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Abstract.  Recently, mixed HO-WN (i.e., High order-Wavenumber) method was introduced for dynamic analysis 
of concrete gravity dam-reservoir systems. This is formulated by FE-(FE-TE) approach (i.e., Finite Element-(Finite 
Element-Truncation Element)). In this technique, dam and reservoir are discretized by plane solid and fluid finite 
elements. Moreover, the mixed HO-WN (i.e., High order-Wavenumber) condition imposed at the reservoir 
truncation boundary. This task is formulated by employing a truncation element at that boundary. It should be 
emphasized that three alternatives are discussed for this approach. The first two alternatives result in one additional 
degree of freedom at each node in comparison with usual modeling in practice which employs Sommerfeld 
truncation condition. While, the third alternative leads to two additional degrees of freedom. The method in each case 
is generally derived by combining the High-order and Wavenumber approaches. The formulation is initially 
reviewed which was originally proposed in a previous study. Thereafter, the response of Pine Flat dam-reservoir 
system is studied due to horizontal and vertical ground motions for two types of reservoir bottom conditions of full 
reflective and absorptive. The initial part of study is focused on the time harmonic analysis. In this part, it is possible 
to compare the transfer functions against corresponding responses obtained by FE-(FE-HE) (i.e., Finite Element-
(Finite Element-Hyper Element)) approach (referred to as exact method). Subsequently, the transient analysis is 
carried out. In that part, the results in each case are compared against the corresponding results obtained by the high 
order H-W (i.e., Hagstrom-Warburton) condition applied on the truncation boundary. It is worthwhile to emphasize 
that results for high order H-W condition (e.g., O5-5) are not sensitive to L/H (i.e., normalized reservoir length) value. 
Therefore, they can be envisaged as exact results (in numerical sense) in time domain. 
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1. Introduction 
 

Fluid-structure interaction has captured the interest of many researchers (Hadzalic et al. 2018, 
2019, Lotfi and Sharghi 2000, 2001, Hosseinzadeh et al. 2013, Arjmandi and Lotfi 2011, 2013, 
Sani and Lotfi 2007, 2011). Moreover, there has been extensive research about dynamic analysis 
of concrete gravity dam-reservoir systems in particular. This was mainly carried out by the 
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rigorous FE-(FE-HE) (i.e., Finite Element-(Finite Element-Hyper Element)) method in the 
frequency domain. This means that the dam is discretized by plane solid finite elements, while, the 
reservoir is divided into two parts, a near-field region (usually an irregular shape) in the vicinity of 
the dam and a far-field part (assuming constant depth) which extends to infinity in the upstream 
direction. The former region is discretized by fluid finite elements and the latter part is modeled by 
a two-dimensional fluid hyper-element (Hall and Chopra 1982, Waas 1972). It is also understood 

that employing fluid hyper-element would lead to the exact solution (in numerical sense) of the 
problem. However, it is formulated in the frequency domain and its application in this field has led 
to many especial purpose programs which were demanding from programming point of view. 

On the other hand, engineers have often tried to solve this problem in the context of pure finite 
element programming (FE-FE method of analysis). In this approach, an often simplified condition 
is imposed on the truncation boundary or the upstream face of the near-field water domain. Thus, 
the fluid hyper-element is actually excluded from the model. One of these widely used methods is 

based on Sommerfeld truncation boundary condition (Sommerfeld 1949). The main advantage of 
this condition is that it can be readily used for time domain analysis. Thus, they are also vastly 
employed in nonlinear seismic analysis of concrete dams (Lokke and Chopra 2017, Lokke and 
Chopra 2018). However, its major shortcoming is that the results have significant errors when low 
normalized reservoir lengths are utilized (Lotfi and Zenz 2016, Lotfi and Zenz 2018, Farzad and 
Lotfi 2023). Moreover, there are also many studies which have employed Westergaard approach 
for seismic analysis of concrete dams to simplify dam-reservoir interaction even further (Karabulut 
and Kartal 2018, Lotfi and Omidi 2012, Akbari and Lotfi 2022, Akbari et al. 2023). 

Of course, there have also been many researches in the last three decades to develop more 
accurate absorbing boundary conditions to be applied for similar fluid-structure or soil-structure 
interaction problems. It should be emphasized that many of these studies are actually limited their 
works to two-dimensional cases. Perfectly matched layer (Berenger 1994, Chew and Weedon 
1994, Basu and Chopra 2003, Jiong et al. 2009, Kim and Pasciak 2012, Khazaee and Lotfi 2014a, 
Khazaee and Lotfi 2014b) and, high-order non-reflecting boundary condition (Higdon 1986, 
Givoli and Neta 2003, Hagstrom and Warburton 2004, Givoli, et al. 2006, Hagstrom et al. 2008, 

Rabinovich et al. 2011, Samii and Lotfi 2012, Lotfi and Lotfi 2021, 2022, Dehghanmarvasty and 
Lotfi 2023) are among the two main popular groups of methods which researchers have applied in 
their attempts. It is emphasized that these techniques have become very popular in recent years due 
to the fact that they could be applied in time domain as well as the frequency domain. 

Furthermore, the Wavenumber approach was introduced in 2012 based on the FE method. 
Initially, this approach was introduced just for horizontal ground excitation and full reflective 
reservoir base condition (Lotfi and Samii 2012). Later on, some modifications were implemented 

to expand the technique for general reservoir base condition (Jafari and Lotfi 2018). Subsequently, 
it was discussed for the general reservoir base condition and ground excitation (Lotfi 2017). Of 
course, it is worthwhile to emphasize that these initial studies were developed for frequency 
domain analysis. However, it was also later expanded for transient analysis (Ganji and Lotfi 2021, 
Lotfi and Zenz 2022). 

More recently, a new method is introduced for dynamic analysis of concrete gravity dam-
reservoir systems which is referred to as mixed High order-Wavenumber (HO-WN) approach 
(Lotfi and Dehghanmarvasty 2023). This is based on FE-(FE-TE) (i.e., Finite Element-(Finite 

Element-Truncation Element)) procedure. The core of the method is based on utilizing a 
truncation-element at the U/S (i.e., Upstream) truncation boundary of the reservoir near-field 
domain and excluding far-field region of the reservoir. This truncation-element is formulated 
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based on the mixed High order-Wavenumber (HO-WN) condition applied at that boundary. The 
method is derived by combining the High-order and Wavenumber approaches.  

The present study is focused on applying mixed High order-Wavenumber (HO-WN) approach 
for dynamic analysis of concrete gravity dam-reservoir systems. The formulation is initially 
reviewed which was originally proposed in a previous study (Lotfi and Dehghanmarvasty 2023). It 
should be emphasized that three alternatives are discussed for this approach. The first two 

alternatives result in one additional degree of freedom at each node in comparison with usual 
modeling in practice which employs Sommerfeld truncation condition. While, the third alternative 
leads to two additional degrees of freedom. In this respect, a special purpose finite element 
program (Lotfi 2001a) is enhanced for this investigation. Thereafter, the response of Pine Flat 
dam-reservoir system is studied due to horizontal and vertical ground motions. Furthermore, two 
conditions of full reflective and absorptive reservoir bottom are considered.  

The initial part of study is focused on the time harmonic analysis. In this part, it is possible to 

compare the transfer functions against corresponding responses obtained by rigorous FE-(FE-HE) 
approach (referred to as exact method). Subsequently, the transient analysis is carried out. In that 
part, the results in each case are compared against the corresponding results obtained by the high 
order H-W condition applied on the truncation boundary. It is worthwhile to emphasize that results 
for high order H-W condition (e.g., O5-5) are not sensitive to L/H value. Therefore, they can be 
envisaged as exact results (in numerical sense) in time domain. 

It is also worthwhile to emphasize that simplified Sommerfeld condition does not produce 
accurate results for low values of normalized reservoir length as previously mentioned. This is due 

to the fact that Sommerfeld condition is merely designed for incident-wave propagating normal to 
the truncation boundary and it is not appropriate for inclined incident waves (Lotfi and Zenz 2016, 
Lotfi and Zenz 2018). Therefore, one would prefer more advanced conditions as decided in the 
present study. 
 
 

2. Method of analysis 
 

As mentioned, the analysis technique utilized in this study is based on the FE-(FE-TE) method, 
which is applicable for a general concrete gravity dam-reservoir system. The formulation is 
described in great details in the previous study (Lotfi and Dehghanmarvasty 2023). However, the 
salient aspects of the approach will be reviewed in this section.  

For this aim, let us consider a concrete gravity dam-reservoir system. The coupled equations 
can be obtained by considering each region separately and then combine the resulting equations. 

 

2.1 Dam body 
 
Concentrating on the structural part, the dynamic behavior of the dam is described by the well-

known equation of structural dynamics (Zienkiewicz and Taylor 2000) 

𝐌 𝐫̈ + 𝐂 𝐫̇ + 𝐊 𝐫 = −𝐌̃ 𝐉 𝐚g + 𝐁T𝐏 (1) 

where 𝐌, 𝐂 and 𝐊 in this relation represent mass, damping and stiffness matrices of the dam body. 

Moreover, 𝐫 is the vector of nodal relative displacements, 𝐌̃  is the same as 𝐌 matrix except that 

no columns are excluded due to restraints, 𝐉 is a matrix with each two rows equal to a 2×2 identity 

matrix (its columns correspond to a unit horizontal and vertical rigid body motion) and  𝐚g denotes  
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Fig. 1 Schematic view of a typical dam-reservoir system. The near-field reservoir domain Ω, the truncation 

boundary I and the far-field region D 

 
 

the vector of ground accelerations in two directions. Furthermore, 𝐁 is a matrix which relates 

vectors of hydrodynamic pressures (i.e., 𝐏), and its equivalent nodal forces.  
 

2.2 Water domain 
 
Assuming water to be linearly compressible and neglecting its viscosity, its small irrotational 

motion (Fig. 1) is governed by the wave equation (Chopra 1967, Chopra, et al. 1980) 

∇2𝑃 −
1

𝑐2
𝑃̈ = 0  ;                         in Ω and D (2) 

where 𝑃 is the hydrodynamic pressure and, c is the pressure wave velocity in water. Apart from 

truncation boundary condition for upstream face of the water domain (ΓI) which is discussed on 
subsequent sections, the boundary conditions for water domain are as follows 

𝜕𝑛𝑃 = −𝜌𝑎𝑔
𝑛 − 𝑞𝑃̇ ; at reservoir’s bottom (ΓII) (3a) 

𝜕𝑛𝑃 = −𝜌 𝑢̈𝑛 ;   at dam-water interface (ΓIII) (3b) 

𝑃 = 0  ;  on water surface (ΓIV) (3c) 

Herein, 𝜌 is the water density and n denotes the outward perpendicular direction (with respect 

to fluid region) and 𝑢̈𝑛  is the normal acceleration of fluid particles at dam-reservoir interface 
which is equal to solid particle total acceleration in that direction due to compatibility of 

acceleration. It should be also emphasized that 𝜕𝑛𝑃 refers to partial derivative of 𝑃 with respect to 
n-direction (i.e., 𝜕𝑛𝑃 = 𝜕𝑃/𝜕𝑛). Moreover, the admittance or damping coefficient 𝑞 utilized in Eq. 
(3a), may be related to a more meaningful wave reflection coefficient α (Fenves and Chopra 1985) 

𝛼 =
1 − 𝑞𝑐

1 + 𝑞𝑐
 (4) 

which is defined as the ratio of the amplitude of reflected hydrodynamic pressure wave to the 
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amplitude of incident pressure wave normal to the reservoir’s bottom. For a fully reflective 

reservoir’s bottom condition, α is equal to 1 which leads to 𝑞 = 0. 
One can apply the weighted residual approach to obtain the finite element equation of the fluid 

domain, which may be written as 

𝐆 𝐏̈ + 𝑞 𝐋II𝐏̇ + 𝐇 𝐏 = 𝐑I − 𝐁 𝐫̈ − 𝐁̃ 𝐉 𝐚g (5) 

In this relation, 𝐆, 𝐇 are fluid domain’s generalized mass and stiffness matrices and 𝐏 is the 
vector of nodal pressures. It should be emphasized that all boundary conditions are already 

considered in Eq. (5). In particular, the ones related to reservoir bottom’s surface (i.e., ΓII; (Fig. 1)) 
through 𝐋II matrix, water surface, and the contribution related to the truncation boundary condition 

is symbolically denoted by the vector 𝐑I. Furthermore, matrix 𝐁, is resulted due to dam-reservoir 

boundary condition (i.e., ΓIII), which also appears in Eq. (1). Matrix 𝐁̃ is the same as matrix 𝐁 
except that no columns are excluded due to restraints, and it has contributions due to reservoir 
bottom, as well as dam-reservoir’s interface.  

It is also worthwhile to emphasize that 𝐑I is obtained by assembling the following boundary 

integrals of the fluid elements adjacent to that surface (i.e., ΓI) 

𝐑𝑒 =
1

𝜌
 ∫ 𝐍 (𝜕𝑛𝑃)𝑑Γ𝑒

Γ𝑒

 (6) 

With 𝐍  being the vector of element’s shape functions and 𝑛  denotes the fluid element’s 

outward normal direction. It should be emphasized that one may utilize Eq. (6) to obtain 𝐑I
e, if 

there is merely horizontal excitation. However, the following equation must be employed in 
general condition that vertical excitation may also exist 

𝐑𝐈
𝐞 =

1

𝜌
 ∫ 𝐍 (𝜕𝑛𝑃𝑠)𝑑𝛤𝑒

𝛤𝐼
𝑒

 (7) 

It should be stressed that 𝜕𝑛𝑃𝑠  refers to partial derivative of 𝑃𝑠 with respect to n-direction 

(i.e, 𝜕𝑛𝑃𝑠 = 𝜕𝑃𝑠/𝜕𝑛). Moreover, it is noted that 𝑃𝑠 (scattered pressure) term is substituted for 𝑃 
(total pressure), and they are related as follows 

𝑃𝑠 = 𝑃 − 𝑃𝑖 (8) 

The 𝑃𝑖 is the incidence pressure contribution which is due to ground acceleration imposed at 
bottom of uniform part extending to infinity in the upstream direction (Fig. 1). It is noted that this 
is actually eliminated in our current discretization since it is beyond the truncation boundary. 

However, incidence pressure’s effect is included in the present approach through relations (7) and 
(8).  

Let us now substitute 𝑃𝑠  by another function 𝜙0 which is utilized in writing the high-order 
boundary condition later on 

𝜙0 = 𝑃𝑠  (9) 

Employing this function, relation (7) may be rewritten as follows 

𝐑𝐈
𝐞 =

1

𝜌
 ∫ 𝐍 (−𝜕𝑥𝜙0)𝑑𝛤𝑒

𝛤𝐼
𝑒

 (10) 

It is noted that negative sign in this relation is due to the fact that the outward normal is 
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opposite to the x-direction for fluid finite elements adjacent to the truncation boundary (Fig. 1). It 
is obvious that simplified relations (e.g., Sommerfeld condition) may be utilized in relation (10) to 
explicitly define that vector. However, that would not produce accurate results for low values of 
normalized reservoir length as previously mentioned. This is due to the fact that Sommerfeld 
condition is merely designed for incident-wave propagating normal to the truncation boundary and 
it is not appropriate for inclined incident waves. Therefore, one would prefer to resort to high-

order conditions as presented in Section 3. 
 

2.3 Dam-reservoir system  
 
The necessary equations for both dam and reservoir domains were explained in previous 

sections. Thus, combining the main relations (1) and (5) would result in the FE equations of the 
coupled dam-reservoir system in its initial form for the time domain 

(
𝐌 𝟎
𝐁 𝐆

) (
𝐫̈
𝐏̈

) + (
𝐂 𝟎
𝟎 𝑞𝐋II

) (
𝐫̇
𝐏̇

) + (𝐊 −𝐁T

𝟎 𝐇
) (

𝐫
𝐏

) + (
𝟎

−𝐑I
) = (

−𝐌̃ 𝐉 𝐚g

−𝐁̃ 𝐉 𝐚g

) (11) 

It is noted from the above equation that vector 𝐑I still needs to be defined by some appropriate 

condition. This is related to the truncated boundary ΓI. It is interesting to note that one may 
presume that there exists a truncation-element attached at this boundary similar to hyper-element 

role in FE-(FE-HE) approach. The purpose of this element is to generate the vector 𝐑I based on 
mixed HO-WN truncation boundary condition. The element will have generalized mass, damping 
and stiffness matrices similar to usual solid or fluid finite elements. The details will be discussed 
below. 

 
 

3. Mixed HO-WN truncation-element 
 

3.1 Basic relations 
 
As mentioned, high-order conditions are the basis of mixed HO-WN truncation boundary. In 

particular, G-N condition is employed in the present study (Givoli and Neta 2003). However, 
certain basic relations are obtained which makes the method much more efficient in comparison 

with the initial G-N high-order condition. In other words, the aim is to decrease the degrees of 
freedom in comparison with the usual G-N high-order condition (Givoli and Neta 2003). This is 
carried out by modifying the method with certain relations from wavenumber method explained 
elsewhere in details (Lotfi and Dehghanmarvasty 2023). For this reason, this is referred to as the 
mixed HO-WN (i.e., High order-Wavenumber) approach.  

For this purpose, three alternatives are considered for our mixed HO-WN condition which its 
G-N type high-order truncation condition counterparts are illustrated in Table 1 below. 

Let us now concentrate on Alt.3 which is the most challenging case among these three 

alternatives and present the required basic relations for this approach. It is noticed that three 
propagating and two evanescent terms are considered in this alternative. This will require six 
degrees of freedom for each node of the truncation element (four additional degrees of freedom in 
comparison with Sommerfeld type condition) if the usual G-N type high-order procedure is going 
to be utilized. However, this is reduced in the mixed HO-WN procedure as described below. 

As mentioned in Table 1, the initial high-order condition for Alt. 3 is as follows 
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Table 1 Three different alternatives considered for mixed HO-WN approach 

Alternative G-N type high-order condition counterpart 

1 (𝜕𝑥 − 𝛽)(𝜕𝑥 − 𝑐̅𝜕𝑡)(𝜕𝑥 − 𝑐̅𝜕𝑡)𝜙0 = 0 

2 (𝜕𝑥 − 𝛽)(𝜕𝑥 − 𝛽)(𝜕𝑥 − 𝑐̅𝜕𝑡 )𝜙0 = 0 

3 (𝜕𝑥 − 𝛽)(𝜕𝑥 − 𝛽)(𝜕𝑥 − 𝑐̅𝜕𝑡)(𝜕𝑥 − 𝑐̅𝜕𝑡 )(𝜕𝑥 − 𝑐̅𝜕𝑡)𝜙0 = 0 

 
 

(𝜕𝑥 − 𝛽)(𝜕𝑥 − 𝛽)(𝜕𝑥 − 𝑐̅𝜕𝑡)(𝜕𝑥 − 𝑐̅𝜕𝑡)(𝜕𝑥 − 𝑐̅𝜕𝑡)𝜙0 = 0 (12) 

The basic relations derived in this alternative are given as follows (Lotfi and Dehghanmarvasty 
2023) 

2𝑐̅ (𝜆̃1
2)

𝑅
𝐋I(𝐏̇ − 𝐏̇𝑖) − 2𝑐̅

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I(𝐏̈ − 𝐏̈𝑖) + (𝜆̃1

2)
𝑅

𝐋I𝚽1 + 1

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I𝚽̇1 − 𝐋I𝚽3 +

4𝑐̅2𝐋I𝚽̈1 = 𝟎  
(13) 

−2𝛽(𝜆̃1
4)

𝑅
𝐋I(𝐏 − 𝐏𝑖) −

2𝛽

𝜔̃
(𝜆̃1

4)
𝐼
𝐋I(𝐏̇ − 𝐏̇𝑖) + ((𝜆̃1

2)
𝑅

+ 𝛽2) 𝐋I𝚽3 +
1

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I𝚽̇3 

+4𝛽𝑐̅ (𝜆̃1
2)

𝑅
𝐋I𝚽̇1 +

4𝛽𝑐̅

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I𝚽̈1 + 2𝛽𝑐̅ 𝐋I𝚽̇3 + 𝑐̅2𝐋I𝚽̈3 = 𝟎 

(14) 

Herein, 𝐏, 𝐏𝑖 , 𝚽1, 𝚽3  refer to truncation element sub-vectors which include total pressure, 

incidence pressure and 𝜙1, 𝜙3 degrees of freedom. The superscripts R and I stands for real and 
imaginary part of the complex value, respectively. It should be also mentioned that the following 

matrix definition is also employed at element level to define 𝐋I matrix utilized in these equations 

𝐋I
𝑒 =

1

𝜌
 ∫ 𝐍 𝐍𝑇𝑑Γ𝑒

I
𝑒

 (15) 

Moreover, 𝜔̃ is the dam-reservoir fundamental frequency. It is also worthwhile to mention that 

in general 𝜆1 can be defined through the following Eigenvalue problem 

𝑐𝑜𝑠(𝜆𝑗H) +
𝑖𝜔𝑞

𝜆𝑗
𝑠𝑖𝑛(𝜆𝑗H) = 0 (16) 

It should be noted that 𝜆1  is constant (i.e., 𝜆1 = 𝜋 (2𝐻)⁄ , H is the water depth) for full 
reflective reservoir bottom condition while it is frequency dependent in general condition. In this 

respect, 𝜆̃1 is denoted as the first Eigenvalue of the above problem corresponding to fundamental 
frequency of dam-reservoir system. 

Apart from the initial basic relations (i.e., Eqs. (13) and (14)), one can also obtain an additional 
basic relation (on the basis of Eq. (10)) for the mixed HO-WN truncation element as follows (Lotfi 
and Dehghanmarvasty 2023) 

𝐋I𝚽1 + 𝑐̅ 𝐋I(𝐏̇ − 𝐏̇𝑖) + 𝐑I
𝑒 = 𝟎 (17) 

With the following definition being employed 

𝑐̅ =
1

𝑐
 (18) 

Furthermore, a complementary relation is required to define incidence pressure wave vector 
which is written as follows (Lotfi and Dehghanmarvasty 2023) 
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Table 2 Explicit form of generalized matrix 𝐌I (Alt.3) 

 𝐏T 𝚽1
T 𝚽3

T 𝐏𝑖T 

𝐏 0 0 0 0 

𝚽1 −
2𝑐̅

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I 4c̅2𝐋I 0 

2𝑐̅

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I 

𝚽3 0 
4𝛽𝑐̅

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I c̅2𝐋I 0 

𝐏𝑖 0 0 0 c̅2𝐋I 

 
Table 3 Explicit form of generalized matrix 𝐂I (Alt.3) 

 𝐏T 𝚽1
T 𝚽3

T 𝐏𝑖T 

𝐏 c̅ 𝐋I 0 0 −c̅ 𝐋I 

𝚽1 −2𝑐̅ (𝜆̃1
2)

𝑅
𝐋I 

1

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I 0 2𝑐̅ (𝜆̃1

2)
𝑅

𝐋I 

𝚽3 −
2𝛽

𝜔̃
(𝜆̃1

4)
𝐼
𝐋I +4𝛽𝑐̅ (𝜆̃1

2)
𝑅

𝐋I (
1

𝜔̃
(𝜆̃1

2)
𝐼

+ 2𝛽𝑐̅) 𝐋I 
2𝛽

𝜔̃
(𝜆̃1

4)
𝐼
𝐋I 

𝐏𝑖 0 0 0 QI 

 
 

𝑐̅2 𝐋I 𝐏̈
𝑖 + 𝐃I 𝐏

𝑖 + [
1

𝜌
(𝑞 𝑃̇𝑖 − 𝜌𝑎𝑔

𝑦
)|

𝑦=0
] 𝐈̃I = 𝟎 (19) 

With the underneath definition being utilized 

𝐈̃I = [1 0 … … 0 0]T (20) 

It can also be written as 

𝑐̅2 𝐋I 𝐏̈
𝑖 + 𝐐I 𝐏̇

𝑖 + 𝐃I 𝐏
𝑖 = −𝐄I

𝑖  𝐚𝑔 (21) 

By employing the following matrix definitions 

𝐐I =
𝑞

𝜌
𝐈̃I 𝐈̃I

T
 (22) 

𝐄I
𝑖 = [𝟎 −𝐈̃I] (23) 

 

3.2 Generalized matrices of mixed HO-WN truncation-element 
 

Relation (21) was the last required matrix relation for applying mixed HO-WN truncation-
element. Therefore, a complete equation set is obtained which is comprised of relations (17), (13), 
(14), and (21). These relations are now written in the following compacted form 

𝐌I𝐏̈I + 𝐂I𝐏̇I + 𝐊I𝐏I + 𝐑̃I = 𝐅I (24) 

It is worthwhile to define the following vectors employed in Eq. (24) 

𝐏I = (𝐏T 𝚽1
T 𝚽3

T 𝐏𝑖T)
T

 (25) 

𝐑̃I = (𝐑I
T 𝟎   𝟎 𝟎)T (26) 

𝐅I  = (𝟎   𝟎 𝟎 (−𝐄I
𝑖  𝐚𝑔)T)

T
 (27) 
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Table 4 Explicit form of generalized matrix 𝐊I (Alt.3) 

 𝐏T 𝚽1
T 𝚽3

T 𝐏𝑖T 

𝐏 0 𝐋I 0 0 

𝚽1 0 (𝜆̃1
2)

𝑅
𝐋I −𝐋I 0 

𝚽3 −2𝛽(𝜆̃1
4)

𝑅
𝐋I 0 ((𝜆̃1

2)
𝑅

+ 𝛽2) 𝐋I 2𝛽(𝜆̃1
4)

𝑅
𝐋I 

𝐏𝑖 0 0 0 𝐃I 

 

 

Moreover, details of generalized matrices (i.e., 𝐌I, 𝐂I, 𝐊I) are provided in Tables 2-4 above: 
It is worthwhile to mention that similar matrices are provided for Alt.1 and Alt.2 version of 

mixed HO-WN approach in Appendices A and B, respectively. 
 
 

4. Coupled equations of dam-reservoir system 
 

The matrix equation of dam-reservoir system was already presented in sub-section 2.3 (i.e., Eq. 
(11)). Combining that equation with relation (24) would result in the coupled equation of dam-

reservoir system in its final form 

(
𝐌 𝟎
𝐁̅ 𝐆 + 𝐌̅I

) (
𝐫̈

𝐏̈̅
) + (

𝐂 𝟎
𝟎 𝑞𝐋̅II + 𝐂I

) (
𝐫̇

𝐏̇̅
) + (

𝐊 −𝐁̅T

𝟎 𝐇̅ + 𝐊̅I
) (

𝐫
𝐏̅

) = (
−𝐌̃ 𝐉 𝐚g

−𝐁̅̃ 𝐉 𝐚g + 𝐅̅I

) (28) 

It is noted that vectors 𝐑̃I and −𝐑I cancel each other during this process. Furthermore, the bar 
sign over matrices emphasize that they are expanded by including additional zero terms for size 

consistency purposes. Additionally, the following definition for 𝐏̅ vector is utilized 

𝐏̅ = (𝐏T 𝚽1
T 𝚽3

T 𝐏𝑖T)
T
 (29) 

It should be mentioned that difference between 𝐏̅ and 𝐏I  vectors are merely the additional 

pressure degrees of freedom in 𝐏T  part of the former vector (i.e., it includes all nodes in the 

reservoir domain except the ones at the impounding water surface (i.e., ΓIV)). Moreover, it is now 
apparent based on Eq. (28) that the proposed approach is suitable for transient analysis. However, 

let us simplify this relation for time harmonic analysis which is the main scope of present study. 
Under these circumstances, one may write Eq. (28) as follows 

(
−𝜔2𝐌 + (1 + 2𝛽𝑑i)𝐊 −𝐁̅T

−𝜔2𝐁̅ −𝜔2(𝐆 + 𝐌̅I) + i𝜔(𝑞𝐋̅II + 𝐂I) + (𝐇̅ + 𝐊̅I)
) (

𝐫
𝐏̅

) 

= (
−𝐌̃ 𝐉 𝐚g

−𝐁̅̃ 𝐉 𝐚g + 𝐅̅I

)  

(30) 

In this relation, it is assumed that the damping matrix of the dam is of hysteretic type. This 
means 

𝐂 = (2 𝛽𝑑 𝜔⁄ )𝐊 (31) 
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5. Modeling and basic parameters 
 

The introduced methodology is employed to analyze the Pine Flat dam-reservoir system. This 
particular dam was selected, because many researchers have analyzed it based on different 
approaches (Chopra, et al. 1980, Feltrin, et al. 1990, Lotfi 2002). The dam is 121.92 m high with 
the crest length of 560.83 m and it is located on the King’s River near Fresno, California. 

The details about modeling aspects such as discretization, basic parameters and the 
assumptions adopted are summarized in this section. 
 

5.1 Models 
 
Two-dimensional model of Pine Flat dam-reservoir system is considered on a rigid base. The 

dam is discretized by 40 isoparametric 8-node plane-solid finite elements in plane-stress state. As 

for the water domain, two strategies are adopted as explained below (Fig. 2): 
For the FE-(FE-TE) method of analysis which is our main procedure, the reservoir near-field is 

discretized by fluid finite elements and the absorbing boundary condition is employed on the 
upstream truncation boundary according to different alternatives discussed. This latter task is 
actually carried out by utilizing a truncation-element at that boundary. The length of this near-field 
region is denoted by L and water depth is referred to as H. Two normalized reservoir length is 
considered herein. These are in particular; L/H=1 and 3. Herein, discretization corresponding to 
the lower length (i.e., L/H=1) is depicted in which 45 isoparametric 8-node plane-fluid finite 

elements are employed for modeling of the water region (Fig. 2). For the FE-(FE-HE) method of 
analysis, the reservoir domain is divided into two regions. The near-field region (L/H=1) is 
discretized by fluid finite elements, and the far-field is treated by a fluid hyper-element (Fig. 2(b)). 
Of course, it should be emphasized that this option is merely utilized to obtain the exact solutions 
(Lotfi 2001b, Lotfi 2004). Moreover, it is well-known that the results are not sensitive in this case 
to the length of the reservoir near-field region or L/H value. 

Furthermore, for each case two alternatives are considered which correspond to full reflective 

(i.e., 𝛼 = 1) and absorptive (i.e., 𝛼 = 0.75) reservoir bottom conditions. 
The evaluation of mixed HO-WN condition for different alternatives, are initially carried out 

for time harmonic analysis. Subsequently, the investigation is performed for transient analysis by 
considering earthquake excitations. 
 

5.2 Basic parameters 
 
The concrete is assumed to be homogeneous and isotropic with the following basic properties: 

Elastic modulus  𝐸𝑐=22.75 GPa. 

Poisson’s ratio  𝜈𝑐=0.20 

Unit weight               𝛾𝑐=24.8 kN m3⁄   

Hysteretic damping factor  𝛽𝑑 = 0.05 (Utilized for time harmonic analysis) 

The water is taken as compressible, inviscid fluid, with weight density of 9.81 kN/m3 and 
pressure wave velocity of 1440.0 m/s. The water level is considered at the height of 116.19 m 
above the base, similar to the reference (Chopra, et al. 1980). 

As mentioned, two different analysis types are carried out. These are time harmonic as well as 
transient type of analyses. For the former part, the hysteretic damping factor mentioned above is 
utilized. However, in the latter part, the Rayleigh damping matrix is applied and the  
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(a) 

 
(b) 

Fig. 2 The dam-reservoir discretization for L/H=1; (a) FE-(FE-TE) model, (b) FE-(FE-HE) model 

 
 

corresponding coefficients are determined such that equivalent damping for frequencies close to 

the first and tenth modes of vibration corresponding to dam-reservoir system (i.e., 𝑓1 = 2.545 Hz 

and 𝑓10 = 8.690 Hz) would be 5% of the critical damping. 
As for mixed HO-WN truncation element, the following properties are utilized: 

𝜔̃ = 16.0 rad/sec 

𝜆̃1 = (0.13519E − 1, 0.0) ;   full reflective reservoir bottom condition (𝛼 = 1) 

𝜆̃1 = (0.13594E − 1, 0.100395E − 2) ; absorptive reservoir bottom condition (𝛼 = 0.75) 

𝛽 = 11 𝑐 ̅  
This latter value is selected by a calibration strategy mentioned for the analysis of gravity dams 

(Samii and Lotfi 2012). 
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5.3 Loading 
 
For time harmonic analysis, the loading is merely ground motions. However, for transient 

analysis, it includes both static and dynamic type of loading. It should be mentioned that static 
loads (weight, hydrostatic pressures) are each visualized as being applied in one separate 
increment of time. Therefore, the same time step of 0.01 second, which is chosen in dynamic 

analysis, is also considered as time increment of static loads application. It is noted that time for 
static analysis is just a convenient tool for applying the load sequentially. However, it is obvious 
that inertia and damping effects are disregarded in the process. In this respect, the dead load is 
applied in one increment and hydrostatic pressures thereafter in another increment at negative 
range of time. At time zero, the actual dynamic analysis begins with the static displacements and 
stresses being applied as initial conditions. The dynamic excitation considered, is the S69E or 
vertical component of Taft earthquake records, which is applied in the horizontal or vertical 

directions separately, along with static loading mentioned. The time duration utilized, is 13 
seconds in each case. 
 

 

6. Results 
 

The initial part of study focuses on the time harmonic analysis of Pine Flat dam-reservoir 
system. Subsequently, the transient type of analysis will be presented. 

 

6.1 Time harmonic analysis 
 
It should be emphasized that all results presented herein, are obtained by the FE-(FE-TE) 

method discussed. These are under different absorbing conditions (mixed HO-WN (Alt.1, 2 and 
3)) applied on the truncation boundary. The only exception is for what are referred to as the exact 
responses. Those special cases are carried out by the FE-(FE-HE) analysis technique (Lotfi 2004). 

The study covers both full reflective and absorptive reservoir bottom condition (i.e., α =
1 and 0.75). Moreover, two normalized reservoir lengths are considered as mentioned previously. 
These are in particular; L/H=1 and 3. 

For each combination, transfer functions for the horizontal acceleration at dam crest with 
respect to horizontal or vertical ground acceleration are presented for the three alternatives (Figs. 

3-6). It is noted that response in each case is plotted versus the dimensionless frequency. The 

normalization of excitation frequency is carried out with respect to 𝜔1 (i.e., 𝜔1 = 19.77 rad/sec), 
which is defined as the natural frequency of the dam with an empty reservoir on rigid foundation. 
Moreover, it is noticed that all cases are compared with its corresponding exact response.  

Let us first consider the L/H=1 and 𝛼 = 1 combination (Fig. 3). The results for the three 
alternatives are presented for both horizontal and vertical ground motions. For Alt.1 and 3, it is 
observed that responses are very accurate up to the second cut-off frequency of the reservoir (i.e., 
second sharp peak apparent in vertical excitation). This is true for both horizontal and vertical 
excitation cases. It is also noticed that some kind of noise or distortion exist in the response for 
higher frequencies after the second cut-off frequency of the reservoir. As for Alt. 2 case, the 
responses are very similar to the two other cases with the exception that some kind of noise or 
distortion also exists in the responses right after the first cut-off frequency of the reservoir. This is 

mainly due to the fact that only one propagating wave term is utilized for this alternative.  
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(a) 

 
(b) 

 
(c) 

Fig. 3 Horizontal acceleration at dam crest for different alternatives (L/H=1 and 𝛼 = 1); (a) Alt.1, (b) Alt.2, 

(c) Alt.3 

 
 

For the L/H=3 and 𝛼 = 1 combination (Fig. 4), trends are similar to previous combination. 
However, the accuracy is even further improved and errors are reduced. Especially for the  
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(a) 

 
(b) 

 
(c) 

Fig. 4 Horizontal acceleration at dam crest for different alternatives (L/H=3 and 𝛼 = 1); (a) Alt.1, (b) Alt.2, 
(c) Alt.3 

 

 
distortion which was noticed right after the first cut-off frequency of the reservoir in the case of 
Alt. 2.  
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(a) 

 
(b) 

 
(c) 

Fig. 5 Horizontal acceleration at dam crest for different alternatives (L/H=1 and 𝛼 = 0.75); (a) Alt.1, (b) 

Alt.2, (c) Alt.3 

 
 

For the L/H=1 and 𝛼 = 0.75 combination (Fig. 5), trends are similar to L/H=1 and 𝛼 = 1 
combination (Fig. 3). However, distortions are reduced after the second cut-off frequency of the  
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(a) 

 
(b) 

 
(c) 

Fig. 6 Horizontal acceleration at dam crest for different alternatives (L/H=3 and 𝛼 = 0.75); (a) Alt.1, (b) 
Alt.2, (c) Alt.3 

 

 
reservoir for all three alternatives. Obviously, this is as a result of additional damping introduced 
due to absorptive reservoir bottom. Moreover, the distortion is also diminished for Alt. 2 case  
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Fig. 7 Comparison of horizontal displacement at dam crest due to horizontal ground motion for different 

conditions 

 
 

which was noticeable right after the first cut-off frequency of the reservoir. 

As for the L/H=3 and 𝛼 = 0.75 combination (Fig. 6), trends are similar to L/H=1 and 𝛼 = 0.75 
combination (Fig. 5). However, the accuracy is even further improved and errors are reduced. It is 
such that there are perfect agreements up to the second cut-off frequency of the reservoir and there 
are minor errors after that. This is true for all three alternatives. 
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Fig. 8 Comparison of horizontal displacement at dam crest due to vertical ground motion for different 

conditions 

 
 
6.2 Transient analysis 
 
It is worthwhile to emphasize that all results presented in this sub-section are mainly obtained 

by the FE-(FE-TE) method discussed, under different mixed HO-WN (Alt.1, 2 and 3) conditions 
applied on the truncation boundary. However, the results in each case are compared against the 
corresponding results obtained by the high order H-W condition (e.g., O5-5) applied on the  
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Fig. 9 Comparison of envelope of principal stresses due to horizontal excitation for mixed HO-WN (Alt.1, 2 

and 3) and H-W (Full reflective reservoir bottom condition (α=1.0) and L/H=1) 

 
 

truncation boundary. This is due to the fact FE-(FE-HE) approach utilized in previous sub-section 

(referred to as exact method) is merely applicable for frequency domain analysis. It is worthwhile 
to mention that results for high order H-W condition are not sensitive to L/H value. Therefore, they 
can be envisaged as exact results (in numerical sense) in time domain. 

Similar to time harmonic analysis, the study herein covers both full reflective and absorptive 

reservoir bottom condition (i.e., 𝛼 = 1 and 0.75). Moreover, two normalized reservoir lengths are 
considered as mentioned previously. These are in particular; L/H=1 and 3. Moreover, the dynamic 
excitation considered, is the S69E or vertical component of Taft earthquake records, which is 
applied in the horizontal or vertical directions separately, along with static loading mentioned 
previously. 

Let us concentrate initially on the results for time history of horizontal displacement at dam 
crest which are presented in Figs. 7 and 8. For horizontal excitation, it is observed that there are 
perfect agreements (Fig. 7) between mixed HO-WN (Alt.1, 2 and 3) responses and the one related 
to high order H-W (O5-5) for all considered combinations. As for vertical excitation (Fig. 8), it is 

observed that for L/H=1 and 𝛼 = 1  combination (i.e., most challenging condition), there are 
noticeable errors for Alt.1 and Alt.2 at the latter part of time history. However, even for this 

condition, the errors for Alt. 3 case are minor. For L/H=3 and 𝛼 = 1 combination, the errors 
decrease significantly for the first two alternatives and there is almost perfect agreement for Alt.3 

results. For combinations with 𝛼 = 0.75 (L/H=1 or 3), there are again perfect agreements between 
mixed HO-WN (Alt.1, 2 and 3) responses and the one related to high order H-W (O5-5). 

Subsequently, comparisons for envelope of maximum and minimum principal stresses are 
illustrated between mixed HO-WN (Alt.1, 2 and 3) responses and the one related to high order H- 
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Fig. 10 Comparison of envelope of principal stresses due to horizontal excitation for mixed HO-WN (Alt.1, 

2 and 3) and H-W (Full reflective reservoir bottom condition (α=1.0) and L/H=3) 

 

 

 
Fig. 11 Comparison of envelope of principal stresses due to horizontal excitation for mixed HO-WN (Alt.1, 

2 and 3) and H-W (Absorptive reservoir bottom condition (α=0.75) and L/H=1) 
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Fig. 12 Comparison of envelope of principal stresses due to horizontal excitation for mixed HO-WN (Alt.1, 

2 and 3) and H-W (Absorptive reservoir bottom condition (α=0.75) and L/H=3) 

 

 

 
Fig. 13 Comparison of envelope of principal stresses due to vertical excitation for mixed HO-WN (Alt.1, 2 

and 3) and H-W (Full reflective reservoir bottom condition (α=1.0) and L/H=1) 
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Fig. 14 Comparison of envelope of principal stresses due to vertical excitation for mixed HO-WN (Alt.1, 2 

and 3) and H-W (Full reflective reservoir bottom condition (α=1.0) and L/H=3) 

 

 

 
Fig. 15 Comparison of envelope of principal stresses due to vertical excitation for mixed HO-WN (Alt.1, 2 

and 3) and H-W (Absorptive reservoir bottom condition (α=0.75) and L/H=1) 
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Fig. 16 Comparison of envelope of principal stresses due to vertical excitation for mixed HO-WN (Alt.1, 2 
and 3) and H-W (Absorptive reservoir bottom condition (α=0.75) and L/H=3) 

 
Table 5 Maximum and minimum principal stresses due to horizontal excitation 

𝛼 L/H Approach 
𝜎1 

(MPa) 

Error for 𝜎1 

(%) 

𝜎3 

(MPa) 

Error for 𝜎3 

(%) 

1 1 

Alt.1 3.77 1.31 -4.04 0.25 

Alt.2 3.83 0.26 -4.06 0.25 

Alt.3 3.83 0.26 -4.07 0.49 

H-W 3.82 ----- -4.05 ----- 

1 3 

Alt.1 3.84 0.52 -4.06 0.25 

Alt.2 3.82 0.00 -4.07 0.49 

Alt.3 3.83 0.26 -4.05 0.00 

H-W 3.82 ----- -4.05 ----- 

0.75 1 

Alt.1 3.51 1.68 -3.80 1.04 

Alt.2 3.57 0.00 -3.85 0.26 

Alt.3 3.56 0.28 -3.84 0.00 

H-W 3.57 ----- -3.84 ----- 

0.75 3 

Alt.1 3.57 0.00 -3.84 0.00 

Alt.2 3.57 0.00 -3.84 0.00 

Alt.3 3.57 0.00 -3.84 0.00 

H-W 3.57 ----- -3.84 ----- 
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Table 6 Maximum and minimum principal stresses due to vertical excitation 

𝛼 L/H Approach 
𝜎1 

(MPa) 

Error for 𝜎1 

(%) 

𝜎3 

(MPa) 

Error for 𝜎3 

(%) 

1 1 

Alt.1 2.63 5.20 -3.35 6.01 

Alt.2 2.59 3.60 -3.24 2.53 

Alt.3 2.57 2.80 -3.22 1.90 

H-W 2.50 ----- -3.16 ----- 

1 3 

Alt.1 2.52 0.80 -3.21 1.58 

Alt.2 2.47 1.20 -3.13 0.95 

Alt.3 2.51 0.40 -3.16 0.00 

H-W 2.50 ----- -3.16 ----- 

0.75 1 

Alt.1 1.84 0.54 -2.75 0.00 

Alt.2 1.85 0.00 -2.75 0.00 

Alt.3 1.85 0.00 -2.75 0.00 

H-W 1.85 ----- -2.75 ----- 

0.75 3 

Alt.1 1.85 0.00 -2.75 0.00 

Alt.2 1.85 0.00 -2.75 0.00 

Alt.3 1.85 0.00 -2.75 0.00 

H-W 1.85 ----- -2.75 ----- 

 
 

W (O5-5) case for different conditions (Figs. 9-16). Moreover, maximum value of 𝜎1  and 

minimum value of 𝜎3 are presented for both horizontal and vertical excitations (Tables 5 and 6). 
The percentages of error are also provided in these Tables for these quantities for a better capture 
of errors involved in each case. 

Let us concentrate first on the results for horizontal excitation. Based on Figs. 9-12 and Table 
5, it is observed that results for mixed HO-WN (Alt.1, 2 and 3) and the one related to H-W (O5-5) 

case for different conditions agree very well. It is such that maximum errors for 𝜎1 and 𝜎3 are 1.68 
and 1.04 percent, respectively. In regard to vertical excitation, based on Figs. 13-16 and Table 6, it 
is noticed that error increases in certain cases in comparison with horizontal excitation. However, 

results still agree quite well. It is such that maximum errors for 𝜎1  and 𝜎3  are 5.20 and 6.01 
percent, respectively and it corresponds to Alt.1 case for the most challenging considered 

condition (L/H=1 and 𝛼 = 1 combination). 
 
 

7. Conclusions 
 

The formulation based on FE-(FE-TE) procedure, was examined for dynamic analysis of a 
realistic concrete gravity dam-reservoir system. The core of the method is based on utilizing a 
truncation-element at the upstream truncation boundary of the reservoir near-field domain and 
excluding far-field region of the reservoir. This truncation-element is formulated based on mixed 
HO-WN condition applied at that boundary. Three alternatives were discussed for this approach. 
The first two alternatives result in one additional degree of freedom at each node in comparison 

with usual modeling in practice which employs Sommerfeld truncation condition. While, the third 

80



 

 

 

 

 

 

Application of mixed high order-Wavenumber approach in dynamic analysis… 

alternative leads to two additional degrees of freedom. 
A special purpose finite element program (Lotfi 2001a) was enhanced for this investigation. 

Thereafter, the response of Pine Flat dam-reservoir system was studied due to horizontal and 

vertical ground motions for two types of reservoir bottom conditions of full reflective (i.e., 𝛼 = 1) 

and absorptive (i.e., 𝛼 = 0.75). Moreover, two normalized reservoir lengths were considered. In 
particular, these were L/H=1 and 3 which corresponds to low and high normalized reservoir 
lengths. It should be emphasized that study was carried out under different mixed HO-WN 
conditions (i.e., Alt.1, 2 and 3) applied on the truncation boundary.  

The initial part of study was focused on the time harmonic analysis. In this part, it was possible 
to compare the transfer functions against corresponding responses obtained by FE-(FE-HE) 
approach (referred to as exact method). Subsequently, the transient analysis is carried out. In that 

part, the results in each case are compared against the corresponding results obtained by the high 
order H-W condition (e.g., O5-5) applied on the truncation boundary. It is worthwhile to 
emphasize that results for high order H-W condition (e.g., O5-5) are not sensitive to L/H value. 
Therefore, they can be envisaged as exact results (in numerical sense) in time domain. In this 
respect, the dynamic excitation considered, is the S69E or vertical component of Taft earthquake 
records, which is applied in the horizontal or vertical directions separately, along with static 
loading mentioned. 

Overall, the main conclusions obtained by the present study can be listed as follows: 
Time harmonic analysis 

• Under the most challenging considered combination (L/H=1 and 𝛼 = 1), it is observed that 
responses (i.e., transfer functions) are very accurate for Alt.1 and 3 up to the second cut-off 
frequency of the reservoir (i.e., second sharp peak apparent in vertical excitation). This is true 
for both horizontal and vertical excitation cases. It is also noticed that some kind of noise or 
distortion exist in the responses for higher frequencies after the second cut-off frequency of the 
reservoir. As for Alt. 2 case, the responses are very similar to the two other cases with the 
exception that some kind of noise or distortion also exists in the responses right after the first 
cut-off frequency of the reservoir. This is mainly due to the fact that only one propagating 

wave term is utilized for this alternative.  
• For other combinations, trends are similar to the challenging combination mentioned. 
However, the accuracy is even further improved and errors are reduced. It is such that for the 

most favorable considered combination (L/H=3 and 𝛼 = 0.75), there are perfect agreements 
for the transfer functions up to the second cut-off frequency of the reservoir and there are 
minor errors after that. This is true for all three alternatives. 

Transient analysis 

• In regard to time history of horizontal displacement at dam crest due to horizontal excitation, 
it is observed that there are perfect agreements between mixed HO-WN (Alt.1, 2 and 3) 

responses and the one related to high order H-W (O5-5) for all considered combinations. 
• As for the time history of horizontal displacement at dam crest due to vertical excitation, it is 

observed that for L/H=1 and 𝛼 = 1 combination (i.e., most challenging condition), there are 
noticeable errors for Alt.1 and Alt.2 at the latter part of time history. However, even for this 

condition, the errors for Alt. 3 case are minor. For L/H=3 and 𝛼 = 1 combination, the errors 
decrease significantly for the first two alternatives and there is almost perfect agreement for 

Alt.3 results. For combinations with 𝛼 = 0.75 (L/H=1 or 3), there are again perfect agreements 
between mixed HO-WN (Alt.1, 2 and 3) responses and the one related to high order H-W (O5-
5). 
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• Based on envelope of principal stresses and maximum value of 𝜎1 and minimum value of 𝜎3 
extracted from these contours, it is observed that results for mixed HO-WN (Alt.1, 2 and 3) and 
the one related to H-W (O5-5) case agree very well for horizontal excitation under different 

conditions. It is such that maximum errors for 𝜎1  and 𝜎3  are 1.68 and 1.04 percent, 
respectively.  
• In regard to vertical excitation, it is noticed that error increases in certain cases in comparison 
with horizontal excitation. However, results still agree quite well. It is such that maximum 

errors for 𝜎1and 𝜎3 are 5.20 and 6.01 percent, respectively and it corresponds to Alt.1 case for 

the most challenging considered condition (L/H=1 and 𝛼 = 1 combination). 
• In general, it can be claimed that all three alternatives of mixed HO-WN approach are acting 
very well and Alt. 3 is most accurate. Of course, it should be emphasized that both Alt.1 and 
Alt.2 have merely one additional degree of freedom in comparison with usual Sommerfeld 
truncation condition, while Alt. 3 employs two additional degrees of freedom. 
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Appendix A. The basic relations for Alt.1  
 

Although, it is much simpler, the basic relations for Alt.1 are as follows 

𝐋I𝚽1 + 𝑐̅ 𝐋I(𝐏̇ − 𝐏̇𝑖) + 𝐑I
𝑒 = 𝟎 (A.1) 

−𝛽(𝜆̃1
2)

𝑅
𝐋I(𝐏 − 𝐏𝑖) − 𝛽

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I(𝐏̇ − 𝐏̇𝑖) + (𝜆̃1

2)
𝑅

𝐋I𝚽1 + 1

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I𝚽̇1 − 𝑐̅(𝜆̃1

2)
𝑅

𝐋I(𝐏̇ −

𝐏̇𝑖) − 𝑐̅

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I(𝐏̈ − 𝐏̈𝑖) + 2𝛽𝑐̅ 𝐋I𝚽̇1 + 2𝑐̅2𝐋I𝚽̈1 = 𝟎   

(A.2) 

𝑐̅2 𝐋I 𝐏̈
𝑖 + 𝐐I 𝐏̇

𝑖 + 𝐃I 𝐏
𝑖 = −𝐄I

𝑖  𝐚𝑔 (A.3) 

Based on these relations, the explicit forms of generalized matrices (𝐌I, 𝐂I and 𝐊I) are quite 
apparent:  
 

 
Table A.1 Explicit form of generalized matrix 𝐌I (Alt.1) 

 𝐏T 𝚽1
T 𝐏𝑖T 

𝐏 0 0 0 

𝚽1 −
𝑐̅

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I  2c̅2𝐋I 

𝑐̅

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I 

𝐏𝑖 0 0 c̅2𝐋I 

 
Table A.2 Explicit form of generalized matrix 𝐂I (Alt.1) 

 𝐏T 𝚽1
T 𝐏𝑖T 

𝐏 c̅ 𝐋I 0 −c̅ 𝐋I 

𝚽1 (−
𝛽

𝜔̃
(𝜆̃1

2)
𝐼

− 𝑐̅(𝜆̃1
2)

𝑅
) 𝐋I (+

1

𝜔̃
(𝜆̃1

2)
𝐼

+ 2𝛽𝑐̅) 𝐋I (
𝛽

𝜔̃
(𝜆̃1

2)
𝐼

+ 𝑐̅(𝜆̃1
2)

𝑅
) 𝐋I 

𝐏𝑖 0 0 𝐐I 

 
Table A.3 Explicit form of generalized matrix 𝐊I (Alt.1) 

 𝐏T 𝚽1
T 𝐏𝑖T 

𝐏 0 𝐋I 0 

𝚽1 −𝛽(𝜆̃1
2)

𝑅
𝐋I (𝜆̃1

2)
𝑅

𝐋I 𝛽(𝜆̃1
2)

𝑅
𝐋I 

𝐏𝑖 0 0 𝐃I 

 
 

Appendix B. The basic relations for Alt.2  
 

Although, it is much simpler, the basic relations for Alt.2 are as follows 

𝐋I𝚽1 + 𝑐̅ 𝐋I(𝐏̇ − 𝐏̇𝑖) + 𝐑I
𝑒 = 𝟎 (B.1) 

−2𝛽(𝜆̃1
2)

𝑅
𝐋I(𝐏 − 𝐏𝑖) −

2𝛽

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I(𝐏̇ − 𝐏̇𝑖) + ((𝜆̃1

2)
𝑅

+ 𝛽2) 𝐋I𝚽1 

+ (
1

𝜔̃
(𝜆̃1

2)
𝐼

+ 2𝛽𝑐̅) 𝐋I𝚽̇1 + 𝑐̅2𝐋I𝚽̈1 = 𝟎   
(B.2) 
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𝑐̅2 𝐋I 𝐏̈
𝑖 + 𝐐I 𝐏̇

𝑖 + 𝐃I 𝐏
𝑖 = −𝐄I

𝑖  𝐚𝑔 (B.3) 

Based on these relations, the explicit forms of generalized matrices (𝐌I, 𝐂I and 𝐊I) are quite 
apparent:  
 
 
Table B.1 Explicit form of generalized matrix 𝐌I (Alt.2) 

 𝐏T 𝚽1
T 𝐏𝑖T 

𝐏 0 0 0 

𝚽1 0 c̅2LI 0 

𝐏𝑖 0 0 c̅2LI 

 
Table B.2 Explicit form of generalized matrix 𝐂I (Alt.2) 

 𝐏T 𝚽1
T 𝐏𝑖T 

𝐏 c̅ 𝐋I 0 −c̅ 𝐋I 

𝚽1 −
2𝛽

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I (

1

𝜔̃
(𝜆̃1

2)
𝐼

+ 2𝛽𝑐̅) 𝐋I 
2𝛽

𝜔̃
(𝜆̃1

2)
𝐼
𝐋I 

𝐏𝑖 0 0 𝐐I 

 
Table B.3 Explicit form of generalized matrix 𝐊I (Alt.2) 

 𝐏T 𝚽1
T 𝐏𝑖T 

𝐏 0 𝐋I 0 

𝚽1 −2𝛽(𝜆̃1
2)

𝑅
𝐋I ((𝜆̃1

2)
𝑅

+ 𝛽2) 𝐋I 2𝛽(𝜆̃1
2)

𝑅
𝐋I 

𝐏𝑖 0 0 𝐃I 
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