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Abstract.  A coupled algorithm is proposed which first considers the creation of porous structure of the material and 
then the simulations of response of mechanical components with porous structure to a variable load history. The 
simulations are carried out by the Prandtl operator approach in the finite element method (FEM) which enables 
structural simulations of mechanical components subjected to variable thermomechanical loads. Temperature-
dependent material properties and multilinear kinematic hardening of the material can be taken into account by this 
approach. Several simulations are then performed for a tensile-compressive specimen made of a generic porous 
structure and mechanical properties of Aluminium alloy AlSi9Cu3. Variable mechanical load history has been 
applied to the specimens under constant temperature conditions. Comparison of the simulation results shows a 
considerable elastoplastic stress-strain response in the vicinity of pores whilst the surface of the gauge-length of the 
specimen remains in the elastic region of the material. Moreover, the distribution of the pore sizes seems more 
influential to the stress-strain field during the loading than their radial position in the gauge-length. 
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1. Introduction 
 

Mechanical components operate in complex conditions. The joint effects of components’ use 

and operating environment coupled by their mechanical characteristics, e.g., shape, size and 

material, determine their availability during service life. The development of new products hence 

requires several development evaluations to verify the project requirements. These evaluations 

include structural behavior, durability prediction, reliability, and safety analyses among others 

(Liao et al. 2022, Bartošák 2021, Šeruga et al. 2014, Gharib et al. 2022). The listed analyses are 

commonly based on the coupled consideration of the material properties with the 

thermomechanical influences from use and environment (Šeruga et al. 2014). The resulting stress-

strain behavior of the mechanical component is gained numerically in the early stages of the R&D 
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process or experimentally in later stages (Imamovic et al. 2022, Bartošák 2021, Hajdo et al. 2020, 

Šeruga et al. 2014, Pagliaro et al. 2020). The accuracy of the simulations depends on the 

considered level of details, either regarding the material properties or the typical use and 

environmental conditions. The numerical models used in the finite element analysis (FEA), where 

stress-strain calculations are commonly carried out, can be set either as to (i) use an ideal volume 

with material properties which resemble the material peculiarities, e.g., pores in the microstructure 

as a consequence of the manufacturing process, or (ii) use a realistic volume with the 

imperfections modelled as they appear (Polatov et al. 2020, Zouambi et al. 2014, Ghasemi et al. 

2022, Li et al. 2019). In both cases, a coupled analysis between the microstructure and the stress-

strain response can be performed providing the macroscopic behavior of the component during 

loading. However, the latter option offers an additional insight into the behavior of the internal 

structure. With other words, the influence of the pore distribution due to the manufacturing process 

can be studied and understood if a detailed model is created. Several methods of how to introduce 

the pores into the finite element model have been reported. They can be divided into explicit and 

implicit pore geometry modelling, and stochastic methods. On one hand, explicit pore geometry 

modelling involves direct incorporation of the pore geometry into the finite element model, e.g., 

Tomažinčič et al. (2021), Zouambi et al. (2014) or Bižal et al. (2015). Implicit pore modelling, on 

the other hand, reflects the effect of the pores in the values of the material parameters whereas the 

finite element mesh is modelled without pores, e.g., Osmond et al. (2018). Stochastic methods 

involve generating random pores within the model and simulating their effects on the material 

properties, e.g., Pang and Yuan (2020). The choice of pore modelling approach depends on the 

specific application and the accuracy required in the simulation. Additionally, accurate 

characterization of the pore geometry and material properties is critical in developing a reliable 

finite element model which can effectively simulate the behavior of the material (Tomažinčič and 

Klemenc 2022). 

As variable cyclic loads cause load-history-dependent stress-strain response in the material, the 

simulations must consider these phenomena, too. However, simulations of cyclic phenomena on 

large finite element models usually involve high computational requirements, therefore a time-

efficient method can aid to reduce the processing times during the solution of the problem. The 

Prandtl operator approach therefore seems a valuable choice as it enables simulations of a cyclic 

stress-strain response due to variable thermomechanical loads of mechanical components. Its main 

advantages are high computational power and a small number of required material parameters to 

carry out the simulations (Nagode and Zingsheim 2004, Nagode and Fajdiga 2007). It has recently 

been implemented into the finite element method (FEM) as a user-material subroutine (UMAT) 

and enables temperature-dependent elastoplastic material properties with consideration of 

multilinear kinematic hardening either within the elastic predictor–plastic corrector iteration 

routine (Šeruga and Nagode 2019) or as a closed-form solution (Nagode et al. 2021). So far, it has 

been tested on simple structures (Nagode et al. 2021), a pipe-bend (Šeruga et al. 2022a) and a 

perforated plate (Šeruga et al. 2022b). 

Here we propose the extension of the Prandtl operator approach into a coupled algorithm which 

considers first the creation of porous structure of the material and then the simulations of response 

of mechanical components with porous structure to a variable load history. The method of the 

algorithm initially allows for statistical modelling of the size and the position of the pores by a 

random distribution, then provides the implementation of the results of the statistical step into the 

geometry of the mechanical component and finally carries out the simulations of the stress-strain 

response of the component subjected to a variable loading history. 
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Fig. 1 Algorithm for creation of the realistic virtual manufacturing-process-influenced finite element mesh 

and solution of the stress-strain field during variable loading 

 
 
2. Method 
 

The first integral part of the method is an autogenous generic algorithm based on either a 

uniform distribution U(x) or a two-parameter Weibull distribution W(x) which join a theoretical 

distribution of the pores with an ideal CAD model and then convert them into a realistic virtual 

manufacturing process-influenced finite element mesh of the mechanical component. The size and 

the spatial position of a single pore are thus given in terms of the probability density functions as 

𝑓(𝑥) = {

𝑈(𝑥); 𝑥 = 𝑑, 𝑙, 𝑟, 𝜑     ∨

𝑊(𝑥) = (
𝛽𝑥

𝜃𝑥
) (

𝑥

𝜃𝑥
)
(𝛽𝑥−1)

𝑒
−(

𝑥

𝜃𝑥
)
𝛽𝑥

; 𝑥 = 𝑑, 𝑙, 𝑟, 𝜑.     
                         (1) 

Variables d, l, r and 𝜑 stand for the diameter of the pores, the axial distance, the radius in the 

gauge part of the specimen and the angle in the gauge section, respectively. Since every pore pi (d, 

l, r, 𝜑); i =1, ..., m is created as an intersection between the geometric primitive and the model, 

incremental building of the final model is utilized by a loop iterating through the number of pores 

m (Fig. 1) 

𝑝𝑖(𝑑, 𝑙, 𝑟, 𝜑) = {
∫ 𝑈(𝑥)𝑑𝑥
𝑥𝑖
0

; 𝑥 = 𝑑, 𝑙, 𝑟, 𝜑;  𝑖 = 1, . . . , 𝑚     ∨

∫ 𝑊(𝑥)𝑑𝑥
𝑥𝑖
0

; 𝑥 = 𝑑, 𝑙, 𝑟, 𝜑;  𝑖 = 1, . . . , 𝑚.      
                       (2) 

The biggest advantage of such modelling of pores is a parametric representation of the pores 

which allows for potential corrections of either their size or positions (if required) after the 

inspection of the model. Next, meshing with finite elements creates a numerical model with 

geometric features of the manufacturing process (pores). 

The second integral part of the method is a closed-form solution for the determination of the 

stress-strain field during variable loading of the virtual mechanical component. The closed form 

ensures a high computational speed which is crucial for complex finite element models. 

Specifically, observing the integration-point level in a finite-element model, the stress-tensor 

increment ∆σij can be modelled for a given strain-tensor increment ∆εij. The strain-tensor 

increments are supplied in steps k=1, ..., n. If constant temperature is assumed, the connection 

between the stress-tensor and the strain-tensor increments can then be written as 
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Fig. 2 (a) Specimen 1 and (b) controlled distribution of pores in the gauge-length for specimen 1 

 

 

𝛥𝜎𝑖𝑗 = 2𝜇∗𝛥𝜀𝑖𝑗 + 𝜆∗𝛥𝜀𝑘𝑘𝛿𝑖𝑗 ,                                                 (3) 

where 𝜇∗ and 𝜆∗ stand for elastoplastic Lamé constants 

𝜇∗ =
𝛥𝜌𝑠

𝛥𝜌𝑒
 and 𝜆∗ =

𝐸

3(1−2𝜈)
−

2

3
𝜇∗,                                             (4) 

whilst E and ν are Young modulus and Poisson ratio of the material. The mechanical radial stress 

increment in the deviatoric plane ∆ρs can be expressed in a form of a Prandtl operator type for 

constant temperature conditions as 

𝛥𝜌𝑠 = ∑ 𝛼𝑙𝛥𝜌(e)l
𝑛𝑞
𝑙=1

,                                                         (5) 

where 𝛼𝑙, 𝛥𝜌(e)l and 𝑛𝑞 stand for Prandtl densities, radial back-strain increments and the number 

of the Prandtl-type spring-slider segments, respectively. A detailed description of the calculation 

procedure using the FEM-implemented Prandtl operator approach can be found in Nagode et al. 

(2021). 

Reliability calculation of the material and determination of confidence intervals can be 

achieved by a straightforward extension of the method. Bootstrapping using a redistribution of 

pores with unchanged distribution parameters followed by re-meshing and recalculation of the 

stress-strain response can be utilized for this purpose. 

 

 

3. Results and discussion 
 

Several porous tensile-compressive specimens with the gauge-length dimensions of 22.5×9 mm 

have been created for validation purposes in this study (Figs. 2, 3, 4 and 5). First, the pores have 

been prepared for the ideal geometry of the specimen using the presented algorithm based on a 

uniform radial distribution for one specimen (Fig. 2). Additionally, four combinations of pore sizes  

(a) (b) 
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Fig. 3 (a) Mesh of specimen 1, (b) size and position distribution of the pores in the axial direction of the 

gauge-length in specimen 1 (uniform radial distribution of pores was used in this case), (c) detailed mesh 

around the pores for specimen 1 and (d) material properties of the bulk material and the variable amplitude 

loading for all the specimens 

 
Table 1 Elastic modulus E, Ramberg-Osgood parameters K’ and n’ and proportional limit stress σp for 

Aluminium alloy AlSi9Cu3 (Bižal et al. 2015, Tomažinčič and Klemenc 2022) 

T [°C] E [MPa] K’ [MPa] n’ [-] σp [MPa] 

23 70000 542 0.098 178 

 

 

and radial positions have been set using the two-parameter Weibull distribution as shown in Figs. 4 

and 5. The axial distribution of the pores has been set by the same two-parameter Weibull 

distribution for all the specimens (Fig. 3(b)). The resulting finite element meshes consisted of 

120770, 98506, 110244, 98937 and 97291 nodes, and 706695, 573397, 638871 575156, 567313 

C3D4 structural elements for specimens 1 to 5, respectively. 

Apart from the elastic modulus, which was set to 70000 MPa, the material properties of the 

bulk material have been chosen according to Bižal et al. (2015) and Tomažinčič and Klemenc 

(2022). The uniaxial tensile-compressive cyclic stress-strain curve is given in Fig. 3(d) and the 

material properties of the bulk material are listed in Table 1. 

One side of the specimens has been clamped and the other side has been mechanically loaded 

by a variable displacement-controlled loading as depicted in Fig. 2(a). The complete mechanical 

load history of the specimen, applied in seven load steps, is graphically presented in Fig. 3(d). 

Every load step has been further divided into automatically controlled sub-steps to ensure the 

convergence of the mechanical solution. Finally, a control point on specimen 1 has been chosen for  

(a) 
(b) 

(c) (d) 
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Fig. 4 Distributions of pore size and radial positions in: a) specimen 2, b) specimen 3, c) specimen 4 and d) 

specimen 5 

 

 

Fig. 5 Geometry after the completion of the preprocessing step of the algorithm: (a) specimen 2, (b) 

specimen 3, (c) specimen 4 and (d) specimen 5 
 

(a) (b) 

(c) (d) 

(a) 

(b) 

(c) 

(d) 
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Fig. 6 (a) Simulation results for the middle plane of specimen 1. Critical location is pointed out. (b) Stress-

tensor simulation results for the critical location on specimen 1. (c) Stress-strain tensor results for the critical 

location on specimen 1 

 

 

analysis of the stress-strain simulation results. 

The simulation results for specimen 1 are depicted in Fig. 6 and for specimens 2-5 in Fig. 7. 

The analysis of specimen 1 provides scrutiny regarding the application of the Prandtl operator 

approach to carry out the coupled simulations of porous microstructure and variable loading of 

mechanical components. Furthermore, the examination of the stress-strain results in specimens 2-5 

delivers the influence of the variation in microstructure depending on the pore size and position 

distributions. 

(a) 

(b) 

(c) 
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Fig. 7 Displacement simulation results after 10 s for (a) specimen 2, (b) specimen 3, (c) specimen 4 and (d) 

specimen 5; and von Mises stress simulation results after 10 s for (e) specimen 2, (f) specimen 3, (g) 

specimen 4 and (h) specimen 5 

 

 

Initially, it can be noticed that for the given loads, the surface of the gauge-length remains in 

the elastic region of the material, whilst an elastoplastic stress-strain response can be observed 

around the pores (Fig. 6(a)). Moreover, despite the uniaxial loading of the specimen a multiaxial 

response appears in the vicinity of the pores which is clearly noticeable for the chosen control 

point (critical location) in Fig. 6(b) and 6(c). A nonlinear stress-time response is observed due to 

the nonlinear material behaviour beyond the plastic limit of the material (Fig. 6(b)), although the 

loading of the specimen is applied linearly (Fig. 3(d)). Specifically, the simulation using the 

Prandtl operator approach considers kinematic hardening of the material and memory rules during 

the application of the variable amplitude loading which can be seen in the modelled stress-strain 

hysteresis loops (Fig. 6(c)). 

Furthermore, comparison of the various pore distributions reveals that higher values of both the 

pore size and radial positions will appear in the specimen for lower values of the Weibull shape 

parameter β (Figs. 4 and 5). Importantly, the size parameter θ has been kept constant for all the 

specimens 2-5. The influence of this fact can thus be clearly seen in displacement and stress 

distributions across the cross-sections as depicted in Fig. 7. The simulations show that favourable 

von Mises stresses in the whole gauge-length are achieved for specimen 5 (374 MPa in step 1), 

whereas the most detrimental effect due to the simulated porous microstructure is observed for 

specimen 2 (503 MPa in step 1). Specimen 3 reached the second highest von Mises stress (403 

MPa in step 1) and specimen 4 with 379 MPa was just before specimen 5 (361 MPa). The visual 

comparison of specimen 2-5 cross-sections in step 1 is given in Fig. 7. Observing the pore 

distributions in Fig. 4 and the values of the stresses in the gauge cross-section therefore suggests 

that the pore size distribution has a slightly greater effect on the mechanically loaded material 

(drop from 503 MPa in Fig. 7(e) to 379 MPa in Fig. 7(g)) than the position distribution (drop from 

503 MPa in Fig. 7(e) to 403 MPa in Fig. 7(f)). 

 

 
5. Conclusions 
 

The paper has investigated a stress-strain simulation of a complex model using the coupled 

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 
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consideration of the porous microstructure and the FEM-implemented Prandtl operator approach. 

The results show an elastoplastic response in the vicinity of the pores in the gauge-length whilst 

the macroscopic response of the specimen remains in the elastic region of the material. 

Furthermore, a multiaxial stress-strain state appears around the pores although the loading of the 

specimen is uniaxial. Importantly, the response can be simulated for variable amplitude loading 

with consideration of multilinear kinematic hardening. Using a two-parameter Weibull distribution 

for modelling of pore sizes and their radial position in the gauge-length, the former turned out to 

be to some extent more influential in respect with induced stress field in the material than their 

radial position. 
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