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Abstract.  This study presents a BEM model within a Multiscale Approach to model the mechanical behaviour of 
concrete with partial and total replacement of natural coarse aggregates (NCA) by recycled coarse aggregates (RCA) 
from construction and demolition waste (CDW). The Representative Volume Element (RVE) concept is adopted to 
represent the heterogeneous microstructure of the material, and the fracture process in the interfacial transition zone 
(ITZ) is modelled using cohesive-contact finite elements superposed on the BEM interface elements. Additionally, 
we consider the plasticity of the mortar matrix, while the aggregates are modelled as elastic. Different parameters are 
adopted for natural and recycled coarse aggregates, as well as for the cohesive-contact finite elements at the ITZ 
around the recycled aggregates. Eight different replacement percentages are adopted for aggregates, and the 
numerical results are compared with experimental results for 0%, 49,68%, and 100% of replacement. We show that 
the proposed model is stable and can reproduce the experimental results up to the peak load. 
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1. Introduction 
 

In the particular case of civil construction, concrete is the most widely used composite. 

According to [1], this is due to several factors, including water resistance, the ability to be 

moulded into different shapes, and the low cost and high availability of construction materials. The 

concrete is composed of cement and water, which form the paste, aggregates (coarse and fine), and 

air. In addition, ash, silica, and chemical additives can be added to concrete to improve its 

performance. Due to this mixture, the concrete microstructure exhibits significant heterogeneity 

and complexity, making it challenging to develop microstructural models that reliably reproduce 

its behaviour. Despite concrete’s advantages, its production and increasing use in the construction 

sector pose significant environmental challenges, as it causes pollution [2]. Besides, a rapid 

decrease in the availability of natural aggregates has been observed, while global demand for 

natural aggregates has increased [3, 4]. Simultaneously, the production of construction and 
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demolition waste (CDW) has increased over the years. Just China and India generate most of the 

CDW worldwide, followed by the USA (see [5]). In Brazil, the CDW usually consists of 63% 

mortar, 29% concrete and blocks, 7% other materials, and 1% organic material. This composition 

results in 92% of the material being classified as Class A, which refers to waste that can be 

recycled or reused as aggregates, such as demolition waste or manufacturing process waste from 

precast concrete parts. This percentage underscores the importance of incorporating recycled 

materials into concrete. Moreover, replacing natural aggregate (NA) with Class A materials can 

save up to 60% of natural aggregate (see [6]). Indeed, reusing CDW helps address the increasing 

demand for aggregates while natural resources decline. In this context, this work presents a 

numerical method for simulating and estimating the mechanical behaviour of recycled aggregate 

concrete (RAC) composed of recycled coarse aggregates (RCA) derived from CDW. 

Composite materials, for example, RAC, have two or more phases with distinct properties, 

separated by a bonding interface, resulting in final characteristics that differ from those of the 

individual phases. Thus, multiscale modelling is useful for predicting the mechanical behaviour of 

such materials, as it allows defining different elastic properties for the phases and different 

constitutive models to govern the material behaviour in each phase of the microstructure. Then, by 

using homogenization techniques, we compute the constitutive response of the composite material 

whose microstructure is defined by the RVE (Representative Volume Element). Therefore, 

numerical techniques must be used to simulate and understand the mechanical behaviour of 

materials, particularly new materials such as recycled aggregate concrete [7]. Also, numerical 

simulations help drive experimental testing to design new materials, optimizing costs and 

enhancing properties while focusing on efficiency and safety. In this scenario, it is desirable to 

improve and make available new numerical models to researchers. It is noted that the Finite 

Element Method (FEM) and its variations are the most widely used methods for solving 

engineering problems, including the modelling of RAC using CDW. Some works can be cited, 

such as Peng et al. [8], which proposed a Base Force Element Method (BFEM) for numerical 

simulations of RAC subjected to uniaxial compression tests. In [9], the authors used FEM analysis 

to design structures composed of steel-fibre-reinforced recycled aggregate concrete (SFRRAC). In 

[10], the authors used micromechanics concepts and the Drucker-Prager model to understand the 

mechanical behaviour of RAC with substitutions of fine and coarse aggregates. In [11], a 3D 

Discrete Element Method (DEM) model that employs multiscale analysis and Fracture Mechanics 

concepts is applied to model the mechanical behaviour of an RVE composed of RAC. In [12], the 

authors used FEM analysis and voxel-based techniques to properly distribute the RCAs within the 

RVE composed of RAC. In [13], a 3-D BFEM model was developed for damage problems on 

RAC. In [14], a multiscale analysis of RAC was performed considering fracture nucleation and 

propagation using cohesive zone models and the Discrete Element Method (DEM). Thus, this 

work aims to introduce the Boundary Element Method (BEM) as a potential approach for solving 

RAC-related problems. To the best of our knowledge, this is the first work to apply BEM for this 

problem. The use of BEM with a multiscale approach enables us to perform mesoscale analysis of 

concrete, allowing proper replacement of coarse aggregates and their interfacial transition zone 

(ITZ). 

The relevance of this study is to present a BEM model developed within a multiscale 

framework as a new, efficient alternative for modelling the mechanical behaviour of concrete with 

the replacement of natural coarse aggregates by recycled coarse aggregates. The numerical 

modelling is based on the BEM formulation within a multiscale approach presented in [15], where 

the authors studied the mechanical behaviour of Metal Matrix Composites (MMC). Then, in [16], 
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the authors applied this formulation for modelling concrete with natural aggregates, which was 

experimentally tested. In [16], the authors performed a parametric identification of the RVE’s 

phases and studied RVEs with different numbers, sizes, and distributions of aggregates to 

determine which microstructure better captured the experimental results. In the present paper, we 

evaluate whether the BEM formulation proposed in [15], together with the RVE proposed in [16], 

can accurately model the mechanical behaviour of concrete with RCAs, considering eight different 

replacement percentages of NCAs by RCAs from CDW. To validate the formulation, the 

numerical results are compared with experimental results for 0%, 49.68%, and 100% aggregate 

replacement. Based on the numerical results, equations are proposed to estimate the compressive 

strength and the stiffness of the RAC analysed in this work. 

The main advantage of BEM models is the reduced computational cost. For example, in [15], 

using similar multiscale frameworks, the authors show that the BEM model has a computational 

cost much lower than that of the FEM model, despite yielding similar results. This advantage is 

due to the fact that the displacements and forces are approximated only on the boundary, and that 

the same order of approximation is used for both displacements and tractions. The only variables 

that need to be approximated in the domain are those associated with dissipative phenomena and, 

in the case of the RVE, the displacement fluctuations, which are due to the heterogeneity of the 

microstructure. Observe that, in the present work, we consider as dissipative phenomena the 

plastic process in the mortar matrix and the fracture process in the Interfacial Transition Zone 

(ITZ). Among the disadvantages of BEM, we can cite the non-symmetric matrices defined in the 

set of equations and the difficulty of handling strong singularities that arise when the collocation 

point lies on the integration boundary element or within the integration cell. Besides, BEM models 

are particularly indicated for modelling crack propagation (see [17]). As the displacements are not 

approximated in the domain, there is no need to re-mesh the domain as the cracks propagate. But 

note that, in the present paper, the fracture process in the ITZ is modelled by using cohesive-

contact finite elements (see [15]) superposed to the interface elements of the BEM model. The ITZ 

plays an important role in the mechanical behaviour of concrete, as discussed by the authors in 

[16]. More recently, machine learning techniques have been applied to model structural failure of 

different materials using cohesive fracture concepts [18-20], opening a research field for modelling 

recycled materials using multiscale BEM formulations. 

This article is divided into five sections. Section 2 presents a brief description of the materials 

and methods used to conduct the experimental tests, as well as the experimental results obtained 

for 0%, 49,68%, and 100% aggregate replacement. Section 3 briefly presents the boundary 

element formulation used to model the mechanical behaviour of concrete numerically and defines 

the RVE adopted in the numerical analyses. Section 4 shows the numerical results for RVEs with 

different aggregate replacement percentages, along with the equations for estimating the 

compressive strength and stiffness of the concrete. Finally, in Section 5, some final considerations 

are presented. 

 

 

2. Experimental modelling of concrete with recycled coarse aggregates (RCA) 
 

The research aims to evaluate the mechanical behaviour of concretes with different levels of 

coarse aggregate replacement using CDW via a multiscale BEM formulation. In the numerical 

modelling, the following replacement percentages are considered: 0% (reference, denoted as mix 

1), 4.35%, 13.96%, 27.02%, 49.68%, 59.45%, 70.59%, and 100%. These replacement percentages 
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(a) (b) (c) 

Figure 1. (a) RVE model (Red, yellow and green inclusions denote, respectively, large, medium and small 

coarse aggregates), (b) RVE used to model the concrete with 49.68% of coarse aggregates replacement, 

where the coloured aggregates correspond to RCAs, (c) Strength distributions of the compressive strength 

tests for each mix (The 4 first bars refer to rupture at 28 days, and the 4 last bars refer to rupture at 96 days) 

 

 

were defined based on the RVE shown in Fig 1(a), which was used to numerically model the 

mechanical behaviour of concrete. This RVE was developed in [16] using the multiscale 

formulation discussed in Section 3. In this RVE, the matrix corresponds to the mortar, and the 

inclusions are coarse aggregates, which can be natural or recycled. The RVE sides have a length of 

100 mm, and the coarse aggregates volume fraction is 40,61%. The RVE is composed of 5 large 

inclusions (19 mm in diameter), six medium inclusions (15 mm in diameter), and 14 small 

inclusions (12 mm in diameter). Using the proposed numerical modelling capability, based on the 

RVE concept, in which the characteristics of the constituents can be manipulated, the 13.96% 

replacement is achieved by adopting two large aggregates as recycled aggregates in the RVE. We 

obtain 49.68% replacement when we adopt four large aggregates and five medium aggregates as 

recycled aggregates in the RVE (see Fig. 1(b), where the coloured aggregates are the recycled 

aggregates. More details about this numerical modelling are discussed in the next section. To 

validate numerical modelling, we experimentally tested concrete samples subject to uniaxial 

compression, considering the following replacement percentages: 0%, 49.68%, and 100%, which 

are denoted, respectively, as mix 1, mix 2, and mix 3. Thus, in this section, we briefly discuss 

these experimental tests. 

During on-site collection, it was found that the grey material (mortar and cementitious material) 

was not separated from the brown material (ceramic material). Pre-cleaning of the material was 

carried out, separating the ceramic material with larger granulometry. Mix 1 was calculated 

according to the Brazilian Portland Cement Association (BPCA) method, in which the materials 

consumption per unit volume of concrete is 1:1.62:2.70:0.50 (cement: sand: coarse aggregate: 

water/cement ratio). The consumption of materials was 205 l/m3 (water), 410 kg/m3 (cement), 

662.5 kg/m3 (sand), and 1104 kg/m3 (coarse aggregate). The mortar volume fraction is 

approximately 59% of the concrete volume. Table 1 shows the physical properties of the materials 

used for mix 1. For mixes 2 and 3, we used the same materials consumption per unit volume of 

concrete considered for Mix 1, but accounting for the respective replacements of NCAs by RCAs. 

The specimens were cast with the reference mix (0% aggregate replacement), mix 2 (49,68% 

aggregate replacement), and mix 3, in which all aggregates were recycled. They were cast and had 

their cure made according to the Brazilian Standard ABNT NBR 5739:2018 [21]. As the 

maximum aggregate diameter in the RVE, which models numerically the concrete, is 19 mm, all 
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Table 1. Physical properties for the materials used in the mix 1 

Material Specific gravity (kg/m3) Unit weight (kg/m3) Fineness Dmax (mm) 

Cement 3100 1092   

Sand 2650 1470 2.6  

Coarse aggregate 2700 1600  19 

 

 

aggregates larger than 19 mm were excluded from the experimental test. After curing, the 

specimens were tested for compressive strength. The tests were performed on a servo-controlled 

testing machine with a 100 tf capacity and a displacement control system. The machine is 

equipped with an automated data-acquisition system that records displacements and applied force 

values in real time, ensuring the accuracy of the load-versus-deformation curves. The tests were 

conducted according to the Brazilian Standard NBR 5739:2018 [21], which defines the procedure 

for the compressive strength test. The specimens were cylindrical with a diameter of 100 mm and a 

height of 200 mm, cast in accordance with NBR 5739:2018 [21]. For each mix, 8 specimens were 

moulded: 4 for the compressive strength tests at 28 days and 4 for those at 96 days. Thus, 24 

specimens were tested in total. We followed the normative prescriptions for moulding and curing, 

including submerged water curing. After the curing period, physical tests were conducted in 

accordance with NBR 5739:2018 [21]. The CDW used as recycled coarse aggregate was 

characterized using granulometric tests according to [21] to determine the particle-size 

distribution. The recycled and natural aggregates must fall within the particle size distribution 

range specified by the Brazilian standard [21]. 

Fig. 1(c) shows the compressive strength distributions for each mix obtained from the tests. In 

Fig. 1(c), the first four bars refer to the tests performed at 28 days, while the last four bars are 

related to the specimens tested at 96 days. According to [5], the compressive strength of recycled 

concrete is influenced by the main dimension of coarse aggregates, in addition to the CDW source 

from which it is derived. In the present work, despite the initial selection of RAs, we chose not to 

significantly influence the composition of the recycled materials obtained from the recycling plant 

samples, which may have contributed to the variability in the experimental results. Furthermore, 

during casting of the specimens, water compensation was performed as recommended in NBR 

15116:2021 [22], which establishes dosage adjustments to counteract the water absorption of the 

RCAs. As observed in [9], the high value of water absorption of RAs requires precise water 

compensation to avoid undesirable changes in the water/cement ratio. Although the 

recommendations in accordance with NBR 15116:2021 [22] were applied, the intrinsic variability 

of the recycled material may also have contributed to the variability in the results. This 

phenomenon underscores the need to characterize each RCA set individually. In this context, 

analysing Fig. 1(c), a small progressive reduction in performance is observed for the concrete 

experimentally tested in the present work, especially in the range 0% to 50% of replacement, 

where the porosity and brittleness of the RCAs can affect the concrete’s strength. This observation 

aligns with the work [5], which follows a review of many studies in the field. The same finding 

was obtained in the tests reported in [23], where the concretes tested exhibited behaviour similar to 

that shown in Fig. 1(c) for compressive strengths of 24 MPa and 35 MPa. In [7], concretes with a 

strength of around 40 MPa were studied, and the same behaviour was observed: the concrete with 

30% replacement by RCA had the same order of magnitude of resistance as the concrete with 

100% replacement. 
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3. Numerical modelling of the mechanical behaviour of the concrete 
 

3.1 Boundary element formulation for the RVE 
 

The Boundary Element Formulation developed in [15] is used to model the mechanical 

behaviour of the recycled concrete with coarse aggregates from CDW. This formulation has 

already been used to model concrete with conventional aggregates (see [16]), but it is the first time 

it is used to evaluate the mechanical behaviour of RAC. The BEM formulation presented here is 

an alternative to other numerical models for RAC. The formulation is detailed and developed in 

[15]. Thus, in the present paper, it will be briefly presented. In this modelling, the material 

microstructure is represented by a Representative Volume Element (RVE), whose homogenized 

response defines the material’s mechanical behaviour. For that, we must properly define the 

material microstructure’s phases, each with its specific elastic properties and governed by a given 

constitutive model. In this context, when the concrete contains no recycled aggregates, its 

microstructure is assumed to consist of two phases: the mortar matrix and the aggregates. 

Additionally, cohesive-contact finite elements are used at the interfaces between the mortar matrix 

and aggregates to model fracture in the ITZ (Interfacial Transition Zone) region. However, when 

some aggregates are replaced with recycled ones, the concrete has three phases: mortar matrix, 

NCAs, and RCAs. Different parameters are adopted for the contact and fracture models of the ITZ 

around recycled aggregates. 

The RVE formulation is derived by treating the RVE microstructure as a plate composed of 

several sub-regions, each representing a different phase of the material. Thus, each phase can have 

its elastic properties and be governed by a given constitutive model. Therefore, the mechanical 

behaviour can be modelled differently in each phase to obtain a more realistic model that better 

defines the material’s mechanical behaviour whose microstructure is represented by the RVE. 

 

3.1.1 The BEM algebraic equations 
The integral representation for the displacement 𝑢𝑘  (with 𝑘 =1, 2) written at an internal 

collocation point, can be obtained from Betti’s Theorem applied to a plate with sub-regions and 

written in terms of continuous membrane forces (𝑁̇̅𝑖𝑗) and continuous strains (𝜀̅𝑖̇𝑗). As we consider 

the case where dissipative phenomena can occur in the plate domain, all variables are defined in 

rates, where 𝑥̇=𝑑𝑥/𝑑𝑡 is the rate of change of the variable x throughout the pseudo time 𝑡. Thus, in 

the case of a plate composed of 𝑁𝑠 sub-regions, Betti’s theorem, for plane stress conditions, is 

defined as follows: 

∫ 𝜀𝑘𝑖𝑗
∗ 𝑁̇̅𝑖𝑗𝑑Ω = ∑ [

𝐸̿𝑚

𝐸̿

𝜈𝑚

𝜈
∫ 𝜀̅𝑖̇𝑗𝑁𝑘𝑖𝑗

∗ 𝑑Ω + 𝐸̿𝑚 (1 −
𝜈𝑚

𝜈
) ∫ 𝜀̅𝑖̇𝑗𝜀𝑘𝑖𝑗

∗ 𝑑Ω𝑚Ω𝑚Ω𝑚
]

𝑁𝑆
𝑚=1Ω

     𝑘, 𝑖, 𝑗 = 1,2  (1) 

where 𝑁̇̅𝑖𝑗=𝜎̇̅𝑡, 𝑡 is the plate thickness, 𝜎̇̅𝑖𝑗 the continuous stress, 𝜈 is the Poisson’s ratio, the terms 

with superscript * are related to the fundamental problem, 𝐸̅𝑚=
𝐸̅𝑚

(1−𝜈𝑚
2 )

, 𝐸̅𝑚=𝐸𝑚𝑡, 𝐸 is the Young’s 

modulus, 𝑘 the fundamental load direction; 𝜈, 𝐸̿ and all fundamental values are referred to the sub-

region where the colocation point is placed. As dissipative phenomena are considered in the plate 

domain, the continuous forces are defined as: 

𝑁̇̅𝑖𝑗 = 𝑁̇𝑖𝑗 + 𝑁̇𝑖𝑗
0   (2) 
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where 𝑁̇𝑖𝑗
0  are the dissipative forces and 𝑁̇𝑖𝑗  the forces obtained after verifying the constitutive 

model. In the present work the forces 𝑁̇𝑖𝑗
0  are computed taking into account both the plasticity 

phenomenon, defined in the mortar matrix domain, and the fracture process that occurs in the ITZ 

region. Thus, to model the concrete, the dissipative forces are defined as follows: 

𝑁̇𝑖𝑗
0 = 𝑁̇𝑖𝑗

𝑝
− 𝑁̇𝑖𝑗

𝑐𝑗
  (3) 

where 𝑁̇𝑖𝑗
𝑝

 are the plastic membrane forces defined as 𝑁̇𝑖𝑗
𝑝

= 𝑁̇𝑖𝑗
𝑡 − 𝑁̇𝑖𝑗 , being the forces 𝑁𝑖𝑗

𝑡  

computed from the total strain 𝜀𝑖̇𝑗; 𝑁̇𝑖𝑗
𝑐𝑓

 are the inelastic forces due to the fracture process modelled 

on the interfaces. The forces 𝑁̇𝑖𝑗
𝑐𝑓

 are defined as: 

𝑁̇𝑖𝑗
𝑐𝑓

= 𝑁̇𝑖𝑗
𝑡 − 𝑁̇̅𝑖𝑗  (4) 

In Eq. (4), the continuous forces 𝑁̇̅𝑖𝑗  correspond to the membrane forces computed before 

solving the RVE iterative procedure necessary to achieve its equilibrium (see more details further). 

Note that after solving the RVE equilibrium problem, if the fracture process occurs in the ITZ 

region, the displacement field will no longer be continuous across the interfaces, and the total 

strains 𝜀𝑖̇𝑗  will split into the continuous strain 𝜀̅𝑖̇𝑗  and the strain 𝜀𝑖̇𝑗
𝑐𝑓

 associated with this 

discontinuity, i.e.: 

𝜀𝑖̇𝑗 = 𝜀̅𝑖̇𝑗 + 𝜀𝑖̇𝑗
𝑐𝑓

  (5) 

However, when modelling plasticity phenomenon, the total strain is split into the elastic and 

plastic components (𝜀𝑖̇𝑗=𝜀𝑖̇𝑗
𝑒 + 𝜀𝑖̇𝑗

𝑝
). Thus, Eq. (5) results in: 

𝜀𝑖̇𝑗
𝑒 + 𝜀𝑖̇𝑗

𝑝
= 𝜀̅𝑖̇𝑗 + 𝜀𝑖̇𝑗

𝑐𝑓
  (6) 

Therefore, in the case where both dissipative phenomena are modelled, plasticity and fracture 

process, the continuous strain is defined as (see more details in [15]): 

𝜀̅𝑖̇𝑗 = 𝜀𝑖̇𝑗
𝑒 + 𝜀𝑖̇𝑗

𝑝
− 𝜀𝑖̇𝑗

𝑐𝑓
  (7) 

In the present paper, we consider the case that domain Ω1 represents the matrix, whose external 

boundary is coincident with the plate boundary, and it is defined by 𝛤1 (see Fig. 2). The aggregates 

 

 

 

Figure 2. Heterogeneous microstructure represented by a zoned plate, where phase debonding is modelled 

on the interfaces between the matrix and inclusions 
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and voids are inserted inside the matrix (as represented in the RVE defined in Fig. 2), being 𝛤1𝑗 the 

interface between Ω1 and Ω𝑗 (see more details in [15]). The interfaces can be considered perfectly 

bonded, or the phase debonding can be modelled by defining additional cohesive-contact finite 

elements along the interface. 

To obtain Betti’s theorem for the case where there are dissipative phenomena defined in the 

plate domain, Eq. (2) must be substituted into Eq. (1). After integrating this resulting equation by 

parts, we can obtain the integral representation of displacement 𝑢𝑘 for an internal collocation point 

𝑠. To obtain this representation for a colocation point on the boundary or an interface, we must 

account for the singularities that arise in the formulation. Thus, considering a general case, where 

there are 𝑁𝑣𝑜𝑖𝑑𝑠 voids and 𝑁𝑖𝑛𝑐 inclusions (or aggregates) defined inside the matrix, and where the 

source point s can be placed either on the boundary or on the interface or be internal, the integral 

representation of displacement 𝑢𝑘(𝑠) is defined as follows: 

𝐶𝑘1𝑢̇1(𝑠) + 𝐶𝑘2𝑢̇2(𝑠) = −
𝐸̿1𝜈1

𝐸̿𝜈
∫ (𝑢̇1(𝑃)𝑝𝑘1

∗ (𝑠, 𝑃) + 𝑢̇2(𝑃)𝑝𝑘2
∗ (𝑠, 𝑃))𝑑Γ +

Γ1
  

− ∑
(𝐸̿𝑚𝜈𝑚−𝐸̿1𝜈1)

𝐸̿𝜈
∫ (𝑢̇1(𝑃)𝑝𝑘1

∗ (𝑠, 𝑃) + 𝑢̇2(𝑃)𝑝𝑘2
∗ (𝑠, 𝑃))𝑑Γ𝑚1Γm1

+
𝑁𝑖𝑛𝑐
𝑚=1   

∑
𝐸̿1𝜈1

𝐸̿𝜈

𝑁𝑣𝑜𝑖𝑑𝑠
𝑚=1 ∫ (𝑢̇1(𝑃)𝑝𝑘1

∗ (𝑠, 𝑃) + 𝑢̇2(𝑃)𝑝𝑘2
∗ (𝑠, 𝑃))𝑑Γ𝑚1 +

Γ𝑚1
  

+ ∫ (𝑢𝑘1
∗ (𝑠, 𝑃)𝑝̇1(𝑃) + 𝑢𝑘2

∗ (𝑠, 𝑃)𝑝̇2(𝑃))𝑑Γ
Γ1

+  

−𝐸̿1 (1 −
𝜈1

𝜈
) ∫ (𝑢̇1(𝑃)𝜀𝑘1

∗ (𝑠, 𝑃) + 𝑢̇2(𝑃)𝜀𝑘2
∗ (𝑠, 𝑃))

Γ1
𝑑Γ +  

− ∑ [𝐸̿𝑚 (1 −
𝜈𝑚

𝜈
) − 𝐸̿1 (1 −

𝜈1

𝜈
)] ∫ (𝑢̇1(𝑃)𝜀𝑘1

∗ (𝑠, 𝑃) + 𝑢̇2(𝑃)𝜀𝑘2
∗ (𝑠, 𝑃))𝑑Γ𝑚1Γ𝑚1

+
𝑁𝑖𝑛𝑐
𝑚=1   

∑ [−𝐸̿1 (1 −
𝜈1

𝜈
)] ∫ (𝑢̇1(𝑃)𝜀𝑘1

∗ (𝑠, 𝑃) + 𝑢̇2(𝑃)𝜀𝑘2
∗ (𝑠, 𝑃))𝑑Γ1𝑚Γ1𝑚

𝑁𝑣𝑜𝑖𝑑𝑠
𝑚=1 +  

∑ 𝐸̿𝑚 (1 −
𝜈𝑚

𝜈
) ∫ 𝑢̇𝑖(

Ω𝑚

𝑁𝑠
𝑚=1 𝑝)𝜀𝑘𝑖𝑗,𝑗

∗ (𝑠, 𝑝)𝑑Ω𝑚 + ∫ 𝜀𝑘𝑖𝑗
∗ 𝑁̇𝑖𝑗

0 𝑑Ω
Ω

     𝑘, 𝑖, 𝑗 = 1,2  

(8) 

where 𝜈1  and 𝐸̿1  are matrix properties; 𝛤1  is the matrix external boundary; 𝛤𝑚1  represents an 

interface between the matrix and inclusion m; 𝛤1𝑚 is the interface between the matrix and a void 

m; Ck1 and Ck2 are the free terms,𝑢𝑖̇  and 𝑝𝑖̇ are, respectively, in-plane displacements and tractions; 

for the fundamental expressions, see [15]. Note that for internal collocation points and k=1: C11=1 

and C12=0; and when the fundamental load is applied in x2 direction (k=2): C21=0 and C22=1. 

Besides, for collocation points on the boundary and not coincident with a corner and k=1: C11=0.5 

and C12=0; when k=2: C21=0 and C22=0.5. For the free term values of collocation points placed on 

the interface of an inclusion or on the interface of a void, please see [24] and [15]. Note that in Eq. 

(8) there are displacements and tractions defined on the external boundary, displacements on the 

interfaces, and dissipative forces over the domain. Besides, in the case where the sub-regions have 

different Poisson ratios, we also have displacements defined over the domain. Thus, to obtain the 

set of equations necessary to solve this problem, which is discussed further, Eq. (8) is written at 

collocation points placed on the boundary, on the interfaces, and in the domain. 

When dissipative phenomena are considered in the plate domain, we also have to write the 

equations of continuous forces 𝑁̇̅𝑖𝑗 at all cell nodes used to discretize the domain. For that, first the 

displacement derivative equations are written at the internal point, and then Hooke’s law is applied 
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Figure 3. Cohesive contact finite element and its insertion between triangular cells 

 

 

to obtain the continuous forces 𝑁̇̅𝑖𝑗 equation. Therefore, we also need the integral representation of 

displacement derivatives, which is obtained by derivation of Eq. (8) (see more details in [24]). 

Eq. (8) is transformed into its algebraic form after discretizing the boundary and interfaces into 

straight elements, where linear functions approximate the variables, and after also discretizing the 

domain into cells, where the displacements and the dissipative forces are approximated. The 

displacements vary linearly over the cell, while the inelastic forces are assumed constant in the cell 

domain (for more details, see [24]). Note that, usually in BEM models, the order of the 

approximation functions adopted for the displacements does not necessarily have to be higher than 

the order of the function used to approximate the stress or strain fields. But in the present case, we 

had to adopt this strategy because of the equilibrium equation defined for the RVE, discussed 

further, which is written in terms of displacement fluctuations. Thus, in the iterative procedure 

required to solve the problem, the displacement fluctuation corrections must be transformed into 

strain corrections using the matrix [B], usually defined in finite element formulations, which 

relates the displacements to the strains in the cell domain. 

Besides, when the fracture process is modelled at the interfaces between the mortar matrix and 

the aggregates, additional finite elements must be defined and superposed to the BEM interface 

elements (see Figs. 2 and 3). This finite element has four nodes, as depicted in Fig. 3. To govern 

the material mechanical behaviour in these elements, two constitutive models are considered: a 

contact model and a cohesive fracture model. For more details on these models and the criteria for 

activating each one, see [25]. In general, if the fracture is not open (i.e., there is contact), nodes 1 

and 4 coincide, and nodes 2 and 3 coincide. When the fracture process begins, nodes 1 and 4 may 

have different displacements, as may nodes 2 and 3. Thus, to model phase debonding, we must 

adopt duplicated interface nodes in the BEM model, coincident with the cohesive-contact finite 

element nodes. As we discussed previously, to obtain the set of equations, we must write algebraic 

equations at these duplicated interface nodes. Thus, to have different algebraic equations related to 

these duplicated interface nodes, we consider that one collocation point belongs to the matrix, and 

the other belongs to the aggregate (see more details in [15]). 

Writing the algebraic equations of in-plane displacements at boundary nodes, interface nodes, 

and internal cell nodes, the following set of equations is obtained: 

[
[𝐻]𝐵𝐵 [𝐻]𝐵𝑖

[𝐻]𝑖𝐵 [𝐻]𝑖𝑖
] {

{Δ𝑈}𝐵

{Δ𝑈}𝑖
} = [

[𝐺]𝐵𝐵

[𝐺]𝑖𝐵
] {Δ𝑃}𝐵 + [

[𝐸]𝐵𝐵

[𝐸]𝑖𝐵
] {Δ𝑁0}  (9) 

where 𝑼 and 𝑷 refers, respectively, to nodal displacements and tractions, subscript 𝐵 refers to the 

boundary and 𝑖  to interface or internal node, {Δ𝑁0} is the dissipative forces increment at cell 
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nodes. 

Note that here the zoned plate represents the RVE, i.e., the microstructure of a given material. 

Thus, in this case, no traction is applied on the boundary, and the boundary conditions are defined 

by the boundary linear displacement computed from the strain tensor that is imposed on the RVE. 
Therefore, after imposing the boundary conditions in Eq. (9) on the displacements, the unknowns 

of the problem are computed. These unknowns are the boundary tractions and the displacements at 

the interface and internal nodes. They are obtained from the equation: 

{Δ𝑋} = {Δ𝐿} + [𝑅]{Δ𝑁0}  (10) 

where {Δ𝐿}  represents the elastic solution, {Δ𝑋}  is the unknown vector; [𝑅]  represents the 

influence of the dissipative forces; they are defined as: 

{Δ𝑋} = {
{Δ𝑃}𝐵

{Δ𝑈}𝑖
}  (11) 

{Δ𝐿} = [𝐴]−1{Δ𝐵}  (12) 

[𝑅] = [𝐴]−1[𝐸]  (13) 

[𝐴] = [
−[𝐺]𝐵𝐵 [𝐻]𝐵𝑖

−[𝐺]𝑖𝐵 [𝐻]𝑖𝑖
]  (14) 

{Δ𝐵} = [
−[𝐻]𝐵𝐵

−[𝐻]𝑖𝐵
] {Δ𝑈}𝐵  (15) 

The algebraic equations for continuous forces at cell nodes, defined by Eq. (16), can be 

obtained after applying Hooke’s law to the algebraic equations of the derivatives of displacements. 

{Δ𝑁̅}𝐵𝐸𝑀 = −[[𝐻′]𝐵 [𝐻′]𝑖] {
{Δ𝑈}𝐵

{Δ𝑈}𝑖
} + [𝐺′]𝐵{Δ𝑃}𝐵 + [𝐸′]{Δ𝑁0}  (1) 

where the matrices [𝐻′] and [𝐺′] are like the ones defined in Eq. (9); but in Eq. (16) they are built 

considering the fundamental expressions of the algebraic equation of the membrane forces. 

After imposing linear displacements along the RVE boundary, Eq. (16) can be written as: 

{Δ𝑁̅}𝐵𝐸𝑀 = {Δ𝐾𝑁} + [𝑆]{Δ𝑁0}  (17) 

where {Δ𝐾𝑁} is the elastic solution, [𝑆] is the influence of the dissipative forces; they are defined 

as: 

{Δ𝐾𝑁} = {Δ𝐵′} − [𝐴′]{Δ𝐿}  (18) 

[𝑆] = [𝐸′] − [𝐴′][𝑅]  (19) 

{Δ𝐵′} = −[𝐻′]𝐵{Δ𝑈}𝐵  (20) 

[𝐴′] = [−[𝐺′]𝐵 [𝐻′]𝑖]  (21) 

Note that, to solve the RVE equilibrium discussed in the next section, an iterative procedure is 

required. In this numerical framework, first we compute the elastic solutions, {Δ𝐿} and {Δ𝐾𝑁}. 
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Then, when the equilibrium is found for a given increment, the vector of the dissipative forces 

{Δ𝑁0} is known, which enables us to compute the unknown vector {Δ𝑋} using Eq. (10). 

 

3.1.2 The RVE equilibrium problem and the RVE homogenized response 
In this section, we discuss how the RVE equilibrium is established when a given increment of 

strain (Δ𝜺𝑛) is imposed on the RVE. We also show how to obtain the RVE homogenised stress 

tensor (𝝈𝑛 =𝝈𝑛−1 + Δ𝝈𝑛 ) and the RVE homogenised constitutive tensor (𝑫𝒏 ) at each strain 

increment ( Δ𝜺𝑛 ). This homogenised response throughout the strain-incremental procedure 

represents the constitutive model of the material, whose microstructure is modelled by the RVE. 

Note that the RVE equilibrium problem is defined in the context of multi-scale modelling to 

facilitate coupling the RVE formulation with a macro-continuum formulation, enabling, in future 

work, a complete coupled multi-scale analysis of a structure. Thus, in what follows, point 𝑥 refers 

to a generic point of the macro-continuum, y represents a generic point of the RVE, and subscript 

𝜇  refers to the RVE. Before defining the RVE equilibrium equation, we need to define its 

displacement field 𝒖𝝁(𝑦), which is split into two parts as follows: 

𝒖𝝁(𝑦) = 𝒖𝝁
𝜺 (𝑦) + 𝒖̃𝝁(𝑦)  (22) 

Where 𝒖𝝁
𝜺 (𝑦) is the displacement field due to the imposed macroscopic strain (𝜺(𝒙)=𝜺) and 𝒖̃𝝁(𝑦) 

is the displacement fluctuation field, which arises in the RVE domain when its microstructure is 

heterogeneous; i.e., when voids and/or inclusions are defined inside the matrix. Note that if the 

RVE microstructure is homogeneous, i.e., it is composed of only one phase, the displacement 

fluctuation field becomes null, the strain field is homogeneous, and the displacement field is linear 

in the RVE domain. Accordingly, the microscopic strain field (𝜺𝝁(𝑦)) can also be decomposed 

into the macroscopic strain 𝜺(𝒙)=𝜺 and the strain fluctuation field 𝜺̃𝝁 (𝜺̃𝝁=𝑩𝒖̃𝝁), where 𝑩 is the 

strain-displacement matrix of the Finite Element Method. 

In turn, the RVE equilibrium problem is solved when the stress field is self-equilibrated, which 

requires that the following equilibrium equation must be satisfied: 

𝑹 = ∫ 𝝈𝝁(𝑦)𝑑𝑉 = 0
Ω𝜇

  (23) 

Alternatively, Eq. (23) can be written in terms of forces. After discretizing the domain into 

𝑁𝑐𝑒𝑙𝑙 cells, and considering plane stress conditions, Eq. (23) can be written as follows, for a given 

macroscopic strain increment Δ𝜀: 

𝑹𝐹 = ∑ 𝑩𝑗
𝑇𝝈𝜇

𝑗
𝑡𝐴𝑗 = 0

𝑁𝑐𝑒𝑙𝑙
𝑗=1   (24a) 

or in terms of increments: 

𝑹𝐹 = ∑ 𝑩𝑗
𝑇Δ𝝈𝜇

𝑗
𝑡𝐴𝑗 = 0

𝑁𝑐𝑒𝑙𝑙
𝑗=1   (24b) 

where 𝐴𝑗 is the cell area, 𝑩𝑗 the strain-displacement matrix and 𝑡 the plate thickness.  

Eqs. (24) are also valid for plane strain conditions; we only need to consider 𝑡=1. Considering 

that the stress increment in the cell can be written in terms of strain increment, i.e., 

{Δ𝜎𝜇
𝑗
}= [𝐷𝜇

𝑗
]({Δ𝜀} + {Δ𝜀𝜇̃

𝑗
}) , where [𝐷𝜇

𝑗
]  is the constitutive tensor computed according to the 

constitutive model adopted to govern the material behavior in the cell, Eq. (24b) results in: 

{𝑅}𝐹 = ∑ [𝐵]𝑗
𝑇[𝐷𝜇

𝑗
]({Δ𝜀} + [𝐵]{Δ𝑢̃𝜇})

𝑗
𝑡𝐴𝑗 = 0

𝑁𝑐𝑒𝑙𝑙
𝑗=1   (25) 

591



 

 

 

 

 

 

I.D.M. Lopes et al. 

Eq. (25) must be solved in terms of displacement fluctuations, i.e., we must find the 

displacement fluctuations increment field, {Δ𝑢̃𝜇}, such that Eq. (25) is satisfied. Note that to solve 

Eq. (25), boundary conditions in terms of displacement fluctuations must be imposed. In this 

paper, periodic displacement fluctuations are adopted on the RVE boundary. But other boundary 

conditions could also be adopted, such as uniform tractions on the boundary or null boundary 

displacement fluctuations (for more details, see [26]). If Eq. (25) is not verified, an iterative 

procedure 𝑖𝑅𝑉𝐸 ≥ 0  is required, where corrections 𝛿𝑢̃𝜇
𝑖𝑅𝑉𝐸+1

 must be added to the fluctuation 

increment at iteration 𝑖𝑅𝑉𝐸 + 1 , i.e., Δ𝒖̃𝜇
𝑖𝑅𝑉𝐸+1

= Δ𝒖̃𝜇
𝑖𝑅𝑉𝐸 + 𝛿𝒖̃𝜇

𝑖𝑅𝑉𝐸+1
. These corrections are 

computed from the expression: 

Δ𝑭𝑖𝑅𝑉𝐸 + 𝑲𝑖𝑅𝑉𝐸 𝛿𝒖̃𝜇
𝑖𝑅𝑉𝐸+1

= 0  (26) 

where the matrix 𝑲 is the CTO operator, which is defined by the derivation of Eq. (25) with 

respect to {Δ𝑢̃𝜇}, and 𝑭 is the nodal forces vector. Observe that when additional finite elements are 

added to the BEM model to model the fracture process at the ITZ region, their contribution must 

be considered in the 𝑲 matrix as well as in the forces vector 𝑭. In this case, 𝑲 and 𝑭 are given by: 

𝑲𝑖𝑅𝑉𝐸 = ∑ 𝐵𝑗
𝑇𝑫𝜇

(𝑗)𝑖𝑅𝑉𝐸 𝑩𝑗𝑡𝐴𝑗 + ∑ 𝑲𝑒𝑓
𝑖𝑅𝑉𝐸 𝑡

𝑁𝑓

𝑒𝑓=1
𝑁𝑐𝑒𝑙𝑙
𝑗=1   (27) 

Δ𝑭𝑖𝑅𝑉𝐸 = ∑ 𝑩𝑗
𝑇Δ𝝈𝜇

(𝑗)𝑖𝑅𝑉𝐸 𝑡𝐴𝑗 + ∑ Δ𝑭𝑒𝑓
𝑖𝑅𝑉𝐸𝑡

𝑁𝑓

𝑒𝑓=1
𝑁𝑐𝑒𝑙𝑙
𝑗=1   (28) 

being 𝑁𝑓 the number of cohesive contact fracture elements. 

After the equilibrium equation, Eq. (25), is solved, the RVE homogenized constitutive response 

can be computed. The homogenized constitutive tensor, 𝑫 , which is the tensor at the macro 

continuum point 𝑥, is obtained by considering the constitutive tensors defined at all cells of the 

RVE domain. At increment 𝑛, it is defined as: 

𝑫(𝑥)𝑛 = 𝑫 =
1

𝑉𝜇
∫

𝜕𝝈𝝁(𝑦)𝑛

𝜕𝜺(𝑥)𝑛
𝑑𝑉 =

1

𝑉𝜇
∫ [

𝜕𝝈𝝁(𝑦)

𝜕𝜺𝝁(𝑦)
+

𝜕𝝈𝝁(𝑦)

𝜕𝜺𝝁(𝑦)

𝜕∇𝑆𝒖̃𝝁

𝜕𝜺(𝑥)
]

𝑛

𝑑𝑉
Ω𝜇𝑆Ω𝜇𝑆

=  

=
1

𝑉𝜇
∫ 𝑫𝝁(𝑛)𝑑𝑉

Ω𝜇𝑆
+

1

𝑉𝜇
∫ 𝑫𝝁(𝑛)Ω𝜇𝑆

𝜕∇𝑆𝒖̃𝝁(𝑛)

𝜕𝜺(𝑥)𝑛
𝑑𝑉  

(29) 

where 𝛺𝜇𝑆  is the solid domain in the RVE. Considering that the RVE domain is discretized into 

cells, the tensor 𝑫 is defined by the following algebraic expression: 

𝑫 = 𝑫(𝑻𝒂𝒚𝒍𝒐𝒓) + 𝑫̃  (30) 

where 𝐷(𝑇𝑎𝑦𝑙𝑜𝑟) is a volume average of the elastic-plastic tensors 𝐷𝜇
(𝑝)

 of the RVE cells and 𝐷̃ 

accounts for the displacement fluctuation field in the RVE. They are defined as: 

𝑫(𝑻𝒂𝒚𝒍𝒐𝒓) = ∑ 𝑫𝜇
𝑗𝑁𝑐𝑒𝑙𝑙

𝑗=1

𝑉𝑗

𝑉𝜇
  (31) 

𝑫̃ = −𝑮𝑹𝑲𝑹
−1𝑮𝑹

𝑇 1

𝑉𝜇
  (32) 

where 𝑉𝜇 is the RVE volume; 𝑲𝑹 and 𝑮𝑹 are reduced forms of the 𝑲 matrix (defined in Eq. (27)) 

and the matrix 𝑮𝑹𝑽𝑬 , defined as 𝐺𝑅𝑉𝐸 = ∑ 𝐷𝜇
𝑗
𝐵𝑗𝑉𝑗

𝑁𝑐𝑒𝑙𝑙
𝑗=1 . The matrices 𝑲𝑹  and 𝑮𝑹  are defined 
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according to the adopted boundary condition for displacement fluctuations when solving the RVE 

problem (for more details, see [26]). The homogenized stress at increment n is defined as (see 

[26]): 

𝝈𝒏 =
1

𝑉𝜇
∫ 𝒕𝒏Γ𝜇

⊗𝑠 𝒚𝑑𝐴  (33) 

where 𝑡𝑛  is the internal forces across the RVE external boundary 𝛤𝜇  and 𝑦  represents the 

coordinates vector of a generic point of the RVE. Denoting 𝑢  and 𝑣  as arbitrary vectors, the 

following definition 𝒖 ⊗𝑠 𝝂=
1

2
(𝒖 ⊗ 𝝂 + 𝝂 ⊗ 𝒖) is used to compute the integral defined in Eq. 

(33). Considering now that the RVE external boundary is discretized into boundary elements, the 

algebraic expression for the RVE homogenized stress tensor, at the macro continuum point 𝑥, is 

defined as: 

𝝈 = (𝝈̅ + 𝝈̅𝑻)
1

2𝑉𝜇
  (34) 

where:[𝜎̅]=∑ {𝐹}𝐼{𝑦}𝐼
𝑇𝑁𝑏

𝐼=1 , being 𝑁𝑏  the number of nodes on the external boundary, 𝑭  are the 

forces at these boundary nodes and 𝒚 their coordinates vector. The forces 𝑭, at a node 𝐼 in the 

increment n, are defined as:{𝐹}𝑛
𝐼 ={𝑃𝐵}𝑛

𝐼 1

2
(𝐿𝑒−1 + 𝐿𝑒)𝐼, where {𝑃𝐵}𝑛={𝑃𝐵}𝑛−1 + {Δ𝑃𝐵}𝑛, being 𝐿𝑒 

and 𝐿𝑒−1 the element lengths which the node I belongs to (𝐿𝑒=𝐿𝑒−1, if node 𝐼 belongs to only one 

element); and boundary tractions {Δ𝑃𝐵}𝑛  is obtained from Eq. (10). Note that, after RVE 

equilibrium is achieved, the nodal boundary displacement {Δ𝑈𝐵}𝑛 must be updated to account for 

the displacement fluctuation field, and then the boundary tractions {Δ𝑃𝐵}𝑛  are updated before 

computing the forces 𝑭. 

 

3.1.3 Numerical procedure to obtain the RVE homogenized response 
Here we discuss briefly the numerical procedure to obtain the RVE homogenized response, 

which is defined by coupling the BEM algebraic equations described in section (3.1.1) to the RVE 

equilibrium problem presented in section (3.1.2). However, the detailed algorithm is not given in 

this paper; it can be found in [15]. Initially, for a given increment n, we must compute the elastic 

solutions {𝛥𝐿}𝑛 (Eq. (12)) and {𝛥𝐾𝑁}𝑛 (Eq. (18)) due to the macro-continuum strain increment, 
{Δ𝜀}, applied to the RVE boundary. Then, considering the forces {𝛥𝐾𝑁}𝑛 and Hooke’s law, we 

find the strain increment field {𝛥𝑢𝜇
𝜀 }  at all cell nodes, which enables us to obtain the stress 

increment {Δ𝜎𝜇} at the cell nodes, using Hooke’s law. The stress field at increment 𝑛, {𝜎𝜇}
𝑛

, 

necessary to verify the constitutive model at cell nodes, is obtained by adding the increment 

{Δ𝜎𝜇}
𝑛

 to the stress field of the last converged increment n-1, i.e.: {Δ𝜎𝜇}
𝑛

={𝜎𝜇}
𝑛−1

+ {Δ𝜎𝜇}
𝑛

. 

After verifying the constitutive model at all cell nodes, the RVE equilibrium equation (Eq. (25)) is 

checked. If it is not satisfied, the iterative procedure starts to find the corrections 𝛿𝑢̃𝜇
𝑖𝑅𝑉𝐸+1

 (Eq. 

(26)) to be imposed at iteration iRVE+1. In this context, we update the displacement fluctuation 

field: {Δ𝑢̃}𝜇
𝑖𝑅𝑉𝐸+1

={Δ𝑢̃}𝜇
𝑖𝑅𝑉𝐸 + {𝛿𝑢̃}𝜇

𝑖𝑅𝑉𝐸+1
 and the strain fluctuation field: Δ𝜀𝜇=Δ𝜀𝜇

𝜀 + 𝐵Δ𝑢̃𝜇
𝑖𝑅𝑉𝐸+1

, 

and compute the stress increment {Δ𝜎𝜇}
𝑛

𝑖𝑅𝑉𝐸+1
 and the stress at iteration iRVE+1: 

{𝜎𝜇}
𝑛

𝑖𝑅𝑉𝐸+1
={𝜎𝜇}

𝑛−1
+ {Δ𝜎𝜇}

𝑛

𝑖𝑅𝑉𝐸+1
. After verifying the constitutive model at all cell nodes, the 

RVE equilibrium equation (Eq. (25)) is checked again. If it is satisfied, the RVE homogenized 

response (Eqs. (29) and (32)) can be computed. If not, the process restarts for the next iteration. 
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Only after the equilibrium in the RVE is achieved, can we know the dissipative forces field 

{Δ𝑁0}𝑛 and the displacement fluctuation field {Δ𝑢̃}𝑛, to update the boundary displacement vector 
{Δ𝑈𝐵}𝑛 and to compute the vector of unknowns, {Δ𝑋}𝑛, by using Eq. (10). 

 

3.2 RVE Modelling for the concrete with recycled aggregates 
 

The RVE microstructure adopted to model concrete was developed in [16] and is shown in Fig. 

1(a). The RVE sides have a length of 100 mm, and the RVE aggregate volume fraction is 40.61%. 

Besides, the RVE contains three different sizes of circular aggregates: 5 larger, with a 19 mm 

diameter; 6 medium aggregates, with a 15 mm diameter; and 14 smaller, with a 12 mm diameter. 

For modelling the fracture process around the aggregates (ITZ region), two strategies are 

considered: i) cohesive-contact finite elements are adopted on the interfaces of medium and larger 

aggregates; ii) cohesive-contact finite elements are considered only on the interfaces of larger 

aggregates. Since we found no significant differences between the two strategies, we decided to 

use finite elements only around the largest aggregates, as this approach reduces numerical 

instability. Note that the same conclusion has been found in [16]. The discretisation of the RVE 

depicted in Fig. 1(a) contains 1116 cells in the domain, 96 boundary nodes (4 of which are 

duplicated nodes at the corners), 496 interface nodes, 133 internal nodes, and 80 cohesive-contact 

finite elements around the larger aggregates. Note that, as a linear approximation for the variables 

is adopted on the boundary and interface elements, the number of boundary and interface elements 

is, respectively, 92 and 496. 

Initially, the mechanical behaviour of the concrete is modelled numerically, considering three 

different mixes whose experimental results are presented in Section 2. The concrete with no 

recycled aggregates is the reference concrete, denoted as “mix 1”. Then, 4 large aggregates and 5 

medium aggregates are replaced with recycled aggregates to obtain mix 2, with a 49.68% 

replacement (see Fig. 1(b)), where the coloured aggregates are the recycled aggregates. Mix 3 

(100% replacement) corresponds to the RVE in which all coarse aggregates are adopted as 

recycled coarse aggregates (RCAs). The mortar matrix is governed by the Mohr-Coulomb 

criterion, while the aggregates are considered to have elastic behaviour. The experimental results 

for mix 1 are used to determine the elastic properties of the mortar matrix and the natural coarse 

aggregates (NCAs), as well as the parameters of the Mohr-Coulomb criterion. The parameters for 

the contact and fracture models at the ITZ region surrounding the coarse aggregates are the same 

as those adopted in [16], except for the 𝜎𝑐  value. The experimental results for mix 3 were 

considered to determine the elastic properties of the RCAs and the 𝜎𝑐  value in the ITZ region 

surrounding them. After analysing these three mixes numerically, we modelled other replacement 

percentages of NCAs by RCAs. Numerical modelling aims to evaluate the impact of gradual 

replacement on concrete’s mechanical behaviour, enabling the identification of trends and 

performance variations associated with recycled materials. It is important to note that the results 

and conclusions presented are based on the RCAs found in the region and on the mixes 

experimentally tested in this work. After this parametric study, the elastic parameters for the RVE 

phases are determined, as well as the parameters related to the Mohr-Coulomb criterion, as shown 

in Table 2. Using the same multiscale formulation, in [16] the following Young’s moduli were 

found, respectively, for the mortar and natural coarse aggregates: E=23 GPa and E=40 GPa of a 

concrete with 0% replacement studied. In [16], the numerical model reproduced well the 

experimental results for this concrete whose strength and rigidity were much bigger than the 

concrete studied here. 
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Table 2. Elastic properties and parameters of the Mohr-Coulomb criterion for the RVE phases 

Phase 
Poisson’s ratio 

(𝜐) 

Young’s modulus E 

(GPa) 

Plasticity curve 

(𝜀𝑝̅, 𝜎𝑦 (MPa)) 
Friction angle 

(𝜙) 

Mortar matrix 0.20 8.5 (0;7) (0.22;18) 11° 

NCA 0.30 23   

RCA 0.30 12   

 

 

The parameters shown in Table 2 were also defined considering studies found in the literature. 

In this context, it is interesting to cite the work [28] in which the authors found, respectively, for 

mortar with 0% sand and 20% sand: E=5.7 GPa and E=10.2 GPa. In [29] the authors studied fresh 

mortar and defined friction angle equal to 11.5° for modelling the mortar. As the concrete studied 

in the present work has small strength and rigidity, we found smaller Young’s modulus for the 

matrix after doing the parametric identification. In the work [30], the authors found E=11.3 GPa 

for the RAC, while the concrete studied in the present work has E=8.8 GPa with 100% 

replacement (see Fig. 9(b)). And according to [31], the Young’s modulus adopted for the natural 

aggregates must be within the range 18-78 GPa. Observe that the range of values, for parameters at 

the ITZ around the RCAs and for elastic properties of RCAs, is large because it depends on the 

quality of the RCAs obtained from the CDW and the processing made in the selection of the 

RCAs, too (see [30]).  

Note that, in the Mohr-Coulomb criterion, the friction angle 𝜙 is adopted equal to the dilatation 

angle, and the plasticity curve is defined by the pairs of points (𝜀𝑝̅, 𝜎𝑦 (MPa)), where 𝜀𝑝̅ is the 

effective plastic strain and 𝜎𝑦 is the yield stress. For the contact model and the cohesive fracture 

model governing the material behaviour in the finite elements defined on the interfaces of larger 

NCAs, the following parameters are adopted: 𝛽=0.707, 𝜎𝑐=0.3 MPa, 𝛿𝑐=0.0568 mm, and penalty 

factor=200000. The value 𝛽𝑐 is related to the sliding and normal opening displacements (the 

higher its value, the greater the importance of sliding displacement); 𝜎𝑐 is the maximum cohesive 

normal traction; 𝛿𝑐 is a characteristic opening displacement; the penalty factor 𝜆𝑝 is used in the 

contact model, and it is related to the stiffness between triangular cells (see more details in [25] 

and [32]). When RCAs are considered, the stress 𝜎𝑐 is reduced to 0.2 MPa, as this parameter is 

directly associated with the onset of fracture in the ITZ region. This strategy is adopted to consider 

the evident weakness in the ITZ around RCAs as discussed in sections 1 and 2. In next section we 

justify the strategy adopted to define the 𝜎𝑐 value at ITZs around NCAs and RCAs. In brief, this 

contact parameter (𝜆𝑝) is a penalty factor that, from the onset of material loading, ensures that the 

potential fracture remains closed and continues to transmit stresses between the zones where the 

element is embedded. Only when a tensile stress value (𝜎𝑐) is reached at the edges of the fracture 

element does the cohesive fracture model come into play, reducing stress transmission between the 

zones. Therefore, when the edges of the potential fracture are under compression, the contact 

model governs, fully transmitting stresses between the zones, which is the case studied here. 

Conversely, in regions where the ITZ is subjected to tensile stress due to the Poisson effect, 

fracture opening can occur (see Fig. 4 that shows the curves of 𝑡 (effective traction) versus 𝛿 

(effective opening displacement) for the contact/fracture element n° 13 considering NCA and 

RCA. Because the analyses consider predominant compression regimes, the fracture process at 

ITZ is not very important in the present work. Note that the ITZ around RCAs is more fragile than 

the ITZ around NCAs (see Figs. 4(b) and (d)). Observe that the parametric identification of the 
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(a) (b) 

  
(c) (d) 

Figure 4. (a) RVE with 0% replacement, (b) Curve t versus δ at element 13 highlighted in Fig. 4(a), (c) RVE 

with 100% replacement, (d) Curve t versus δ at element 13 highlighted in Fig. 4(c) 

 

  
(a) (b) 

  
(c) (d) 

Figure 5. (a) Numerical and Experimental results for mix 1 with no recycled aggregates, (b) Numerical and 

Experimental results for mix 2, with 49.68% of recycled coarse aggregates, (c) Numerical and Experimental 

results for mix 3 with 100% of recycled coarse aggregates, (d) Results in tension regime for RVEs with 0% 

and 100% replacements, considering different values of c 

Elem 13 
(NCA) 

Elem 13 
(RCA) 
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ITZ strength is related to the concrete experimentally tested in this work, which has low strength 

and rigidity with 0% replacement (see Fig. 5). If these values were much higher, we may find 

higher values for the 𝜎𝑐. 

 

 
4. Numerical analysis 
 

In all analyses presented in this section, cohesive-contact elements are defined only around the 

larger aggregates, and the material properties are those defined in Section (3.2). Besides, the RVE 

discretization is also described in Section (3.2). The following strain vector is applied on the RVE: 

{𝜀}𝑇={𝜀𝑥𝑥𝜀𝑦𝑦𝜀𝑥𝑦}={−0.006 0.0012 0.0}, which is divided into increments, to obtain the non-

linear curve that represents the concrete mechanical behavior. 

It is important to note that the RVE formulation adopted in this work to model the mechanical 

behaviour of concrete reproduces the material behaviour well up to the peak load. But this 

formulation cannot reproduce the post-peak softening observed when damage localization occurs 

within the RVE. Our goal here is to present the RVE-BEM formulation as an alternative to 

traditional methods for capturing the main features of the mechanical behaviour of recycled 

concrete, such as material strength and elastic properties related to deformability mechanisms. To 

enable damage localization, the formulation should be extended to account for the nucleation and 

propagation of cohesive fractures within the matrix, which is not straightforward. Therefore, the 

authors intend to present this formulation in future work. This new formulation for the RVE can be 

obtained using the strong discontinuities technique, as adopted, for example, in [17], to model 

crack propagation. 

As discussed in Section (3.2), we first analysed the RVE depicted in Fig. 1(a) with no recycled 

aggregates to obtain the numerical response for mix 1, the reference concrete. Note that in this 

section, we considered only the compressive tests for specimens on the 28th day (see Fig. 1(c)). 

This RVE is denoted “RVE-0%”, and its numerical results are presented in Fig. 5(a), where they 

are compared with the experimental results. We observe that the numerical results follow the upper 

bound of the experimental curves up to a strain of 0.003. After that, the numerical results should 

present a softening behaviour, which cannot be reproduced with the formulation used here, as 

discussed previously. So, we consider that the numerical results compare well with the 

experimental results up to the peak load. Fig. 5(b) presents the results of the RVE with 49,68% of 

RCA, which defines mix 2, and whose microstructure is defined in Fig. 1(b). We observe that the 

numerical results are in good agreement with the experimental results up to the peak load, as they 

lie between the upper bound and the lower bound curves obtained experimentally. Finally, we 

consider the RVE defined in Fig. 1(a), denoted “RVE-100%”, in which all coarse aggregates are 

recycled aggregates (100% replacement), obtaining mix 3. We can observe in Fig. 5(c) that the 

experimental cloud is significantly amplified, as one of the specimens showed a strength much 

higher than the others (see Fig. 1(c)). We note in Fig. 5(c) that the numerical results lie in an 

intermediate position within the experimental cloud. So, we consider that they compare well with 

the experimental ones up to the peak load. Figs. 5(a)-(c) also present results for different values of 

𝜎𝑐. This parameter is directly related to the fracture opening. Thus, its value does not affect the 

concrete strength in compression regimes (see Figs. 5(a)-(c)). However, this parameter 

significantly affects the concrete strength in tension regimes (see [27]). As we do not have 

experimental results for tension regimes, the 𝜎𝑐 values were adopted so that the concrete strength 

in tension is approximately 10% to 20% of the compression strength, as expected for ordinary 
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RVE-0% RVE-49.68% RVE-100% 

   
𝜎𝑥 (MPa) 

   
𝜎𝑦 (MPa) 

   
𝜀𝑥 

   
𝜀𝑦 

   
Plastic cells (in red) 

Figure 6. Stresses σx and σy, strains εx and εy, and plastic cells in the RVE domain for the 3 mixes tested 

experimentally, at increment Nº 3 (εx=-0.00135) 
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RVE-0% RVE-49.68% RVE-100% 

   
𝜎𝑥 (MPa) 

   
𝜎𝑦 (MPa) 

   
𝜀𝑥 

   
𝜀𝑦 

   
Plastic cells (in red) 

Figure 7. Stresses σx and σy, strains εx and εy, and plastic cells in the RVE domain for the 3 mixes tested 

experimentally, at the last converged increment 

599



 

 

 

 

 

 

I.D.M. Lopes et al. 

concrete. In Fig. 5(d), we show results in tension regime of RVE with 100% replacement adopting 

𝜎𝑐=0.2 MPa and results of RVEs with 0% replacement considering different values of 𝜎𝑐. We 

observe that the strength in tension reduces significantly with the reduction of 𝜎𝑐  and that the 

rigidity of RVE with 100% replacement is lower than RVE with 0% replacement, as expected. 

Considering Fig. 5(d) we adopted 𝜎𝑐=0.3MPa and 𝜎𝑐=0.2MPa, respectively, at the ITZ around 

natural and recycled aggregates. 

Figs. 6 and 7 show, for the three mixes tested experimentally, how the stresses 𝜎𝑥 and 𝜎𝑦 and 

the strains 𝜀𝑥 and 𝜀𝑦 vary throughout the RVE domain and which cells are plastic. Fig. 6 shows 

these values at increment number 3, which corresponds to a strain 𝜀𝑥=-0.0015, while Fig. 7 shows 

these results at the last converged increment. In Fig. 6, we observe that in RVE-0%, the 𝜎𝑥 stress 

field shows higher values than in RVE-49,68% and RVE-100%, which is an expected behaviour, 

since natural coarse aggregates have greater strength and, therefore, can withstand higher stress 

levels. But at the last increment (Fig. 7), the stress 𝜎𝑥 varies similarly across the 3 RVEs, with 

lower compression values near the voids, which are a more fragile region. This behaviour suggests 

that the RVE-0% is stronger at intermediate strains, but it has a final strength similar to that of the 

RVE-100%. Regarding the value of 𝜎𝑦, and considering RVE-49,68% and RVE-0%, we observe 

that at increment 3 (Fig. 6), part of the domain is under tension stress, while the other part is under 

compression. But for RVE-100%, there is tension stress only near the voids, i.e., almost the entire 

domain experiences compression stress at increment 3, indicating low capacity of the recycled 

aggregates and their ITZs to bear tension stress. Similar behaviour can be observed in Fig. 7, 

related to the last increment. Therefore, we observe that replacing natural coarse aggregates with 

recycled ones significantly affects the stress field in the RVE, particularly at intermediate strain 

levels. 

As we can observe in Figs. 6 and 7, the distribution of strains 𝜀𝑥 and 𝜀𝑦 is very similar for the 3 

RVEs, although in increment number 3, their maximum value reduces significantly as the 

aggregate’s replacement percentage is increased. This behaviour suggests that the RVE-0% has 

bigger toughness than the RVEs with recycled aggregates, which can be an essential property in 

specific applications. We can observe in Fig. 6 that the plastic process begins near the voids, 

which are a more fragile region, and that the number of plastic cells decreases as the aggregate 

replacement percentage increases. Because the stresses are higher in the RVE-0%, it is expected 

that this RVE exhibits a more intense plastic process in the mortar matrix. But at the last increment 

(Fig. 7), we note the stresses values in the three RVEs are similar and that the quantity of plastic 

cells is higher in RVE-100%.  Because the strength of natural aggregates is higher, they can bear 

higher stresses what decreases the stress values in the mortar and, therefore, decrease the plastic 

process. 

Now we verify the strength and stiffness of concrete with a replacement percentage of 

aggregates different than that considered experimentally. These RVEs are shown in Fig. 8, where 

the coloured aggregates correspond to recycled aggregates. For that, it is adopted: i) 4.35% of 

recycled aggregates (obtained by considering one medium aggregate as recycled aggregate, see 

Fig. 8(a)); ii) 13.96% of recycled aggregates, where we consider in the RVE two large aggregates 

as recycled ones (see Fig. 8(b)); iii) 27.02% of recycled aggregates (obtained considering two 

large aggregates and three medium aggregates as recycled aggregates, as depicted in Fig. 8(c)); iv) 

59.45% of aggregates replacement (where five large, five medium, and one small aggregate are 

adopted as recycled ones, as depicted in Fig. 8(d)); v) 70.59% of aggregates replacement (obtained 

adopting five aggregates of each size as recycled ones, as defined in Fig. 8(e)). 
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(a) (b) (c) (d) (e) 

Figure 8. RVEs microstructure, where the coloured aggregates represent the recycled aggregates (a) RVE-

4.35%, (b) RVE-13.96%, (c) RVE-27.02%, (d) RVE-59.45%, (e) RVE-70.59% 

 

 

Figure 9. Numerical results for RVE-0%, RVE-4.35%, RVE-13.96%, RVE-27.02%, RVE-49.68%, RVE-

59.45%, RVE-70.59% and RVE-100% 

 

 

Fig. 9 compares the numerical results of all RVEs defined in this section. We observe that as 

recycled aggregates increase, the EVR’s rigidity decreases, particularly at aggregate replacement 

levels of 49.68% or higher. But the rigidity of RVE-0% and RVE-4.35% is very similar, as well as 

the rigidity of RVE-13.96% and RVE-27.02%. Similar rigidities are observed for RVE-49.68%, 

RVE-59.45%, and RVE-70.59%. The RVE-100% shows lower rigidity, as expected. Besides, all 

RVEs exhibit similar strength. For aggregate replacement between 49% and 70%, there is no 

significant difference in the mechanical behaviour of the RVE. Therefore, we can conclude that 

RVE rigidity is more affected by the replacement of recycled aggregates than RVE strength. But it 

is important to stress that this conclusion is valid for the concrete tested experimentally here, as the 

parametric identification of the numerical model was performed to reproduce these experimental 

results. We can observe in Fig. 1(c) that the second bar of mix 3 presented a much stronger 

strength than the other specimens tested at 28 days. As a result, the experimental cloud shown in 

Fig. 5(c) was amplified, yielding a compression strength similar to that observed for mix 1. We 

can also observe in Fig. 1(c) that the concrete strength at 28 days for mix 2 is very similar to that 

of mix 1. Thus, if another concrete were considered, the parametric identification would differ, 

potentially leading to different conclusions. These experimental results demonstrate the 

importance of rigorous controls on water absorption and on the water-cement ratio for this type of 

material. However, the present paper aims to prove that the proposed numerical model is efficient 

and capable of reproducing the experimental results. Using the results presented in Fig. 9, it is 

possible to derive Eq. (35), which relates the expected 𝑓𝑐𝑘 to the amount of recycled coarse 

aggregate replacement. The trend line is shown in Fig. 10(a). Using Fig. 9 again, we can also build 

the trend line for rigidity, defined by Eq. (36) and shown in Fig. 10(b), using the stress and strain 
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(a) (b) 

Figure 10. (a) Trend line for the strength of concrete with recycled aggregates, (b) Trend line for stiffness in 

the x direction of concrete with recycled aggregates, considering increment number 3 (εx=-0.0015) 

 

RVE-4.35% RVE-27.02% RVE-70.59% 

   
𝜎𝑥 (MPa) 

   
𝜎𝑦 (MPa) 

   
Plastic cells (in red) 

Figure 11. Stresses σx and σy, strains εx and εy, and plastic cells in the RVE domain for RVE-4.35%, RVE-

27.02%, and RVE-70.59%, at increment N° 3 (εx=-0.0015) 

 

 

values in the 𝑥 direction for increment 3 (𝜀𝑥=-0.0015). We can observe that as the aggregate 

replacement percentage increases, the RVE rigidity decreases significantly. Therefore, the 
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RVE-4.35% RVE-27.02% RVE-70.59% 

   
𝜎𝑥 (MPa) 

   
𝜎𝑦 (MPa) 

   
Plastic cells (in red) 

Figure 12. Stresses σx and σy, strains εx and εy, and plastic cells in the RVE domain for RVE-4.35%, RVE-

27.02% and RVE-70.59%, at the last converged increment 

 

 

aggregate replacement percentage did not significantly change the RVE strength but did 

significantly influence the RVE rigidity, as observed previously. Nevertheless, if concrete with 

higher strength is modelled, it is expected that the strength is more affected by the increase in the 

replacement of NCA by RCA (see [4]), depending on the quality of the characteristics of the RCA. 

This can be an interesting conclusion that limits the use of recycled coarse aggregates in cases 

where concrete does not require a high strength. On the other hand, our conclusions agree with the 

works [33] and [3], which [33] used the prewet technique for RCA for 10 min with a w/c ratio of 

0.65. They found that the strength of cylindrical specimens subjected to uniaxial compression at 28 

days was 31.92 MPa for 0% replacement and 30.13 MPa for 100% replacement, i.e., a 2.5% 

reduction in strength. In the present work, the strength with 0% replacement was 17.01 MPa, 

whereas RVE-100% has a strength of 16.82 MPa, i.e., a 1.12% reduction. Moreover, regarding the 

elasticity modulus, [33] reported a 17.9% reduction from 0% replacement to 100% replacement, 

whereas the present work found a 11.11% reduction. Also, in [3], the authors reported that an 

average 20.2% reduction in the modulus of elasticity is expected. In this context, in 2021, the 

Brazilian standard NBR 15116:2021 [21] was updated, allowing the incorporation of RA into 

603



 

 

 

 

 

 

I.D.M. Lopes et al. 

concrete with structural purposes, but limiting the replacement of coarse aggregate to a maximum 

of 20%. However, this specification was applicable only to concrete with a maximum strength of 

20 MPa, which would be used exclusively in zones of aggressiveness class I or II, that is, for 

small-scale residential construction. 

𝑓𝑐𝑘 = −0.1594𝑅 + 17.037  (35) 

𝐸 = 438.07𝑅2 − 1571.4𝑅 + 9969.7  (36) 

where 𝑓𝑐𝑘 is given in MPa, and R is the replacement rate of natural coarse aggregates by recycled 

coarse aggregates, being 𝑅=1 and 𝑅=0 related to 100% and 0% of replacement, respectively. Note 

that Eq. (35) is valid for the recycled material obtained in the present work, and Eq. (35) estimates 

the RVE strength according to the coarse aggregate replacement. 

Figs. 11 and 12 show, for RVE-4.35%, RVE-27.02%, and RVE-70.59%, the stress components 

𝜎𝑥 and 𝜎𝑦 in the RVE cells, and the plastic process in the RVE domain. Fig. 11 shows these values 

at increment number 4, where 𝜀𝑥=-0.0015, while Fig. 12 shows these results at the last converged 

increment. Comparing Figs. 6 and 11, as well as Figs. 7 and 12, we can observe that the results 

related to RVE-4.35% and RVE-27.02% are very similar to the ones of RVE-0%, as expected, 

because the stress-strain curve presented in Fig. 9 is very similar for these RVEs. We also observe 

that the results for RVE-70.59% are not very different from those for RVE-100%, which is 

consistent with Fig. 9. We can state here similar conclusions to Figs. 6 and 7 at increment number 

3: the stress field 𝜎𝑥 presents smaller values when recycled aggregates are considered; for RVE-

70.59%, there is no 𝜎𝑦  stress in tension in recycled aggregates, but it is observed 𝜎𝑦  stress in 

tension inside natural coarse aggregates and next to the voids. But at the last increment, the stress 

fields are similar. Additionally, as shown in Figs. 6 and 7, the plastic process begins initiates near 

the voids. Thus, from Figs. 6 and 7 we conclude that the values of the strain field decrease as we 

increase the aggregates replacement percentage, indicating higher toughness for the RVEs with 

smaller replacement percentage. And from Figs. 6, 7, 11 and 12 we conclude that the final strength 

does not change significantly with the increase of recycled aggregate replacement. Note that all 

these conclusions agree with Fig. 9: rigidity decreases with increasing replacement percentage, 

while the final strength of the RVEs remains similar. Fig. 13 shows the evolution of the plastic 

process throughout six increments for the RVE with 49.68% replacement. We observe that the 

plastic process is more pronounced in the region adjacent to RCAs and voids. As the ITZ around 

RCAs is more fragile, there is a reduction of stress transmission between aggregates and mortar in 

this region, which increases the stress values in the mortar and intensifies the plastic process. 

 

 

4. Conclusions 
 

The present work proposes a BEM model within a Multiscale Approach to simulate the 

mechanical behaviour of concretes with partial or total replacement of natural coarse aggregates 

(NCA) by recycled coarse aggregates (RCA) derived from construction industry demolition waste. 

Given the significant amount of waste in civil construction, developing this kind of sustainable 

material is very important. For that, robust and efficient numerical models capable of predicting 

the mechanical behaviour of these materials are essential. In this context, this work contributes to 

the advancement of Computational Mechanics by introducing the Boundary Element Method 

(BEM) as an efficient tool for solving RAC-related problems. Besides, the multiscale approach 
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Increment 3 Increment 4 Increment 6 Increment 8 Increment 10 Last increment 

Figure 13. Plastic cells in the RVE with 49.68% replacement for the increments 3, 4, 6, 8, 10 and the last 

converged increment 

 

 

enables us to perform mesoscale analysis of recycled concrete, allowing manipulation of the 

material microstructure, i.e., defining different coarse aggregates and their interfacial transition 

zones (ITZs). 

For numerical modelling, we consider a zoned plate modelled by a Boundary Element Method 

(BEM) formulation, where the concrete microstructure is represented by the Representative 

Volume Element (RVE). The RVE matrix represents the mortar, which is assumed to exhibit 

elastic-plastic behaviour governed by the Mohr-Coulomb criterion. Circular elastic aggregates are 

inserted into the matrix domain, as well as circular voids to represent concrete porosity. 

Additionally, cohesive-contact finite elements are used along the interfaces of larger aggregates to 

model fracture in the Interfacial Transition Zone (ITZ). RCAs are considered a distinct phase of 

the microstructure, with elastic properties different from those of NCAs. Besides, the parameters 

of the contact and fracture models adopted for the ITZ region around NCAs differ from those for 

the ITZ region around RCAs, as these ITZs have different strengths. 

In the numerical analyses, eight aggregate replacement percentages are considered: 0%, 4.35%, 

13.96%, 27.02%, 49.68%, 59.45%, 70.59%, and 100%. To obtain the elastic properties of the 

different phases of the concrete microstructure, as well as the Mohr-Coulomb parameters, we 

considered experimental results for concrete with no recycled aggregates and for concrete with 

100% recycled aggregate replacement. The following conclusions can be drawn: 

(1) The numerical results for concrete with 0%, 49.68%, and 100% of replacement compare 

well to the experimental results up to the peak load. But the proposed numerical model cannot 

reproduce the post-peak softening behaviour, which can be achieved only with a more 

sophisticated model that accounts for the nucleation and propagation of cracks within the 

mortar matrix. This kind of modelling is not trivial and should be considered in future work.  

(2) For the concrete studied in this work, we found that its final strength is not significantly 

reduced when recycled aggregates are used. However, the RVE rigidity and toughness decrease 

considerably as the aggregate replacement percentage increases. Besides, for replacement 

percentages between 49% and 70%, the strength and stiffness are very similar. 

(3) We also showed that considering recycled aggregates significantly alters the stress and 

strain fields and the plastic process within the RVE, as RCAs have lower strength than NCAs. 

(4) The proposed model is stable, accurate and can effectively assist in developing concrete 

with RCAs. 

It is important to stress that the conclusions presented here are valid for the concrete we have 

experimentally tested, as the parametric identification of the numerical model was performed to 

reproduce these experimental results. But our primary goal was to demonstrate that the proposed 

numerical model is stable and accurate, as it reproduces the experimental results up to the peak 

load. Therefore, it can effectively assist in the development of concrete with recycled aggregates. 
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