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Abstract. This paper addresses the plane stress problem of a cantilever functionally graded beam subjected to
concentrated load. The material properties of the beam vary continuously through thickness, according to a power-
law distribution of volume fraction. The existing solution focuses on resolving differential equations, but a new Airy
function proposal is proposed. The paper examines the effect of material graduation on the degree of polynomial
degree. A simple formulation developed to predict stress and displacement distributions relative to structural
problems. The proposed model validated by comparison with existing literature, ensuring stability and resistance of
the materials. A numerical example presented to show the effect of material inhomogeneity on the elastic field in a
functionally graded cantilever beam.

Keywords: airy polynomial function; anisotropy; cantilever beams; functionally graded materials; static
analysis

1. Introduction

Functionally graded materials (FGMs) are increasingly used in high-tech sectors like aerospace
and nuclear reactors, and energy dynamics due to their unique advantages. The study of
functionally graded beam theories, considering shear deformation, has rapidly progressed, with
numerous scholars conducting research on various beams under different loads, using elasticity as
an exact theory. Cantilever beams are common in frame structures, and their mechanical properties
have been extensively studied by scholars. Methods like classical beam theory, Timoshenko’s
beam theory, and high order beam theory have been developed to study static displacement and
stress distribution. Timoshenko’s elasticity approach provides rigorous solutions, specifically
elasticity solutions, in addition to approximate methods (Aman et al. 2024, Changwei et al. 2025,
Chu et al. 2015, Emrah ef al. 2024, Hela et al. 2024, Mahmoud ef al. 2023, Mohammad et al.
2020). The Airy stress function method has been used to obtain elasticity solutions for various
types of beams, including cantilever beams. Saidi et al. 2024 obtained elasticity solutions for
cantilever beams. Hassaine Daouadji et al. (2013) obtained elasticity solutions for cantilever
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beams subjected to an arbitrarily directed force. Laoud ef al. (2024) developed elasticity solutions
for cantilever beams and rings with varying thickness, while Sid Ahmed et al. (2024) provided
general elasticity solutions for orthotropic cantilever beams bent by couples at two ends and
orthotropic cantilever beams bent by a force at the free end. Bourada ef al. (2018) applied the
elasticity solution to a full ring and a cantilever beam with a straight portion. Tlidji et al. (2024)
used the elasticity solution to analyze debonding and buckling/wrinkling of cantilever sandwich
beams (Mohammadimehr 2024, Meiqin ef al. 2013, Nebab et al. 2024, Nie et al. 2013, Qing et al.
2013, Sun et al. 2023, Yang et al. 2014, Zheng et al. 2007). The development of functionally
graded materials (FGMs) led to extensive research on FGM beams. Benguediab et al. (2017)
developed the stress distribution of an inhomogeneous cantilever beam under pure bending, but the
investigation on the FGM cantilever beam is insufficient. Further research is needed to understand
the behavior of FGM beams. The study explores a new improved Airy polynomial function for
FGM cantilever beams under concentrated load at the free end. The stress function method is used
to derive stress and displacement expressions for a cantilever functionally graded beam, including
two unknown functions for two general elastic compliance parameters. The paper examines the
plane stress problem of a cantilever functionally graded beam subjected to concentrated load,
focusing on the effect of material graduation on the degree of polynomial degree. A simple
formulation is developed to predict stress and displacement distributions relative to structural
problems. The proposed model is validated by comparison with existing literature, ensuring
material stability and resistance.

2. Theoretical formulations

2.1 Properties of the material properties of P-FGM beams

The volume fraction of the P-FGM is assumed to obey a power law function
1
90 =G +)" (1a)

where p is the material parameter that dictates the material variation profile through the thickness
and / is the thickness of the beam. Once the local volume fraction g(z) has been defined, the
material properties of a P-FGM can be determined by the rule of mixture

EQ)=9gWME.+(1-9gO)En (1b)

where E. and E» are the Young modules of the lowest (z=h/2) and top surfaces (z=-4/2) of the
FGM beam, respectively. The variation of Young’s modulus in the thickness direction of the P-
FGM beam is depicted in Fig. 1.

2.2 Problem description and basic equations

A cantilever FGM beam of uniform thickness / is described using a Cartesian coordinate
system (Fig. 1), with the upper and lower surfaces in the plane z=A/2 and -z=h/2. The beam’s
edges are denoted by L and b, and it is assumed to be in a plane stress state normal to the x-z plane
and subjected to a distributed concentrated load “P” on its upper surface. The material properties
vary in the thickness direction.

In the absence of body forces the equilibrium equations are given as
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Fig. 1 Geometries and loading of the cantilever FGM beam
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where ox, Gy, Txy are stress components.
The relationships between strains and displacements are

__Ou av ou  dv
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where u, v are displacement components, &, €, Yxy are strain components that should satisfy the

following strain compatibility equation

92e, | 0%gy, _ 0%Yxy _
0y? ax2 0x0y

The constitutive relations of orthotropic FGM are

& = 5110x + 5120y,
Sy = Slzo-x + Szzo-y,

Yxz = 566Txy
where S;4, S22, S12, See are the elastic compliance parameters given by
1

S$11 =822 = @,
v
S12 = ~Ioy
_2(1+v)
667 Ew)

The boundary conditions of elasticity at the upper and lower surfaces are
oy (x,1h/2) =0,

Ty (x,1h/2) = 0.

4)

(52)
(5b)

(5¢)

(6a)

(6b)

(6¢)

(7a)

(7b)
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The boundary conditions at the left end (free) of the FGM beam are

Ny =0, (8a)
M, =0, (8b)
Qo =—P (8¢)

where Nyand M, denote the axial force, moment and shear force at x = L. The boundary
conditions for the fixed end at the right end (fixed) of the beam are taken as

v
u—v—O,a—Oatx—L,y—O 9)

2.3 General solution

For the general solution we propose two new models based on the use of the Airy function,
namely:

2.3.1 First present model
Solution in terms of unknown functions yo and w1, according to the following expression

YY) = Yo(y) + x.91(y) (10)

In order to obtain a general solution to Egs. (4)-(9), Airy stress function £(x, z) is introduced
such that

_ o

Ox =552 (11a)
a2y
Oy =55 (11b)
a2y

Ty = 350y (11¢)

So that Eq. (5) is satisfied automatically. We then assume that:

where 1 (y) and 14 (y) are unknown functions to be determined.
Oy = Yo + x5, (12a)
o, =0, (12b)
Txy = _lpl (12¢)

Substitution of Eq. (15) into Eq. (8), and then into Eq. (7), gives rise to

(S11%0) =0 (13a)
(Suy) =0 (13b)

Integration of Eq. (16a) yields
Yo = qA; + a4, (14)
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where Y (y) and Y (y) are unknown functions to be determined. Substitution of Eq. (14) into Eq.
(13) gives, where and hereafter a; (i = 1,2,...) are integral constants, and

_
Ar=55 (152)
A =—, (15b)
22
AT =) =™ Adn (= 12m=0,1) (15¢)
Integration of Eq. (16b) yields
Y, = azBs + a,By (16a)
Y, = azB? + a4B) + as (16b)
Where
By =B, =0, (17a)
By = Ay, (17b)
By =4y, (17¢)
Bry) =— n2 —M™Bidn (i =14) andm=0,1 (17d)

Substituting Eq. (17) into Eq. (16¢), and performing integration twice, we obtain the axial force
Ny, bending moment M, and shearing force @y at the left end of the beam can be obtained by
integrating Egs. (15a) and (15c¢) according to

= 172 OO0y = o (1/2) = o (—h/2), (18a)

My fh/ZGx(O y)yd}’—g[lllo(h/Z)HlJo( h/2)] = o(h/2) +Po(=h/2), (18b)

Qo = _h/z " Tey (0,9)dy =11 (—h/2) =11 (h/2) (18c)
Substitution of Eq. (15) into Eq. (10) gives

Wi(—h/2) =0, (19a)
Y,(h/2) =0, (19b)

Finallym the integration of Eq. (8), we could obtain the displacement components as follows

" o2

U= Syox + Suhy —+ () (20a)
v=[2 ,subedn +x [, siapidn + g(x) (20b)

where

fO) == 12,00 =mSiztprdn — [2, , Sesthrdn —wy + o (21a)
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x2 x3
g(x) =Wx+v0—a17—a3?

Where: 1o and vo are integral constants.
Substituting Egs. (17b), (17c) and (19b) into Egs. (32¢) and (32¢) respectively, we have

=1 @A} (h/2) = 0,
i=1a:B; (h/2) = P
1A (h/2) =0,

1B (h/2) =0
Where

a5=0

2.3.2 Second present improved model

(21b)

(22a)
(22b)
(22¢)

(22d)

(23)

Solution in terms of function of known polynomials according to the following expression: we

propose fifth degree polynomials in )’ (in other words a quadratic graduation).

Yloy) =X ay ™t +x B by
Young’s modulus varies gradually in PFGM according to

E®) = (B = Em) G+ D" + Ep

where k=0, 1, 2
Using Eq. (10), the expressions for the stress components become

oy =X (= D= 2)ay" 3 +x X5, (i — 1) (i — 2)by'3
gy = 0
Txy = _21'6:1(i - 1)biyi_2
State of deformations

& = 5110y,
&y = $120x,

Vxy = 566Txy

verification of the differential equation of compatibility of Eq. (3)

S X = DE—2)ay'™) + x(S11 () = — D(E = 2)biy™2) =0
by integrating this last equation we obtain the following

(- D —2)ay™ = E®)y +E®W)

e (i — 1D —2)by' 2 = E®)y +cEW)

(24)

(25)

(26a)

(26b)

(26¢)

(27a)
(27b)

(27¢)

(28)

(29a)

(29b)
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namely for k=2, the expanded expression of the Young’s modulus of the FGM material is written
as

E(y) = (Ec - m)(—+ + -) + Ep (30)

we introduce the graduation parameters for £&=0, 1, 2 Eq. (31) can be written in terms of these
parameters in the following form

2
EY) = (B = Em) (227 + 12 +2) + By (31a)
fork=0: pu, =pu, =0 and E(y) =E, (31b)
fork=1: w3 =1, g =0 and E(Y) = (Ec = Em)E+3) + En (31c)
fork=2: w; =1, u, =1 and E(y) = (E; — m)(—+ +—) +E, (31d)

where g1 and go are the graduation parameters
By simplifying Eq. (29), we derive the constants a: and b: (i=3, 4, 5 and 6) as a function of the
new constants ¢; (=1, 2, 3 and 4) according to

a; =2 B~ Em+E ) (32a)
1 —Em Em
@y =1 [er B2+ B + coy "2 (32b)
Ec—Em Ec—Em
as = 11_2 [01111( P ) + Uy 2 (32¢)
E. Em
a6 = 55 |cm " (32d)
likewise
Ec Em
by =% (Co2 4+ Epy) (33)
1 Em Em
by =~ [03( +En) + Cafly ] (33b)
1 E.—Em Ec—Em
bs = = cam (F=22) + ey 2| (33¢)
1 E.— Em
be = 55 stz 7 (33d)

by substituting Eqgs. (32) and (33) into Eq. (26), the expressions of the constraints in terms of the
constants ¢; become as follows

Oy Zz 16Ah() + sz =3 iAi(Y) (34a)

gy =0 (34b)

Txy = —b, — Z?=3 cvi(y) (34c¢)
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where
y? y: .,y
MO) =10) = (Ee = En) (2 2 + i 2+ 2) + YEy, (350)
y> y, 1
/12(37) :/14(3’) = (Ec _Em)(ﬂzh_z‘l'ﬂl;‘}'ﬁ)"'Em (35b)
Vo) = (Be = En) (1 2+ o 2 + 250 + 2By (35¢)
12 = (B = En) (s 2+ 2 25+ 2) + yEyy (35d)

Determination of the constants b2, ci1, c2, ¢3 and ¢4 from the loading conditions on the faces of
the beam using the following equations

Tey (6, —h/2) = by + Sk ciyi(=h/2) = 0 (362)
Toy (4, +h/2) = by + Sk ciyi(+h/2) = 0 (36b)
for x=0
— 32, A (+h/2) = A2(—=h/2)) = 0 (36¢)
My =2, ¢ § (A9 (+h/2) + A (=h/2)) = (A} (+h/2) = A (=h/2))] = 0 (36d)
Qo = [ s Tey(O,3)dy = boh + Thg (v (+4/2) = ¥? (=h/2)) = =P (36¢)

By integrating the deformation Eq. (26) the displacement components are expressed by

y3

2 2
ux,y) = (@) + e)x + (eay + ) +vesy +ves s = [0, Ses(—ba + Tigcvi)dn — 37,

VoY + Uy

h yz  R? x? x3
v(x,y) =—-v(y+ 5)(C2 + cyx) — v(; — ;)(cl + c3x) + vox — ¢y S GTtn (3%8)

The integration constants uo, vo and v1 are determined from the displacement conditions at the
embedding level (x=L).

3. Numerical results and discussion

In this section, numerical study of a FGM cantilever beam (L=1 m, height #=0.1 m) subjected
to a concentrated load P, with P=1 kN. The analysis is performed for pure materials and different
values of material parameter, &, for P-FGM materials. The Young’s modulus for ceramic £.=380
GPa; aluminum E»=70 GPa and poison’s ratio are vin=0.3, respectively on the upper surface of the
beam will be made based on the above solution. We assume the graded function as in P-FGM
beam Eq. (1). In present study, we take the graded index for different values of & (0, 1 and 2).

Calculation parameters

G, =2 (38a)

P
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Table la Validation by comparison of the present method with the classical theory of beams: Case of
homogeneous material (k=0)

k Theory 7(0,0) 6,(L/2,h/2) 7,(L/2,0)
0 Classical theory 7,364 30 1,50
Present Model 2 7,368 30 1,5

Table 1b Comparison of beam behavior for the two models

k Theory 7(0,0) 6,(L/2,h/2) 7,(L/2,0)
0 Present Model 1 7,368 30 1,50
Present Model 2 7,368 30 1,5
1 Present Model 1 14,782 46,366 1,499
Present Model 2 14,782 46,366 1,5
) Present Model 1 18,944 54,141 1,421
Present Model 2 18,944 54,141 1,421
60 — k=0
—_— k=1
5 45F —k=2
30|
15
0,0 |
1,5
-3,0 1 1 1 1 1
0,4 -0,2 0,0 0,2 0,4

z/h
Fig. 2 Distribution of normal stresses through the thickness and at mid-span of the beam

- Txh

T == (38b)
_ 1;Emh3
=10 e (38¢c)

Model 1 represents the Airy function’s expression in terms of unknown functions, inspired by
the old model (Hassaine Daouadji 2013). Model 2 represents a new configuration, substituting
unknown functions with well-defined polynomials. Comparing the two models, it was found that
the agreement is perfect for constraints and displacements according to the three graduations (0, 1,
2), due to the good choice of polynomial degree for this type of problem. This validates the good
proposition of the new model 2 (Table 1a and 1b).

Fig. 2 shows normal stresses distribution through the beam’s thickness and mid-span.
According to Bernoulli’s theory, the homogeneous model (4=0) is linear, while the FGM models
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— =)

— =1

0 1 1 1
-0,50 -0,25 0,00 0,25 0,50

z/h

Fig. 3 shear stress distribution through the thickness and at mid-span of the beam

x/L

Fig. 4 Distribution of displacements along the beam for different graduations

(/=1 and k=2) show non-linearity, with the highest value in ceramic (k=2). This confirms the
structural logic in compression and tension, thus validating the new model.

Fig. 3 shows the variation of tangential stresses through the beam’s thickness and mid-span.
The shear stresses’ nullity is well recorded, with a symmetrical parabolic distribution for
homogeneous materials and a peak at mid-height. For FGM, a deviation is observed towards the
face richest in ceramic, with a maximum value for the stiffest material (k=2). These results confirm
the validity of the new model.

The analysis of the distribution of displacements along the beam for different graduations
reveals that the deflection is lower for homogeneous material (k=0) compared to FGM material.
This is due to the richness of homogeneous ceramic, which is rigid and non-deformable. As the
graduation of FGM towards the metal increases, the deflection increases, as shown in Fig. 4.
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Fig. 5 Relationship of the homogeneous model as a function of the FGM model for displacements

The study tests the linearity of the homogeneous model’s relationship with the FGM model for
displacements, demonstrating the reliability of the results. The test, presented in Fig. 5, clearly
demonstrates the linearity of the FGM model as a function of the homogeneous model. The new
proposed model is found to be perfectly linear, indicating good agreement with the existing model
and offering simplicity in formulation and resolution.

4. Conclusions

A plane elasticity solution for functionally graded beams developed using a semi-inverse
method and an improved Airy polynomial function. The mechanical properties of the material are
assumed to depend on the thickness-coordinate, and a general two-dimensional solution is
obtained for FGM cantilever beams under concentrated load at the free end. The novelty lies in the
proposal of a simpler Airy function, which simplifies formulation and resolution by reducing
unknowns and combining them with integration constants of the differential equation. The degree
of the polynomial depends on the degree of material graduation, which indicates the stability and
behavior of the beam material. Tests have been conducted to validate this new model, including
linearity of the FGM model as a function of the homogeneous model. The new improved Airy
polynomial function is valid for arbitrary graded variations of material distribution and could serve
as a basis for simplified FGM theories or a benchmark for assessing other approximate
methodologies.
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