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Abstract.  The study examines the behaviour of waves propagating through a homogeneous, isotropic 
thermoelastic medium under modified micropolar Green-Lindsay (MMG-L) model along with hyperbolic two-
temperature (HTT) parameter. The governing Eqs. are formulated and explained after reducing to two dimension and 
a dimensionless form. Amplitude ratios are obtained for various waves namely Longitudinal waves (LD-wave), 
Transverse wave (T-wave), Coupled Displacement-I wave (CD-I wave) and Coupled Displacement-II wave (CD-II 
wave), for the considered model. This article distinctively explores the influence of the HTT parameter on wave 
propagation within the modified Green-Lindsay (MG-L) model. Amplitude ratios are presented graphically to depict 
the influence of HTT parameter along with different models of thermoelasticity namely the MG-L and Green-
Lindsay (G-L) model. Also, the graphically presented results shows the potential applications in geophysics, 
seismology and earthquake engineering providing valuable insights into wave interaction dynamics within micro-
structured materials. Some special cases are also deduced from the present investigation. 
 

Keywords:  amplitude ratio; hyperbolic two-temperature; micropolar thermoelastic; modified Green-

Lindsay 

 
 
1. Introduction 
 

A rigid body deforms under external forces, altering the shape, volume or length while an 
elastic body regains its original state. Theory of thermoelasticity explores the relationship between 
heat and the mechanical energy of a body. The shortcoming of classical theory (CT) theory are 
addressed by two generalized theories of thermoelasticity presented by Lord and Shulman (L-S) 
(1967) and Green-Lindsay (G-L) (1972). Youssef (2006) proposed a new theory of generalized 

thermoelasticity, incorporating heat conduction in deformable bodies governed by two distinct 
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temperatures: conductive and thermodynamic. Ezzat et al. (2012) constructed a mathematical 
model for TT magneto-thermoelasticity, by incorporating the fractional-order dual-phase-lag heat 
conduction law. Ezzat et al. (2018) presented a mathematical model for the TT phase-lag Green-
Nagdhi thermoelasticity theory. Various authors have explored different problems, with notable 
contributions including (Ezzat 1995, Ezzat 2004, Abo-Dahab and Lofty 2015, Lofty 2012, Vlase et 
al. 2017, Lofty et al. 2019). 

Youssef and Bary (2018) introduced an HTT generalized thermoelastic model. Kumar et al. 
(2020) described thermoelastic interactions in an infinite elastic medium with a cylindrical cavity 
in the context of HTT parameter.  

El-Bary (2021) developed a mathematical model of HTT generalized thermoelasticity 
combined with the fractional stress theory for a homogeneous isotropic solid cylindrical infinite 
medium. Lofty et al. (2021) investigated the general solutions to a 1D problem for propagating 
waves in a generalized piezo-photo-thermoelastic medium using the HTT theory of 

thermoelastcitiy. Within the framework of the HTT generalized theory of thermoelasticity, 
Youssef and Lehaibi (2022) presented a two-dimensional model for a homogeneous and isotropic 
thermoelastic solid cylinder subjected to thermal shock. 

In Eringen (1966), Tauchert et al. (1968), Eringen (1970), developed the linear and non-linear 
theory of micropolar thermoelasticity respectively. El-Karamany and Ezzat (2004) provided a 
formulation to the boundary integral Eq. method for a generalized linear micropolar thermoelastic 
model. Ezzat and Awad (2009) introduced modifications to Ohm’s law and the generalized 
Fourier’s law in the equations. of the linear theory of micropolar generalized magneto-

thermoelasticity. Marin et al. (2020) investigated some results for the Moore-Gibson-Thompson 
(MG-T) theory of thermoelasticity of dipolar bodies. Abouelregal et al. (2022) investigated the 
effects of plane waves on materials with microstructures, based on micropolar thermoelasticity, 
including TT and higher order time derivatives. Sherief and Hussein (2023) enhanced a 
generalized micropolar theory of thermoelasticity by incorporating a fractional order model. Lofty 
and his co-authors discussed various types of problems, notable of them are (2015, 2020, 2021a, 
2021b). 

 Yu et al. (2018) introduced strain rate into the G-L thermoelastic model, establishing a 
generalized thermoelastic framework. Subsequently, Quintanilla (2018) modified the theory 
proposed by Yu et al. on the G-L model. Sarkar and Mondal (2020) further enhanced the MG-L 
generalized thermoelastic model by incorporating the TT parameter and examined the reflection 
and propagation of thermoelastic plane waves in a homogeneous, isotropic thermally conducting 
elastic half-space with a stress-free and thermally insulated surface. Kumar et al. (2022) conducted 
a study to estimate the response of impedance parameters in a micropolar medium with the MMG-

L generalized thermoelastic model. Using the MG-L generalized theory of thermoelasticity, 
Kaushal et al. (2023) analyzed the effects of non-local and HTT parameters in generalized 
thermoelastic medium under the MG-L model.  

 We consider a homogeneous, isotropic generalized thermoelastic micropolar medium within 
the framework of the MG-L theory of thermoelasticity. The primary focus of this research is to 
examine the impact of the HTT parameter on the amplitude ratio of the waves, namely the LD-
wave, T-wave, CD-I wave and CD-II wave, in a homogeneous isotropic MMG-L medium. In 
section 3, the new set of governing Eqs. is reduced to a two-dimensional form and transformed 

into dimensionless quantities. In section 4, the eqations are solved using reflection technique, 
followed by stress-free boundary conditions given in section 5. Certain cases of interest are 
derived in section 6. Section 7 presents the numerical findings and graphical representations of the 
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results, highlighting the impact of HTT and different theories of thermoelasticity. Finally, in 
section 8, the graphical findings are summarized. The physical context of the problem is related to 
geophysics, seismology and earthquake engineering research. 
 

 

2. Basic equations 
 

The field equations and constitutive relations in absence of body forces, body couples, and heat 
source (Eringen 1966, Yu et al. 2018, Youssef 2006) are defined as follows 

(1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)[(𝜆 + 𝜇)∇(∇. 𝑢⃗ ) + (𝜇 + 𝑘)∇2𝑢⃗ + 𝑘(∇× 𝜑⃗ )]− (1 + 𝜂2𝜏1

𝜕

𝜕𝑡
)𝛾1∇𝑇 = 𝜌

𝜕2𝑢⃗⃗ 

𝜕𝑡2  (1) 

𝛾∇2𝜑⃗ + (𝛼 + 𝛽)∇(∇. 𝜑⃗ ) + 𝑘[(∇× 𝑢⃗ ) − 2𝜑⃗ ] = 𝜌𝑗
𝜕2𝜑⃗⃗ 

𝜕𝑡2 , (2) 

𝐾∗∇2𝜙 = 𝜌𝐶𝑒 (1 + 𝜂3𝜏0
𝜕

𝜕𝑡
)

𝜕𝑇

𝜕𝑡
+ (1 + 𝜂4𝜏0

𝜕

𝜕𝑡
)𝛾1𝑇0𝑢̇𝑟,𝑟 , (3) 

𝑡𝑝𝑞 = (1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)[𝜆𝑢𝑟,𝑟𝛿𝑝𝑞 + 𝜇(𝑢𝑝,𝑞 + 𝑢𝑞,𝑝) + 𝑘(𝑢𝑞,𝑝 − 𝜉𝑝𝑞𝑟𝜑𝑟)] − 𝛾1 (1 +

𝜂2𝜏1
𝜕

𝜕𝑡
)𝑇𝛿𝑝𝑞, 

(4) 

𝑚𝑝𝑞 = 𝛼𝜑𝑟,𝑟𝛿𝑝𝑞 + 𝛽𝜑𝑝,𝑞 + 𝛾𝜑𝑞,𝑝, (5) 

𝑇 = (1 − 𝑎∇2)𝜙, (6) 

𝑇̈ = 𝜙̈ − 𝛽∗∇2𝜙, (7) 

where 𝜆, 𝜇 -Lame’s constants, 𝛾1 = (3𝜆 + 2𝜇 + 𝑘)𝛼𝑡 , 𝛼𝑡 -the coefficient of linear thermal 

expansion,  𝜑⃗ -microrotation vector, 𝑗 -microinertia,  𝑢⃗ -displacement vector, 𝐾∗ -thermal 

conductivity, ∇2 -Laplacian operator, 𝜌, 𝐶𝑒 -density and specific heat, 𝑇0 -reference 

temperature,  𝛿𝑝𝑞-Kronecker delta, 𝛼, 𝛽 𝛾, 𝑘 -micropolar constants, 𝜉𝑝𝑞𝑟 -alternating tensor, 𝑚𝑝𝑞 -

components of couple stress tensor, 𝑡 -time, 𝑇 -thermodynamic temperature, 𝜙 -conductive 

temperature, 𝑡𝑝𝑞-components of stress tensor, 𝜏0, 𝜏1- the relaxation times, 𝜂1 , 𝜂2, 𝜂3,𝜂4-constants. 

The Eqs. (1)- (7) reduce to the following   

𝜂1 = 𝜂2 = 𝜂3 = 𝜂4 = 1, Modified Green-Lindsay (MG-L) (2018), 

𝜂1 = 𝜂4 = 0, 𝜂2 = 𝜂3 = 1, Green-Lindsay, (G-L) (1972), 

𝜂1 = 𝜂2 = 0, 𝜂3 = 𝜂4 = 1, Lord -Shulman, (L-S) (1967), 

𝜂1 = 𝜂2 = 𝜂3 = 𝜂4 = 0, Coupled thermoelasticity, (C-T) (1980). 
 

 

3. Problem statement 
 

We consider a homogeneous and isotropic MMG-L half-space using a rectangular cartesian co-

ordinate system 𝑂𝑥1𝑥2𝑥3 having origin at 𝑥3 = 0, along with 𝑥3-axis pointing normally into the 

medium. We consider thermoelastic plane wave in 𝑥1 , 𝑥3-plane with wave front paraller to 𝑥2-axis 

and all the field variables depends only on 𝑥1 , 𝑥3 and t.  
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Fig. 1 Geometry of the problem 

 
 

For two dimensional problems, we take the components of displacement and microrotation 

vector as 

𝑢⃗ = (𝑢1, 0, 𝑢3), 𝜑⃗ = (0,𝜑2, 0). (8) 

The following dimensionless quantities are defined 

(𝑥𝑖
′, 𝑢𝑖

′) =
𝜔1

𝑐1
(𝑥𝑖 , 𝑢𝑖), 𝑡3𝑖

′ =
𝑡3𝑖

𝛽1𝑇0
, (𝜙′, 𝑇′) =

1

𝑇0
(𝜙, 𝑇), 

(𝑡′, 𝜏0
′ , 𝜏1

′ ) = 𝜔1(𝑡, 𝜏0, 𝜏1), 𝜑2
′ =

𝜌𝐶1
2

𝛾1𝑇0
𝜑2, 𝑎′ =

𝜔1
2

𝑐1
2 𝑎, 

𝑚32
′ =

𝜔1

𝛾1𝑐1𝑇0
𝑚32, 𝛽∗′ =

1

𝑐1
2 𝛽∗, (𝑖 = 1, 3)   

(9) 

where 

𝑐1
2 =

𝜆+2𝜇+𝑘

𝜌
 and 𝜔1 =

𝜌𝐶𝑒𝑐1
2

𝐾∗ . 

After removing the primes and introducing the values defined by Eq. (9) along with Eq. (8), in 
Eqs. (1)-(7), we get  

(1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)[𝑎1

𝜕𝑒

𝜕𝑥1
+ 𝑎2∇

2𝑢1 − 𝑎3
𝜕𝜑2

𝜕𝑥3
] − 𝑎4 (1 + 𝜂2𝜏1

𝜕

𝜕𝑡
)

𝜕𝑇

𝜕𝑥1
=

𝜕2𝑢1

𝜕𝑡2 ,                  (10) 

(1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)[𝑎1

𝜕𝑒

𝜕𝑥3
+ 𝑎2∇

2𝑢3 + 𝑎3
𝜕𝜑2

𝜕𝑥1
] − 𝑎4 (1 + 𝜂2𝜏1

𝜕

𝜕𝑡
)

𝜕𝑇

𝜕𝑥3
=

𝜕2𝑢3

𝜕𝑡2 ,                 (11) 

𝑎5∇
2𝜑2 + 𝑎6 (

𝜕𝑢1

𝜕𝑥3
−

𝜕𝑢3

𝜕𝑥1
) − 𝑎7𝜑2 =

𝜕2𝜑2

𝜕𝑡2 ,                                      (12) 

∇2𝜙 = (1 + 𝜂3𝜏0
𝜕

𝜕𝑡
)

𝜕𝑇

𝜕𝑡
+ 𝑎8 (1 + 𝜂4𝜏0

𝜕

𝜕𝑡
)

𝜕𝑒

𝜕𝑡
,                                 (13) 

𝑡33 = (1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)[𝑎12 (

𝜕𝑢3

𝜕𝑥3
) + 𝑎13 (

𝜕𝑢1

𝜕𝑥1
)] − (1 + 𝜂2𝜏1

𝜕

𝜕𝑡
)𝑇,                    (14) 
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𝑡31 = (1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)[𝑎9 (

𝜕𝑢1

𝜕𝑥3
) + 𝑎10 (

𝜕𝑢3

𝜕𝑥1
) − 𝑎11𝜑2],                              (15) 

𝑚32 = 𝑎14
𝜕𝜑2

𝜕𝑥3
,                                                         (16) 

𝑇 = (1 − 𝑎∇2)𝜙,                                                       (17) 

𝑇̈ = 𝜙̈ − 𝛽∗∇2𝜙,                                                       (18) 

where 𝑎𝑖′𝑠 are defined as 

𝑎1 =
𝜆+𝜇

𝜌𝑐1
2 , 𝑎2 =

𝜇+𝑘

𝜌𝑐1
2 , 𝑎3 =

𝛾1𝑘𝑇0

𝜌2𝑐1
4 , 

𝑎4 =
𝛾1𝑇0

𝜌𝑐1
2 , 𝑎5 =

𝛾

𝑗𝜌𝑐1
2, 𝑎6 =

𝑘𝑐1
2

𝑗𝛾1𝜔1
2𝑇0

, 

𝑎7 =
2𝑘

𝑗𝜌𝜔1
2, 𝑎8 =

𝛾1𝑐1
2

𝐾∗𝜔1
, 𝑎9 =

𝜇+𝑘

𝛾1𝑇0
, 

𝑎10 =
𝜇

𝛾1𝑇0
, 𝑎11 =

𝑘

𝜌𝑐1
2, 𝑎12 =

𝜆+2𝜇+𝑘

𝛾1𝑇0
, 

𝑎13 =
𝜆

𝛾1𝑇0
, 𝑎14 =

𝛾𝜔1
2

𝜌𝑐1
4 , 𝑒 =

𝜕𝑢1

𝜕𝑥1
+

𝜕𝑢3

𝜕𝑥3
, 

∇2=
𝜕2

𝜕𝑥1
2 +

𝜕2

𝜕𝑥3
2. 

The above system of equations is decoupled by taking 𝑢1 and 𝑢3 in dimensionless form as 

𝑢1 = 𝑞,1 − 𝜓,3,  𝑢3 = 𝑞,3 + 𝜓,1.                                               (19) 

Using Eq. (19) in Eqs. (11)-(16), we get the following set of equations 

(1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)∇2𝑞 − 𝑎4 (1 + 𝜂2𝜏1

𝜕

𝜕𝑡
)𝑇 =

𝜕2𝑞

𝜕𝑡2,                                   (20) 

(1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)𝑎2∇

2𝜓 + 𝑎3 (1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)𝜑2 =

𝜕2𝜓

𝜕𝑡2 ,                                (21) 

𝑎5∇
2𝜑2 − 𝑎6∇

2𝜓 − 𝑎7𝜑2 =
𝜕2𝜑2

𝜕𝑡2 ,                                          (22) 

∇2𝜙 = (1 + 𝜂3𝜏0
𝜕

𝜕𝑡
)

𝜕𝑇

𝜕𝑡
+ 𝑎8∇

2 (1 + 𝜂4𝜏0
𝜕

𝜕𝑡
)

𝜕𝑞

𝜕𝑡
,                              (23) 

𝑡33 = (1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)[𝑎12 (

𝜕2𝜓

𝜕𝑥1𝜕𝑥3
+

𝜕2𝑞

𝜕𝑥3
2) + 𝑎13 (

𝜕2𝑞

𝜕𝑥1
2 −

𝜕2𝜓

𝜕𝑥1𝜕𝑥3
)] − (1 + 𝜂2𝜏1

𝜕

𝜕𝑡
)𝑇,       (24) 

𝑡31 = (1 + 𝜂1𝜏1
𝜕

𝜕𝑡
)[𝑎9 (

𝜕2𝑞

𝜕𝑥1𝜕𝑥3
−

𝜕2𝜓

𝜕𝑥3
2) + 𝑎10 (

𝜕2𝜓

𝜕𝑥1
2 +

𝜕2𝑞

𝜕𝑥1𝜕𝑥3
) − 𝑎11𝜑2],              (25) 

𝑚32 = 𝑎14
𝜕𝜑2

𝜕𝑥3
.                                                           (26) 

 
 

4. Solution of the problem 
 

Assuming harmonic motion, the solution for 𝑞,𝜙,𝜓 and 𝜑2 is expressed as 

(𝑞,𝜙,𝜓, 𝜑2) = (𝑞,𝜙, 𝜓̅, 𝜑2̅̅̅̅ )𝑒𝜄𝑘(𝑥1 sin𝜃−𝑥3 cos 𝜃)+𝜄𝜔𝑡 ,                             (27) 
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where 𝜄  is iota, 𝑘  denoted as wave number, 𝜔  is angular velocity and quantities such 

as 𝑞, 𝜙, 𝜓̅ and 𝜑2̅̅̅̅  are arbitrary constants. After substituting the values of 𝑞,𝜙,𝜓 and 𝜑2 in Eqs. 
(20)-(23) along with Eq. (17) and (18), we get 

(𝜈4 + 𝐴1𝜈
2 + 𝐴2)(𝜓̅, 𝜑2̅̅̅̅ ) = 0,                                                (28) 

(𝜈4 + 𝐵1𝜈
2 + 𝐵2)(𝑞̅,𝜙) = 0,                                                 (29) 

where 

𝐴1 =
(𝑎3𝑎6−𝑎2𝑎7+𝑎2𝜔2)𝑅1+𝑎5𝜔

2

𝑎7−𝜔2 , 𝐴2 =
−𝑎2𝑎5𝑅1𝜔2

𝑎7−𝜔2 , 

𝐵1 =
𝜔−𝑎4𝑎8𝜄𝑅2𝑅4−𝜄𝑅3(𝛽∗+𝑅1)

𝜄𝑅3
, 

𝐵2 =
𝜄𝛽∗𝑅1𝑅3−𝜔𝑅1+𝑎4𝑎8𝜄𝛽∗𝑅2𝑅4

𝜄𝑅3
, 

𝑅1 = (1 + 𝜂1𝜏1𝜄𝜔), 𝑅2 = (1 + 𝜂4𝜏0𝜄𝜔), 

𝑅3 = (1 + 𝜂3𝜏0𝜄𝜔), 𝑅4 = (1 + 𝜂2𝜏1𝜄𝜔). 

 

 
5. Boundary conditions   
 

At stress free surface, the boundary conditions are vanishing of stresses and temperature 
gradient, mathematically it can be written as 

(i) 𝑡33 = 0, (ii) 𝑡31 = 0, (iii) 𝑚32 = 0, (iv) 
𝜕𝑇

𝜕𝑥3
= 0, at 𝑥3 = 0. (30) 

To obtain the amplitude ratios, we consider 𝑞,𝜙, 𝜓̅, 𝜑2̅̅̅̅  in the following form 

 𝑞 = 𝐴0𝑖𝑒
𝜄𝑘0(𝑥1 sin 𝜃0−𝑥3 cos 𝜃0)+𝜄𝜔𝑡 + 𝐴𝑖𝑒

𝜄𝑘𝑖(𝑥1 sin 𝜃𝑖+𝑥3 cos 𝜃𝑖)+𝜄𝜔𝑡 ,                      (31) 

𝜙 = 𝑑𝑖𝐴0𝑖𝑒
𝜄𝑘0(𝑥1 sin 𝜃0−𝑥3 cos 𝜃0)+𝜄𝜔𝑡 + 𝑑𝑖𝐴𝑖𝑒

𝜄𝑘𝑖(𝑥1 sin 𝜃𝑖+𝑥3 cos 𝜃𝑖)+𝜄𝜔𝑡 ,                  (32) 

𝜓̅ = 𝐴0𝑗𝑒
𝜄𝑘0(𝑥1 sin 𝜃0−𝑥3 cos 𝜃0)+𝜄𝜔𝑡 + 𝐴𝑗𝑒

𝜄𝑘𝑗(𝑥1 sin𝜃𝑗+𝑥3 cos 𝜃𝑗)+𝜄𝜔𝑡 ,                    (33) 

𝜑2̅̅̅̅ = 𝑓𝑖𝐴0𝑗𝑒
𝜄𝑘0(𝑥1 sin 𝜃0−𝑥3 cos 𝜃0)+𝜄𝜔𝑡 + 𝑓𝑖𝐴𝑗𝑒

𝜄𝑘𝑗(𝑥1 sin 𝜃𝑗+𝑥3 cos 𝜃𝑗)+𝜄𝜔𝑡 ,               (34) 

where 𝑑𝑖 =
(𝜔2−𝑘𝑖

2)𝑅1

𝑎4𝑅4(1−
𝛽∗𝑘𝑖

2

𝜔2 )

, 𝑓𝑖 =
𝑎6𝑘𝑖

2

𝑎5𝑘𝑖
2+𝑎7−𝜔2, (𝑖 = 1,2), (𝑗 = 3,4). 

𝐴0𝑖(𝑖 = 1,2) are the amplitude of incident LD-wave, T-wave. 𝐴0𝑗(𝑗 = 3,4) are the amplitude 

of CD-I wave and CD- II wave. 𝐴𝑖  (𝑖 = 1,2) are the amplitude of the reflected LD-wave and 

reflected T-wave and 𝐴𝑗 (𝑗 = 3,4) is the amplitude of the CD-I wave and CD- II wave. 

Snell’s Law is given as  

sin𝜃0

𝜐0
=

sin𝜃1

𝜐1
=  

sin𝜃2

𝜐2
=

sin𝜃3

𝜐3
=

sin𝜃4

𝜐4
,                                            (35) 

where 

𝑘1𝜐1 = 𝑘2𝜐2 = 𝑘3𝜐3 = 𝑘4𝜐4 = 𝜔, at 𝑥3 = 0,                                     (36) 
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𝜐0 = {

𝜈1, for incident LD − wave
𝜈2, for incident T − wave   
 𝜈3, for incident CD− I wave
  𝜈4, for incident CD− II wave

. 

Using (31)-(34) along with (35)-(36) in the boundary conditions given by (30), we obtained a 
system of equations as 

∑𝑎𝑖𝑗𝑍𝑗 = 𝑌𝑖 , (𝑖, 𝑗 = 1, 2, 3,4),   (37) 

𝑎1𝑖 = −𝑅1𝑘𝑖
2[𝑎12 cos2 𝜃𝑖 + 𝑎13 sin2 𝜃𝑖] − 𝑅4 (1 −

𝛽∗𝑘𝑖
2

𝜔2 )𝑑𝑖, 

𝑎1𝑗 = 𝑅1𝑘𝑗
2 sin 𝜃𝑗 cos𝜃𝑗 (𝑎13 − 𝑎12), 

𝑎2𝑖 = −𝑅1 sin 𝜃𝑖 cos𝜃𝑖 𝑘𝑖
2(𝑎9 + 𝑎10), 

𝑎2𝑗 = 𝑎9𝑅1 cos2 𝜃𝑗 𝑘𝑗
2 − 𝑎10𝑅1 sin2 𝜃𝑗 𝑘𝑗

2 − 𝑎11𝑓𝑖𝑅1, 

𝑎3𝑗 = 𝑎14𝜄𝑘𝑗𝑓𝑖 cos 𝜃𝑗 , 𝑎4𝑖 = (1 −
𝛽∗𝑘𝑖

2

𝜔2 ) 𝜄𝑑𝑖𝑘𝑖 cos𝜃𝑖, 

𝑖 = 1,2 and 𝑗 = 3,4 

and 𝑍1 =
𝐴1

𝐵∗, 𝑍2 =
𝐴2

𝐵∗, 𝑍3 =
𝐴3

𝐵∗, 𝑍4 =
𝐴4

𝐵∗. 

For incident LD-wave 𝐵∗ = 𝐴01 

𝑌1 = −𝑎11, 𝑌2 = 𝑎21, 𝑌3 = 𝑎31, 𝑌4 = 𝑎41. 

For incident T-wave 𝐵∗ = 𝐴02 

𝑌1 = −𝑎12, 𝑌2 = 𝑎22, 𝑌3 = 𝑎32, 𝑌4 = 𝑎42. 
For incident CD-I wave 𝐵∗ = 𝐴03 

𝑌1 = 𝑎13, 𝑌2 = −𝑎23,  𝑌3 = 𝑎33, 𝑌4 = 𝑎43. 

For incident CD-II wave 𝐵∗ = 𝐴04 

𝑌1 = 𝑎14, 𝑌2 = −𝑎24, 𝑌3 = 𝑎34, 𝑌4 = 𝑎44. 
 

 

6. Unique cases 
 

6.1 Modified Green-Lindsay with Hyperbolic two-temperature 
 

When substituting 𝛼 = 𝛽 = 𝛾 = 𝑘 = 𝑗 = 0 in Eq. (37), we get the results for the case of MG-L 
theory of thermoelasticity along with HTT parameter. 

 

6.2 Green-Lindsay theory of thermoelasticity along with two-temperature parameter 
 

Putting 𝜂1 = 𝜂4 = 0, 𝜂2 = 𝜂3 = 1, 𝛽∗ = 𝑎, reduces the system of equation defined by (37) for 
the case of G-L theory of micropolar thermoelasticity along with TT parameter, results tally with 
those obtained by Kumar et al. (2015). 
 

6.3 Lord-Shulman theory of thermoelasticity with two-temperature parameter 
 

Let  𝜂1 = 𝜂2 = 0, 𝜂3 = 𝜂4 = 1, 𝛽∗ = 𝑎 , Eq. (37) will yield the expression for micropolar 
theory of thermoelasticity for L-S model along with TT parameter, results tally with those 
obtained by Kumar et al. (2015). 
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6.4 Green-Lindsay theory of thermoelasticity 
 

Taking 𝜂1 = 𝜂4 = 0, 𝜂2 = 𝜂3 = 1 , 𝛽∗ = 0 , reduces the system of Eq. defined by (37) for 
micropolar theory of thermoelasticity for G-L model. 
 

6.5 Lord-Shulman theory of thermoelasticity 
 

By taking  𝜂1 = 𝜂2 = 0, 𝜂3 = 𝜂4 = 1,  𝛽∗ = 0, i.e. in the absence of TT parameter, Eq. (37) 
gives expression for micropolar theory of thermoelastic for L-S model. 
 

 

7. Computational interpretation 
 

A case of aluminium-epoxy material is being considered for numerical results and discussions 
and the values of relevant physical constants are given by Gauthier (1982): 

(i) Micropolar parameters 

𝜆 = 7.59 × 109Nm−2, 𝜇 = 1.89 × 109Nm−2, 

𝑘 = 0.0149 × 109Nm−2, 𝜌 = 2.19 × 103Kgm−3, 

𝛾1 = 2.68 × 105N, 𝐶𝑒 = 2.361 × 1010m2s−2K−1, 

𝑗 = 0.00196m2. 
(ii) Thermal parameters 

𝑇0 = 296K, 𝜔 = 1Hz, 𝜏0 = 0.1s, 

𝜏1 = 0.2s, 𝐾∗ = 2.04 × 102Jsec−1m−1deg−1. 
We are considering four different cases. Two cases are for MMG-L, one is with HTT parameter 

and other is when HTT parameter is absent. Two cases are considered for micropolar theory of 
thermoelasticity with G-L model, one is with HTT parameter and second is when HTT parameter 
is absent. 

In Fig. 2-17 
i. Solid black line represents the case of MMG-L along with HTT parameter (HTMGL) when 

𝛽∗ = 0.75. 
ii. Solid black line with center symbol ‘◊’, represents the case of MG-L in the absence of 

HTT parameter (MGL) i.e., for 𝛽∗ = 0. 
iii. Dashed blue line represents the case of G-L theory of thermoelasticity with HTT parameter 

(HTGL) and 𝛽∗ = 0.75. 
iv. Blue dashed line having center symbol as ‘∆’, represents the case of G-L theory of 

thermoelasticity (G-L) with 𝛽∗ = 0 (i.e., the absence of HTT parameter). 
 

LD-WAVE 

Fig. 2 is plotted to describe |𝑍1| vs 𝜃0. A significant decrease in magnitude of |𝑍1| is noticed in 

the range 00 ≤ 𝜃0 ≤ 350  for G-L model of thermoelasticity, while for MG-L model of 
thermoelasticity an increasing trend is noticed. The impact of HTT parameter is also visible as it 
enhances the amplitude ratio for both considered model of thermoelasticity. 

Fig. 3 gives the graphical description of |𝑍2| vs 𝜃0 . It is noticed that value of |𝑍2| shows a 
descending behaviour and gradually diminishing towards zero for all the considered cases in the 

entire range. The HTT parameter increases the magnitude of |𝑍2| for both MG-L and G-L model 
of thermoelasticity which reveals the impact of HTT on amplitude ratio. 
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Fig. 2 Variation of amplitude ratio |𝑍1| for LD- wave 
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Fig. 3 Variation of amplitude ratio |𝑍2| for LD- wave 
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Fig. 4 Variation of amplitude ratio |𝑍3| for LD- wave 
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Fig. 5 Variation of amplitude ratio |𝑍4| for LD- wave 

 

0 18 36 54 72 90
Angle of incidence

1

2

3

4

A
m

p
li
tu

d
e

 r
a

ti
o

 
1

HTMGL

MGL

HTGL

GL

 

Fig. 6 Variation of amplitude ratio |𝑍1| for T- wave  

 

 
Fig. 4 elucidates the impact of various theories of thermoelasticity on |𝑍3| vs 𝜃0. It is observed 

that the value for |𝑍3|  are greater for G-L model of thermoelasticity i.e., HTGL and GL in 
comparison to those observed for HTMGL and MGL respectively. It is also noticed that the value 

of |𝑍3| firstly increases and later on decrease for all the considered cases. 

It is revealed from Fig. 5, which is a plot of |𝑍4| vs 𝜃0, that the value of |𝑍4| shows ascending 

behaviour in 00 ≤ 𝜃0 ≤ 450 and later on decreases, with an increase in 𝜃0. The highest of |𝑍4| is 

seen at 𝜃 = 450 for HTGL. 
 

T-WAVE 

Fig. 6 depicts the variations of |𝑍1| vs 𝜃0. A gradual increase in the first half of interval is seen 

and after  𝜃 = 450, |𝑍1| shows a steep increase in magnitude for all the considered cases. 
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Fig. 7 Variation of amplitude ratio |𝑍2| for T- wave  
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Fig. 8 Variation of amplitude ratio |𝑍3| for T- wave 

 
 

It is depicted from Fig. 7 which is a plot of |𝑍2| vs 𝜃0. It is noticed that |𝑍2| shows contrary 
behaviour for MG-L model (HTMGL, MGL) of thermoelasticity as observed for G-L model of 

thermoelasticity in the range 00 ≤ 𝜃0 ≤ 450. 

Fig. 8 shows the variation of |𝑍3| vs 𝜃0. It is seen that HTT parameter enhances the value of 

|𝑍3| for both theories of thermoelasticity. It is also observed that in case of HTMGL and MGL the 

values increase in the range from 00 ≤ 𝜃0 ≤ 600, whereas for the case of HTGL and GL the value 

of |𝑍3| increases in the range from 00 ≤ 𝜃0 ≤ 700  and later follows a downward trend for all 
considered cases. 

Fig. 9 displays |𝑍4|  vs 𝜃0 . It is noticed that for all the considered cases |𝑍4|  displays an 
ascending behaviour in the first half of the interval and in leftover range the value of |𝑍4| 
decreases towards zero. 
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Fig. 9 Variation of amplitude ratio |𝑍4| for T- wave 
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Fig. 10 Variation of amplitude ratio |𝑍1| for CD- I wave  

 

 

CD-I WAVE 

Fig. 10 which is a plot of |𝑍1| vs 𝜃0. It is noticed that the value of |𝑍1| are greater for GL model 
of thermoelasticity i.e., HTGL and GL in comparison to those obtained for HTMGL and MGL. 

Fig. 11 demonstrates |𝑍2| vs 𝜃0. It is noticed that the values of |𝑍2| increases in the range 00 ≤
𝜃0 ≤ 400, magnitude of values are higher in case of presence of HTT parameter for theories of 

thermoelasticity and values of |𝑍2| decreases in the remaining range. 

Fig. 12 displays |𝑍3| vs 𝜃0. It is observed that |𝑍3| for HTGL shows a steady state in the range 

00 ≤ 𝜃0 ≤ 550, while for other considered cases |𝑍3| shows descending behaviour in the entire 

range except for MGL which shows increasing behaviour in 800 ≤ 𝜃0 ≤ 900. 

Fig. 13 shows the variation of |𝑍4| vs 𝜃0. It is observed that |𝑍4| exhibits identical behaviour 

across all considered cases. The values of |𝑍4| all found to be higher due to the influence of HTT  
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Fig. 11 Variation of amplitude ratio |𝑍2| for CD- I wave 
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Fig. 12 Variation of amplitude ratio |𝑍3| for CD- I wave 

 
 

parameter in both theories of thermoelasticity. 
 

CD-II WAVE 

Fig. 14 presents the variations of |𝑍1| vs 𝜃0. It is observed that |𝑍1| follows a consistent trend 
across all cases in the entire range. In absence of the HTT parameter the values of |𝑍1| are greater 

for both theories of thermoelasticity. The maximum value of |𝑍1| occurs at 𝜃 = 450  for G-L 
model of thermoelasticity, indicating its prominent behaviour compared to other model under 
consideration. 

The trend of variations for variations of |𝑍2| vs 𝜃0 is presented in Fig. 15. The graph reveals 

that |𝑍2| is higher for the HTMGL and MGL models in the entire range. This highlights the 
significance of different theories of thermoelasticity. 
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Fig. 13 Variation of amplitude ratio |𝑍4| for CD- I wave 
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Fig. 14 Variation of amplitude ratio |𝑍1| for CD- II wave 
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Fig. 15 Variation of amplitude ratio |𝑍2| for CD- II wave 
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Fig. 16 Variation of amplitude ratio |𝑍3| for CD- II wave 
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Fig. 17 Variation of amplitude ratio |𝑍4| for CD- II wave 

 
 

Fig. 16 which is a plot of |𝑍3| vs 𝜃0, it is noticed that initially |𝑍3| increases during the first 

half of interval and subsequently decreases in the remaining range. The magnitude of |𝑍3| is found 
to be higher for the G-L theory of thermoelasticity (HTGL and GL) compared to HTMGL and 
MGL. 

Fig. 17, displays |𝑍4| vs 𝜃0. It is noticed that |𝑍4| exhibits higher values in the presence of HTT 

parameter for both theories of thermoelasticity. The results indicate distinct difference in |𝑍4| 
which reveals that HTT parameter plays a significant role in influencing the amplitude ratio. 
 
 

8. Conclusions 
 

This investigation analyses an MMG-L generalized thermoelastic medium using the reflection 
technique. In this model the amplitude ratios of the four types of waves are determined namely 
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LD-wave, T-wave, CD-I wave and CD-II wave. For a two-dimensional problem the impact of 
HTT parameter along with different theories of thermoelasticity namely MG-L theory of 
thermoelasticity and G-L theory of thermoelasticity on amplitude ratios are investigated 
graphically. The following observations are noted: 

1. The presence of HTT parameter significantly enhances the amplitude ratio for both theories 

of thermoelasticity. It is also noticed that |𝑍1|  consistently increases, while |𝑍2|  decreases 

towards zero for all considered cases. Both |𝑍3| and |𝑍4| display an initial rise followed by a 
decline indicating amplitude ratios are influenced by angle of incidence. 

2. Both |𝑍1|, |𝑍2| exhibits uptrend throughout the interval. The magnitude of |𝑍3| and |𝑍4| are 
notably higher for the G-L model of thermoelasticity compared to MG-L model. 

3. It is noticed that |𝑍1|, |𝑍2| and |𝑍4| increases initially but decreases with further increase in 

𝜃0. In contrast |𝑍3| shows a continuous decrease except for HTGL, which remain stable in most 
of the range. The HTT parameter plays a crucial role, enhancing the amplitude ratios in most 
cases. 

4. It is noticed, CD-II waves demonstrate that |𝑍1|, |𝑍2| and |𝑍3| increases during the first half 
of the interval but decreases later on. It is also noticed that the absence of HTT parameter 

amplifies the value of amplitude ratios, whereas |𝑍4| follows a declining trend, except for 
HTMGL which remain higher.  
Though the problem is theoretical but the results are very useful for the researchers working in 

the field of seismology and earth crust drilling. Also, these findings contribute to the 
understanding of wave dynamics in thermoelastic media, with potential applications in 
seismology, material science, and engineering. Notably, such investigations play a vital role in 

hydrocarbon detection, mineral ore exploration. 
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