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In order to make it possible to carry out the studies it was necessary to determine a set of
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Fig. 1 Scheme of the laminate with loads and the lam{apLaminate with forces and momenfs)
Unidirectional lamina and its axes: material/locgld)land globalX, y)

fundamental parameters such as the states of stress and deformations acting on the &monates
others Through the Classical Laminated Plate Theory (CLPT) or the Bind¢r SheabDeformation
Theory (FSDT) for exampét is possible to relate the load applied to the plates and the stress and
strain statesThe loads can be applied in the plane defined bytlyedirections (see Figl(b))
namely through the force® (, 0 or 0 ) or outof-the planeby employing the moments
0 or 0 ;andalsoinacombined manner (see Kig)).

Accordng to (Reddy 1997) the resultant generalized forces per unit length
O T O and O W T ©®  associated to the CLPT can be written as

V] (0} [0} -

5 6 o0°%7% 1)
where 0, 0 and 'O are respectively the membrane stiffnéise membranéending coupling
stiffness and the bending stiffness matric8he associated coefficients , 6 and O are
calculated according to

6 R O 0 pham Q4 )
The coefficientsO  correspond to the transformed reduced elastic stiffness coefficients for the

"Q layer, given in literature namely in Reddy (1997) and (Nyambemind Mabuza 2018)
According to the CLPT displacement fiefgfiven inEq. (3)

6 afu 6 o —
R B . €)
S R PO

where the degrees of freedom, 0 and stand for the midpl ane displ

wanddirecti-ensfamdt he rotabbobaxbasoumrdBpehei vel

considering the kinematical relations of thksticity theory for small deformationand the
displacement fieldone achieves the strain field k. (4)
- 0
- _ C( 0
r r Q (4)

- - Q"’Q
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The strain coefficients- , - e  represent the midplane membrane anglame shear
deformationsand Q, Q and Q express the corresponding midplane curvaturbsse strains
can thus be related to the stresses through the constitutive reteEqr()

- 5
, ®)

Ct Ce C
C C Cr
Cl C CR

This constitutive relatiorand therefore the stress state obtajcad be written in the material
reference frameand then be considered in the context of the failure criteria selected

22 Composite materialsdé6 failure criteria

Typically, laminated plate failure occurs when the applied load exceeds material Timits
the establishment of failure criteria plays a fundamental esethey will allow predicting the
occurrence of the first failure in these structuregardless the comglity of the state of stress and
strain the structure is undergoing

Several failure criteria have been develgpeidh the objective of better characterizing and
anticipating the failure occurrence in laminat8®me of these criteria neglect the intemad
among different stress components and thus they are commonly described as one inequality that is
established for each of the threepilane stresseas is the case for example of the maximum stress
criterion Other stress criteria insteagbnsider lhe interaction among different stress components

The maximum stress criterion is also physically baged it tests each stress conditjdior
example the stress in the fibre direction or in the matrix directimen it predicts failureone
knows which condition has failedhe second group of criteria is where the phenomenological
criteria pertainlike TsatHill and Tsai Wu They are ruled by an equatiaasy to applybut they
only detect the failure occumee not what was the failing modat least explicitly Those criteria
like TsaiHill can also provide erroneous results in some ¢agesParg2007).

In the present workwhich aims performing a comparative study for a set of typical laminated
plates one started by considering one criterion that belongs to the first group and another that pertain
to the second groypespectively the maximum stress criterion and the-\haicriteria

In general termsthe first failure prediction is based on the ctdton of metrics namely the
failure index and the strengthratdc c or di ng t oaf @a@aHMdads 2rDO0HGL 8)
first ply failure can,whe cphr é i gtieecenbyast he failwu

300KA0 AOAOAA AU ADPDPIEAA 11 AZ
300AT ¢cOE
The first failure 1 sO eXTfhectsdd etngtdcauwrt i whearmseu
fail utbeeiinmgd egxki ven as
p 300AT ¢cOE
D 300KBOAOAOAA AU Abbl EAA 171 A

(6)

Y

Accordi ng troafttilhhoe fsdirlemmrge hi s é&xpected to occur
Although the selected criteria to develop the present study can predict the occurrence of the first
failure, in one or several laminathey are not able to follow the propagation of the failure until the
rupture of the plate$iowever they agree with the objective of the present study having in addition
a low computational cost
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In the next sutsection one summarizes the fundamentals about the Maximum Stress and the
TsarWau criterig the two failure criteria that will be considered in the present widrk decision to
use only those two criteria is related to the fact that (1) ANSYS® APDL has only these two criteria
available and (2) one is physically based (Maximum stress Criteiioand the other is
phenomenological and polynomial (TS&Mu).

221 Maximum stress criterion

Considering the stress tensor deflb),aederei n t he
direction 1 coincides with the fibre directiadtirection 2 istheisp | ane f i breds tr ansyve
and the dir ect iofeplane Bormalsdirettinrihis guiteriprd stateothat the first ply
failure will occur if the failure indeXO determined as given i&qg. (8) yieldsa value greater than
1 as mentioned (LandSitnikova 2018)
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o i AI@beb Lo (8)
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where, AQ p8d denotes the nor mal "O aerptesseshhe aarresponding s s e s
strength values of a unidirectional laminkethe three first set of relatiorthe subscriptQ stands

for the reference to the tensia) 6r compressionu§ state depending on the actual situatibimis

formulation is ainplified to the relationsinvolving ,, angd i n the case of a pl a
in the materi.al reference frame

222Tsa&Mu criterion

According to (KorandMadsen 2018) and (Barbero 200he TsaiWu criterion (1971)Liu and
Tsai (1998) emerged in order to obtain more accurate results that could better represent the
experimental datavhich yielded the following expression for the failure index

0 p
6 ) P )
13} ¢ 0
where parameter8hé are given as
0 e e e — — —
OO0 00 OO0 O O ©
ot ” ” it ” ” T ” ” (10)
O — w o
5000 50070 50060
6 , O O . O O s O "O

and A PA BA gare the TsaWWu coupling coefficientsWhen considering a plane stress state in the
ply plane the criterion expression becomes simplified as

p P p

(@] 00 00 vV o 0O " o 0 5000

(11)

wherethe, st r esse® satnrde ntghtehs have the same.meaning a
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Fig.2Pl at es 0 | o.4da) Uniaxiabtensiondlengoe(d , (b) Uniaxial tension alongy 0
and (c) Biaxial tension) and 0

(©)

Table 1 Conditions related to the case studies analysed (Kaeétlcalr 2014)

Case Laminate distribution Ply thickness [mm] Material Loading
El wjwn 0.125 AS4/35016

E2 ofiwd ofon 0.25 0

E3 Ty 19 ' Glass/epoxy 0

E4 ™ w1 0.125 6 ©
E5 W 19t doun 0.14 G4-800/5260

Table2Mat eri al s mechani cal pr oper é¢tal®3 Sodedet & 1908
Kaddouret al 2014)

_ .. AS4/35016 Glass/epoxy
Description Symbol Unit (Graphite/Epoxy (Glass fibres/LY556 G4-800/5260
Longitudinal e (0] 126 456 173
Transverse el iO ©O 110 16.2 100
O 6.6 5.83 6.94
Shear mo du N
0] 3.618 5.7 3.355
i . 0 0 0.28 0.278 0.33
Poi ssonbés co -
] 0.396 0.40 0.49
Longitudinal tensile strength O 1950 1280 2750
Longitudinal compression strenc O 1480 800 1700
Transversal tensile strength 'O "0 MP 48 40 75
Transversal compression stren('O O 200 145 210
Shear strength O 79 73 20

2.3 Implementation

The analytical model and corresponding failure criteria codes were implemented in the symbolic
computation system MAPLE®nd the numerical model based on the finite element method was
implemented in ANSYS® using its parametric design language (APDL)
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The load conditions considered for the five case studiddressed in the present wpgke
summarized in Fig2.

The analyical model is based on the CLPT theory and the constitutive relati®es &1 along
with the failure criteria in se@.2 were implemented in MAPLE®T he failure and strength indexes
were determined for a set of 1000 mm edge square plates preséifdirentistacking sequences
Several verification studies were first developed for cases already considered by other authors

All the plates were discretized intol1E finite element meshes along th#o directions using
the SHELL281 finite elemenfThis finite element is based on the fistder sheadeformation
theory, which considering the aspect ratio of the plates to be studistll within its application
domain as it is the classical theoffhis discréization was selected upon a preliminary convergence
study where one has concluded it already provided a good relation between the computational cost
and the agreement with different reference results

A set of five case studies were selectmbed on thevork developed by (Kinet al 1994) and
(Kaddouret al. 2014t o observe and characterize the | ami
materials stacking sequences and boundary and loading conditions (see Table 1)

The five case studies consider differematerials whose mechanical properties and strength
parameters are given in Table 2

3. Applications

il cand ethdreshar
onsi mplifgethe s
calcul at ed for e

This section preswhtshamater
in the i mplemenhafTabhhesaoabderct
mi ni mum force was previously

D
t

approxbdDimBhellyoad that causes the first failure
of the | ast | oad t hatitf odoes |Inath ecTachalssee 5sht eupdp tesse &t s
thi s.Ter mext subsections preseamgt tthlee evod witt ® nok
index with the applied | oad for the different |

3.1 Laminate EL (1@ j w7t hAS4/3501-6)

TabB3€ompari son between anadWut iccadlteandon)hnumenp
( Jj +|F1AS4/ 0501

Analytical Numeri cal
Worst 3 _d6t h 13_12n d . B 3 _d6t h 1s _tzn d . .
< < Al (CAand ¢ < P Al 9B8an
ayer (98 (08 ( i 0 (0h ( »
0 0 0 0 0 0 0 0
Loac . v Load v Load v v Load v
[N/ mm © © [N/ mm © [N/ mmr © © [N/ mm ©
0 0 0 0 0 0 0 0 0 0

1500 0499 0499 1200 0.438 1500 0499 0499 1200 0.438
1950 0648 0.648 1560 0.569 1950 0648 0.648 1560 0.569
2535 0.843 0843 2028 0.740 2535 0.843 0.843 2028 0.740
3296 1.095 1095 3427 1.251 3296 1.095 1.095 3427 1251
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1.40
#-Nx (Maple)
1.20
—— g
Lo Ny (Maple)
e
g —_
£ 0.80 Nx=Ny
© (Maple)
= 0.60
5 Nx (Ansys)
0.40
020 —=—Ny (Ansys)
0.00 | —*—Nx=Ny
0 50 100 150 200 250 300 350 400 (Ansys)

Applied Load [N/mm]
Nx: Layers 3-6 (90°) Ny: Layers 1/2 and 7/8 (0") Nxy: All layers (0° and 90%)

Fig. 3 Comparison of the evolution of Ts#fu criterion failuvre index between analytical (MAPREE
and numerical!( . 3 9 3PDL) for laminate E1 ¢ j w 7t h AS4/35016)

Table 3 presents the applied | oad valWues and
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tabl es r efwirt ht o hteh ehilgahgelestitdn a tahi €l sulraey eirn dweixt hv t he f
I n thidsecasethe stacking sequblxe¢cdhef drami ma e u mwi
90"A fibre orientation presenbthngharOmatihiexs f af
ot her,f bmntdhe | NMwidt siig ufadri omhe | ami nae with O0~"A
hi gher val ues ,dfuetalgemt mai rupeé uir adiekalolhyet matt bad
situMx=Ngint was found thhaati ngl leittte rit @mitamale Ot idte g
t he ,baialt esi mul t anesoiunscley eignu atlh eb imaaxtirailx | oads ar e
Fi.g shows the behaviour of the failure index ¢«
applied force in both thlet anahybécakbeantdhatumeht
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Tab4JCeorpparison between analytical and ngmamia
(7 JjhAS4/ 26501
Analytical Numeri cal
Worst layei3 %t (9 £ 15427 40A All (OAa n doA 3 % 9 B 152" 40A All (J a n dOA
0 0 0 0 0 0 0 0
Load Load Load Load
O O kO] O O O
[N/ mm [N/ n [N/ n [N/ n
0 0 0 0 0 0 0 0 0 0
1500 0497 0497 1200 0 1500 0497 0497 1200 049:
1950 0645 0645 1560 04 92 1950 0645 0645 1560 06 3¢
2535 0839 0839 2028 0639 2535 0839 0839 2028 0831
3296 1091 1091 3427 1405 3296 1091 1091 3427 140°¢
1.60
#—Nx (Maple)
——Ny (Maple)
5
E —+—Nx=Ny
g (Maple)
=
E Nx (Ansys)
—=—Ny (Ansys)
- ——Nx=Ny
0 100 200 300 400 (Ansys)

Applied Load [N/mm]
Nx: Layers 3-6 (90°) Ny: Layers 1/2 and 7/8 (0”) Nxy: All layers (0° and 90°)

Fig. 4 Comparison of the evolution of Maximum Stressterion failu[e index between analytica
(MAPLE® ) anchumerical [ . 3 9 APDL) for laminate E1 (T j w t hAS4/35016)

Tabb€€ompari son bet ween anadWut iccalapanoaihhueneb:
( 95 9 j JhGl ass/ epoxy)

Analytical Numeri cal
Worst layel 2 (90°) 4" (o 1) 15 (0 ) 2" (w 1) 4" (o 1) 4" (o 1)
0 0 0 0 0 0 0 0
Load Load Load Load Load Load
[N/ mm © [N/ n © [':In]/I © [N/ n © [N/ n © [N/ nm ©
0 0 0 0 0 0 0 0 0 0 0 0

30 0499 315 0500 31 0.500 30 048315 057¢ 31 0.609

39 0.649 409 0650 403 0650 39 062< 409 074¢ 403 079
50.7 082¢532 079:524 0884 507 0791532 092¢507 082t
65.9 1096 692 1099 681 1099 659 105¢692 126! 681 133"
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1.60
—#—Nx (Maple)
1.40 .
<)
1.20 ——Ny (Maple)
5 1.00
E . +Nx:Ny
© 0.80 (Maple)
E Z
& 0.60 / —=—Nx (Ansys)
0.40
—=—Ny (Ansys)
0.20
0.00 —*—Nx=Ny
0 10 20 30 40 50 60 70 80 (Ansys)

Applied Load [N/mm]
Nx: Layer 2 (90°) Ny: Layer 4 (30°)  Nxy: Layer 4 (30°)
Fig. 5 Comparison of the evolution of Ts@u criterion failure index between analytical (MAPRE
and numericald 0 "Y& "XPDL) for laminate EX ¢ 7§ wrtj o 7 o fth Glass/epoxy)

ANSYS
7020 Rl
ChDENTC
ELEMENTS 2020 Rt
........

36664 474306 1 1 565633
436664 47430 513148 5513 1589633
WO Lass785 asaorr T saoeg 570512 "7 608754

Fig. 6 (a) Representation of the mestupports and loads generated in &) biaxial loading O 0,
(b) lllustration of the index failure obtained in the worst ply of the composite for a load of 31, Kgmn
biaxial loading 0 O , case E2layer 4 ¢ ), using TsaWu failure criterion

Tab6lCompari son between analytical and n(¢iamiEd
C 5 9 Jj JhGl ass/ epoxy)
Analytical Numeri cal
Worst layei2"4(9 8 4 o 1) 15 (o 1) 2" 4(w 1) 4 "o 1) 4 Vo 1)
0 0 0 0 0 0 0 0
Load v Load v Load v Load v Load v Load o
[N/ nim © [N/ n © [N/ n © [N/ n © [N/ n © [N/ ©
0 0 0 0 0 0 0 0 0 0 0 0
30 048¢315 046¢ 31 052 30 046¢31l5 055( 31 0642
39 063*f 409 060¢ 403 068( 39 060¢ 409 071:403 083!
50.7 082¢532 079:524 088:507 0791532 092¢524 108!
659 1072692 103:681 114¢659 102¢ 692 120¢681 141:
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N/ mm

For this non dywmhmeatcreidc carsce morn h touwmasofdegli alred
prevent the normal torplanefdi sagsldaseegmmt nina tFiiant h

I n Tabl e76siamidl &i ganal ysis results canimbe seen
this HRJadiaasean be concluded that a slighter sm
t hNpan| oad case but a higher value i gsf ofroutnhde f or
Maxi mum StrAsslicghtley imomre di spwersaeld Ireddatdaomne b
in the Maximum St)asess heriieesoni yEWNgecmbteribal
( F.59

3.3Laminate E3(t § 1 O Glass/epoxy)

The |l aminate E3 is a balanced amdl iseysesméaii ar ke
i ndex ewiotthuttitoenm ,apppi esehplehd si nt aTbalbeleeg A7o Wb e s B at h

1.60

#-Nx (Maple)
1.40
1.20 —+—Ny (Maple)
5 1.00
Sl
.E —+—Nx=Ny
g 0.80 (Maple)
S 0.60 Nx (Ansys)
0.40
—©—Ny (Ansys)
0.20
0.00 & ——Nx=Ny
0 20 40 60 80 (Ansys)

Applied Load [N/mm]
Nx: Layer 2 (90°) Ny: Layer4 (30°)  Nxy: Layer 4 (30°)

Fig. 7 Comparison of the evolution of Maximum Stress criterion failure index between analy
(MAPLE® ) and numerical (. 3 9 APDL) for laminate E2 @ % wrtj o 7§ o tth Glass/epoxy)
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TabT€ompari son between anadWut iccalapanodapheneEs:
( 9 JyhGl ass/ epoxy)

Analytical Numeri cal
Worst layer  All All All All All All
0 0 0 0 0 0 0 0
Load . v Load v Load " " Load v
[N/ mm © © [N/ mn © [N/ mn © © [N/ mn ©
0 0 0 0 0 0 0 0 0 0
50 0.529 0.529 33 0.449 50 0.529 0.529 33 0.449
65 0.688 0.688 429 0.584 65 0.688 0.688 429 0.584
84.5 0.894 0.894 558 0.759 845 0.894 0.894 558 0.759
1099 1162 1.162 94.25 1.283 1099 1162 1162 94.25 1.283
1.40
#-Nx (Maple)
1.20
100 ——Ny (Maple)
e
S
£ 030 ——Nx=Ny
o (Maple)
= 0.60
E Nx (Ansys)
0.40
0.20 =Ny (Ansys)
0.00 & ——Nx=Ny
0 20 40 60 80 100 120 (Ansys)

Applied Load [N/mm]
Nx, Ny and Nxy: All layers (45° and -45°)

Fig. 8 Comparison of the evolutioof TsatWu criterion failure index between analyti¢dMAPLE® )
and numerical 0 "Y® "XPDL) for laminate B( T § Tt 8 hGlass/epoxy)
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Tab8Compari son betnwe enruneemrradlcyatli o aMa xa mpmo &¢ h e &¢
( 9 JjhGl ass/ epoxy)

Analytical Numeri cal
Worst layer Al All All All All All
0 0 0 0 0 0 0 0
Load " " Load " Load v " Load "
[N/ nim © © [N/ mn © [N/ mn © © [N/ mn ©
0 0 0 0 0 0 0 0 0 0
50 036 036 33 0482 50 036 036 33 0482
65 047 047 429 0627 65 047 047 429 0627
84.5 061 061 558 0815 845 061 061 558 0815
1099 080 080 73 1060 1099 080 080 735 1060
1.60
B-Nx (Maple)
1.40
1.20 ——Ny (Maple)
5 1.00
E —4—Nx=Ny
© 0.80 (Maple)
=
5060 Nx (Ansys)
0.40
—=—Ny (Ansys)
0.20
0.00 &f —*—Nx=Ny
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Applied Load [N/mm]
Nx, Ny and Nxy: All layers (45° and -45°)

Fig. 9 Comparison of the evolution oMaximum Stresscriterion failurq index between analytica
(MAPLE® ) and numericab(0 "Y® "XPDL) for laminate E3 ¢ & 1 9 hGlass/epoxy)

Tab® €€ompari son bet wereunmean MWt i¢cTaslapanodoal hesE.
(% J 'hGl ass/ epoxy)

Analytical Numeri cal
Worst layer (w 1) (mJ) () (wd) (mJ) (mJ)
0 0 0 0 0 0 0 0
Load " Load . Load " Load . Load . Load o
IN/mm O N/ O N/t O N/ O NS O IN/ i ©
0 0 0 0 0 0 0 0 0 0 0 0

17 0502 12 0493 11 0.460 17 0502 12 0493 11 0.460
221 0.653 156 0.641 143 0.598 221 0653 156 0.641 143 0.598
287 0.849 203 0.833 186 0.777 287 0849 203 0.833 186 0.777
374 1104 264 1.083 242 1011 374 1104 264 1.083 242 1011
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Applied Load [N/mm]

Nx: Layer 2 (90°) Ny: Layers 1/3 (0%)

Fig. 10 Comparison of the evolution of Ts@fu criterion failure index between analytical (MAPLE®
and numerical!( . 3 9 2PDL) for laminate E4 (j w % 7’ h Glass/epoxy)

Nxy: Layers 1/3 (0°)
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Analytical Numeri cal
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Failure index
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Applied Load [N/mm]
Nx: Layer 2 (90°) Ny: Layers 1/3 (0°)  Nxy: Layers 1/3 (0°)

Fig. 11 Comparison of the evolution of Maximum Stress criterion failure index between analy
(MAPLE® ) and numerical (. 3 9 BPDL) for laminate E4 (v w 7 ™ h Glass/epoxy)
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Applied Load [N/mm]
Nx: Layer 4/5 (90°) Ny: Layers | and 8 (0°) Nxy: All layers (0°/-45°/45°/90°)
Fig. 12 Comparison of the evolution of Ts®#u criterion failure index between analytical (MAPLE®
and numericald 0 "Y® "XPDL) for laminate E5 (j 1 d 1t dfw &t ,G4-800/5260)
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curves are quite closer to each other for the M
With these results it was concluded that the results obtained present the samégaddaour

identified for the previous symmetric laminat@s in other studiedor this case of laminate E5 it

was found that the laminae that have the fibres with a 90° orientation angle suffer more with the

uniaxial loadingt , while the laminae that have the fibres with an orientation angle of 0° suffer
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Thl klCompari son between anaWyticecalapphndadnhuarser
(7 j%1r 7,G4800/5260)
Analytical Numeri cal
Worst 4'Panc1tano 4'hancistand
All All
layer 5'"wd) 5 ") 5 "wd) 5 "N
0 0 06 0 0 0 0 0
Load " " Load Load " v Load v
[N/ mn © © [N/ mn [N/ nin © © [N/ nin ©
0 0 0 0 0 0 0 0 0 0
3100 0.585 0.585 300 0.396 3100 0.585 0.585 3000 0.396
4030 0.760 0.760 390 0.515 4030 0.760 0.760 3900 0.515
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Fig. 13 Comparison of the evolution dflaximum Stresriterion failure index between analytica
(MAPLE® ) and numerical (. 3 9 2PDL) for laminate E5 ¢ 1 g 1 dfw# , G4-800/5260)

Table 13 Comparisobetween the results obtained in numerical (N) and analytical (A) modesaf®
loading cases

Laminate E1 Laminate E2 Laminate E3 Laminate E4 Laminate E5

Load situation 0 €10 0 0 0 or0 0 0 O or0
Load (A) [N/mm] 3296 6 8 1428 24.2 6811
Fl 1.091 1099 1.044 1.011 1.101
Criterion TsarWu TsarWu Max. Stress TsairWu Max. Stress
Load (N) [N/mm] 3296 52 1428 24.2 6811
Fl 1.091 1029 1.044 1.011 1.101
Criterion TsairWu TsairWu Max. Stress TsarWu Max. Stress
Deviation (%) 0 -23.05 0 0 0

value of the deVhiad i may i ke sagni if-halbadcdad 4arhde md
symmetrical sswAckhngasegesemistortion on the pl
(see6 (Fodi s patt evrars md hrevaidyurr e po r2@eldHA )by ( Cami | | e
Further studies using ,Pulcéccedlad | bheecansiteei ad |
better relation is obtained .A@&d iwtjamn alxlpyey ti imealt a
validation campaign could also be considered

5. Conclusions

This work considered the failure of laminated pladabmitted to uniaxial and biaxial tensile
loads considering two failure criteria: Ts&#Vu and Maximum Stres$arametric studies were
developed to characterize the influence of material and geometrical parameters on the failure index

and/or strength ratio



