
 

 

 

 

 

 

 

Coupled Systems Mechanics, Vol. 14, No. 2 (2025) 129-159 

https://doi.org/10.12989/csm.2025.14.2.129                                                                                                  129 

Copyright © 2025 Techno-Press, Ltd. 
http://www.techno-press.org/?journal=csm&subpage=8               ISSN: 2234-2184 (Print), 2234-2192 (Online) 
 
 
 

 

 
 
 

Modeling memory-dependent derivative on 
photothermoelastic half space in the presence of non-local 

and hyperbolic two temperatures 
 

Rajneesh Kumar1, Nidhi Sharma2 and Supriya Chopra3 
 

1Department of Mathematics, Kurukshetra University, Kurukshetra, Haryana, India 
2Department of Mathematics, Maharishi Markandeshwar University Mullana, Ambala, Haryana, India 

3Department of Mathematics, Government College for Women, Ambala City, Haryana, India 

 
(Received July 12, 2024, Revised April 6, 2025, Accepted April 9, 2025) 

 
Abstract.  The purpose of this paper is developed a new model of photothermoelastic with memory-dependent 
derivatives (PMDD) under non-local (NL) parameter, dual phase lag (DPL) and hyperbolic two temperature (HTT). 
The governing coupled equations of the considered model with time delay and kernel function, which can be chosen 
freely according to the necessity of applications, are applied to a two-dimensional problem of a half-space. Integral 
transform involving Laplace and Fourier transforms reduced the governing equations into ordinary differential 
equation. The arbitrary constants in the solution are determined by considering the loading environment on the 
surface. Three different categories of the sources are taken to explore the application as (i) normal force (ii) thermal 
source (iii) carrier density source. In the new domain, the closed form expressions of physical quantities like 
displacement, normal stress, conductive temperature field and carrier density distribution are derived. The numerical 
inversion method is employed to recover the results in a physical domain. The impact of non-local parameter, dual 
phase lag and hyperbolic two-temperature with and without MDD (memory dependent derivative) along with 
variations of all kernel functions on physical field variables are presented in form of graphs. Unique cases are also 
explored. The problem assumes great significance in an earthquake region when we think of variation of particle 
motion as a possible precursor for earthquake prediction. The results obtained are also helpful in designing the 
semiconductor materials in the course of coupled elastic, thermal, plasma waves and also find the application in the 
material and engineering sciences. 
 

Keywords:  dual phase lag; hyperbolic two temperature; kernel; memory-dependent derivative; non-local 

parameter; time delay 

 
 
1. Introduction 
 

Study of mechanical and thermal interaction within a solid medium is of emended significance 

in numerous fields of science. There are few examples such as high energy particle accelerated 

devices, modern aeronautical and astronomical engineering and different system utilized in nuclear 

and industrial utilization with the consideration of second sound effect in thermoelastic model 
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plays a vital role in analysing elastic body with in a variety of scientific and technological fields. 

The infinite thermal propagation speed is observed through conventional uncoupled theories in 

contradiction with physical observation. Biot (1956) proposed the coupled thermoelasticity in 

pursuance to remove the classic uncoupled principle’s inherent paradox. This paradox suggests no 

impact of temperature on elastic change. The heat equations for both diffusion theories indicate 

that the heat wave propagation rates are distinct physical considerations. Generalized 

thermoelasticity theories are intend to solve the delicacy and limitations essential in classic 

dynamic thermoelasticity coupled theory, which allow the thermal signal to propagate with 

unlimited speed. 

The theory of generalized thermoelasticity considers the effect of the coupling between strain 

rate and temperature into account, but the evolving coupling equations are hyperbolic. Thus, the 

inconsistency in the classic combined theory bring out with regard to the infinite speed of heat 

propagation. One of the generalized theories of thermoelasticity updated, which included the 

implementation of a new thermal conductivity law to replace the Fourier conventional law was 

proposed by Lord and Shulman (1967). This amended legislation involves heat flow and its time-

related partial derivative. 

 Green and Naghdi (1991, 1992, 1993) derived three models in thermoelasticity which are 

labelled as GN-I, II and III models. The linearized form of model-I reduces to classical heat 

conduction theory whereas linearized version of model-II and III permit propagation of thermal 

waves at finite speed.GN-II (1993) shows a feature which makes it different from other 

thermoelastic models as it does not allow dissipation of thermal energy. The model GN-III (1992) 

contains the thermal displacement gradient alongwith temperature gradient among the constitutive 

variables and admits the dissipation of energy. 

Tzou (1995) developed the DPL model to describe the description of phase lag between 

temperature gradient and heat flux has been incorporated.  

The semiconducting materials were used widely in advanced engineering, with the 

development of technologies. The study of wave propagation in a semiconducting medium will 

have important academic significance and application value. Of recent interest is the relevance of 

the excitation of short elastic pulses (high-frequency elastic waves) by photothermal means to 

several areas of applied physics including the photoacoustic microscope, thermal wave imaging, 

determination of thermoelastic material parameters, non-destructive evaluation of devices, 

monitoring of laser drilling, and laser annealing and melting phenomena in semiconductors. 

During the last few years, photoacoustic (PA) and photothermal (PT) science and technology have 

significantly evolved new methods in the investigation of semiconductors and microelectronic 

structures. PA and PT techniques were recently established as diagnostic methods with good 

delicacy to the dynamics of photoexcited carrier (Mandelis 1987, Almond and Patel 1996, 

Mandelis and Michaelian 1997, Nikolic and Todorovic 1989). 

Several researchers (McDonald and Wetsel 1978, Jackson and Amer 1980, Steams and Kino 

1985) analysed the difference of thermoelastic and electronic deformations in semiconductor 

media by set aside the coupling between the plasma and the thermoelastic equations. (Todorovic 

2003a, 2003b, 2005) presented two phenomena to dispense information about the properties of 

transport and carrier recombinations in the semiconducting medium. The changes in the 

propagations of thermal and plasma waves revert to the linear coupling between the thermal and 

the mass transport (i.e., thermodiffusion) have included. Sharma (2010) investigated the boundary 

value problems in generalized thermodiffusive elastic medium. Sharma et al. (2013) studied the 

propagation of plane wave in anisotropic thermoviscoelastic medium in the context of the theory 
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GN type-II and GN type-III. Sharma and Sharma (2014) investigated the temperature inconstancy 

in tissues based on Penne’s bio-heat transfer equation.  

Lotfy et al. (2018) investigated the interaction between a magnetic field and elastic materials 

with microstructure, whose microelements possess microtemperatures with photothermal 

excitation. Jahangir et al. (2020) discussed the reflection of thermoelastic waves in 

semiconducting medium. Abouelregal et al. (2021) introduced a new mathematical model for 

functionally graded thermoelastic nanobeams (FGNB) which contains a free choice of the kernel 

function and time delay. Abouelregal et al. (2022) discussed the vibrational behavior of rotating 

nanobeams with variable thermal properties to analyzed through a memory-dependent derivative 

heat conduction model. Abouelregal et al. (2023) studied to explores the impact of the non-local 

Moore-Gibson-Thompson (MGT) heat transfer model on thermoelastic materials, incorporating 

memory-dependent derivatives. Abouelregal et al. (2024) investigated the transient thermoelastic 

response of a semi-infinite medium subjected to a moving heat source, utilizing the Moore-

Gibson-Thompson (MGT) model with higher-order memory-dependent derivatives. Abouelregal 

et al. (2024) studied a modified nonlocal fractional magneto-thermoelastic model that includes 

higher-order time derivatives and phase-lags. 

Lotfy (2012) studied the influence of reinforcement on the total deformation for an infinite 

space weakened by a finite linear opening mode-I crack. Abo-Dahab and Lotfy (2015) studied the 

generalized magneto-thermoelastic behavior of fiber-reinforced materials under rotational effects, 

incorporating fractional derivative heat transfer. Lotfy et al. (2019) examined the effects of 

variable thermal conductivity in a small semiconductor cavity using the fractional order heat-

magneto-photothermal theory. Mahdy et al. (2021) studied focuses on developing numerical 

solutions and analyzing the dynamic behaviors of a fractional nonlinear Rubella disease model. 

Mahdy et al. (2021) focused on developing numerical methods to solve the Rubella ailment 

disease model. Lotfy et al. (2021) explored the interaction of piezoelectric, photothermal, and 

thermoelastic effects in semiconductor materials under the hyperbolic two-temperature theory. 

Lotfy and Tantawi (2020) discussed the interaction of photo-thermal-elastic waves in functionally 

graded materials (FGMs) under the influence of a magnetic field. Abo Dahab et al. (2015) 

investigated the effects of rotation and magnetic fields on the propagation of surface waves in an 

elastic layer over a generalized thermoelastic diffusive half-space with an imperfect boundary. 

Zenkour (2020) constructed the generalized photothermoelastic problem of beam with modified 

multi-phase-lag photothermoelasticity theory. Zakaria et al. (2021) used fractional calculus 

technique to construct a modified generalized fractional photothermeolastic model. Sharma and 

Kumar (2021) analysed deformation due to inclined loads in dynamic mathematical model of 

photothermoelastic (semiconductor) medium. Sharma and Kumar (2022) examined 

photothermoelastic deformation in dual phase lag model due to concentrated inclined load. Kumar 

et al. (2022) investigated deformation due to thermomechanical carrier density loading in 

orthotropic photothermoelastic plate. Kumar et al. (2022) studied the deformation due to 

thermomechanical and carrier density loading in orthotropic photothermoelastic plate under 

Moore-Gibson-Thompson thermoelastic model. Sharma and Khator (2021, 2022) examined some 

problems of power generation due to renewable sources. 

 It is well known that fractional calculus is still in infancy, although it has been invented for 

three centuries and applied widely in science and engineering. Also, memory-dependent derivative 

(MDD) preformed more detail examination of photothermoelastic deformation in continuum 

mechanics. The memory-dependent derivative of which time delay and kernel function can be 

chosen freely according to the necessity of application and found it is better than the fractional 
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calculus for reflecting the memory effect was proposed by Wang and Li (2011). Yu et al. (2014) 

suggested a novel generalized thermoelasticity model based on MDD. (Ezzat et al. 2014, 2015, 

2016) discussed some solutions of one-dimensional problems obtained with the use of the 

memory-dependent LS model of generalized thermoelasticity. Hendy et al. (2020) developed a 

generalized thermoelasticity model with memory-dependent derivative (MDD) heat conduction 

law for a thermoelastic half-space. Motivated by the above researchers the present work is an 

attempt to develop a new model of linear non-local photothermoelastic under hyperbolic two 

temperature, dual phase lag by incorporating the memory dependent derivative. 

In this paper, deformation due to thermomechanical and carrier density loading in a new model 

of photothermoelasticity with memory-dependent derivatives (PMDD) under non-local (NL) 

parameter, dual phase lag (DPL) and hyperbolic two temperature (HTT) and has been investigated. 

Problem is simplified by integral transform technique (involving Laplace and Fourier transforms). 

In the new domain, physical field quantities (normal stress, conductive temperature field and 

carrier density distribution) are examined. By numerical inversion technique, convert the resulting 

expressions in the original physical domain. The variations of stress components, conductive 

temperature field and carrier density distribution are depicted graphically to demonstrate the 

effects of non-local parameter, DPL and HTT (with and without MDD) and the variation of all 

kernel functions due to normal force, thermal source and carrier density source are also presented. 

Some special cases are also introduced. Due to wide spread use of photothermoelastic nano 

material in a variety of field particularly in environment and catalytic applications.  

 

 

2. Elementary equations 
 

 The governing equations for PMDD based on NL, DPL and HTT impacts by removing body 

forces, heat sources and carrier photogeneration sources are described by (Tazu 1995, Ezzat 2016) 

 𝑡𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝑒𝑘𝑙 − 𝛼𝑖𝑗𝑇 − 𝛾𝑖𝑗𝑁                                                   (1) 

𝐶𝑖𝑗𝑘𝑙𝑒𝑘𝑙 − 𝛼𝑖𝑗𝑇,ℎ − 𝛾𝑖𝑗𝑁,ℎ = 𝜌(1 − 𝜉1
2𝛥)𝑢̈𝑙                                        (2) 

(1 + 𝜏𝑇𝐷𝜔)𝐾𝑖𝑗𝜑,𝑖𝑖 = (1 + 𝜏𝑞𝐷𝜔 +
𝜏𝑞
2

2!
𝐷𝜔
2) [(𝜌𝐶𝑒𝑇̇ + 𝑇𝑜𝛼𝑖𝑗𝑒̇𝑘𝑘) −

𝐸𝑔

𝜏
𝑁]                     (3) 

𝐷𝑖𝑗
∗ 𝑁,𝑖𝑗 =

𝜕𝑁

𝜕𝑡
+
𝑁

𝜏
− 𝜀

𝑇

𝜏
                                                       (4) 

𝑇̈ = 𝜑̈ − 𝑎𝑖𝑗𝜑,𝑗𝑗  (i, j, k, l =1, 2, 3)                                              (5) 

where  

𝜏𝑇 −phase lag of temperature gradient, 𝜏𝑞 −phase lag of heat flux, 𝐶𝑖𝑗𝑘𝑙 −elastic parameters, 

𝛼𝑖𝑗 − coefficient of linear thermal expansion, 𝛾𝑖𝑗 − coefficient of electronic deformation, 

𝑢𝑖 − components of displacement, T-temperature distribution, 𝑇𝑜 − reference temperature, 

𝜑 − conductive temperature 𝑁 = 𝑛 − 𝑛𝑜 , 𝑛𝑜 − equilibrium carrier concentration, 

𝐸𝑔 − semiconductor energy gap, 𝜌 − medium density, 𝑡𝑖𝑗 − components of stress tensor, 

𝐾𝑖𝑗 −thermal conductivity, 𝐶𝑒 −specific heat, 𝜀 =
𝜕𝑛𝑜

𝜕𝑇
 the thermal activation coupling parameter, 

 𝜏 − photogenerated carrier lifetime, t-time variable, 𝐷𝑖𝑗
∗ − coefficients of carrier diffusion, 

𝑒𝑘𝑘 −components of elastic strain, 𝜉1 −non-local parameter.  
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Diethelm (2010) has developed Caputo (1967) derivative to be  

𝐷𝑎
ℓ𝑓(𝑡) = ∫ 𝐾ℓ(𝑡 − 𝜉)

𝑡

𝑎
𝑓(𝑚)(𝜉)𝑑𝜉                                               (6) 

with 

𝐾ℓ(𝑡 − 𝜉) =
(𝑡−𝜉)𝑚−ℓ−1

𝛤(𝑚−ℓ)
                                                      (7) 

where 𝐾ℓ(𝑡 − 𝜉) is the kernel function and 𝑓(𝑚) denotes the common m-order derivative, which 

has specific physical meaning. 

Wang and Li (2011) introduced a memory-dependent derivative, the first order of function 𝑓 

which is simply defined in an integral form of a common derivative with a kernel function on a 

slipping interval, in the form 

𝐷𝜔𝑓(𝑡) =
1

𝜔
∫ 𝐾(𝑡 − 𝜉)
𝑡

𝑡−𝜔
𝑓′(𝜉)𝑑𝜉                                               (8) 

where 𝜔 is the time delay and 𝐾(𝑡 − 𝜔) is the kernel function in which they can be chosen freely. 

𝐾(𝑡 − 𝜉) = 1 −
2𝑛

𝜔
(𝑡 − 𝜉) +

𝑚2(𝑡−𝜉)2

𝜔2
=

{
 
 

 
 
1𝑖𝑓𝑚 = 𝑛 = 0

1 −
𝑡−𝜉

𝜔
𝑖𝑓𝑚 = 0, 𝑛 = 1/2

1 − (𝑡 − 𝜉)𝑖𝑓𝑚 = 0, 𝑛 = 𝜔/2

(1 −
(𝑡−𝜉)

𝜔
)
2
𝑖𝑓𝑚 = 1, 𝑛 = 1

,                     (8) 

where m and n are constants. 

Yu et al. (2014) introduced memory-dependent derivative into the Lord and Shulman (1967) 

generalized thermoelasticity theory. Ezzat et al. (2014) constructed a new generalized thermo-

viscoelasticity theory with memory-dependent derivatives, to denote memory-dependence, as  

𝑞 + 𝜔𝐷𝜔𝑞 = −𝑘𝛻𝑇                                                              (9) 

Eq. (9) has more clear physical meaning. 

The dynamic coupled theory of heat conduction law follows as the limit case when 𝜔 → 0, so 

that |𝐷𝜔𝑓(𝑥, 𝑡)| ≤ |
𝜕𝑓(𝑥,𝑡)

𝜕𝑡
| = |𝑙𝑖𝑚

𝜔→0

𝑓(𝑥,𝑡+𝜔)−𝑓(𝑥,𝑡)

𝜔
| 

This model is more intuitionistic for understanding the physical meaning and the corresponding 

memory dependent differential equation is more expressive. 

 

 

3. Formulation of the problem 
 

An orthotropic PMDD half space based on NL, DPL and HTT impact (𝑥3 ≥ 0) occupying the 

two-dimensional space has been taken for two dimensional problem in 𝑥1 − 𝑥3  plane. All the 

physical field variables are functions of 𝑥1, 𝑥3, 𝑡. Thus, the displacement components, temperature 

distribution and carrier density distribution are given by 

𝑢 = (𝑢1(𝑥1, 𝑥3, 𝑡), 0, 𝑢3(𝑥1, 𝑥3, 𝑡)), 𝑇 = 𝑇(𝑥1, 𝑥3, 𝑡) and 𝑁 = 𝑁(𝑥1, 𝑥3, 𝑡)               (10) 

We have used appropriate plane of symmetry, on the set of Eqs. (1)-(5) to derive the equations 

for orthotropic PMDD with NL, DPL and HTT parameter for two dimensional problem with the 
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aid of Eq. (10), are reduced to following. 

𝐶11
𝜕2𝑢1

𝜕𝑥1
2 + 𝐶55

𝜕2𝑢1

𝜕𝑥3
2 + (𝐶13 + 𝐶55)

𝜕2𝑢3

𝜕𝑥1𝜕𝑥3
− 𝛼1

𝜕𝑇

𝜕𝑥1
− 𝛾1

𝜕𝑁

𝜕𝑥1
= 𝜌(1 − 𝜉1

2∆)
𝜕2𝑢1

𝜕𝑡2
,          (11) 

𝐶55
𝜕2𝑢3

𝜕𝑥1
2 + 𝐶33

𝜕2𝑢3

𝜕𝑥3
2 + (𝐶13 + 𝐶55)

𝜕2𝑢1

𝜕𝑥1𝜕𝑥3
− 𝛼3

𝜕𝑇

𝜕𝑥3
− 𝛾3

𝜕𝑁

𝜕𝑥3
= 𝜌(1 − 𝜉1

2∆)
𝜕2𝑢3

𝜕𝑡2
,          (12) 

(1 + 𝜏𝑇𝐷𝜔) (𝐾1
𝜕2𝜑

𝜕𝑥1
2 + 𝐾3

𝜕2𝜑

𝜕𝑥3
2) = (1 + 𝜏𝑞𝐷𝜔 +

𝜏𝑞
2

2!
𝐷𝜔
2)  

[(𝜌𝐶𝑒
𝜕𝑇

𝜕𝑡
+ 𝑇𝑜 (𝛼1

𝜕2𝑢1

𝜕𝑥1𝜕𝑡
+ 𝛼3

𝜕2𝑢3

𝜕𝑥3𝜕𝑡
) −

𝐸𝑔

𝜏
𝑁)],                                 (13) 

𝐷1
∗ 𝜕

2𝑁

𝜕𝑥1
2 + 𝐷3

∗ 𝜕
2𝑁

𝜕𝑥3
2 =

𝜕𝑁

𝜕𝑡
+
𝑁

𝜏
− 𝜀

𝑇

𝜏
,                                            (14) 

𝑡33 = 𝐶13
𝜕𝑢1

𝜕𝑥1
+ 𝐶33

𝜕𝑢3

𝜕𝑥3
− 𝛼3𝑇 − 𝛾3𝑁,                                       (15) 

𝑡31 = 𝐶55 (
𝜕𝑢1

𝜕𝑥3
+
𝜕𝑢3

𝜕𝑥1
),                                                   (16) 

𝜕2𝑇

𝜕𝑡2
=

𝜕2𝜑

𝜕𝑡2
− (𝑎1

𝜕2

𝜕𝑥1
2 + 𝑎3

𝜕2

𝜕𝑥3
2)𝜑,                                          (17) 

where 

𝛼1 = 𝐶11𝛼1
∗ + 𝐶12𝛼2

∗ + 𝐶13𝛼3
∗, 𝛼3 = 𝐶13𝛼1

∗ + 𝐶23𝛼2
∗ + 𝐶33𝛼3

∗ 

𝛾1 = 𝐶11𝛾1
∗ + 𝐶12𝛾2

∗ + 𝐶13𝛾3
∗, 𝛾3 = 𝐶13𝛾1

∗ + 𝐶23𝛾2
∗ + 𝐶33𝛾3

∗                         (18) 

𝛼1
∗, 𝛼2

∗ and 𝛼3
∗ are linear thermal expansion coefficients, 𝛾1

∗, 𝛾2
∗ and 𝛾3

∗are electronic deformation 

coefficients, 𝐾1, 𝐾3 are thermal conductivity, 𝐷1
∗ and 𝐷3

∗ are carrier diffusion coefficients. 

In the above equations we use the contracting subscript notations (11→ 1, 22 → 2,33 → 3,23 →
4,31 → 5,12 → 6) to relate 𝐶𝑖𝑗𝑘𝑙 to 𝐶𝑚𝑛.  

Also 

𝐾𝑖𝑗𝛿𝑖𝑗 = 𝐾𝑖  and 𝐷𝑖𝑗
∗ 𝛿𝑖𝑗 = 𝐷𝑖

∗, 𝑖 is not summed. 

For non-dimensionalization of equations, following variables are taken 

(𝑥1
′ , 𝑥3

′ , 𝑢1
′ , 𝑢3

′ ) = 𝜂1𝐶𝑜(𝑥1, 𝑥3, 𝑢1, 𝑢3) , (𝑡11
′ , 𝑡33

′ , 𝑡31
′ ) =

1

𝐶11
(𝑡11, 𝑡33, 𝑡31), 

(𝑡′, 𝜏𝑜
′ , 𝜏′) = 𝜂 𝐶1 𝑜

2(𝑡, 𝜏𝑜, 𝜏), 𝑇
′ =

𝛼1𝑇

𝜌𝐶𝑜
2, 𝜙

′ =
𝛼1𝜙

𝜌𝐶𝑜
2, 𝑁′ =

𝑁

𝑛𝑜
, 𝜉1

′ =
𝜉1

(𝜂1𝐶𝑜)
2, (𝑎1

′ , 𝑎3
′ ) =

(𝑎1,𝑎3)

𝐶𝑜
2    (19) 

also 

𝜂1 =
𝜌𝐶𝑒

𝐾1
, 𝐶𝑜

2 =
𝐶11

𝜌
. 

Eqs. (11)-(17) reduce to the following form by taking into consideration Eq. (19) and after 

suppressing the prime as  

𝜕2𝑢1

𝜕𝑥1
2 + 𝑔1

𝜕2𝑢1

𝜕𝑥3
2 + 𝑔2

𝜕2𝑢3

𝜕𝑥1𝜕𝑥3
−

𝜕𝑇

𝜕𝑥1
− 𝑔3

𝜕𝑁

𝜕𝑥1
= (1 − 𝜉1

2𝛥)
𝜕2𝑢1

𝜕𝑡2
,                     (20) 

𝜕2𝑢3

𝜕𝑥1
2 + 𝑔4

𝜕2𝑢3

𝜕𝑥3
2 + 𝑔5

𝜕2𝑢1

𝜕𝑥1𝜕𝑥3
− 𝑔6

𝜕𝑇

𝜕𝑥3
− 𝑔7

𝜕𝑁

𝜕𝑥3
= 𝑔8(1 − 𝜉1

2𝛥)
𝜕2𝑢3

𝜕𝑡2
,                 (21) 

(1 + 𝜏𝑇𝐷𝜏) (
𝜕2𝜑

𝜕𝑥1
2 + 𝐾

∗ 𝜕
2𝜑

𝜕𝑥3
2) = (1 + 𝜏𝑞𝐷𝜏 +

𝜏𝑞
2

2!
𝐷𝜏
2) [(

𝜕𝑇

𝜕𝑡
+ 𝑔9

𝜕

𝜕𝑡
(
𝜕𝑢1

𝜕𝑥1
+ 𝛼∗

𝜕𝑢3

𝜕𝑥3
) − 𝑔10

𝑁

𝜏
)], (22) 
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𝜕2𝑁

𝜕𝑥1
2 + 𝐷

∗ 𝜕
2𝑁

𝜕𝑥3
2 = 𝑔11

𝜕𝑁

𝜕𝑡
+ 𝑔11

𝑁

𝜏
− 𝑔12

𝑇

𝜏
,                                           (23) 

𝑡33 = 𝑔13
𝜕𝑢1

𝜕𝑥1
+ 𝑔14

𝜕𝑢3

𝜕𝑥3
− 𝑔15𝑇 − 𝑔16𝑁,                                          (24) 

𝑡31 = 𝑔1 (
𝜕𝑢1

𝜕𝑥3
+
𝜕𝑢3

𝜕𝑥1
),                                                         (25) 

𝜕2𝑇

𝜕𝑡2
=

𝜕2𝜑

𝜕𝑡2
− (𝑎1

𝜕2𝜑

𝜕𝑥1
2 + 𝑎3

𝜕2𝜑

𝜕𝑥3
2).                                                (26) 

where 

𝑔1 =
𝐶55

𝐶11
, 𝑔2 =

𝐶13+𝐶55

𝐶11
′𝑔3 =

𝛾1𝑛𝑜

𝐶11
, 𝑔4 =

𝐶33

𝐶55
, 𝑔5 =

𝐶13+𝐶55

𝐶55
, 𝑔6 =

𝛼3𝐶11

𝛼1𝐶55
, 𝑔7 =

𝛾3𝑛𝑜

𝐶55
,  

𝑔8 =
1

𝐶55
, 𝑔9 =

𝑇𝑜𝛼1𝛼1

𝜌2𝐶𝑒𝐶𝑜
2 , 𝑔10 =

𝐸𝑔𝑛𝑜𝛼1

𝜌2𝐶𝑒𝐶𝑜
2 , 𝑔11 =

1

𝜂1𝐷1
∗ , 𝑔12 =

𝜀𝐶11

𝛼1𝐷1
∗𝑛𝑜𝜂1

, 𝑔13 =
𝐶13

𝐶11
, 𝑔14 =

𝐶33

𝐶11
,  

𝑔15 =
𝛼3

𝛼1
, 𝑔16 =

𝛾3𝑛𝑜

𝐶11
, 𝐾∗ =

𝐾3

𝐾1
, 𝐷∗ =

𝐷3
∗

𝐷1
∗ , 𝛼

∗ =
𝛼3

𝛼1
.                                (27) 

Define Laplace and Fourier Transform as  

𝑓(𝑥1, 𝑥3,𝑝) = ∫ 𝑓(𝑥1, 𝑥3,𝑝)
∞

0
𝑒−𝑝𝑡𝑑𝑡,                                           (28) 

𝑓(𝜁, 𝑥3,𝑝) = ∫ 𝑓̄
∞

−∞
(𝑥1, 𝑥3,𝑝)𝑒

𝑖𝜁𝑥1𝑑𝑥1.                                           (29) 

Applying Laplace and Fourier transforms defined by (28)-(29) on Eqs. (20)-(26), the following 

equations are obtained 

(𝑔17
𝑑2

𝑑𝑥3
2 + 𝑔18) 𝑢̂1 + 𝑔19

𝑑𝑢3

𝑑𝑥3
− (𝑔20

𝑑2

𝑑𝑥3
2 + 𝑔21) 𝜑̂ +𝑔22𝑁̂ = 0,                        (30) 

(𝑔23
𝑑𝑢1

𝑑𝑥3
) + (𝑔24

𝑑2

𝑑𝑥3
2 + 𝑔25) 𝑢̂3 − (𝑔26

𝑑

𝑑𝑥3
+ 𝑔27

𝑑3

𝑑𝑥3
3) 𝜑̂ − 𝑔7

𝑑𝑁̂

𝑑𝑥3
= 0,                  (31) 

 (𝑔29
𝑑2

𝑑𝑥3
2 + 𝑔30) 𝜑̂ + (

𝑑2

𝑑𝑥3
2 + 𝑔28) 𝑁̂ = 0,                                      (32) 

𝑔31𝑢̂1 + 𝑔32
𝑑𝑢3

𝑑𝑥3
− (𝑔33

𝑑2

𝑑𝑥3
2 + 𝑔34) 𝜑̂ − 𝑔35𝑁̂ = 0,                              (33) 

 𝑡̂33 = −𝑔13𝑖𝜁𝑢̂1 + 𝑔14
𝑑𝑢3

𝑑𝑥3
− 𝑔15 (1 − 𝜀1

2 (−𝜁2 + 𝑎 ∗
𝑑2

𝑑𝑥3
2)) 𝜑̂ − 𝑔16𝑁̂,                  (34) 

𝑡̂31 = 𝑔1 (
𝑑𝑢1

𝑑𝑥3
− 𝑖𝜁𝑢̂3),                                                    (35) 

also  

𝑔17 = −𝑝
2𝜉1

2 + 𝑔1, 𝑔18 = −𝜁
2 − 𝑝2(1 + 𝜁2𝜉1

2), 
𝑔19 = 𝑖𝜁𝑔2, 𝑔20 = 𝑖𝜁𝜀1

2𝑎∗, 𝑔21 = 𝑖𝜁 + 𝑖𝜁
3𝜀1
2, 

𝑔22 = −𝑖𝜁𝑔3, 𝑔23 = 𝑖𝜁𝑔5, 𝑔24 = 𝑔4 + 𝑔8𝑝
2𝜉1
2, 

𝑔25 = −𝜁
2 − 𝑔8𝑝

2(1 + 𝜁2𝜉1
2), 𝑔26 = 𝑔6(1 + 𝜁

2𝜀1
2), 

𝑔27 = 𝑔6𝑎
∗𝜀1
2, 𝑔28 =

1

𝐷∗
(𝜁2 − 𝑔9𝑝 −

𝑔9

𝜏
), 

𝑔29 = −
𝑔10

𝜏
𝜀1
2𝑎∗, 𝑔30 =

𝑔10

𝜏
(1 + 𝜀1

2𝜁2), 
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𝑔31 = −𝑖𝜁𝑝𝑔11𝐺2, 𝑔32 = −𝑔11𝑝𝑎
∗𝐺2, 

𝑔33 = 𝐾
∗𝐺1 + 𝜀1

2𝑎∗𝐺2, 

𝑔34 = −𝐺1𝜁
2 − 𝐺2𝑝(1 + 𝜀1

2𝜁2 + 𝜀1
2𝑎∗), 𝑔35 =

𝐺2𝑔12

𝜏
, 

𝐺1 = (1 +
𝜏𝑇

𝜔
𝐺(𝑝, 𝜔)) , 𝐺2 = (1 +

𝜏𝑞

𝜔
𝐺(𝑝, 𝜔) +

𝜏𝑞
2

2𝜔
𝐺(𝑝, 𝜔)).                     (36) 

where Laplace transform of memory dependent derivative is  

𝐿{𝐷𝜔𝑓(𝑡)} = 𝐿 {∫ 𝐾(𝑡 − 𝜉)
𝑡

𝑡−𝜔
𝑓′(𝜉)𝑑𝜉} = 𝐹(𝑠). 𝐺(𝑝, 𝜔),  

𝐺(𝑝, 𝜔) = (1 − 𝑒−𝑝𝜔) (1 −
2𝑛

𝜔𝑝
+

2𝑚2

𝜔2𝑝2
) − (𝑚2 − 2𝑛 +

2𝑚2

𝜔𝑝
) 𝑒−𝑝𝜔,                 (37) 

m and n are constants such that 

𝐹(𝑠) = 𝐿 {(
𝜕𝑇

𝜕𝑡
+ 𝑔9

𝜕

𝜕𝑡
(
𝜕𝑢1

𝜕𝑥1
+ 𝛼∗

𝜕𝑢3

𝜕𝑥3
) − 𝑔10

𝑁

𝜏
)},                                  (38) 

After some algebraic calculation of Eqs. (30) - (33), determine the following 

(𝑅1𝐷
8 + 𝑅2𝐷

6 + 𝑅3𝐷
4 + 𝑅4𝐷

2 + 𝑅5)(𝑢̂1, 𝑢̂3, 𝜑̂, 𝑁̂) = 0.                           (39) 

where 

,2427173324171 ggggggR −=  

,35292417

32282717332824173229177

322718312420322320332319

3324183226173325173424172

gggg

gggggggggggg

gggggggggggg

ggggggggggggR

−

+−−

−−+−

+−+=

 

322826173328251734282417

312919732291873230177312421

322321312520312619342319

3226183325183424183425173

gggggggggggg

ggggggggggggggg

gggggggggggg

ggggggggggggR

+−−

−−−−

+−+−

−++=

 

,3129242232292322

352923193529241835292517

353024173128271932282718

322823203328231933282418

gggggggg

gggggggggggg

gggggggggggg

gggggggggggg

+−

+−−

−−

+−+−

 

,3130252231302422

323023223530231935292518

353024183530251731282421

322823213128252031282619

342823193228261833282518

26282418342825173130197

32301873125213425184

gggggggg

gggggggggggg

gggggggggggg

gggggggggggg

gggggggggggg

gggggggggggg

ggggggggggR

+

+−+

−−−

+−+

−++

−−−

+−−=
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,3130252231302422

323023223530231935292518

353024183530251731282421

322823213128252031282619

342823193228261833282518

26282418342825173130197

32301873125213425184

gggggggg

gggggggggggg

gggggggggggg

gggggggggggg

gggggggggggg

gggggggggggg

ggggggggggR

+

+−+

−−−

+−+

−++

−−−

+−−=

 

,31302522

3530251831302521283425185

gggg

ggggggggggggR

+

−−=
 

(40) 

The general solution of Eq. (39) is written as 

(𝑢̂1, 𝑢̂3, 𝜑̂, 𝑁̂) = ∑ (1, ℎ1𝑗 , ℎ2𝑗 , ℎ3𝑗)
4
𝑗=1 𝐶𝑗𝑒

−𝑚𝑗𝑥3.                              (41) 

where 𝑚𝑗(𝑗 = 1,2,3,4)  are roots of (𝑅1𝐷
8 + 𝑅2𝐷

6 + 𝑅3𝐷
4 + 𝑅4𝐷

2 + 𝑅5)  and coupling 

parameters are 

ℎ1𝑗 = ∑
𝑅10𝑚𝑗

5+𝑅11𝑚𝑗
3+𝑅12𝑚𝑗

𝑅6𝑚𝑗
6+𝑅7𝑚𝑗

4+𝑅8𝑚𝑗
2+𝑅9

4
𝑗=1 ,                                         (42) 

ℎ2𝑗 = ∑
𝑅13𝑚𝑗

4+𝑅14𝑚𝑗
2+𝑅15

𝑅6𝑚𝑗
6+𝑅7𝑚𝑗

4+𝑅8𝑚𝑗
2+𝑅9

4
𝑗=1 ,                                        (43) 

ℎ3𝑗 = ∑
𝑅16𝑚𝑗

4+𝑅17𝑚𝑗
2+𝑅18

𝑅6𝑚𝑗
6+𝑅7𝑚𝑗

4+𝑅8𝑚𝑗
2+𝑅9

4
𝑗=1 .                                        (44) 

where 

,322733246 ggggR −=  

,352924322827332824

322973226332534247

ggggggggg

gggggggggR

−+

−−−+=
 

,352925353024322826

3128253428243230734258

ggggggggg

gggggggggggR

−−+

−−−=
 

,3428253530259 ggggggR −−= ,3323312710 ggggR −=  

,352923332827

332823312973423312611

gggggg

ggggggggggR

+

−−+−=
 

,3530233126282723283130712 ggggggggggggR +−+=  

,3124322313 ggggR −= ,312532282331282414 ggggggggR −−= ,31282515 gggR =
 

,31292432292316 ggggggR −= ,31292531302432302317 gggggggggR −−=

,31302518 gggR =  

(45) 

Expressions for stress components are obtained with the aid of (31), (32) and (38) as 

𝑡̂33 = −𝑖𝜁𝑔13∑ 𝐶𝑗𝑒
−𝑚𝑗𝑥3 − 𝑔14∑ ℎ1𝑗𝑚𝑗𝐶𝑗𝑒

−𝑚𝑗𝑥34
𝑗=1

4
𝑗=1   

−𝑔15 [(1 − 𝜀1
2 (−𝜁2 + 𝑎 ∗

𝑑2

𝑑𝑥3
2))]∑ ℎ2𝑗𝐶𝑗𝑒

−𝑚𝑗𝑥34
𝑗=1 − 𝑔16∑ ℎ3𝑗𝐶𝑗𝑒

−𝑚𝑗𝑥34
𝑗=1 ,               (46) 

𝑡̂31 = −𝑔1∑ 𝑚𝑗𝐶𝑗𝑒
−𝑚𝑗𝑥34

𝑗=1 − 𝑖𝜁𝑔1∑ ℎ1𝑗𝐶𝑗𝑒
−𝑚𝑗𝑥34

𝑗=1 .                            (47) 
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4. Restrictions on the boundary 
 

The boundary restrictions for the assumed model are subjected to exponential decaying normal 

force, thermal source distributed over the plane 𝑥1 = 0 and carrier density source moving with the 

positive direction of 𝑥1, at the plane 𝑥3 = 0 are considered as  

𝑡33 = −𝐹1(𝑥1, 𝑡),
𝑡31 = 0,

𝜑 = 𝐹2(𝑥1, 𝑡),

𝑁 = 𝐹3(𝑥1, 𝑡), }
 

 
 at 𝑥3 = 0                                                (48) 

where 

𝐹1(𝑥1, 𝑡) =
𝐹10

16

𝑡2

𝑡𝑝
2 𝑒

−
𝑡

𝑡𝑝𝐻(𝑎 − |𝑥1|),                                            (49) 

𝐹2(𝑥1, 𝑡) = 𝛿(𝑥1) {
𝐹20

𝑠𝑖𝑛 𝜋𝑡

𝜂
; 0 ≤ 𝑡 ≤ 𝜂

0, 𝑡 > 𝜂
                                        (50) 

𝐹3(𝑥1, 𝑡) = 𝐹30𝛿(𝑥1 − 𝜐𝑡).                                                 (51) 

also, H ( ) is Heaviside step function, 𝛿( ) is Dirac delta function, v is the velocity, 𝐹10  is the 

magnitude of the force, 𝐹20  is the constant temperature applied on the boundary and 𝐹30  is 

constant. 

Applying Laplace and Fourier transform defined by Eqs. (28)-(29) on Eqs. (48)-(51), we attain 

𝑡̂33 = −𝐹̂1(𝜁, 𝑝) = −
𝐹10

8

𝑡𝑝

(1+𝑝𝑡𝑝)
3

𝑠𝑖𝑛 𝑎𝜁

𝜁
,

𝑡̂31 = 0,

𝜑̂ = 𝐹̂2(𝜁, 𝑝) = 𝐹20
𝜋𝜂

𝜋2+𝜂2𝑝2
(1 + 𝑒−𝑝𝜂), ,

𝑁̂ = 𝐹̂3(𝜁, 𝑝) =
𝐹30

𝜐
𝑒−

𝑝

𝜐
𝑥1 , }

  
 

  
 

  at 𝑥3 = 0                         (52) 

Substituting the values of 𝑡̂33, 𝑡̂31, 𝜑̂ and 𝑁̂ from Eqs. (41), (46) and (47) in the transformed 

boundary restrictions (52), determine the arbitrary constants which on substituting in the resulting 

Eqs. (41), (46) and (47) yield the displacement components, stress components, conductive 

temperature and carrier density distribution as 

𝑢̂1 =
1

𝛥
(𝐿1𝐹̂1(𝜁, 𝑝) + 𝐿2𝐹̂2(𝜁, 𝑝) + 𝐿3𝐹̂3(𝜁, 𝑝)),                                   (53) 

𝑢̂3 =
1

𝛥
(𝐿4𝐹̂1(𝜁, 𝑝) + 𝐿5𝐹̂2(𝜁, 𝑝) + 𝐿6𝐹̂3(𝜁, 𝑝)),                                   (54) 

𝑡̂33 =
1

𝛥
(𝐿7𝐹̂1(𝜁, 𝑝) + 𝐿8𝐹̂2(𝜁, 𝑝) + 𝐿9𝐹̂3(𝜁, 𝑝)),                                   (55) 

𝑡̂31 =
1

𝛥
(𝐿10𝐹̂1(𝜁, 𝑝) + 𝐿11𝐹̂2(𝜁, 𝑝) + 𝐿12𝐹̂3(𝜁, 𝑝)),                                (56) 

𝜑̂ =
1

𝛥
(𝐿13𝐹̂1(𝜁, 𝑝) + 𝐿14𝐹̂2(𝜁, 𝑝) + 𝐿15𝐹̂3(𝜁, 𝑝)),                                 (57) 

𝑁̂ =
1

𝛥
(𝐿16𝐹̂1(𝜁, 𝑝) + 𝐿17𝐹̂2(𝜁, 𝑝) + 𝐿18𝐹̂3(𝜁, 𝑝)).                                 (58) 
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where 

34321 )( xmmmm
eE

+++−
=  

( )

( ) ( )
,

,

,
),,(

2825221927242118

26232017

321 








++++++

+++
=

RRRRRRRR

RRRR
ELLL

( )
( )

( ) 







+++

+++
=

1427132412211118

1426132312201117

54

,
,

hRhRhRhR

hRhRhRhR
ELL

( )
( )

( )







+++

+++
=

4126312321201117

1428132512221119

76

,
,

dRdRdRdR

hRhRhRhR
ELL

( )
( )

( ) 







+++

+++
=

4128312521221119

4127312421211118

98

,
,

dRdRdRdR

dRdRdRdR
ELL

( )
( )

( ) 







+++

+++
=

4227322422211218

4226322322201217

1110

,
,

dRdRdRdR

dRdRdRdR
ELL

( )
( )

( ) 








+++

+++
=

2426232322202117

4228322522221219

1312

,
,

hRhRhRhR

dRdRdRdR
ELL

( )
( )

( ) 







+++

+++
=

2428232522222119

2427232422212118

1514

,
,

hRhRhRhR

hRhRhRhR
ELL

( )

( )

( )

( )















+++

+++

+++

=

3428332532223119

3427332432213118

3426332332203117

181716

,

,

,,

hRhRhRhR

hRhRhRhR

hRhRhRhR

ELLL  

(59) 

also 

( )( ) jj

jjjj

hgma

hghgmgid

316

222

1

315114131

*1 −+−−

−−−=




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5. Particular cases  
 

(i) For moving normal force 𝐹20 = 𝐹30 = 0 yield 

(𝑢̂1, 𝑢̂3, 𝑡̂33, 𝑡̂31, 𝜑̂, 𝑁̂) =
1

𝛥
((𝐿1, 𝐿4, 𝐿7, 𝐿10, 𝐿13, 𝐿16)𝐹̂1(𝜁, 𝑝)),                    (61) 

where 𝐹̂1(𝜁, 𝑝) is given by Eq. (52). 

(ii) For ramp type thermal Source 𝐹10 = 𝐹30 = 0 yield 

(𝑢̂1, 𝑢̂3, 𝑡̂33, 𝑡̂31, 𝜑̂, 𝑁̂) =
1

𝛥
((𝐿2, 𝐿5, 𝐿8, 𝐿11, 𝐿14, 𝐿17)𝐹̂2(𝜁, 𝑝)),                    (62) 

where 𝐹̂2(𝜁, 𝑝) is given by Eq. (52). 

(iii) For carrier density source 𝐹10 = 𝐹20 = 0 yield 

(𝑢̂1, 𝑢̂3, 𝑡̂33, 𝑡̂31, 𝜑̂, 𝑁̂) =
1

𝛥
((𝐿3, 𝐿6, 𝐿9, 𝐿12, 𝐿15, 𝐿18)𝐹̂3(𝜁, 𝑝)),                    (63) 

where 𝐹̂3(𝜁, 𝑝) is given by Eq. (52). 

 

 

6. Unique cases 
 

a) 𝐼𝑓𝐶11 = 𝐶33 = 𝜆 + 2𝜇, 𝐶13 = 𝜆, 𝐶55 = 𝜇, 𝛼1𝑡 = 𝛼3𝑡 = 𝛼𝑡 , 𝛾1𝑑 = 𝛾3𝑑 = 𝛾𝑛, 𝐷1 = 𝐷3 = 𝐷𝑒 

and 𝐾1 = 𝐾3 = 𝐾 in Eqs. (53)-(58), then all corresponding results are obtained for isotropic 

photothermoelastic half space based on MDD under NL, DPL and HTT parameters. 

b) In absence of ( 𝜏 =0) in Eqs. (53)-(58), we obtain the corresponding expressions of 

𝑢̂1, 𝑢̂3 and 𝜑̂ for half space based on orthotropic MDD under NL, DPL and HTT parameter, as 
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where 𝑚1, 𝑚2, 𝑚3 be the roots of characteristic equation.  

𝐷6 + 𝑅29𝐷
4 + 𝑅30𝐷

2 + 𝑅31 = 0, (𝑢̂1, 𝑢̂3, 𝜑̂) = ∑ (1, 𝑟𝑗 , 𝑠𝑗)
3
𝑗=1 𝐶𝑗𝑒

−𝑚𝑗𝑥3 , 

The coupling parameters are as 

𝑟𝑗 = ∑
𝑅35𝑚𝑗

3+𝑅36𝑚𝑗

𝑅32𝑚𝑗
4+𝑅33𝑚𝑗

2+𝑅34

3
𝑗=1 , and 𝑠𝑗 = ∑

𝑅37𝑚𝑗
2+𝑅38

𝑅32𝑚𝑗
4+𝑅33𝑚𝑗

2+𝑅34

3
𝑗=1 . 

 

 

7. Inversion of transformation 
 

To obtain the normal stress, temperature distribution and carrier density distribution in physical 

domain, we invert the Laplace and Fourier transforms by using the method given by Honig and 

Hirdes (1984). 

 

 

8. Numerical results and discussion 
 

For the numerical calculations, we take material constants for orthotropic Silicon (Si) material 

as 

𝐶11 = 19.45N m2⁄ , 𝐶13 = 6.41N m2⁄ , 𝐶33 = 16.57N m2⁄ , 𝐶55 = 7.96N m2⁄ ,  

𝛼1𝑡 = 3.25N m2K⁄ , 𝛼3𝑡 = 3.10N m2K⁄ , 𝛾1𝑑 = −0.029715 m
3, 𝛾3𝑑 = −0.02714 m

3, 

𝜌 = 2328 kg m3⁄ , 𝑇𝑜 = 300 K, 𝑇𝑝 = 2 ps, 𝐾1 = 150 w/mk, 𝐾3 = 152 w/mk, 𝐸𝑔 = 1.11 𝑒𝑉, 

𝐶𝑒 = 710 j kg⁄ K, 𝜏 = 5 s, 𝜉 = 0.005, 𝑎1 = 0.7, 𝑎3 = 0.8, 𝐷1
∗ = 4.0m2 s⁄ ,  𝐷3

∗ = 3.5m2 s⁄ , 

𝑛𝑜 = 10
20 m−3. 

Case-I: Figs. 1.1-1.9 depict the variations of all field variables with distance 𝑥1 on the plane 

𝑥3 = 1 for the different values of kernel. 

Figs. 1.1-1.3 represent normal force (NF), Figs. 1.4-1.6 represents thermal source (TS), Figs. 

1.7-1.9 represent carrier density source (CDS). In all the Figs. solid line correspond to 𝐾(𝑡, 𝜉) =
1𝑖𝑓𝑚 = 𝑛 = 0(𝐾𝑒𝑟𝑛𝑒𝑙 − 1), dashed line corresponds to 

 

 

 

Fig. 1.1 Profile of 𝑡33 vs 𝑥1 (NF with different values of kernel) 
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Fig. 1.2 Profile of 𝜙 vs 𝑥1 (NF with different values of kernel) 

 

 
Fig. 1.3 Profile of 𝑁 vs 𝑥1 (NF with different values of kernel) 

 

 

𝐾(𝑡, 𝜉) = 1 −
𝑡−𝜉

𝜔
𝑖𝑓𝑚 = 0, 𝑛 = 1/2(𝐾𝑒𝑟𝑛𝑒𝑙 − 2), 

dotted line corresponds to  

𝐾(𝑡, 𝜉) = 1 − (𝑡 − 𝜉)𝑖𝑓𝑚 = 0, 𝑛 = 𝜔/2(𝐾𝑒𝑟𝑛𝑒𝑙 − 3) and dash-dot line corresponds to  

𝐾(𝑡, 𝜉) = (1 −
𝑡 − 𝜉

𝜔
)
2

𝑖𝑓𝑚 = 𝑛 = 1(𝐾𝑒𝑟𝑛𝑒𝑙 − 4). 

Figs. 1.1-1.3 depicts tendency of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1  in case of NF with different values of 

kernel function for time delay 𝜔 = 0.05. Near and far off the source, 𝐾𝑒𝑟𝑛𝑒𝑙 − 3 enhances the 

immensity of 𝑡33.The behavior and variation of 𝑡33 for 𝐾𝑒𝑟𝑛𝑒𝑙 − 1, 𝐾𝑒𝑟𝑛𝑒𝑙 − 2 and 𝐾𝑒𝑟𝑛𝑒𝑙 − 4 

is opposite oscillatory to 𝐾𝑒𝑟𝑛𝑒𝑙 − 3. The curve corresponds to 𝑡33 is fluctuating in nature for all 

values of kernel. Immensity of 𝜑 is higher due to 𝐾𝑒𝑟𝑛𝑒𝑙 − 4 and lower due to 𝐾𝑒𝑟𝑛𝑒𝑙 − 1 for the 

whole range of 𝑥1. Near the source, 𝐾𝑒𝑟𝑛𝑒𝑙 − 4 enhances the value of N whereas minimum value 

is attained due to 𝐾𝑒𝑟𝑛𝑒𝑙 − 2. The style and fluctuations of 𝜑 and N are similar. 

Figs. 1.4-1.6 shows movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of TS with different values of 

kernel function for time delay 𝜔 = 0.05. Near the source, 𝐾𝑒𝑟𝑛𝑒𝑙 − 1 intensify the immensity of  
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Fig. 1.4 Profile of 𝑡33 vs 𝑥1 (TS with different values of kernel) 

 

 
Fig. 1.5 Profile of 𝜙 vs 𝑥1 (TS with different values of kernel) 

 

 
Fig. 1.6 Profile of 𝑁 vs 𝑥1 (TS with different values of kernel) 

 

 

all components. All the physical quantities decrease monotonically in the initial range of distance 

𝑥1 and the values of quantities approaches zero for all values of kernel, when distance 𝑥1 increases  
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Fig. 1.7 Profile of 𝑡33 vs 𝑥1 (CDS with different values of kernel) 

 

 

Fig. 1.8 Profile of 𝜙 vs 𝑥1 (CDS with different values of kernel) 

 

 

Fig. 1.9 Profile of 𝑁 vs 𝑥1 (CDS with different values of kernel) 

 

 

further. Far off the source, the behavior of 𝜑 and 𝑁  is in decreasing order due to 𝐾𝑒𝑟𝑛𝑒𝑙 −
2, 𝐾𝑒𝑟𝑛𝑒𝑙 − 3 and 𝐾𝑒𝑟𝑛𝑒𝑙 − 4 and increasing order for 𝐾𝑒𝑟𝑛𝑒𝑙 − 1. 
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Figs. 1.7-1.9 displays movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of CDS with different values of 

kernel function for time delay 𝜔 = 0.05. 𝑡33 starts from its maxima and decreases with an increase 

in distance 𝑥1  for all values of kernel. All curves correspond to 𝑡33  decreases to zero, which 

indicates lack of stress as distance increases. The immensity of 𝜑 and 𝑁 starts from its minima and 

increases for large values of 𝑥1  

Case-II: Figs. 1.10-1.18 depict the variations of all field variables with distance 𝑥1 on the plane 

𝑥3 = 1 for the different values of DPL. 

Figs. 1.10-1.12 represent normal force (NF), Figs. 1.13-1.15 represents thermal source (TS), 

Figs. 1.16-1.18 represent carrier density source (CDS) for the fixed value of kernel function 

𝐾(𝑡, 𝜉) = (1 −
𝑡−𝜉

𝜔
)
2
𝑖𝑓𝑚 = 𝑛 = 1. In all the Figs. solid line correspond to 𝜏𝑇 = 0.02, 𝜏𝑞 = 0.05 

with MDD, dashed line corresponds to 𝜏𝑇 = 0.05, 𝜏𝑞 = 0.08 with MDD, dotted line corresponds 

to 𝜏𝑇 = 0.02, 𝜏𝑞 = 0.05  without MDD and dash-dot line corresponds to 𝜏𝑇 = 0.05, 𝜏𝑞 = 0.08 

without MDD. 

Figs. 1.10-1.12 depicts movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of NF with different values of 

DPL with and without MDD. Near and far off the source, absence of MDD raises the immensity of  

 

 

 

Fig. 1.10 Profile of 𝑡33 vs 𝑥1 (NF with DPL) 

 

 

Fig. 1.11 Profile of 𝜙 vs 𝑥1 (NF with DPL) 
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Fig. 1.12 Profile of N vs 𝑥1 (NF with DPL) 

 

 

Fig. 1.13 Profile of 𝑡33 vs 𝑥1 (TS with DPL) 

 

 

Fig. 1.14 Profile of 𝜙 vs 𝑥1 (TS with DPL) 

 

 

𝑡33 when 𝜏𝑇 = 0.02, 𝜏𝑞 = 0.05 and presence of MDD minimizes the values of 𝑡33 with 𝜏𝑇 =

0.02, 𝜏𝑞 = 0.05. All the curves related to 𝑡33 for DPL model whether or not included MDD attain  
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Fig. 1.15 Profile of N vs 𝑥1 (TS with DPL) 

 

 

Fig. 1.16 Profile of 𝑡33 vs 𝑥1 (CDSwith DPL) 

 

 

Fig. 1.17 Profile of 𝜙 vs 𝑥1 (CDS with DPL) 

 

 

inconsistent behavior for the whole range of 𝑥1. The immensity of 𝜑 remains higher for 𝜏𝑇 =
0.02, 𝜏𝑞 = 0.05 in presence of MDD for the whole range of 𝑥1. Near the source, DPL model 𝜏𝑇 = 
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Fig. 1.18 Profile of 𝑁 vs 𝑥1 (CDS with DPL) 

 

 

Fig. 1.19 Profile of 𝑡33 vs 𝑥1 (NF with HTT) 

 

 

0.02, 𝜏𝑞 = 0.05 in absence of MDD maximize the values correspond to N. The behavior and 

variation of curve correspond to 𝜑 and 𝑁  for 𝜏𝑇 = 0.02, 𝜏𝑞 = 0.05  without MDD is opposite 

oscillatory to all other curves of considered DPL model.  

Figs. 1.13-1.15 shows movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of TS with distinct values of 

DPL with and without MDD. Initially, the magnitude of 𝑡33 enhances for 𝜏𝑇 = 0.02, 𝜏𝑞 = 0.05 in 

absence of MDD. On the other hand curve due to 𝜏𝑇 = 0.02, 𝜏𝑞 = 0.05 with MDD attain higher 

value of 𝑡33 for the entire range of 𝑥1 as compare to other values of DPL model. The immensity of 

𝜑 and 𝑁 attain minima for DPL model for 𝜏𝑇 = 0.02, 𝜏𝑞 = 0.05 with MDD for the entire range of 

𝑥1  and similarly DPL model for 𝜏𝑇 = 0.05, 𝜏𝑞 = 0.08  without MDD intensify the values of 

𝜑 and 𝑁. 
Figs. 1.16-1.18 displays tendency of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of CDS with different values 

of DPL with and without MDD. The curves correspond to 𝑡33, 𝜑 and 𝑁 are in decreasing trend 

near the source and attain increasing trend far off the source. All curves with and without MDD 

based on DPL model, correspond to 𝑡33, 𝜑 and 𝑁 attain fluctuating behavior for the whole range 

of 𝑥1.  
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Fig. 1.20 Profile of 𝜙 vs 𝑥1 (NF with HTT) 

 

 

Fig. 1.21 Profile of 𝑁 vs 𝑥1 (NF with HTT) 

 

 

Case-III: Figs. 1.19-1.27 depict the variations of all field variables with distance 𝑥1 on the 

plane 𝑥3 = 1 for the different values of HTT, TT and OT. 

Figs. 1.19-1.21 represent normal force (NF), Figs. 1.22-1.24 represents thermal source (TS), 

Figs. 1.25-1.27 represent carrier density source (CDS) for the fixed value of kernel function 

𝐾(𝑡, 𝜉) = (1 −
𝑡−𝜉

𝜔
)
2
𝑖𝑓𝑚 = 𝑛 = 1 . In all the figures. solid line correspond HTT with MDD, 

dashed line corresponds to TT (two temperature) with MDD, dotted line corresponds to OT (one 

temperature) with MDD and dash-dot line corresponds to HTT without MDD. 

Figs. 1.19-1.21 depicts movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of NF with and without MDD 

based on HHT, TT and OT. Near and far off the source, HTT in absence of MDD raises the 

immensity of 𝑡33 . The curves correspond to 𝑡33  for HTT and OT (with MDD) varies in same 

manner with minor difference in their immensity. Initially, the immensity of 𝜑 and 𝑁 are intensify 

due to HTT (with MDD) and OT (with MDD) respectively. HTT (in absence of MDD) minimize 

the immensity of 𝜑 for the whole range of 𝑥1 and maximize the value of N for 𝑥1 ≥ 1. 
Figs. 1.22-1.24 demonstrates movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of TS with and without 

MDD based on HHT, TT and OT. Near the source, MDD based on TT maximize the immensity of  

149



 

 

 

 

 

 

Rajneesh Kumar, Nidhi Sharma and Supriya Chopra 

 

Fig. 1.22 Profile of 𝑡33 vs 𝑥1 (TS with HTT) 

 

 

Fig. 1.23 Profile of 𝜙 vs 𝑥1 (TS with HTT) 

 

 

Fig. 1.24 Profile of 𝑁 vs 𝑥1 (TS with HTT) 

 

 

𝑡33 and monotonically decreases in the range 𝑥1 ≥ 2. The form and style of curves correspond to 

𝑡33 for OT (with MDD) is opposite oscillatory with HTT (with and without MDD). The immensity  
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Fig. 1.25 Profile of 𝑡33 vs 𝑥1 (CDS with HTT) 

 

 

Fig. 1.26 Profile of 𝜙 vs 𝑥1 (CDS with HTT) 

 

 

Fig. 1.27 Profile of 𝑁 vs 𝑥1 (CDS with HTT) 

 

 

of 𝜑 and 𝑁 is higher due to TT (with MDD) in the range 𝑥1 ≥ 1. The curves correspond to 

𝜑 and 𝑁 due to HTT (with and without MDD) and OT (with MDD) are less oscillatory as  
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Fig. 1.28 Profile of 𝑡33 vs 𝑥1 (NF with NL) 

 

 

Fig. 1.29 Profile of 𝜙 vs 𝑥1 (NF with NL) 

 

 

compare to TT (with MDD).  

Figs. 1.25-1.27 shows movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of CDS with and without MDD 

based on HHT, TT and OT. The magnitude of 𝑡33 attain decreasing trend for all the considered 

theories for the intermediate values of 𝑥1. The values of 𝑡33 for HTT (with and without MDD), TT 

(with MDD) and OT (with MDD) oscillate close to zero with increase in distance. The curves 

correspond to 𝜑 and 𝑁 behave opposite oscillatory for HTT (with MDD) and TT (with MDD), 

whereas curves for OT (with MDD) and HTT (without MDD) behave in similar way. 

Case-IV: Figs. 1.28-1.36 depict the variations of all field variables with distance 𝑥1 on the 

plane 𝑥3 = 1 for the different values of non-local parameter. 

Figs. 1.28-1.30 represent normal force (NF), Figs. 1.31-1.33 represents thermal source (TS), 

Figs. 1.34-1.36 represent carrier density source (CDS) for the fixed value of kernel function 

𝐾(𝑡, 𝜉) = (1 −
𝑡−𝜉

𝜔
)
2
𝑖𝑓𝑚 = 𝑛 = 1. In all the figures solid line corresponds to 𝜉1 = 0.002 with 

MDD, dashed line corresponds to 𝜉1 = 0.002 with MDD, dotted line correspond to 𝜉1 = 0.005 

without MDD and dash-dot line corresponds to 𝜉1 = 0.005 without MDD. 

Figs. 1.28-1.30 depicts movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of NF with and without MDD 

based on NL parameter. Near the source, NL parameter 𝜉1 = 0.002 in presence of MDD intensify 

the magnitude of 𝑡33, whereas 𝜉1 = 0.002 in absence of MDD attain minimum value. All the  
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Fig. 1.30 Profile of 𝑁 vs 𝑥1 (TS with NL) 

 

 

Fig. 1.31 Profile of 𝑡33 vs 𝑥1 (TS with NL) 

 

 

Fig. 1.32 Profile of 𝜙 vs 𝑥1 (TS with NL) 

 

 

curves correspond to 𝑡33 be fluctuating in nature for the whole range of 𝑥1. In the initial range of 

𝑥1,𝜑 and 𝑁 attain higher value due to NL parameter 𝜉1 = 0.002 with MDD. The style and 

fluctuation of curves correspond to 𝜑 and 𝑁 be opposite oscillatory for 𝜉1 = 0.002 & 𝜉1 = 0.005  
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Fig. 1.33 Profile of 𝑁 vs 𝑥1 (TS with NL) 

 

 

Fig. 1.34 Profile of 𝑡33 vs 𝑥1 (CDS with NL) 

 

 

Fig. 1.35 Profile of 𝜙 vs 𝑥1 (CDS with NL) 

 

 

(with MDD) and 𝜉1 = 0.002 & 𝜉1 = 0.005 (without MDD) for the intermediate values of 𝑥1.  

Figs. 1.31-1.33 demonstrate movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of TS with and without 

MDD based on NL parameter. The immensity of 𝑡33 attain maxima due to 𝜉1 = 0.005 (with  
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Fig. 1.36 Profile of 𝑁 vs 𝑥1 (CDS with NL) 

 

 

MDD) and minima due to 𝜉1 = 0.002 (without MDD) for the whole range of 𝑥1. The behavior and 

variation of 𝑡33  is similar for 𝜉1 = 0.002  & 𝜉1 = 0.005  (with MDD) and 𝜉1 = 0.002  & 𝜉1 =
0.005 (without MDD) with distinct immensities. NL parameter 𝜉1 = 0.002 (without MDD) raises 

the immensity of 𝜑 and 𝑁. Increase in value of NL parameter (with or without MDD), decreases 

the value of 𝜑 and 𝑁.  

Figs. 1.34-1.36 shows movement of 𝑡33, 𝜑 and 𝑁 vs. 𝑥1 in case of CDS with and without MDD 

based on NL parameter. The immensity of 𝑡33 attain maxima due to 𝜉1 = 0.002 (with MDD) and 

minima due to 𝜉1 = 0.005 (without MDD) for the whole range of 𝑥1. Increase in value of NL 

parameter (with or without MDD), decreases the value of 𝑡33. NL parameter 𝜉1 = 0.002 (without 

MDD) raises the immensity of 𝜑 and 𝑁  for the intermediate values of 𝑥1 . The immensity of 

𝜑 and 𝑁 is higher for lower value of NL parameter in absence of MDD. 

 

 

9. Conclusions 
 

In this paper a new mathematical model on PMDD based on NL, DPL and HTT has been 

established to examine the two-dimensional problem in half-space. Integral transform (Laplace 

and Fourier) compact the system of equations into ordinary differential equation. Specific types of 

sources are taken to establish the applicability of the problem. The transformed expressions are 

converted into the physical domain by using numerical technique and presented in the form of 

figures. After the numerical results the following conclusions are made: 

• In case of NF, the form and design of 𝑡33 is opposite oscillatory for 𝐾𝑒𝑟𝑛𝑒𝑙 − 3 to 𝐾𝑒𝑟𝑛𝑒𝑙 −
1,2,4. The curves correspond to 𝜑 and 𝑁 fluctuate in similar manner with finite difference in 

their immensity. Monotonically decreasing behavior is noticed in initial range of 𝑥1  for all 

values of kernel function correspond to 𝑡33, 𝜑 and 𝑁 for TS. In case of CDS, 𝑡33 starts with its 

maximum value and decreases monotonically in certain range of 𝑥1. 𝜑 and 𝑁 get maxima due 

to 𝐾𝑒𝑟𝑛𝑒𝑙 − 1 as compare to other values of kernel function.  

• The curve correspond to 𝑡33 attains maximum immensity near and far off the source due to 

DPL in absence of MDD, whereas curves for 𝜑𝑎𝑛𝑑𝑁is opposite oscillatory for DPL in absence 

of MDD for NF. In case of TS, 𝑡33, 𝜑 and 𝑁 fluctuate in similar manner for all assumed values 
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of DPL model in presence and absence of MDD. Immensity of 𝑡33 raises due to DPL with 

MDD, whereas immensity of 𝜑 and 𝑁 enhances due to DPL without MDD for CDS. 

• The curves correspond to 𝑡33 starts with its maximum value and decreases monotonically in 

initial range of 𝑥1  and then oscillate for whole range of 𝑥1  due to HTT (with and without 

MDD) for NF. Due to HTT without MDD, 𝜑 gets minimum value for entire range of 𝑥1 and N 

attain maximum value for 𝑥1 ≥ 1 in case of NF. Near the source, 𝑡33 attain maxima due to TT 

(with MDD) and minima when OT (with MDD) for TS. TT (with MDD) enhances the 

magnitude of 𝜑 and 𝑁 for intermediate values of distance, whereas other curves travel with less 

variation in case of TS. In case of CDS, 𝑡33 behaves in same manner as TS with difference in 

magnitude and the behavior of 𝜑 and 𝑁 are opposite oscillatory for HTT and TT (with MDD), 

whereas curves for OT (with MDD) and HTT (without MDD) tends to zero as distance 

increases. 

• All the curves correspond to 𝑡33 be fluctuating in nature for the whole range of 𝑥1. The form 

and design of curves correspond to 𝜑 and 𝑁 be opposite oscillatory due to NL parameter (with 

and without MDD) for NF. In case of TS, the immensity of 𝑡33 attain maxima due to higher 

value of NL parameter in presence of MDD and gets minima due to lowest value of NL 

parameter in absence of MDD for the whole range of 𝑥1. 𝜑 and 𝑁 gets maxima for small value 

of NL parameter for TS. Increase in value of NL parameter (with or without MDD), decreases 

the value of 𝑡33 and the values of 𝜑 and 𝑁 is maximum in absence of MDD, whereas presence 

of MDD enhances the magnitude for CDS. 

It is concluded that normal stress, conductive temperature and carrier density distribution show 

sporadic format for normal force, thermal source and carrier density source based on different 

values of kernel function, NL, DPL and HTT (with and without MDD) with respect to distance 𝑥1. 

It is observed that NL, DPL and HTT have significant effect on resulting quantities. The 

photothermal process considered in this problem has many applications in physical engineering, 

physical chemistry and medical physics. Mathematical model persist in this article is useful 

modern tool for scientific investigation of different photothermoelastic problems. It is also 

concluded that the system of equation in this work will be prove to be valuable for understanding 

the combined impact of photothermoelasticity under NL, DPL and HTT with MDD. Which 

determine the characteristics of various bodies in important engineering problems. MDD can be 

used to reclassify the semiconductor materials in terms of photo elastic thermal conductivity. The 

Work presented in this model can be applied to thermoelastic material with nanostructure and 

plasmonic structure. 
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