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Abstract. This study employs an advanced four-variable plate theory to examine the mechanical bending response
of simply supported rectangular metal foam plates. With the rise of composite materials in the aerospace, automotive,
and transportation sectors, there is a need for analytical techniques to model their performance in various
environments. Functionally graded porous plates (FGPs) are composites with gradual variations in porosity.
Nevertheless, few studies have systematically investigated the effects of geometric parameters and mechanical
loadings on the mechanical properties of metal foam plates using plate theory. The aim of this study is to shed the
light on the elastic bending behavior of imperfect plates under sinusoidal loading by applying a refined plate theory
that incorporates both bending and shear components of transverse displacement into the kinematic framework. This
formulation simplifies structural analysis by reducing the number of goveming equations. Specifically, we analyze a
simply supported imperfect metal-foam plate with two distinct porosity levels subjected to a sinusoidally distributed
load. The results reveal intricate dependencies between plate geometry, thickness, and deflection behavior, including
critical transitions at specific thickness ratios. The refined plate theory closely matches higher-order shear
deformation theories, thereby justifying its accuracy and reliability. The findings advance the understanding of metal
foam plate mechanics and enhance the design of structures particularly in aerospace and automotive engineering
where accurate prediction of plate behavior is essential.
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1. Introduction

Key innovations are often predicated on the need for lighter, stronger, and more durable
structures, particularly in energy-hungry sectors such as aerospace and transportation. This
challenge effectively found its way into Functionally Graded Materials (FGMs), which tend to
combine a gradual change in material properties throughout their thickness (Koizumi 1997).
Traditional laminated composite designs usually incorporate undesirable stress discontinuities at
the interfaces between two successive composite layers, resulting in local approachability and
stress concentrations. In contrast, in cases of FGMs, a smooth transition of the material properties
can be achieved, thus eliminating the stress concentrations in engineering applications, particularly
where high thermal gradients or complex stress distributions are present (Loh et al. 2018, Zhang et
al. 2022). This structural characteristic distinctly sets FGMs apart and renders them ideally suited
for applications that necessitate intricate mapping of material properties under extreme
environmental conditions and complex loading profiles. With the latest developments in additive
manufacturing, the use of FGMs has changed drastically, as more control can be achieved over the
material composition and distribution within 3D structures (Garg et al. 2022, Wei et al. 2023). AM
has empowered engineering by allowing material-controlled deposition and the production of
smooth, homogeneous structures with intricately varying densities and orientations. Such
innovations broaden the scope of FGMs, enabling their integration into various facets of
engineering, such as the construction of lighter and more fuel-efficient vehicles and airplanes.

In recent years, the inclusion of metal foams in FGM structures, especially in the sandwich
configuration, has garnered significant attention (Adhikari et al. 2020, Tamrabet et al. 2023).
Metal foams are advantageous as core materials in sandwich structures because of their
lightweight and energy absorption capabilities (Singh and Harsha 2021, Sinha and Kumar 2021).
The combination of functionally graded materials, whose microstructure is finely designed, and
metal foams, which have excellent specific strength and impact resistance, has opened new
avenues for development in aerospace, automotive, and civil engineering (Himeur et al. 2022, Hu
et al. 2023). The possibility of thinner but stronger structures with improved performance under
multiple loading conditions has motivated the investigation of FGM sandwich structures with
metal foam cores. This has increased research efforts to understand their distinct and intricate
mechanical behaviors and design them for specific engineering problems. Finally, this study is
expected to enhance the safety and efficiency of transportation systems and infrastructure in a
more globally sustainable manner.

The research and development of FGM plates, especially those with metal foam cores, is
significant because of their applications in different industries (Menasria et al. 2024, Messaoudi et
al. 2023, Zhou et al. 2022). Owing to the structure of the material gradient and porous core, the
complexity of these components makes it essential to develop advanced analytical models to
adequately describe their mechanical behavior. Various plate theories have been established and
enhanced to model the intricate mechanical response of these structures under diverse loading
conditions and boundary constraints (Chen et al. 2017, Slimani et al. 2024). Recently, many
studies have predominantly focused on modeling and analyzing functionally graded (FG) or
orthotropic layered media under various mechanical and thermal loads, often employing analytical,
numerical (FEM), and increasingly hybrid artificial intelligence approaches. Yaylaci et al. (2025)
evaluated frictionless contact between a circular rigid punch and a two-layer FG system on a
Pasternak foundation, combining analytical, FEM, and multilayer perceptron (MLP) methods.
Aktarer et al. (2025) examined the microstructure and mechanical changes in DP800 steel
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processed using multiphases friction stir methods. Yaylaci et al. (2024) examined a two-
dimensional crack problem in a half-infinite functionally graded layer pressed between two rigid
blocks using the finite element method (FEM) via ANSYS and an artificial neural network (ANN)
with a multilayer perceptron (MLP). Yaylaci et al. (2024) A companion study compared analytical
and numeric the Conta half-plane configuration. (Fuyad et al. 2024) examined a cantilever beam
using a nonlinear dynamic elastic-plastic framework to explore ratcheting under varying
primary/secondary bending loads. Sekban et al. (2025) investigated the formability of friction stir—
welded high-strength shipbuilding steel by combining experiments, FEM, and neural networks. In
advanced materials research, a study on piezo-magneto-thermoelastic FG nanobeams submerged
in fluid explored vibrational behavior using higher-order strain gradient theory have been realized
by Rajendran et al. (2024). O ner et al. (2024) performed a ratcheting analysis on beams subjected
to combined bending loads, revealing frequency dependence in strain accumulation. Selvamani et
al. (2024) used a multiple-scale perturbation method to study nonlinear wave propagation in
doubly curved sandwich composite piezoelectric shells with a flexible core subjected to
hygrothermal conditions. Sekban et al. (2024) studied the FSP of AH32 shipbuilding steel- using
mechanical tests, finite element simulations, and neural network models. All three assessment
methods showed a significant strength improvement, minimal loss in formability, and strong
agreement. Yaylaci et al. (2024) filled a gap by examining both continuous and discontinuous
contact problems involving an FG layer resting on a rigid foundation and subjected to a rigid
punch. Using both analytical and finite element methods (FEM), the study evaluated the contact
length, stress, separation distance, and points of detachment. Selvamani et al. (2024) focused on
modeling and analyzing the nonlinear vibration patterns and parametric excitation of embedded
Euler—Bernoulli nanobeams (EBNB) subjected to thermo-magneto-mechanical loads. Sekban et al.
(2024) investigated friction stir welding (FSW) on ship-grade steel and performed hardness,
tensile, and bending tests to evaluate its mechanical performance. The bending test results, which
are critical for assessing weld formability, were subsequently used to train both finite element
analysis (FEA) and multilayer perceptron (MLP) models.

Tounsi et al. (2025) developed a quasi-3D plate theory incorporating size-dependent effects via
a modified couple stress to analyze the static behavior and free vibration of porous functionally
graded (FG) microplates. Lakhdar et al. (2024) presented a novel integral Timoshenko theory to
investigate free vibration in imperfect FG beams. Gawah et al. (2025) explored wave propagation
in graphene platelet-reinforced- FG porous plates on viscoelastic foundations using an integral
higher-order shear deformation theory (HSDT). Kaddari et al. (2025) examined the effect of
porosity distribution on buckling in FG sandwich plates via a quasi-3D refined plate theory.
Tounsi et al. (2024) studied the free vibration of FG sandwich plates under different boundary
conditions and hygro-thermal environments resting on viscoelastic foundations. Earlier, Tounsi et
al. (2023) investigated the free vibration of temperature-dependent FG plates on viscoelastic
foundations. Youzera et al. (2025) analyzed free vibration in cylindrical sandwich shells with FG
carbon nanotube-reinforced composite face sheets using the differential quadrature method. Tounsi
et al. (2023) introduced an integral quasi-3D model for hygro-thermal wave propagation in
imperfect FG sandwich plates. (Addou et al. 2023) assessed how porosity distribution influences
the static behavior of FG plates using a simplified quasi-3D HSDT. Mudhaffar et al. (2023)
investigated the bending behavior of FG plates on viscoelastic foundations under
hygro-thermo-mechanical loads. Kadiri et al. (2024) addressed wave propagation in FG polymer
composite nanoplates embedded in a variable elastic medium. Driz et al. (2024) studied the
dynamic response of imperfect FG plates, focusing on graded patterns and viscoelastic
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foundations. Lakhdar et al. (2024) further examined free vibration and bending in porous bi-
directional FG sandwich shells using third-order shear deformation theory (TSDT) and p-version
finite elements. Finally, Bentrar et al. (2023) explored the effects of porosity distribution on the
free vibration of FG sandwich plates using p-version finite element modeling. Xiong et al. (2022)
introduced a novel analytical solution for the thermal stability of moderately thick FG plates with
temperature-dependent material properties using non-Levy- boundary conditions and employing a
symplectic superposition method based on Hamiltonian mechanics. Hu et al. (2024) provided
mathematically rigorous, benchmark-quality analytical expressions for the free vibration behavior
of cracked FGM plates, enabling accurate prediction without extensive numerical or experimental
effort. Xiong et al. (2022) investigated the thermal buckling behavior of non-Levy-type
functionally graded (FG) rectangular plates using a novel Symplectic Superposition Method
(SSM), which was formulated within the symplectic-space Hamiltonian framework.

However, the assessment of FGM sandwich structures with metal foam cores, particularly those
with skewed configurations, remains substantially unexplored, impeding the full potential of these
materials in diverse engineering applications. Contemporary studies have made progress in
formulating rigorous and optimized analytical models for FGM plates with metal foam cores. For
instance, Chen et al. (2019) evaluated the bending and buckling behaviors of FG sandwich plates
with closed-cell aluminum foam cores using the Chebyshev-Ritz method. (Garg et al. 2022,
Tamrabet et al. 2024) analyzed the impact of different porosity distributions in metal the stability
and free vibration of FGM sandwich plates vibration using a zigzag theory formulation. The
influence of resilient foundations on the mechanical response of FGM structures has received
substantial attention. Himeur et al. (2022) explored the coupled effect of variable Winkler-
Pasternak foundations on the bending behavior of FGM plates subjected to various loading types.
Their study demonstrated the substantial impact of foundation parameters on plate deflections and
stress distributions, emphasizing the importance of incorporating foundation interactions into
practical applications.

The considerable influence of porosity on the mechanical properties of FGM sandwich plates
with metal foam cores has been the focus of multiple studies. Various studies have demonstrated
the critical effects of porosity on the stability response and oscillation characteristics of these
structures (Adhikari et al. 2020, Garg et al. 2022). These studies have shown that porosity can
considerably decrease the rigidity of a structure, reducing the essential stability load and changing
the oscillation frequencies (Chen et al. 2016, Yildiz 2024). Comprehending the complex
relationship between porosity and the mechanical properties of FGM sandwich plates is necessary
for enhancing their design and maintaining their structural performance under various loading
conditions. Chen et al. (2016) used the Ritz method to examine the influence of irregular porosity
distribution on the natural and induced oscillations of functionally modified beams, demonstrating
that porosity distribution can significantly affect the motion characteristics of these structures.

The dynamic behavior of FGM plates with metal foam cores has also been thoroughly
examined. Current research has investigated free vibration and dynamic stability under diverse
conditions (Dung et al. 2021, Mantari et al. 2012). For example, Zhou et al. (2022) performed a
nonlinear vibration analysis of gradually modified flow pipelines under standard boundary
conditions. Such studies offer essential insights into the performance of these materials under
dynamic loading scenarios, which is especially important for applications in aerospace,
transportation, and other industries in which structures experience motion excitations. The
combination of piezoelectric adaptive materials with FGMs has increased the potential for
innovative engineering applications. Yildiz (2024) analyzed the heat-mechanical oscillation
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behavior of adaptive nanosensor plates incorporating both dense and foam structures, examining a
significant gap in understanding the heat-mechanical behavior of adaptive nanoplates with foam
structures.

The development of two-variable refined plate theories has demonstrated substantial progress
in their capability to provide accurate results with notably decreased computational complexity
(Kar et al. 2015, Nguyen et al. 2019). These theories have been effectively applied to analyze
FGM plates with metal foam cores, presenting an optimal balance between accuracy and
computational efficiency (Ansari et al. 2015, Garg and Chalak 2019). By incorporating
deformation effects and minimizing the number of variables, these advanced theories establish a
computationally efficient alternative to complex 3D models, rendering them especially valuable
for engineering applications in which computational resources are constrained.

Despite these developments, a crucial gap exists in the thorough analysis of FGM sandwich
structures, specifically incorporating metal foam cores. While substantial progress has been
achieved in examining the behavior of metal foam cores in sandwich structures, an enhanced
understanding of the structural stability of imperfect FG sandwich plates, particularly regarding
the thickness-stretching effects in thick plates, remains essential. Furthermore, the
thermomechanical behavior of smart nanoplates with foam structures requires more extensive
investigation, particularly in the context of cutting-edge sensing and monitoring applications
(Berkia et al. 2022, Nguyen et al. 2018, Nguyen et al. 2019, Sun et al. 2019, Tounsi et al. 2017,
Van Vinh 2022, Zahari et al. 2022).

In this study, we present a static analysis of metal-foam plates subjected to a sinusoidally
distributed load using a refined plate theory that incorporates two components of transverse
displacement bending and shear into the kinematic model. This approach reduces the number of
governing equations and streamlines the structural analysis. Two levels of porosity were
considered in the analysis. Their mechanical properties, such as Young’s modulus and Poisson’s
ratio, are crucial in determining their behavior under various loading conditions. To achieve this
research objective, a static analysis of these plates was conducted, and the equilibrium equations
were derived by applying the principle of virtual work. Mathematical expressions for the
deflection, normal stresses, and tangential stresses are obtained using Navier’s approach to solve
the system of equilibrium equations.

2. Section headings
2.1 Refined plate’s theory

2.1.1 Geometric configuration

Fig. 1 shows a supported metal foam rectangular plate with length a, width b, and thickness h.
The coordinate system was defined such that the x- and y-axes lie in the plane of the plate, whereas
the z-axis is oriented in the thickness direction. The midplane of the rectangular metal foam plate
was defined as z=0. The lower and upper surfaces of the plate are located at z=-h/2 and z=h/2.

This study investigates the flexural behavior of supported metal-foam rectangular plates
subjected to sinusoidally distributed mechanical loads. This analysis provides insights into the
response of the plate under specific loading conditions, contributing to a broader understanding of
structural mechanics in plate theory.
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Fig. 1 Geometry of metal foam plate

2.1.2 Material distribution

E=En
{G =G )

where the shear modulus G and Young’s modulus E along the thickness are constant.
E: and G: are the Young’s and shear moduli of the metal without internal pores, respectively, »
is the porosity for uniform porosity distribution, such as #€[0.6012, 0.9360] for our purpose.

2.1.3 Fundamental assumptions

The refined plate theory presented herein is based on the following assumptions:

The displacements were small relative to the plate thickness, resulting in infinitesimal strains.

The transverse displacement W comprises bending (ws), and shear (ws). These components are
functions of the x and y coordinates.

W(X'YIZ) = Wb(xl J’) + WS(X, }’) (2)

The transverse normal stress o: is negligible compared to the in-plane stresses ox and oy.
The displacements U in the x-direction and V in the y-direction are defined by the superposition
of the displacements owing to the extension, bending, and shear effects

U=u+ up + Us

3)

V=V + Vb + Vs

The bending components us and v» are assumed to be the same as the displacements given by
the classical plate theory. Thus, the expressions for u» and v» can be written as

aWb
Uy = —z——

0x

ow, (4a)
v, = —Z——
b 4 dy

From the displacement state of the components us and vs, the shear strain components yx and
yy are derived. These components vary parabolically through the plate thickness while ensuring
zero shear stresses = and 7z at the lower and upper surfaces of the plate. Consequently, the
expressions for us and vs can be expressed as



Analysis of equilibrium phase and the geometric design of metal foam plates 295

s = [ZZ B (izz)z aav::

5
§Z

e 5 ,z\210ws

v=l37-32(1) |5

(4b)

2.2 Kinematic and constitutive equations

Based on the assumptions presented in the previous section, the displacement field can be
derived using Egs. (2)-(4) as follows

d 0
(U(xy, )_u(xy)—z%_l_ - _ - ] Wg
0
1V(x y,Z)—v(xy)—zalyb+ S ()
k W(x! }’; Z) = Wb(x,y) + Ws(x y)
The strain field is derived from the displacements in Eqg. (5) as follows
1 5 (z\2
o= et bkt + |-z 32 (5) |
1 5 (z\2
g = 839 +ijl; + [_ZZ+§Z(E) ]k;
b 5
Vxy ny +kay+[——Z+3Z ]k (6)
5 A
Yoz =7~ S(E) ]Vysz
5 Z\2
Yxz = Z_ S(E) ]YJ?Z
Where
au 62W aZW
0 —_ _ b _ s
Ex - 6x’ kJLC’ - = axz /] k; = — axz ) (7a)
Ju OJv 92w
0 —_— + —, b _— _ b 7b
" "oy T ox = 2 ey (70)
ov
=5y (7c)
92wy aws ow,
Xy = — ;. =73 S = — 7d
kxy Ox ay' Vyz ay Vxz ox’ ( )

For elastic metal foam plates, the constitutive relations can be expressed as
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Ox Qll Q12 0 Ex
Oy = [Q12 Q2 O ] &y (8a)
Txy 0 0 Q66 ny

Tyz) _ [Qaa 0 | (Vyz

{sz} a [ 0 Q55 {yzx} (8b)

where (ox, gy, ™y, Ty, and ) are the stress components, and (ex, &y, yx, )z and yx) are the
corresponding strain components. The stiffness coefficients Qi can be expressed as

_ _ E
Q11 = Q22 _%—vz'
1
- 9)
12 =7
G = Q44 = Qs5 = Q6 = —2(1 n v)'

2.3 Governing equations

The governing equilibrium equations can be derived using the virtual displacement principle.
The principle of virtual work for this problem can be expressed as

fh/z [ [O’x5€x + 0y,0&y + TyyOVxy + T2y
Q

= = 10
Cwedalie 5y dQdz — [, qsWdQ = 0 (10)

Where Q represents the upper surface of the plate. By substituting Egs. (5), (6), and (8) into Eq.
(10) and integrating through the plate thickness, Eqg. (10) can be rewritten as

Jo  [Ny8el + NySe) + Nyybedy, + MRSk) + MPSk) + M2, k2, + MiSks + Mjsks +

11
M3, 8k, + 55,875, + S5,6v5,1dQ — [ q(6wy, + 6w,) dQ = 0 (11)

The resulting forces N, M, and S are defined as

(N, Ny, Nyy) = f_hﬁz(ax, Ty Txy) Az
(v, M9, Mby) = [ (03,0, Ty ) 2z

(Mg, M3, Mg, = f_h,ffz(ax, Oy, Oyy) fdz

h/2
(Saiz'S;z) = f_;{/z(‘[xzrryz) gdz
Substituting Eq. (8) into Eq. (12), the resulting forces are
N A B BY|(¢
MP B D D5|{k? (13a)
Ms BS DS HSI\kS

(12)

Sﬁz} A O ]{yy}
= 13b
{S;Z 0 AES szz ( )

N = {N,, Ny, N, ), (14a)
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e={ed, &0, v}, kP = {k2, kD, k2, }, kS = {k$, k3, ks, }, (14b)
Where
Ayy A O By1 Bz 0
A=|A412 Az 0 |,B=|B1z By 0|
0 0 Ag 0 0 B
D11 D1z 0] B, Bi, 0
D=(Dy, D, 0| BS=|Bf, B3, 0|
[ 0 0 Deel 0 0 B
(D1 Di; 0] Hi, Hi; 0
DS =Dy, D;; O [[H =|Hj; Hj; 0|,
0 0 D& 0 0 H
Where Aj, Bij, etc. are the plate stiffnesses, defined as
hn1 o
{AU,BU,DU,EU,FU,HU} ZJ. {1,222, 23,24, 2%} Q;;dz, (i,j =1,2,6)
1 5 .
Bij=3Bu+ 32 (i,j = 1,26)
1 5 .
Df; = Du +— 32 Fi;, (i,j =1,2,6)
1 5 25 ..
Hiy = 1625 ~ nzfu +opa i (L) =1.26)
hn+1 L
{AU’ ij Fl]} = 2f {1,22’24} Qijdzr (l,] = 4,5)
n=1"hn
25 25 25
AS = —F;;, L,j=45
1640 ~gpz P Tyt (b =45)

The governing equations can be derived from Eq. (11) by integrating the displacement
gradients by parts and setting the coefficients du, dv, dwb, and dws to zero. This approach yields
equilibrium equations associated with the current refined plate theory (RPT) for a metal foam
rectangular plate.

ON, 0Ny,
UGy t oy O
ON. oON
vi—=2 4 —2=0
d0x dy
92MP 02A4£ 62A4b (15)
Wy —— + 2 Yy —24+q=0

d0x? dxdy  0y?
0°M3 0*M;, 0°My 0S5, 0S;,
Swg:——* + axay+ay2+ax+ay +q=0

Substituting Eq. (13) into Eq. (15), we obtain
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[LI{8} = {f}. (16)

Where: The operators {6} = {u, v, wp,, ws}t, and {f} = {0,0, g, q}" is the vector of generalized
forces, and is the symmetric matrix of differential operators

L1y = Aq1dq11 + Agedyy,
Li; = (A12 + Age)dr2,
Liz = —By1di11 — (Byz + 2Bgg)d122,
Liy = _Blsldlll - (3152 + ZBge)dnz»
Ly = Agpdy; + Agedyy,

Ly = —By3d325 — (B2 + 2Bgg)d112, an
Lys = —B3,d325 — (Bi; + 2Bg¢)d112,

L3z = Dy1dy111 + 2(D12 + 2Dgg)d1122 + D22d3222,

L3y = Di1dy111 + 2(Diy + 2Dgg)d1122 + D32d 3222,

Lyg = Hiydy111 + 2(Hyy + 2HEe)d1120 + Hypdo2p5 — Assdyy — Asadan.
where dij dij and dijm are the following differential operators
62 03 64—
dyj = — djj=——,dijjm =————, (i,j,,m=12) (18)

ox;ox;” Y _axiaxj' ijlm 0x; 0xj 0x 0%,

2.4 Analytical solutions for metal foam rectangular plates

The metal foam rectangular plates corresponded to the type of support used. Here, we focus on
the analytical solutions of Eq. (16) for a supported metal foam rectangular plate. The following
boundary conditions are imposed on the edges of the plate

ow,

v(0.7) = wy(0,9) = ws(0,y) = 52(0,) =52 (0,) = 0 (192)
v(a,) =wy(a,) = wy(@,y) = 52 (a,y) = 52 (@,y) = 0 (19b)
N (0,y) = M2(0,y) = M3(0,y) = Ny(a,y) = M2(a,y) = Mi(a,y) = 0 (19¢)
u(x, 0) = wy(x, 0) = wy(x, 0) = =2 (x,0) = 2 (x,0) = 0 (19d)
ux, b) = wy(x,b) = wy(x,b) = 22 (x,b) = 22 (x,b) = 0 (19)
Ny (x,0) = M2(x,0) = M;(x,0) = Ny (x,b) = M2(x,b) = My(x,b) =0 (19f)

In the Navier solution, the following solution form is assumed, which must satisfy the imposed
boundary conditions

u U cos(Ax) sin(uy)

vo(_ 17_ sin(Ax) cos(uy) 20)
Wp W, sin(Ax) sin(uy)

Ws W, sin(Ax) sin(1y)

where U,V, W, and , W, are the parameters determined by satisfying the conditions of Eq. (20) and
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the governing Eq. (16).
To solve this problem, Navier introduced an external force for the case of a sinusoidal load as
follows

q(x,y) = qo sin(Ax) sin(uy), (21)

where A = /a and u = m/b, and q, represents the intensity of the load at the center of the plate.
This leads to the following operator equation

[K]{A} = {F} (22)
Where {A} et {F} are column vectors and [K] is the symmetric matrix given by
{A} = {U! ‘7' Wbr VVS} ' {F} = {O'Or qo, qO} (23)

[K] = (24)

Where

Ay = A A% + Agelt?;
Ay, = Au(Ag; + Age);
@13 = —A[B11A% + (B12 + 2Bse) 1]
A14 = —/1[3151/12 + (Biz + 2826)/12];
Azp = AgeA® + Apo?;
az3 = —u[(B1z + 2Bge)A* + Byau?]
az4 = —u[(Biy + 2326)/12 + Béqzllz]i
Qazz = Dy A* + 2(Dy, + ZDee)AZﬂZ + Dzzll4
azq = D 2* + 2(D, + 2DE) A% u* + D3,u;
Qyq = Hi1A* + 2(H7) + 2Hge)A?pu? + Hpu* + A3sA? + Aqp?

(25)

3. Results and discussion

In this study, the material parameters of the metal foam plate are as follows:

Young’s modulus (E=200 GPa) and Poisson’s ratio (v=0.3)

The numerical results are presented in terms of the dimensionless deflection and stress. The
variations in the dimensionless parameters used are as follows

. _ _ 10h3E a b
Central Deflection: w=——7w|=,-) (26)
qoa* 2’2
. _ h a b h) - h abh
Axial Stress: Oxx = 7 Oxx (2 ) 2,2) Oyy = 42 Ovy (2 ,2,3) (27)

_ h b
Shear Stress: Tz = v Txz (0, > 0),
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Table 1 Non-dimensional deflection, normal, and tangential stresses for the metal foam plate subjected to
sinusoidal load (a=b and a/h=10)

Theory w Ty a, Tys Txz Tay
Nebab et al. (2019) 0.29603 1.99550 - - 0.24618 0.70652
Himeur et al. (2022) 0.29605 1.99472 - - 0.24193 0.70662

Zenkour and Radwan (2020) 0.2960 1.9966 1.3119 0.2134 0.2538 0.7064
Wang and Zhang (2019) 0.2961 1.9943 1.3124 0.2121 0.2386 0.7067
Present 0.296056  1.99432 1.31237 0.212064 0.238572 0.706655

Table 2 Comparison of the non-dimensional deflections and transverse shear stresses in a square isotropic
plate subjected to sinusoidally distributed load

h WE/qOh sz(ovb/z)/%
Matsunaga (2009) Mechab et al. (2010) Present Matsunaga (2009) Mechab et al. (2010) Present
5 0.2098 0.2146 0.21457 0.1186 0.1190 0.11904
10 0.2943 0.2961 0.29605 0.2383 0.2385 0.23857

_ h h

Txy = qo_arxy (0,0, —g),
_ h a h (28)
Ty = a2 (3:0)

To establish the viability of the relevant theory, the results obtained for rectangular plates made
of metal foam were compared with previously reported results (Himeur et al. 2022, Nebab et al.
2019, Wang and Zhang 2019, Zenkour and Radwan 2020). For verification, rectangular plates
with foam were investigated using existing theories in the literature, such as the Higher-Order
Shear Deformation Plate Theory (HSDPT), refined higher-order plate theory (RPT), and
Sinusoidal Shear Deformation Plate Theory (SSDPT). The performance of these models is
presented in Table 1.

The present study shows close agreement with both Wang and Zhang (2019), Nebab et al.
(2019), thus displaying differences in the central deflection of less than 0.02%. This
correspondence reinforces the RPT’s capability to accurately predict the deformation of a plate
under applied loads. The axial stress values obtained from the RPT showed excellent agreement
with the values of axial stress obtained in Zenkour and Radwan (2020), Wang and Zhang (2019),
with discrepancies below 0.01%. This signifies the efficient capture of the stress distribution in the
plate by the RPT. The shear stress derived from the RPT closely corresponded with the results of
Wang and Zhang (2019), Zenkour and Radwan (2020), deviating by less than 0.01%. This
reinforces the capacity of the RPT to accurately predict the shear forces acting on the plate.

The present study compared its findings with those of (Himeur et al. 2022, Nebab et al. 2019,
Wang and Zhang 2019), While these studies use technologically oriented procedures, namely, less
than 0.1% differences in any of the parameters, they should reiterate the consistent results gained
in the papers and strengthen their basis further.

Minor numerical discrepancies may be caused by numerical accuracy, slight variations in the
implementation of the theories, or rounding errors during calculations. The matching of the present
study results to established theories demonstrates the robustness of the proposed RPT, which
shows that it can consistently provide correct results in analyzing the behavior of metal foam
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rectangular plates.

Table 2 demonstrates excellent agreement between the present analytical method and the
established literature Matsunaga (2009), Mechab et al. (2010) for both the non-dimensional
deflection and transverse shear stress in square isotropic plates under sinusoidal loading. The close
numerical correspondence across different thickness ratios (a/h=5 and 10) validates the accuracy
of the proposed theoretical approach. These consistent results confirm the reliability of the adopted
methodology for analyzing the plate bending and shear behavior under distributed loads.

The analysis shown in Figs. 2 and 3 reveals complex relationships between the plate geometry,
thickness, and deflection behavior under sinusoidal loading.

Fig. 2 illustrates the variation of the dimensionless deflection (w) with respect to the thickness
ratio (a/h) for rectangular Metal Foam plates under sinusoidal mechanical loading. The graph
shows multiple curves representing different geometric ratios (a/b).

The curves exhibit a linear decrease in deflection as a/h increases up to a critical value of
a/h=8. Beyond this point, the deflection remained relatively constant, indicating a transition in the
plate behavior. The linear decrease in the initial portion of the curves (a/h<8) can be attributed to
the increasing plate stiffness as the thickness increased relative to the planar dimensions. This
behavior aligns with the classical plate theory, where deflection is inversely proportional to the
cube of the thickness. However, the transition to a constant deflection at a/h=8 suggests a limit to
this relationship, possibly due to the increasing influence of shear deformation effects in thicker
plates.

The analysis of the curves from a=b to a=0.125b revealed a progressive increase in the
deflection magnitude, which correlated with the changes in the plate aspect ratio. The square plate
(a=b) exhibited the lowest deflection values, indicating the stiffest configuration owing to the
balanced stiffness in both planar directions. As the aspect ratio changes, the deflection increases:
a=2b shows a slightly higher deflection than the square plate (a=b) owing to the reduced stiffness
from the increased length in one direction. The a=0.25b configuration demonstrated significantly
higher deflection, with the wider, shorter geometry resulting in reduced stiffness in the shorter
direction. The a=0.125b case exhibited the highest deflection values, representing the least stiff
configuration among those presented. This trend of increasing deflection from a=b to a=0.125b is
attributed to the change in the plate aspect ratio. As the plate widens relative to its length
(decreasing a/b ratio), its behavior shifts towards that of a beam in the shorter direction, leading to
increased deflection under identical loading conditions.

The constant deflection beyond a/h=8 for all geometric ratios is particularly intriguing. This
phenomenon suggests a limit to the stiffening effect of increasing thickness, possibly due to the
following:

- Shear deformation effects dominate thicker plates, which are not considered in classical thin
plate theory.

Beyond the thickness ratio, sinusoidal loading affects only the surface layers of the plate, with
deeper layers contributing minimally to the overall deflection.

Fig. 3 depicts the relationship between the dimensionless central deflection (w) and the
geometric ratio (b/a) for Metal Foam plates under sinusoidal loading, with curves representing
different thickness ratios (a/h). The curves exhibit a linear increase in deflection as the b/a ratio
increases, indicating a direct correlation between the plate aspect ratio and deflection magnitude.

The increasing linear deflection (w) due to the increased plate length-to-width ratio aligns with
the classical plate theory, which states that bent plates under transverse loads become
comparatively longer. As the b/a ratio increases, the stiffness of the plate decreases longitudinally,
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Fig. 2 The non-dimensional deflection metal foam rectangular plates subjected to
sinusoidal mechanical loads vary with the thickness ratio a/h (#=0.8058)
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Fig. 3 Dimensionless deflection concerning geometric ratio (b/a) of the metal foam
plate for different thickness ratios under a sinusoidal load (#=0.8713)

therefore, we observe higher deflection values.

There was substantial convergence. The deflections are similar in all cases for b/a=0.25,
regardless of the a/h ratio. This can be interpreted as a unique geometric configuration in which
the plate behavior is largely determined by the aspect ratio of the plate, with the thickness effects
neglected.

Subsequently, with an increase in b/a, the curves diverge, and the thinner plates (lower a/h) are
subjected to a greater enhancement of deflection than other plates owing to the dominating
bending effects.

For thinner plates with lower (a/h) ratios, the deflections are more significant for all b/a ratios,
the deflection value from the curve with a/h=2 is significantly different than that using a/h=80.
The rates of increase in deflection with respect to b/a are more significant for thinner plates, as
indicated by the steep slopes of the curves with smaller a/h ratios. Conversely, in the cases of
higher thickness ratios, as a/h increases, the curves flatten out, thereby suggesting that the
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Fig. 4 The variation in the non-dimensional deflexion relates to the plate length
(a/h=10) for different metal foam plate geometric ratios (#=0.6012)

deflection that changes with b/a reduces the thickness. The effect of the b/a ratio is very
pronounced between 0 and 1, thereafter, there is a slowdown in the rate of increase in deflection
for any a/h ratio.

The discrepancies among the curves for various a/h ratios were attributed to the differences in
the contributions of bending and shear deformation to the overall plate response. Bending
dominates thinner plates with low a/h ratios, leading to more significant deflection and higher
sensitivity to aspect ratio changes. As the plate thickness increases or at high a/h ratios, shear
deformation contributes more significantly, leading to lower overall deflection and, hence, less
sensitivity to changes in the aspect ratio (Mechab et al. 2010).

Fig. 4 shows the variation in the dimensionless deflection along the x-direction of the plate for
different geometric ratios (a/b) at a thickness ratio of a/h=10. The deflection profile exhibited
symmetry about the plate center, with the maximum deflection occurring at the midpoint (x/a=0.5)
for all geometric configurations. This symmetry is expected because of the supported boundary
conditions and sinusoidal loading. The results demonstrate the influence of the plate aspect ratio
on the deflection magnitude and its distribution. The overall deflection decreases as the plate
becomes more elongated in the x-direction (increasing the a/b ratio). The highest deflections were
observed for the flattest plate configuration (a=0.125b), whereas the lowest deflections were
observed for the most elongated plate (a=2b). This trend can be attributed to the increased stiffness
in the longer direction as the plate decelerated. The deflection curves for intermediate aspect ratios
(a=0.25b and a=b) fell between these extremes, forming an envelope of deflection profiles. The
shapes of the deflection curves remained similar across all aspect ratios, indicating that the
fundamental deformation mode was consistent, but the geometric configuration scaled the
magnitude.

This study used a refined plate theory to examine the flexural behavior of supported Metal
Foam rectangular plates under sinusoidal mechanical loading. Figs. 5-8 illustrate the distribution
of the dimensionless normal stress (oxx and ayy) across the plate thickness for various geometric
ratios (b/a and a/h).

Fig. 5 shows that for a fixed aspect ratio (b/a), increasing the thickness-to-side ratio (a/h)
reduces the magnitude of ox, indicating a decrease in bending stress with increasing plate
thickness. This trend is consistent across different aspect ratios, as shown in Fig. 6, where ox is
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Fig. 5 The variation of dimensionless normal stress relative to plate thickness (a/h=10)

under sinusoidal loads for different geometric ratios (7=0.8058)
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Fig. 6 The variation of dimensionless normal stress concerning the thickness of a metal foam
square plate (b/a=1) under a sinusoidal load for different thickness ratios (a/h) (#=0.8713)

plotted against z/h for a square plate (b/a=1) with varying a/h. Similarly, Fig. 5 illustrates the
variation in the dimensionless normal stress ox across the thickness of a Metal Foam plate
(a/h=10) under sinusoidal load for different geometric ratios (b/a). The results show that the
geometric ratio significantly affects the normal stress distribution. For all b/a ratios, the stress
distribution was antisymmetric about the mid-plane of the plate, with tensile stresses on the upper
surface and compressive stresses on the lower surface. This behavior is consistent with the
classical plate bending theory. As the b/a ratio increases from 0.5 to 10, the magnitude of the
stresses at the surface decreases, indicating that plates with higher b/a ratios (more elongated in the
y-direction) experience lower bending stresses for the same applied load. This trend is consistent
across different aspect ratios, as shown in Fig. 6, where ox« is plotted against z/h for a square plate
(b/a=1) with varying a/h. Similarly, as the a/h ratio increased (i.e., the plate became thinner), the
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Fig. 7 The variation of dimensionless normal stress relative to plate thickness (a/h=10)
under sinusoidal loads for different geometric ratios (#=0.8058)
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Fig. 8 The variation of dimensionless normal stress concerning the thickness of a metal foam
square plate (b/a=1) under a sinusoidal load for different thickness ratios (a/h) (7=0.8713)

stress gradients near the surfaces became steeper, and the overall stress magnitude increased. This
behavior was expected because thinner plates experience higher bending stresses for the same
applied load. The stress distribution remained antisymmetric for all thickness ratios, consistent
with the bending behavior of the Metal Foam plates.

Fig. 6 illustrates the variation in the dimensionless normal stress oy across the thickness of a
square Metal Foam plate (b/a=1) for different thickness ratios (a/h). The trends observed were
similar, with stress gradients becoming steeper and overall stress magnitudes increasing as the
plate became thinner (higher a/h ratios). However, the magnitudes of oy stresses are generally
lower than ox stresses for the same thickness ratios, particularly for thicker plates (lower a/h
ratios). This difference diminishes as the plate becomes very thin (a/h=50), suggesting that the
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Fig. 9 Variation of dimensionless normal stress concerning the metal foam plate’s
thickness (a/h) under sinusoidal load for different geometric ratios (7=0.6012)

stress distribution of extremely thin plates becomes more uniform in both directions.

Similarly, Figs. 7 and 8 depict the variation in gy, which shows a trend similar to that of ox.
The magnitude of ayy decreased with increasing a/h, highlighting the influence of plate thickness
on the stress distribution. Fig. 7 shows the variation in the dimensionless normal stress ayy across
the thickness of a Metal Foam plate (a/h=10) for different geometric ratios (b/a). Similar to Fig. 5,
the stress distribution was antisymmetric about the midplane. However, the magnitude of ayy stress
is generally lower than that of ox stress at the same geometric ratio. As the b/a ratio increases, the
magnitude of oy Stress decreases more rapidly than that of ox stress. This difference can be
attributed to the plate geometry and loading conditions, where the stress distribution in the y-
direction is more sensitive to changes in the b/a ratio.

The results presented in Fig. 9 illustrate the variation of dimensionless normal stress ay with
respect to the thickness ratio (a/h) for a Metal Foam rectangular plate subjected to sinusoidal
loading. The graph demonstrates the significant influence of the thickness and geometric ratios on
the normal stress distribution. As the thickness ratio (a/h) increases, indicating a transition from
thick to thin plates, the dimensionless normal stress ayy exhibits a consistent increasing trend for all
geometric ratios. This behavior aligns with the classical plate theory, which predicts higher
bending stresses in thinner plates under the same loading conditions. This trend can be attributed
to the increased stiffness of the thicker plates, which led to a more concentrated stress distribution.
The effect of the geometric ratio (a/b) on the stress distribution is also evident, with different
curves representing various plate aspect ratios. The plate with a=0.125b (most elongated in the y-
direction) exhibited the highest stress values, followed by a=0.25b, a=b (square plate), and a=2b
(elongated in the x-direction). This ordering suggests that plates with smaller width-to-length
ratios (more elongated in the y-direction) experience higher normal stresses in the y-direction
under given loading conditions. The stress amplification is particularly pronounced for very thin
plates (high a/h ratios), where the curves show a steep increase.

Fig. 10 illustrates the variation of dimensionless transverse shear stress ox. through the
thickness of a square Metal Foam plate (a/b=1) for different thickness ratios (a/h). The results
revealed that the maximum transverse shear stress consistently occurred at the neutral axis (z=0)
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Fig. 10 Variation of the dimensionless transverse shear stress for different thickness
ratios (a/h=10) of metal foam square plates subjected to sinusoidal loads (=0.8058)
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Fig. 11 Variation of the dimensionless transverse shear stress for different thickness
ratios (a/h=10) of metal foam square plates subjected to sinusoidal loads (7=0.6012)

for all thickness ratios, which aligned with the classical plate theory predictions. Interestingly, the
effect of the thickness ratio on the shear stress distribution appears to be minimal in this case, as
the curves for different a/h ratios nearly overlap. This observation suggests that the refined plate
theory used in this study captures a relatively consistent shear stress profile across various plate
thicknesses for the square plates. However, it is worth noting that this behavior might differ from
some higher-order shear deformation theories that often predict more pronounced thickness effects
on transverse shear stresses. The symmetry of the stress distribution about the neutral axis was
consistent with the expected behavior of Metal Foam materials under symmetric loading
conditions.

Fig. 11 presents the variation of dimensionless transverse shear stress ay. through the thickness
of rectangular Metal Foam plates with different geometric ratios (b/a) at a fixed thickness ratio
(a/h=10). The results demonstrated a significant influence of the geometric ratio on the transverse
shear stress distribution. Similar to Fig. 10, the maximum shear stress occurred at the neutral axis
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(z=0) for all geometric ratios. However, the magnitude of the shear stress varied considerably with
the b/a ratio. The square plate (b/a=1) exhibited the highest maximum shear stress, whereas plates
with b/a ratios deviating from unity (both larger and smaller) showed reduced shear stress
magnitudes. This indicates that square plates may be more susceptible to transverse shear
deformations than rectangular plates under similar loading conditions. This trend can be attributed
to the interaction between the aspect ratio of the plate and the sinusoidal loading pattern, which
may lead to more complex stress states in square plates. Additionally, the stress distributions
remained symmetric about the neutral axis for all geometric ratios, confirming the consistency of
the refined plate theory in capturing the Metal Foam material behavior.

4. Conclusions

This study advances the understanding of the mechanical behavior of supported rectangular
Metal Foam plates by applying a refined four-variable plate theory. This investigation focused on
the effects of geometric parameters and sinusoidal loading on plate deflection and stress
distribution, addressing a significant gap in the literature. A semi-analytical approach that
combines the principle of virtual work with Navier’s solution method achieved a robust analysis of
plate mechanics under various conditions.

The results illuminate the complex relationships between the plate geometry, thickness ratios,
and deflection behavior. One significant finding for plate design considerations is the critical
thickness ratio at which the plate behavior transitions (a/h=8). These include the analysis of
different aspect ratios in plates that transition from square to asymmetrical shapes (a=0.125b) to
gain insight into the effect of geometry on the plate stiffness and deflection patterns.

The validation of the proposed refined plate theory against established higher-order shear
deformation theories showed excellent agreement. A comparison with other studies showed minor
discrepancies (Himeur et al. 2022, Nebab et al. 2019, Wang and Zhang 2019, Zenkour and
Radwan 2020) which hardly exceeded 0.1% for all parameters, thus confirming its robustness.

A long line of hidden engineering considerations and implications will benefit industries
dealing with aerospace, automotive, and similar applications, where modeling and correct
predictions of plates and their responses remain paramount. An overview of this research provides
engineers and designers with an in-depth understanding of how various geometric specifications
and loading conditions affect plate performance.

Although this represents a significant improvement in plate theory, it opens up avenues for
future investigations. Areas for further research include applying this refined theory to more
complex loading arrangements, non-metal foam materials, and dynamic loading conditions.
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