or cable, can 

readily be extended to other structural models (Ibrahimbegovic 1994, 1995 a,b). 
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