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Abstract.  On the basis of the explicit time-domain method, an investigation is performed on the influence of the 
rotational stiffness and rotational damping of the vehicle body and front-rear bogies on the dynamic responses of the 
vehicle-bridge coupled systems. The equation of motion for the vehicle subsystem is derived employing rigid 
dynamical theories without considering the rotational stiffness and rotational damping of the vehicle body, as well as 
the front-rear bogies. The explicit expressions for the dynamic responses of the vehicle and bridge subsystems to 
contact forces are generated utilizing the explicit time-domain method. Due to the compact wheel-rail model, which 
reflects the compatibility requirement of the two subsystems, the explicit expression of the evolutionary statistical 
moment for the contact forces may be performed with relative ease. Then, the evolutionary statistical moments for 
the respective responses of the two subsystems can be determined. The numerical results indicate that the 
simplification of vehicle model has little effect on the responses of the bridge subsystem and the vehicle body, except 
for the responses of the rotational degrees of freedom for the vehicle subsystem, regardless of whether deterministic 
or random analyses are performed. 
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1. Introduction 
 

The random vibration analysis of the vehicle-bridge coupled system is one of the most 

prominent issues in the scientific and engineering communities (Mu et al. 2016, Xiao et al. 2019). 

With the rapid advancement of computer technology over the past two decades, numerical 

simulation technology has figured prominently in the dynamic study of the vehicle-bridge coupled 

system. In the meantime, whether or not the vehicle-bridge linked model used is reasonable can 

affect the ease of operation and rationality of the results from the calculations. The finite element 

modeling of the bridge subsystem has been well-developed thus far. The moving load model (Lee 
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1994, Thambiratnam and Zhuge 1996), the moving mass model (Mahmoud and Zai 2002, 
Michaltsos et al. 1996), the moving oscillator model (Pesterev and Bergman 2000, Yang and Lin 
2005), and the multi-body model have been applied to the physical model for the vehicle 
subsystem (Au et al. 2002, Podworna and Klasztorny 2014, Stojanovi et al. 2018). The rational 
vehicle model, which has a significant influence on the vibration of vehicle-bridge coupled 
systems (Deng et al, 2018), should be used for its subsequent convenience and effectiveness, even 

though the effects of various factors are expected to be accounted for in the ideal vehicle model 
(Zhai 2015). 

As previously stated for vehicle models, the multi-body model that accurately describes the 
characteristics of the suspension system is a favorite among researchers (Yin et al. 2010, Yu et al. 
2021, Lu et al. 2009, Su et al. 2020). However, it is still an issue for the nonlinear cases because 
the rotational stiffness of the vehicle body and the front-rear bogies are always coupled with their 
respective vertical suspension springs (see Eq. (3) in Chapter 2), which does not pose an issue for 

linear problems. For instance, if the vertical suspension spring shows hysteretic properties, which 
is a kind of coupled nonlinear problem of stiffness and damping, the rotational stiffness and the 
vertical stiffness will exhibit nonlinear behavior in a coupled way, resulting in a highly complex 
problem. Moreover, it is still a necessary work to evaluate the influences of rotational stiffness and 
rotational damping on the dynamic responses of the vehicle-bridge coupled system. To clarify the 
above issue, this paper proposes a simplified vehicle model where the rotational damping, 
rotational stiffness of the vehicle body, and the front-rear bogies are neglected, and further 
investigates the properties of the proposed simplified model. 

Finally, the random vibration analysis of the entire system takes into account the random 
irregularity, which is the leading excitation source for the coupled vehicle-bridge system. Various 
techniques, such as the power spectral method (Li et al. 2002), the pseudo excitation method (Lu 
et al. 2009), the probability density evolution method (Yu et al. 2015), etc., are utilized to evaluate 
the random responses of the vehicle-bridge coupled systems. Notably, the physical and 
probabilistic mechanisms for the random vibration of the vehicle-bridge coupled system are 
treated in a coupled form by the aforementioned methods, resulting in a certain degree of 

inefficiency. In the last decade, an explicit time-domain method (ETDM) has been developed (Su 
et al. 2016, Su and Xu 2014, Su et al. 2020) for the uncoupled treatment of physical and 
probabilistic mechanisms for the random vibration analysis of linear systems and equivalent linear 
systems, resulting in the dimension-reduction analysis for random vibration problems. 
Consequently, the other purpose of this study is to evaluate the random response of the vehicle-
bridge coupled system using the simplified vehicle model based on the ETDM due to its high 
computational efficiency. A numerical example indicates that the simplified vehicle model is 

feasible and effective. 

 
 
2. Conventional vehicle model 

 
The conventional multi-body model for the vehicle subsystem (Zhai 2015), which is travelling 

at a speed of 𝑣 along the bridge subsystem, is always regarded as a multi-rigid-body system, as is 
shown in Fig. 1. This model consists of seven rigid bodies, including one vehicle body, one front 

bogie, one rear bogie, and four wheelsets. In Fig. 1, 𝑀𝑐 and 𝐽𝑐 denote the mass and the moment of 

inertia for the vehicle body, respectively; 𝑀𝑡 and 𝐽𝑡 are the mass and the moment of inertia for the 

front-rear bogies, respectively; 𝑀𝑤 denotes the mass of each wheelset; 𝐾𝑠𝑧 and 𝐶𝑠𝑧  represent the  
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Fig. 1 Mechanical model of vehicle subsystem 

 

 

Fig. 2 Force diagram of vehicle body 

 
 

vertical stiffness and damping of the secondary suspension, respectively; 𝐾𝑝𝑧 and 𝐶𝑝𝑧  represent the 

vertical stiffness and damping of the first suspension, respectively; 𝑍𝑐  denotes the vertical 

displacement, for which it is positive in an upward direction; 𝛽𝑐  denotes the rotational 
displacement, for which it is positive in the counterclockwise direction of the vehicle body; 𝑍𝑡1 

and 𝛽𝑡1 represent the vertical displacement and the rotational displacement of the front bogie, 

respectively; 𝑍𝑡2 and 𝛽𝑡2 represent the vertical displacement and the rotational displacement of the 

rear bogie, respectively; 𝑍𝑤𝑖  (𝑖 = 1, 2, 3, 4) denotes the displacement of each wheelset; 𝑘𝑖  (𝑖 =
1, 2, 3, 4) is the stiffness of each wheelset；𝑟𝑖 (𝑖 = 1, 2, 3, 4) denotes the irregularity of the bridge 

deck. Obviously, the conventional vehicle model discussed here has 10 degrees of freedom. It 

should be noted that the motion of equation for the vehicle subsystem is established at the 
equilibrium position of the whole system. Therefore, the total weight of the vehicle subsystem is 
distributed evenly to the bridge subsystem through the four wheelsets. 

The free-body diagram of the vehicle body is shown in Fig. 2. Based on the D'Alembert's 
principle, the equation of motion for the vehicle body in the vertical direction is expressed as 

 𝑀𝑐�̈�𝑐 + 2𝐶𝑠𝑧�̇�𝑐 − 𝐶𝑠𝑧�̇�𝑡1 − 𝐶𝑠𝑧�̇�𝑡2 + 2𝐾𝑠𝑧𝑍𝑐 − 𝐾𝑠𝑧𝑍𝑡1 − 𝐾𝑠𝑧𝑍𝑡2 = 0                    (1) 

Using the theorem of the moment of momentum, the equation of motion for the vehicle body in 
the rotational direction is given as 

 𝐽𝑐�̈�𝑐 = −2𝐶𝑠𝑧𝑙𝑐
2�̇�𝑐 − 2𝐾𝑠𝑧𝑙𝑐

2𝛽𝑐 − 𝐶𝑠𝑧(�̇�𝑡1
− �̇�𝑡2

)𝑙𝑐 − 𝐾𝑠𝑧(𝑍𝑡1
− 𝑍𝑡2

)𝑙𝑐                  (2) 
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Fig. 3 Force diagram of vehicle body without considering rotational stiffness and rotational damping 

 
 
Eq. (2) can be rearranged as 

 𝐽𝑐�̈�𝑐 + 2𝐶𝑠𝑧𝑙𝑐
2�̇�𝑐 + 2𝐾𝑠𝑧𝑙𝑐

2𝛽𝑐 + 𝐶𝑠𝑧𝑙𝑐�̇�𝑡1
− 𝐶𝑠𝑧𝑙𝑐�̇�𝑡2

+ 𝐾𝑠𝑧𝑙𝑐𝑍𝑡1
− 𝐾𝑠𝑧𝑙𝑐𝑍𝑡2

= 0          (3) 

in which 2𝐶𝑠𝑧𝑙𝑐
2 and 2𝐾𝑠𝑧𝑙𝑐

2 represent the rotational damping and the rotational stiffness of the 
vehicle body, respectively. These two parameters are coupled with the damping and the stiffness of 
the vertical suspension spring, respectively. 

Similar to the above deviation, the equations of motion for the front-rear bogies and the four 
wheelsets can be obtained easily, which can be found in the reference (Zhai 2015). As can be seen 

from Eq. (3), the influence of the rotational damping and the rotational stiffness of the vehicle 
body can be considered in this equation. 
 

 
3. Simplified vehicle model 
 

For the simplified vehicle model, the rotational dampings and the rotational stiffnesses of the 

vehicle body and the front-rear bogies are not taken into account. The free-body diagram of the 
vehicle body is shown in Fig. 3. The equation of motion for the vehicle body in the vertical 
direction is the same as Eq. (1), and the equation of motion for the vehicle body in the rotational 
direction can be expressed as 

 𝐽𝑐�̈�𝑐 + 𝐶𝑠𝑧𝑙𝑐�̇�𝑡1
− 𝐶𝑠𝑧𝑙𝑐�̇�𝑡2

+ 𝐾𝑠𝑧𝑙𝑐𝑍𝑡1
− 𝐾𝑠𝑧𝑙𝑐𝑍𝑡2

= 0                             (4) 

The rotational damping force and the rotational restoring force have disappeared in Eq. (4) 
compared with Eq. (3). According to the D'Alembert's principle, it is easy to obtain the equation of 
motion for the front bogie in the vertical direction, namely 

𝑀𝑡�̈�𝑡1 + (2𝐶𝑝𝑧 + 𝐶𝑠𝑧)�̇�𝑡1 − 𝐶𝑠𝑧�̇�𝑐 − 𝐶𝑝𝑧�̇�𝑤1 − 𝐶𝑝𝑧�̇�𝑤2 − 𝐾𝑠𝑧𝑍𝑐 

+(2𝐾𝑝𝑧 + 𝐾𝑠𝑧)𝑍𝑡1 − 𝐾𝑝𝑧𝑍𝑤1 − 𝐾𝑝𝑧𝑍𝑤2 = 0 
 (5) 

Based on the theorem of the moment of momentum, the equation of motion for the front bogie 
in the rotational direction can be given as 

 𝐽𝑡�̈�𝑡1 + 𝐶𝑝𝑧𝑙𝑡�̇�𝑤1 − 𝐶𝑝𝑧𝑙𝑡�̇�𝑤2 + 𝐾𝑝𝑧𝑙𝑡𝑍𝑤1 − 𝐾𝑝𝑧𝑙𝑡𝑍𝑤2 = 0                         (6) 

Similarly，the equation of motion for the rear bogie in the vertical direction is expressed as 

𝑀𝑡�̈�𝑡2 + (2𝐶𝑝𝑧 + 𝐶𝑠𝑧)�̇�𝑡2 − 𝐶𝑠𝑧�̇�𝑐 − 𝐶𝑝𝑧�̇�𝑤3 − 𝐶𝑝𝑧�̇�𝑤4 − 𝐾𝑠𝑧𝑍𝑐 

+(2𝐾𝑝𝑧 + 𝐾𝑠𝑧)𝑍𝑡2 − 𝐾𝑝𝑧𝑍𝑤3 − 𝐾𝑝𝑧𝑍𝑤4 = 0 
(7)  
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and its equation of motion in the rotational direction can be given as 

 𝐽𝑡�̈�𝑡2 + 𝐶𝑝𝑧𝑙𝑡�̇�𝑤3 − 𝐶𝑝𝑧𝑙𝑡�̇�𝑤4 + 𝐾𝑝𝑧𝑙𝑡𝑍𝑤3 − 𝐾𝑝𝑧𝑙𝑡𝑍𝑤4 = 0                               (8) 

Lastly，all the equations of motion for the four wheelsets can be obtained based on 

D'Alembert's principle. The equation of motion for the first wheelset is expressed as 

 𝑀𝑤�̈�𝑤1 + 𝐶𝑝𝑧�̇�𝑤1 + 𝐾𝑝𝑧𝑍𝑤1 − 𝐶𝑝𝑧�̇�𝑡1 − 𝐾𝑝𝑧𝑍𝑡1 = 𝐹1(𝑡)                                (9) 

The equation of motion for the second wheelset is expressed as 

 𝑀𝑤�̈�𝑤2
+ 𝐶𝑝𝑧�̇�𝑤2

+ 𝐾𝑝𝑧𝑍𝑤2
− 𝐶𝑝𝑧�̇�𝑡1

− 𝐾𝑝𝑧𝑍𝑡1
= 𝐹2(𝑡)                               (10) 

The equation of motion for the third wheelset is expressed as 

 𝑀𝑤�̈�𝑤3
+ 𝐶𝑝𝑧�̇�𝑤3

+ 𝐾𝑝𝑧𝑍𝑤3
− 𝐶𝑝𝑧�̇�𝑡2

− 𝐾𝑝𝑧𝑍𝑡2
= 𝐹3(𝑡)                                (11) 

The equation of motion for the fourth wheelset is expressed as 

 𝑀𝑤�̈�𝑤4
+ 𝐶𝑝𝑧�̇�𝑤4

+ 𝐾𝑝𝑧𝑍𝑤4
− 𝐶𝑝𝑧�̇�𝑡2

− 𝐾𝑝𝑧𝑍𝑡2
= 𝐹4(𝑡)                                 (12) 

in which 𝐹𝑖(𝑡)（𝑖 = 1, 2, 3, 4） is the vehicle-bridge contact force function. The above equation 

can be rewritten in a matrix form as follows 

 𝑴𝑣�̈�𝑣 + 𝑪𝑣�̇�𝑣 + 𝑲𝑣𝒀𝑣 = 𝑳𝑣𝑭(𝑡)                                                 (13) 

in which 𝒀𝑣 = [𝑍𝑐  𝛽𝑐  𝑍𝑡1  𝛽𝑡1  𝑍𝑡2  𝛽𝑡2  𝑍𝑤1   𝑍𝑤2  𝑍𝑤3  𝑍𝑤4]
𝑇  is the displacement vector of the 

vehicle subsystem; �̇�𝑣 and �̈�𝑣  are the velocity vector and the acceleration vector of the vehicle 

subsystem, respectively; ‘𝑇’ denotes matrix transposition; 𝑳𝑣 is a 10 × 4 position matrix; 𝑭(𝑡) =
[𝐹1(𝑡)  𝐹2(𝑡)  𝐹3(𝑡)  𝐹4(𝑡)]

𝑇; 𝑴𝑣 is the mass matrix expressed as 

𝑴𝑣 =

[
 
 
 
 
 
 
 
 
 
 
𝑀𝑐 0

𝐽𝑐
𝑀𝑡

𝐽𝑡
𝑀𝑡

𝐽𝑡
𝑀𝑤

𝑀𝑤

𝑀𝑤

0 𝑀𝑤]
 
 
 
 
 
 
 
 
 
 

                              (14) 

𝑪𝑣  is the damping matrix expressed as 

 𝑪𝑣 =

[
 
 
 
 
 
 
 
 
 
 
2𝐶𝑠𝑧 0 −𝐶𝑠𝑧 0 −𝐶𝑠𝑧 0 0 0 0 0
0 0 𝐶𝑠𝑧𝑙𝑐 0 −𝐶𝑠𝑧𝑙𝑐 0 0 0 0 0

−𝐶𝑠𝑧 0 2𝐶𝑝𝑧 + 𝐶𝑠𝑧 0 0 0 −𝐶𝑝𝑧 −𝐶𝑝𝑧 0 0

0 0 0 0 0 0 𝐶𝑝𝑧𝑙𝑡 −𝐶𝑝𝑧𝑙𝑡 0 0

−𝐶𝑠𝑧 0 0 0 2𝐶𝑝𝑧 + 𝐶𝑠𝑧 0 0 0 −𝐶𝑝𝑧 −𝐶𝑝𝑧

0 0 0 0 0 0 0 0 𝐶𝑝𝑧𝑙𝑡 −𝐶𝑝𝑧𝑙𝑡
0 0 −𝐶𝑝𝑧 0 0 0 𝐶𝑝𝑧 0 0 0

0 0 −𝐶𝑝𝑧 0 0 0 0 𝐶𝑝𝑧 0 0

0 0 0 0 −𝐶𝑝𝑧 0 0 0 𝐶𝑝𝑧 0

0 0 0 0 −𝐶𝑝𝑧 0 0 0 0 𝐶𝑝𝑧 ]
 
 
 
 
 
 
 
 
 
 

             (15) 
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and 𝑲𝑣 is the stiffness matrix expressed as 

 𝑲𝑣 =

[
 
 
 
 
 
 
 
 
 
 
2𝐾𝑠𝑧 0 −𝐾𝑠𝑧 0 −𝐾𝑠𝑧 0 0 0 0 0

0 0 𝐾𝑠𝑧𝑙𝑐 0 −𝐾𝑠𝑧𝑙𝑐 0 0 0 0 0
−𝐾𝑠𝑧 0 2𝐾𝑝𝑧 + 𝐾𝑠𝑧 0 0 0 −𝐾𝑝𝑧 −𝐾𝑝𝑧 0 0

0 0 0 0 0 0 𝐾𝑝𝑧𝑙𝑡 −𝐾𝑝𝑧𝑙𝑡 0 0

−𝐾𝑠𝑧 0 0 0 2𝐾𝑝𝑧 + 𝐾𝑠𝑧 0 0 0 −𝐾𝑝𝑧 −𝐾𝑝𝑧

0 0 0 0 0 0 0 0 𝐾𝑝𝑧𝑙𝑡 −𝐾𝑝𝑧𝑙𝑡
0 0 −𝐾𝑝𝑧 0 0 0 𝐾𝑝𝑧 0 0 0

0 0 −𝐾𝑝𝑧 0 0 0 0 𝐾𝑝𝑧 0 0

0 0 0 0 −𝐾𝑝𝑧 0 0 0 𝐾𝑝𝑧 0

0 0 0 0 −𝐾𝑝𝑧 0 0 0 0 𝐾𝑝𝑧 ]
 
 
 
 
 
 
 
 
 
 

             (16) 

So far, one has obtained the equation of motion for the simplified vehicle subsystem, for which 
the rotational damping and the rotational stiffness of the vehicle body and the front-rear bogies are 
not taken into account. 
 

 
4. Equation of motion for the bridge subsystem 

 
Based on the conventional finite element model, it is easy to obtain the equation of motion for 

the bridge subsystem as 

 𝑴𝑏�̈�𝑏 + 𝑪𝑏�̇�𝑏 + 𝑲𝑏𝒀𝑏 = 𝑳𝑏(𝑥)[−𝑭(𝑡) + 𝑮]                                        (17) 

in which 𝑴𝑏, 𝑪𝑏 and 𝑲𝑏 are the mass matrix, the damping matrix, and the stiffness matrix of the 

bridge subsystem, respectively; �̈�𝑏, �̇�𝑏 and 𝒀𝑏 are the acceleration vector, the velocity vector, and 

the displacement vector, respectively; 𝑳𝑏(𝑥) is the position matrix which is related to the position 

of the wheel sets. 𝑮 = [G  G  G  G]𝑇 is the gravity vector in which G=(𝑀𝑐+2𝑀𝑡+4𝑀𝑤)g/4 with 𝑔 
being the gravity acceleration. 

The vehicle subsystem and the bridge subsystem are coupled via the contact force 𝑭(𝑡), which 
is determined by the following compatibility equation 

 𝑦v, 𝑖(𝑡) − 𝑦b, 𝑖(𝑥, 𝑡) − 𝑟𝑖(𝑥) = −
𝐹𝑖(𝑡)

𝑘𝑖
  (𝑖 = 1, 2, 3, 4)                                  (18) 

in which 𝑦v, 𝑖(𝑡)  is the vertical displacement of the i-th wheelset; 𝑦b, 𝑖(𝑥, 𝑡)  is the vertical 

displacement of the bridge deck corresponding to the i-th wheelset; 𝑟𝑖(𝑥) is the irregularity of the 
bridge deck corresponding to the i-th wheelset. 
 

 
5. Random dynamic analysis based on the ETDM 

 
5.1 Explicit expression of responses for the vehicle subsystem 
 
In this section, the Newmark-β method is used to solve the equation of motion for the 

simplified vehicle subsystem shown in Eq. (13). For the Newmark-β method, the following 
assumptions are used as follows (Bathe 1996, Li and Ma 2019) 

 �̇�v, 𝑗 = �̇�v, 𝑗−1 + [(1 − 𝛾)�̈�v, 𝑗−1 + 𝛾�̈�v, 𝑗]𝛥𝑡  ( 𝑗 = 1, 2, ⋯ , 𝑛)                   (19) 
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 𝒀v, 𝑗 = 𝒀v, 𝑗−1 + �̇�v, 𝑗−1𝛥𝑡 +
1

2
[(1 − 2𝛽)�̈�v, 𝑗−1 + 2𝛽�̈�v, 𝑗]𝛥𝑡2  (𝑗 = 1, 2, ⋯ , 𝑛)        (20) 

where 𝑛 = 𝑇/𝛥𝑡 with 𝑇 and 𝛥𝑡 being the total time and the time step, respectively; the subscripts 

“ 𝑗 − 1 ” and “ 𝑗 ” denote 𝑡𝑗−1 = (𝑗 − 1)𝛥𝑡  and 𝑡𝑗 = 𝑗𝛥𝑡 , respectively; 𝒀v, 𝑗−1 = 𝒀𝑣(𝑡𝑗−1)  and 

𝒀v, 𝑗 = 𝒀𝑣(𝑡𝑗); 𝛾 and 𝛽 are two parameters used to control the Newmark-β integration stability. In 

this study, 𝛾 = 0.5 and 𝛽 = 0.25 are used and the Newmark-β method will be unconditionally 
stable. Based on Eqs. (19) and (20), one can obtain the acceleration and the velocity at time instant 

𝑡𝑗 and they can be expressed as 

 �̈�v, 𝑗 = 𝑎0(𝒀v, 𝑗 − 𝒀v, 𝑗−1) − 𝑎1�̇�v, 𝑗−1 − 𝑎2�̈�v, 𝑗−1  (𝑗 = 1, 2, ⋯ , 𝑛)                (21) 

 �̇�v, 𝑗 = 𝑎3(𝒀v, 𝑗 − 𝒀v, 𝑗−1) − 𝑎4�̇�v, 𝑗−1 − 𝑎5�̈�v, 𝑗−1  (𝑗 = 1, 2, ⋯ , 𝑛)                (22) 

where 

 {
𝑎0 =

1

𝛽𝛥𝑡2 , 𝑎1 =
1

𝛽𝛥𝑡
, 𝑎2 =

1

2𝛽
− 1

𝑎3 =
𝛾

𝛽𝛥𝑡
, 𝑎4 =

𝛾

𝛽
− 1, 𝑎5 =

𝛥𝑡

2
(
𝛾

𝛽
− 2)

                                         (23) 

The equation of motion for the equivalent linear vehicle subsystem at time instant 𝑡𝑗 can be 

written as 

 𝑴𝑣�̈�v, 𝑗 + 𝑪𝑣�̇�v, 𝑗 + 𝑲𝑣𝒀v, 𝑗 = 𝑳𝑣𝑭𝑗                                                 (24) 

By substituting Eqs. (21) and (22) into Eq. (24), it yields 

 𝒀v, 𝑗 = �̂�−1�̂�𝑗                                                                (25) 

where 

 �̂� = 𝑲𝑣 + 𝑎0𝑴𝑣 + 𝑎3𝑪𝑣                                                      (26) 

 �̂�𝑗 = 𝑳𝑣𝑭𝑗 + 𝑴𝑣(𝑎0𝒀v, 𝑗−1 + 𝑎1�̇�v, 𝑗−1 + 𝑎2�̈�v, 𝑗−1) + 𝑪𝑣(𝑎3𝒀v, 𝑗−1 + 𝑎4�̇�v, 𝑗−1 + 𝑎5�̈�v, 𝑗−1) 

(27) 

In addition, based on Eq. (24), the acceleration vector at time instant 𝑡𝑗 can also be expressed as 

 �̈�v, 𝑗 = 𝑴𝑣
−1[𝑳𝑣𝑭𝑗 − 𝑪𝑣�̇�v, 𝑗 − 𝑲𝑣𝒀v, 𝑗]                                               (28) 

Analogously, one has 

 �̈�v, 𝑗−1 = 𝑴𝑣
−1[𝑳𝑣𝑭𝑗−1 − 𝑪𝑣�̇�v, 𝑗−1 − 𝑲𝑣𝒀v, 𝑗−1]                                         (29) 

By substituting Eq. (29) into Eq. (27), it yields 

 𝒀v, 𝑗 = 𝑯11𝒀v, 𝑗−1 + 𝑯12�̇�v, 𝑗−1 + 𝑹1𝑳𝑣𝑭𝑗−1 + 𝑹2𝑳𝑣𝑭𝑗                                   (30) 

where 

 

1 1 1 1

11 1 3 v v 12 2 3 v v

1 1 1

1 3 v 2

1 0 v 3 v 2 1 v 4 v 3 2 v 5 v

ˆ ˆ( ),  [ ]

ˆ ˆ

,  ,

,  

 a a a a a a

− − − −

− − −

 = − = −


= =


= + = + = +

H K S S M K H K S S M C

R K S M R K

S M C S M C S M C

                                    (31) 

By substituting Eq. (30) into (22) and considering Eq. (29), it yields 

 �̇�v, 𝑗 = 𝑯21𝒀v, 𝑗−1 + 𝑯22�̇�v, 𝑗−1 + 𝑹3𝑳𝑣𝑭𝑗−1 + 𝑹4𝑳𝑣𝑭𝑗                                 (32) 
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Fig. 4 A unit impulse of the wheel-bridge contact force 

 
 
where 

 
1 1

21 3 11 5 v v 22 3 12 4 5 v v

1

3 3 1 5 v 4 3 2

( )

 

 

,

,a a a a a

a a a

− −

−

 = − + = − +


= − =

H H M K H H M C

R R M R R

I I
                        (33) 

in which 𝐼 is the identity matrix. 
Based on Eqs. (30) and (32), one can derive the following recursion formula 

 𝑽𝑣(𝑡𝑗) = 𝑻𝑣𝑽v, 𝑗−1 + 𝑸v1𝐹𝑗−1 + 𝑸v2𝐹𝑗  (𝑗 = 1, 2, ⋯ , 𝑛)                          (34) 

where 

 𝑽𝑣 = {
𝒀𝑣

�̇�𝑣
}                                                                        (35) 

and 𝑻𝑣, 𝑸v1 and 𝑸v2 are given as follows 

 𝑻𝑣 = [
𝑯11 𝑯12

𝑯21 𝑯22
] ,𝑸𝑣1 = [

𝑹1

𝑹3
]𝑳𝑣, 𝑸𝑣2 = [

𝑹2

𝑹4
]𝑳𝑣                                  (36) 

Without loss of generality, 𝑉𝑣(𝑡0) = 𝟎 and �̈�00𝑣  are assumed. Then, based on Eq. (34), the 

explicit expression for the state vector 𝑽𝑣 at 𝑡𝑗 can be written as (Su et al. 2016, 2020, Su and Xu 

2014) 

 𝑽𝑣(𝑡𝑗) = 𝑨𝑣(𝑗,1)𝑭1 + 𝑨𝑣(𝑗,2)𝑭2 + ⋯+ 𝑨𝑣(𝑗,𝑗)𝑭𝑗   (𝑗 = 1, 2, ⋯ , 𝑛)                    (37) 

where v( )j,pA (𝑝 = 1,2,⋯ , 𝑗) are the coefficient matrices and they are expressed in closed forms as 

(Su et al. 2014, 2016, 2020) 

 𝑨𝑣(𝑗,𝑗) = 𝑸𝑣2,  𝐀𝑣(𝑗,𝑗 −1) = 𝑻𝑣𝑸𝑣2 + 𝑸𝑣1,  𝐀𝑣(𝑗,𝑗−𝑘) = 𝑻𝑣𝑨𝑣(𝑗,𝑗−𝑘+1) ( 𝑘 = 2, ⋯ , 𝑗)     

(38) 

The coefficient matrices 𝑨𝑣(𝑗,𝑝) ( 𝑝 = 1, 2, ⋯ , 𝑗) can be obtained in another way (Huang et al. 

2022, Su and Xu 2014, Su et al. 2020). These coefficient matrices are equivalent to the responses 

of the vehicle subsystem exerted by a unit impulse of the wheel-bridge contact force 𝐹𝑖(𝑡)( 𝑖 =
1, 2, 3, 4) applied at 𝑡 = 𝑡1 shown in Fig. 4. In this study, the coefficient matrices v( )j,pA (𝑝 =

1,2,⋯ , 𝑗) are constructed via the way of a unit impulse applied to each wheelset, which will be 
given in detail in Section 5.4. 
 

5.2 Explicit expression of responses for the bridge subsystem 
 
In light of the derivation process of the explicit expression for the state vector 𝑽𝑣(𝑡𝑗) expressed 
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by Eq. (37), one can obtain the explicit expression of the bridge subsystem at the concerned time 
instant 𝑡𝑗 in the same way as follows 

 𝑽𝑏(𝑡𝑗) = 𝑨𝑏(𝑗,1)(𝑭1 − 𝑮) + 𝑨𝑏(𝑗,2)(𝑭2 − 𝑮) + ⋯+ 𝑨𝑏(𝑗,𝑗)(𝑭𝑗 − 𝑮)                (39) 

where 𝑽𝑏(𝑡𝑗) is the state vector of the bridge subsystem expressed by 𝑽𝑏(𝑡𝑗) = [𝒀𝑏
𝑇(𝑡𝑗)  �̇�𝑏

𝑇(𝑡𝑗)]
𝑇; 

𝑨𝑏(𝑗,𝑝) ( 𝑝 = 1, 2, ⋯ , 𝑗) represents the state matrices consisting of four state vectors at a time 

instant 𝑡 = 𝑡𝑝( 𝑝 = 1, 2, ⋯ , 𝑗)  exerted by an impulse of the wheel-bridge contact force 

𝐹𝑖(𝑡𝑝)( 𝑖 = 1, 2, 3, 4). In other words, if there are 𝑗 time instants, there will be 4𝑗 = 4 × 𝑗 wheel-

bridge contact points. Therefore, to obtain 𝑨𝑏(𝑗,1), 𝑨𝑏(𝑗,2) , ⋯, 𝑨𝑏(𝑗,𝑗) , it needs nearly 4𝑗-times 

determinate dynamic history analyses for the bridge subsystem. 

 

5.3 Explicit expression of contact forces 
 
Eq. (37) and Eq. (39) can be expressed in a compact form as 

 𝑽𝑣(𝑡𝑗) = 𝑨𝑣𝑗𝑭1−𝑗 ( 𝑗 = 1, 2, ⋯ , 𝑛)                                             (40) 

 𝑽𝑏(𝑡𝑗) = 𝑨𝑏𝑗(𝑭1−𝑗 − 𝑮1−𝑗) ( 𝑗 = 1, 2, ⋯ , 𝑛)                                        (41) 

where 𝑭1−𝑗 = [𝑭𝑇(𝑡1)  𝐅𝑇(𝑡2)  ⋯   𝐅𝑇(𝑡𝑗)]
𝑇 ; 𝑮1−𝑗 = [𝑮1

𝑇   𝐆2
𝑇   ⋯   𝐆𝑗

𝑇]𝑇 ; 𝑨𝑣𝑗 =

[𝑨𝑣(𝑗,1) 𝑨𝑣(𝑗,2)  ⋯ 𝑨𝑣(𝑗,𝑗)] and 𝑨𝑏𝑗 = [𝑨𝑏(𝑗,1) 𝑨𝑏(𝑗,2)  ⋯ 𝑨𝑏(𝑗,𝑗)]. 

Considering the compatibility equation expressed by Eq. (18) at all of the time instants, let the 

stiffness of each wheelset 𝑘𝑖 = 𝑘 (𝑖 = 1, 2, 3, 4), one can obtain the following equation 

 𝒚v, 1-𝑛 − 𝒚b, 1-𝑛 − 𝒓1-𝑛 = −
𝑭1-𝑛

𝑘
                                                     (42) 

where 𝒚v, 1-𝑛 = [𝒚v, 1  𝐲v, 2  ⋯   𝐲v, 𝑛]
𝑇  in which 𝒚v, 𝑗 = [𝑦𝑣,1(𝑡𝑗)   𝑦𝑣,2(𝑡𝑗)   𝑦𝑣,3(𝑡𝑗)   𝑦𝑣,4(𝑡𝑗)] 

( 𝑗 = 1, 2, ⋯ , 𝑛) is the vertical displacements of the four wheelsets at the same time instant; 

𝒚b, 1-𝑛 = [𝒚b, 1  𝐲b, 2  ⋯   𝐲b, 𝑛]
𝑇 in which 𝒚b, 𝑗 = [𝑦𝑏,1(𝑡𝑗)   𝑦𝑏,2(𝑡𝑗)   𝑦𝑏,3(𝑡𝑗)   𝑦𝑏,4(𝑡𝑗)]( 𝑗 = 1, 2, 

⋯ , 𝑛) is the vertical displacements of the bridge deck corresponding to the wheel-bridge contact 

points; 𝒓1-𝑛 = [𝒓1  𝐫2  ⋯   𝐫𝑛]
𝑇  in which 𝒓𝑗 = [𝑟1(𝑥𝑗)  𝑟2(𝑥𝑗)  𝑟3(𝑥𝑗)  𝑟4(𝑥𝑗)]( 𝑗 = 1, 2, ⋯ , 𝑛) 

represents the irregularities of the bridge deck corresponding to the wheel-bridge contact points. 

Based on Eq. (40), one can obtain the expression of 𝒚v, 1-𝑛 as 

 𝒚v, 1-𝑛 = 𝑨𝑣， w
𝑭1−𝑛                                                             (43) 

where 𝑨𝑣， w is extracted from 𝑨𝑣𝑗( 𝑗 = 1, 2, ⋯ , 𝑛). Similarly, 𝒚b, 1-𝑛 can be given as 

 𝒚b, 1-𝑛 = 𝑨𝑏， w
𝑭1−𝑛                                                              (44) 

where 𝑨𝑏， w is extracted from 𝑨𝑏𝑗( 𝑗 = 1, 2, ⋯ , 𝑛). Substituting Eqs. (43) and (44) into Eq. (42), 

one can obtain 

 𝑭1-𝑛 = 𝑨𝒓1-𝑛 + 𝑩                                                                  (45) 

in which 
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𝑨 = (𝑨𝑣， w
− 𝑨𝑏， w

+
𝑰

𝑘
)
−1

 

𝑩 = −𝑨𝑨𝑏， w
𝑮1−𝑛                                                           (46) 

Thus far, the physical evolutionary for the dynamic responses of the vehicle-bridge coupled 
system has been accomplished, as is shown by Eq. (40), Eq. (41) and Eq. (45). According to the 
operation rules of the moments, the mean vector and the correlation matrix of the contact forces 

𝑭1-𝑛 can be obtained based on Eq. (45) as follows 

 𝐸(𝑭1-𝑛) = 𝑨𝐸(𝒓1-𝑛) + 𝑩                                                        (47) 

 cov(𝐅1-𝑛, 𝐅1-𝑛) = 𝑨cov(𝐫1-𝑛, 𝐫1-𝑛)𝑨𝑇                                               (48) 

where 𝐸(𝒓1-𝑛) and cov(𝐫1-𝑛, 𝐫1-𝑛) represent the mean vector and the covariance matrix of the 

irregularity vector 𝒓1-𝑛 of the bridge deck which are expressed as 

 𝐸(𝒓1-𝑛) = [𝝁(𝒓1)   𝛍(𝐫2)  ⋯   𝛍(𝐫𝑛)]
𝑇                                                 (49) 

𝑐𝑜𝑣( 𝒓1-𝑛, 𝒓1-𝑛) =

[
 
 
 
𝑹(𝒓1, 𝒓1) − 𝝁𝑇(𝒓1)𝝁(𝒓1) 𝑹(𝒓1, 𝒓2) − 𝝁𝑇(𝒓1)𝝁(𝒓2) ⋯

𝑹(𝒓2, 𝒓1) − 𝝁𝑇(𝒓2)𝝁(𝒓1) 𝑹(𝒓2, 𝒓2) − 𝝁𝑇(𝒓2)𝝁(𝒓2) ⋯
⋮ ⋮ ⋱

𝑹(𝒓𝑛, 𝒓1) − 𝝁𝑇(𝒓𝑛)𝝁(𝒓1) 𝑹(𝒓𝑛, 𝒓2) − 𝝁𝑇(𝒓𝑛)𝝁(𝒓2) ⋯

 

𝑹(𝒓1, 𝒓𝑛) − 𝝁𝑇(𝒓1)𝝁(𝒓𝑛)

𝑹(𝒓2, 𝒓𝑛) − 𝝁𝑇(𝒓2)𝝁(𝒓𝑛)
⋮

𝑹(𝒓𝑛, 𝒓𝑛) − 𝝁𝑇(𝒓𝑛)𝝁(𝒓𝑛)]
 
 
 
                                           (50) 

where 𝝁(𝒓𝑗) = {𝐸[𝑟1(𝑥𝑗)]  𝐸[𝑟2(𝑥𝑗)]  𝐸[𝑟3(𝑥𝑗)]  𝐸[𝑟4(𝑥𝑗)]} ( 𝑗 = 1, 2, ⋯ , 𝑛)with 𝐸[𝑟𝑖(𝑥𝑗)]  (𝑖 =

1, 2, 3, 4)being the mean function of the bridge undulation; 𝑹(𝒓𝑘, 𝒓𝑗) ( 𝑘 = 1, 2, ⋯ , 𝑛;  𝑗 = 1, 2, 

⋯ , 𝑛) can be written as 

 𝑹(𝒓𝑘, 𝒓𝑗) =

[
 
 
 
 
𝐸[𝑟1(𝑥𝑘)𝑟1(𝑥𝑗)] 𝐸[𝑟1(𝑥𝑘)𝑟2(𝑥𝑗)] 𝐸[𝑟1(𝑥𝑘)𝑟3(𝑥𝑗)] 𝐸[𝑟1(𝑥𝑘)𝑟4(𝑥𝑗)]

𝐸[𝑟2(𝑥𝑘)𝑟1(𝑥𝑗)] 𝐸[𝑟2(𝑥𝑘)𝑟2(𝑥𝑗)] 𝐸[𝑟2(𝑥𝑘)𝑟3(𝑥𝑗)] 𝐸[𝑟2(𝑥𝑘)𝑟4(𝑥𝑗)]

𝐸[𝑟3(𝑥𝑘)𝑟1(𝑥𝑗)] 𝐸[𝑟3(𝑥𝑘)𝑟2(𝑥𝑗)] 𝐸[𝑟3(𝑥𝑘)𝑟3(𝑥𝑗)] 𝐸[𝑟3(𝑥𝑘)𝑟4(𝑥𝑗)]

𝐸[𝑟4(𝑥𝑘)𝑟1(𝑥𝑗)] 𝐸[𝑟4(𝑥𝑘)𝑟2(𝑥𝑗)] 𝐸[𝑟4(𝑥𝑘)𝑟3(𝑥𝑗)] 𝐸[𝑟4(𝑥𝑘)𝑟4(𝑥𝑗)]]
 
 
 
 

   (51) 

in which 𝐸[𝑟𝑖(𝑥𝑘)𝑟𝑙(𝑥𝑗)](𝑖 = 1, 2, 3, 4; 𝑙 = 1, 2, 3, 4)  is the correlation function of the bridge 

undulation. 
For most situations, not all dynamic responses need to be taken into account. For instance, one 

may be concerned about some responses, e.g., �̃�𝑣  and �̃�𝑏, which are any response of the vehicle 

subsystem and any response of the bridge subsystem, respectively. �̃�𝑣  and �̃�𝑏 can be expressed as 

 �̃�𝑣(𝑡𝑗) = �̃�𝑣𝑗𝑭1−𝑗  ( 𝑗 = 1, 2, ⋯ , 𝑛)                                               (52) 

 �̃�𝑏(𝑡𝑗) = �̃�𝑏𝑗(𝑭1−𝑗 − 𝑮1−𝑗) ( 𝑗 = 1, 2, ⋯ , 𝑛)                                        (53) 

where �̃�𝑣𝑗  and �̃�𝑏𝑗  are both row vectors which are extracted from 𝑨𝑣𝑗  in Eq.(43) and 𝑨𝑏𝑗  in 

Eq.(44) , respectively. Then, based on the operation rules of the 1-st and 2-second order moments, 

one can obtain the mean and the covariance of �̃�𝑣  and �̃�𝑏 using Eqs. (52) and (53) as 
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 {
𝜇�̃�𝑣

(𝑡𝑗) = �̃�𝑣𝑗𝐸(𝑭1−𝑗)

𝜎�̃�𝑣

2 = �̃�𝑣𝑗cov(𝐅1−𝑗, 𝐅1−𝑗)�̃�𝑣𝑗
𝑇  ( 𝑗 = 1, 2, ⋯ , 𝑛)                             (54) 

 {
𝜇�̃�𝑏

(𝑡𝑗) = �̃�𝑏𝑗[𝐸(𝑭1−𝑗) − 𝑮1−𝑗]

𝜎�̃�𝑏

2 = �̃�𝑏𝑗cov(𝐅1−𝑗, 𝐅1−𝑗)�̃�𝑏𝑗
𝑇  ( 𝑗 = 1, 2, ⋯ , 𝑛)                            (55) 

It is noted that Eqs. (54) and (55) reflect the probabilistic evolutionary mechanisms of dynamic 

responses. Because of the uncoupled treatment of the physical evolutionary and the probabilistic 
evolutionary mechanisms for the dynamic responses of the system, the dimension-reduction 
analysis for the responses concerned can be carried out based on Eqs. (54) and (55). This kind of 
uncoupled treatment for the two mechanisms greatly improves the calculational efficiency (Su et 
al. 2016, 2020, Su and Xu 2014). 

 

5.4 Solution procedure for vehicle-bridge coupled system 
 

To illustrate the solution procedure discussed above, the detailed solving steps are given as 
follows: 

(1) Assign a unit impulse to one wheelset with the remaining wheelsets being applied by zero 
loads, and calculate the time histories of displacements, velocities, and accelerations of the vehicle 
subsystem. 

(2) Repeat step (1) from the first wheelset to the fourth wheelset, and construct the coefficient 

matrices vjA (𝑗 = 1,2, ⋯ , 𝑛) in Eq. (37) for the vehicle subsystem. 

(3) Extract 𝑨𝑣， w in Eq. (43) from 𝑨𝑣𝑗( 𝑗 = 1, 2, ⋯ , 𝑛). 

(4) Assign a unit impulse to the contact point attached to the bridge deck, which is 
corresponding to the first wheelset, and calculate the time histories of displacements, velocities, 

and accelerations for all the degrees of freedom of the bridge. Then, one can construct the first 

column vector of coefficient matrices bjA (𝑗 = 1,2, ⋯ , 𝑛) in Eq. (39) for the bridge subsystem. 

(5) Repeat step (4) according to the order of wheelsets, and construct the remaining column 

vectors of coefficient matrices bjA (𝑗 = 1,2,⋯ , 𝑛) in Eq. (39) for the bridge subsystem. 

(6) Extract 𝑨𝑏， w  in Eq. (44) from 𝑨𝑏𝑗( 𝑗 = 1, 2, ⋯ , 𝑛) . It is noted that the vertical 

displacements of the contact points do not always fall onto the nodes. In such a case, the vertical 
displacements of the contact points can be constructed through the interpolation function between 
the two adjacent nodes, which can be found in the reference (Huang et al. 2022). 

(7) Calculate matrices 𝑨 and 𝑩 based on (46). 

(8) The mean vector and the correlation matrix of the contact forces 𝑭1-𝑛 can be obtained based 
on Eqs. (47) and (48), respectively. 

(9) The concerned responses can be calculated based on Eqs. (54) and (55). 
A simple flow chart shown in Fig. 5 can be used to represent the above calculation steps. 

 
 

6. Numerical examples 
 

In the following numerical example, a simply supported beam is used in the vehicle-bridge 
coupled system as shown in Fig. 6. Most parameters used in this example are from the work of Su  
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Fig. 5 The flowchart of the solution procedure 

 

 

Fig. 6 Mechanical model of a coupled vehicle-bridge system 

 
 

et al. (2020). Data for the vehicle model is given in Table 1. The length of the bridge in the model 

is set to be 𝐿 = 100 m. Its bending stiffness is 𝐸𝐼 = 2658069 kN/m and the linear density is 

𝜌𝐴 = 6067 kg/m. The damping of the bridge is overlooked. The bridge subsystem is modeled by  
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Table 1 Structural parameters of the vehicle model 

parameter symbol value unit parameter symbol value unit 

𝑀𝑐  34231 kg 𝐽𝑡 3930 kg ∙ m2 

𝐽𝑐  20800 kg ∙ m2 𝑙𝑡 1.25 m 

𝑙𝑐 11.95 m 𝐾𝑝𝑧 808740 N/m 

𝐾𝑠𝑧 180554 N/m 𝐶𝑝𝑧 7500 N ∙ s 

𝐶𝑠𝑧 16250 N ∙ s/m 𝑀𝑤  1583 kg 

𝑀𝑡 2760 kg 𝑘1 = 𝑘2 = 𝑘3 = 𝑘4 2005.540 N/m 

 

 

Fig. 7 An irregularity sample 

 
 
50 plane beam elements. 

The bridge undulation 𝑟(𝑥) is supposed to be a homogeneous Gaussian random field with a 
zero mean value and its power spectral density is expressed by 

 𝑆(𝜔) =
1

𝜋

4𝛾𝛽𝜒𝜔0
2

(𝜔0
2−𝜔2 )2+4𝛽2𝜔2                                                           (56) 

where 𝜔0
2 = 𝛽2 + 𝜒2 , 𝛽 = 0.1, 𝜒 = 0.3 and 𝛾 = 1 cm2 ⋅ m/rad. When 𝜔 ≥ 𝜔0 , 𝑆(𝜔) decreases 

rapidly. Therefore, the frequency range of integration is set to be 𝜔 ∈ (−10, 10)rad/m。 

In this example, the ETDM and the conventional Monte Carlo simulation (MCS) based on the 
whole process iteration method (Zhang and Xia 2013) are used for the random vibration analysis 
of the vehicle-bridge coupled system subjected to random irregularities. The time step used for the 

ETDM and the MCS is set to be 𝛥𝑡 = 0.02𝑠. The number of samples used in the MCS is 𝑁 =
1000. 

To investigate the difference of the dynamic responses between the conventional vehicle model 
and the simplified vehicle model, the dynamic response under a sample of the random irregularity 
excitation, which is shown in Fig. 7, is calculated using the whole process iteration method based 
on the Newmark-β integration scheme (Zhang and Xia 2013). The time history of the vertical 
displacement in the middle of the bridge is given in Fig. 8. And the time histories of the vertical 
displacement and the vertical acceleration for the vehicle body are shown in Figs. 9 and 10. As can 
be seen from Figs. 8-10, it does make no difference in the results of the responses obtained in these 

figures whether the conventional vehicle model or the simplified vehicle model is used. In 
addition, the time histories of the angular displacement and the angular acceleration for the vehicle 
body are given in Figs. 11 and 12. It is noted that the results of conventional vehicle model Figs.  
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Fig. 8 The time history for the vertical displacement of the bridge span center 

 

 

Fig. 9 The time history for the vertical displacement of the vehicle body 

 

 

Fig. 10 The time history for the vertical acceleration of the vehicle body 

 
 

11 and 12 are magnified by 100 times. Precisely because of the existence of the rotational stiffness 
and the rotational damping for the conventional vehicle model, the angular displacement and the 
angular acceleration of the vehicle body are constrained. Therefore, the dynamic response of the 
angular displacement and the angular acceleration is much smaller than that obtained base on the 
simplified vehicle model. As can be seen from the above analysis, the responses of the vehicle-
bridge coupled system can be evaluated well based on the simplified vehicle model without special 

attention to the degree of freedom for the nodding motion of the vehicle body. 
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Fig. 11 The time history for the angular displacement of the vehicle body 

 

 

Fig. 12 The time history for the angular acceleration of the vehicle body 

 

 

Fig. 13 The absolute mean value time history for the vertical displacement at the bridge span center 

 
 

Given the validity of the simplified vehicle model, the random dynamic responses of the 
vehicle-bridge coupled system subjected to random irregularity are calculated based on the ETDM 
and the MCS, respectively. The time histories of the means and the standard deviations for the 
mid-span displacement of the bridge subsystem are shown in Figs. 13 and 14, respectively. The 
time histories of the means and the standard deviations for the vertical displacement and the 
vertical acceleration of the vehicle body are shown in Figs. 15-18, respectively. As can be seen 
from Figs. 13-18, the results of the conventional vehicle model and the simplified vehicle model  
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Fig. 14 The standard deviation time history for the vertical displacement at the bridge span center 

 

 

Fig. 15 The absolute mean value time history for the vertical displacement of the vehicle body 

 

 

Fig. 16 The standard deviation time history for the vertical displacement of the vehicle body 

 
 

based on the ETDM are in good agreement compared with that of the simplified vehicle model 

based on the MCS. The computational efficiency of the ETDM has been already discussed in the 
literature, e.g., Su et al. (2016, 2020), Su and Xu (2014). In this numerical example, the time 
elapsed by the ETDM is only 20s, while it takes 1720s for the MCS which costs much more time 
than the ETDM. It is worth noting that the conventional vehicle model and the simplified vehicle  
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Fig. 17 The absolute mean value time history for the vertical acceleration of the vehicle body 

 

 

Fig. 18 The standard deviation time history for the vertical acceleration of the vehicle body 

 
 
model have little influence on the computational efficiency of both the ETDM and the MCS, 
which can be neglected. 

 

 

7. Conclusions 
 
For the multi-body model of the vehicle subsystem, the rotational stiffness of the vehicle body 

and the front-rear bogies are always coupled with their corresponding vertical suspension springs. 
In this study, a streamlined vehicle model is proposed to eliminate the coupling issue. Numerical 
results indicate that: (1) when the nodding motion of the vehicle body is overlooked, the results of 

the other responses of the entire system for the determinate dynamic problem and the random 
dynamic problem can be evaluated accurately using the simplified vehicle model. In other words, 
the number of degrees of freedom for the discussed multi-body model can be reduced from 10 to 7 
by eliminating the rotational degrees of freedom; (2) The high computational efficiency of ETDM 
contributes to the benefit of the dimension-reduction analysis for the responses in question. 

In future work, the hysteretic nonlinear suspension spring will be incorporated into the 
simplified vehicle model, and the ETDM-based random vibration analysis of the coupled vehicle-

bridge system with local nonlinearities will be conducted. The subsequent studies are 
consequentially significant for investigating the ride comfort of vehicles with nonlinear suspension 
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and its effect on bridge vibration responses. 
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Nomenclature 
 

𝑣 Travel Speed of the vehicle subsystem 

𝑀𝑐, 𝐽𝑐 Mass and the moment of inertia for the vehicle body 
𝑀𝑡, 𝐽𝑡 Mass and moment of inertia for the front-rear bogies 
𝑀𝑤 Mass of each wheelset 
𝐾𝑠𝑧, 𝐶𝑠𝑧 Vertical stiffness and damping of the secondary suspension 
𝐾𝑝𝑧, 𝐶𝑝𝑧 Vertical stiffness and damping of the first suspension 
𝑍𝑐, 𝑍𝑡1, 𝑍𝑡2, 𝛽𝑐, 𝛽𝑡1, 𝛽𝑡2 Vertical displacements and the rotational displacements 
𝑍𝑤𝑖（𝑖 = 1, 2, 3, 4） Displacement of each wheelset 
𝑘𝑖（𝑖 = 1, 2, 3, 4） Stiffness of each wheelset 
𝑟𝑖（𝑖 = 1, 2, 3, 4） Irregularity of the bridge deck 

𝑴𝑣, 𝑲𝑣, 𝑪𝑣  
Mass matrix, stiffness matrix and damping matrix of the vehicle 
subsystem 

𝒀𝑣, �̇�𝑣, �̈�𝑣 Displacement, velocity and acceleration vector of the vehicle 
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subsystem 
𝑳𝑣, 𝑳𝑏(𝑥) Position matrix 
𝑭(𝑡) Vehicle-bridge contact force function 
𝑭1−𝑗 Contact force vector from 𝑡1 to 𝑡𝑗 

𝑴𝑏, 𝑪𝑏, 𝑲𝑏 
Mass matrix, damping matrix and stiffness matrix of the bridge 
subsystem 

𝒀𝑏, �̇�𝑏, �̈�𝑏 
Displacement vector, velocity vector and acceleration vector of the 

bridge subsystem 
𝑔 Gravity acceleration 
𝑮 Gravity vector 
𝐺 Gravity value 
𝑦v, 𝑖(𝑡)（𝑖 = 1, 2, 3, 4） Vertical displacement of the i-th wheelset 
𝑦b, 𝑖(𝑥, 𝑡)（𝑖 = 1, 2, 3, 4） Vertical displacement of the bridge deck 

𝑟𝑖(𝑥)（𝑖 = 1, 2, 3, 4） Irregularity of the bridge deck corresponding to the i-th wheelset 

𝛾, 𝛽 Two parameters used to control the Newmark-β integration stability 

v( )j,pA (𝑝 = 1,2,⋯ , 𝑗) Coefficient matrices of responses for the vehicle subsystem 

𝑨𝑏(𝑗,𝑝) Coefficient matrices of responses for the bridge subsystem 

𝑽𝑣(𝑡𝑗) State vector of vehicle subsystem 

𝑽𝑏(𝑡𝑗) State vector of the bridge subsystem 

𝒚v, 1-𝑛 The displacements of the four wheelsets from 𝑡1 to 𝑡𝑛 

𝒚b, 1-𝑛 
Vertical displacements of the bridge deck corresponding to the wheel-
bridge contact points 

�̃�𝑣  Response of the vehicle subsystem 

�̃�𝑏 Response of the bridge subsystem 
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