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Abstract.  A theoretical method to predict the interfacial stresses in the adhesive layer of reinforced concrete beams 

strengthened with porous FRP plate is presented in this paper. The effect due to porosity is incorporated utilizing a new 

modified rule of mixture covering the porosity phases. The adherend shear deformations have been included in the 

present theoretical analyses by assuming a linear shear stress through the thickness of the adherends. Remarkable effect 

of the porosity has been noted in the results. Indeed, the resulting interfacial stresses concentrations are considerably 

smaller than those obtained by other models which neglect the porosity effect. It was found that the interfacial stresses 

are highly concentrated at the end of the FRP plate, the minimization of the latter can be achieved by using porous FRP 

plate in particular at the end. It is also shown that the interfacial stresses of the RC beam increase with volume fraction 

of fibers, but decrease with the thickness of the adhesive layer. 
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1. Introduction 

 
Structural elements reinforced with composite plates have been widely utilized in civil, aviation 

and mechanical building from macro members to micro devices. The utilization of the FRP to 

strengthen the concrete is an effective solution to increase the general resistance of the concrete 

structures. Siddika et al. (2020) studied the current state-of-the-art on FRP- reinforced RC structures, 

especially focusing on their performances, failure modes, modelling, challenges and opportunities 

under various loading scenarios. Mohammed et al. (2020) presented a systematic review of current 

practices for the maintenance of structures utilizing prefabricated composite jackets and discusses 

the factors affecting structural repair using these jackets. It centers around prefabricated FRP 

composite jackets and identifies the parameters that influence the effectiveness of this type of repair 

system. The knowledge of the precise improvement of the bond stresses inside the interface could 

be significant in the design of RC beams fortified with FRP plate. In this method, the performance 

of the FRP-concrete interface in giving an effective stress transfer is of crucial importance. Past 

examinations have demonstrated that interfacial debonding failure will happen at the plate ends 

because to interfacial stresses. e.g., because of the high solidarity to-weight proportion, high 

corrosion resistance and excellent fatigue performance, FRP plate are regularly used to retrofit RC 
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beams (Zhao and Zhang 2007 and Siddika et al. 2019) strengthen metallic and concrete bridges 

(Ghafoori et al. 2018 and Hosseini et al. 2019). In these reinforced beams, higher stiffness and 

strength, or specific functions are intended to be accomplished. Also, by modifying the interface and 

plate properties, the overall performance of reinforced beams can be enhanced (Hao et al. 2020). 

Zangana et al. (2020) investigated the combination of various fibers (Glass, Kevlar, and Zylon) in 

the creation of trapezoidal corrugated core of the sandwich systems with the mean to achieve the 

superior performance in specific stiffness/strength, energy absorption, and core damage without 

increasing structural weight/thickness under low-velocity impact. 

As interfacial stresses are difficult to be estimated in tests and laborious work on meshing 

sensitivity examination is required in numerical simulations (Du et al. 2019), the hypothetical 

solution of interfacial stresses has gotten broad consideration, and the notion of elastic foundation 

is generally adopted in these analytical investigations. The least complex case is to simplify the 

adhesive as a shear layer, i.e., the shear-lag model. And in this one-parameter elastic foundation 

model, the strain distribution is constantly thought to be uniform over the plate thickness, which is 

reasonable when bending stiffness of the plate is small compared with that of the host beam (De 

Lorenzis et al. 2009). This model was generally utilized in concrete beams reinforced with FRP 

plates (Triantafillou and Deskovic 1991, Täljsten 1997, Gao et al. 2016, Liang et al. 2017, Yang et 

al. 2009, Khan et al. 2017, Arani et al. 2017, Alam et al. 2018, Ashour et al. 2004 and Esfahani et 

al. 2007). 

In their examinations, Shen et al. (2001) expected that the longitudinal interfacial stresses change 

linearly through the adhesive layer thickness. The solution created by Smith and Teng (2001) is 

famous among all the above solutions but is relevant just for uniformly distributed loads (UDL) and 

single point loads. Narayanamurthy et al. (2011) presented a general analytical solution for the 

interfacial stresses in plated beams under an arbitrary loading with the shear deformation of the 

adherends duly considered. Hao et al. (2012) developed an improved analytical solution for 

interfacial stresses that incorporates multiple loading conditions simultaneously, including prestress, 

mechanical and thermal loads, and the effects of adherend shear deformations and curvature 

mismatches between the beam and the plate. Daouadji et al. (2020) and Tounsi (2006) developed an 

improved theoretical interfacial stress analysis for simply supported concrete beam bonded with a 

FRP plate when the adherend shear deformations have been included by assuming a linear shear 

stress through the thickness of the adherends. Teng and Yao (2007) displayed an experimental 

investigation on plate end debonding failures in FRP-plated RC beams. Ahmed et al. (2011) tested 

a series of RC beams strengthened with carbon fiber reinforced polymer (CFRP), of which several 

have been treated this approach, among them (Kaddari et al. 2020, Zine et al. 2020, Addou et al. 

2019, Alimirzaei et al. 2019, Medani et al. 2019, Berghouti et al. 2019, Daouadji et al. 2016, Rabahi 

et al. 2016, Bourada et al. 2019, Benhenni et al. 2019a, b, Benferhat et al. 2016a, b, Batou et al. 

2019, Bousahla et al. 2020, Belbachir et al. 2020, Bourada et al. 2020, Shariati et al. 2020, 

Abualnour et al. 2019, Belbachir et al. 2019, Abderezak et al. 2020, Tounsi et al. 2008, Daouadji 

and Benferhat 2016, Sahla et al. 2019, Draiche et al. 2019, Matouk et al. 2020 and Chikr et al. 2020). 

Daouadji et al. (2016) presented an interfacial stress analysis for simply supported concrete beam 

bonded with a functionally graded material FGM plate. Hadji et al. (2016) a presented a theoretical 

method to predict the interfacial stresses in the adhesive layer of reinforced concrete beams 

strengthened with externally bonded carbon fiber-reinforced polymer (CFRP). Hojatkashani and 

Kabir (2012) presented an experimental examination to study interfacial stresses developed at the 

junction zones between carbon fiber reinforced plastic (CFRP) fabrics and tensile concrete portion 

in CFRP retrofitted RC beams. Abderezak et al. (2017) presented a simple closed-form solution to 
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calculate the interfacial shear and normal stresses of retrofitted concrete beam strengthened with 

thin composite plate under mechanical loads including the creep and shrinkage effect. Chedad et al. 

(2017) developed an improved theoretical solution for interfacial stress analysis for simply 

supported concrete beam bonded with a sandwich FGM plate, thing that was analyzed by (Khiloun 

et al. 2020, Chedad et al. 2018, Chergui et al. 2019, Daouadji et al. 2016, Rahmani et al. 2020, 

Abderezak et al. 2018, Abdelhak et al. 2016, Belkacem et al. 2018, Rabhi et al. 2020, and Adim and 

Daouadji 2016, Refrafi et al. 2020, Benhenni et al. 2019, Tounsi et al. 2020, Hussain et al. 2020, 

Boussoula et al. 2020, Bensattalah et al. 2016, Al-Furjan et al. 2020, Rabahi et al. 2019, Benferhat 

et al. 2016, Balubaid et al. 2019, Hamrat et al. 2020, Daouadji 2013, Chikr et al. 2019, Bouakaz et 

al. 2014, Boutaleb et al. 2019 and Karami et al. 2019). In contrast, more investigations were 

completed to compute the interfacial stresses of RC beam by utilizing finite element method (FEM). 

Remarkable works are due to Teng et al. (2002) where they developed a careful finite element 

investigation into interfacial stresses in reinforced concrete ŽRC. beams strengthened with a bonded 

soffit plate, with the aims of assessing the accuracy of existing approximate closed-form analytical 

solutions based on simplifying assumptions and highlighting aspects which are omitted by them. 

However, in FRP composite, micro voids or porosities can occur within the matrix of the 

reinforcement plate during the process of fabrication. Therefore, it is important to take into account 

the porosity effect in the study of the interfacial stresses of the RC beam strengthened with FRP 

plate (Tayeb and Daouadji 2020, Hadj et al. 2019 and Daouadji 2016). 

In the present work, we focus our attention on the effect of porosity in the interfacial stresses for 

simply supported RC beam bonded with a porous FRP composite to the tension face. A new modified 

rule of mixture which takes into account the effect of porosity in FRP reinforcing plates was 

proposed in this work. This porosity can occur in the matrix of FRP plates during their manufacture. 

To the authors’ knowledge, no researcher has given much attention to the effect of porosity on the 

interfacial stresses of a concrete beam reinforced with a composite plate. The solution is generic and 

applicable to beams and plates made of any structural materials within the linear elastic range, in 

common with almost all previous studies. Numerical comparison of the new solution with one of 

the existing solutions for three loading cases illustrate the accuracy and applicability of the new 

analytical solution. A parametric study is performed to show the effect of the porosity and the 

geometric parameters on the interfacial stresses. 

 

 

2. Theoretical analysis and solutions procedure 
 

2.1 Presentation of the rehabilitation technique and solution method 
 

In order to give the lost rigidity to the beams in bending reinforced concrete, we used composite 

plates bonded externally on the tensed surfaces. Among these composite materials, fiber reinforced 

polymers (FRP) are widely used due to their unmatched characteristics. The transfer of stresses from 

concrete to FRP reinforcements is at the heart of the strengthening effect of concrete structures 

reinforced with FRP (Daouadji 2017, Benhenni et al. 2018, Rabia et al. 2018 and Bensattalah et al. 

2018). Indeed, stresses are likely to cause undesirable premature and fragile failure. In the 

reinforcement of reinforced concrete beams with FRP strips, different failure modes have been 

observed. Generally, there are six distinct failure modes (Fig. 1), as described below. 
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Fig. 1 Failure modes of FRP strengthened RC beams 

 

 

- Compression failure before yielding of steel: the concrete crushes in compression (i.e., the 

strain in the concrete exceeds the ultimate value of 0.0035) before yielding of reinforcing steel 

and fracture of FRP strips; 

- Compression failure after yielding of steel: the reinforcing steel yields due to tensile flexure. 

This is followed by crushing of the concrete in the compression zone, before the tensile 

rupture of the FRP strips; 

- Rupture of FRP strips: the FRP strips rupture at the ultimate strain following the yielding of 

reinforcing steel rebar in tension; 

- Shear failure: the shear cracks extend from the vicinity of the support to the loading point, 

when the shear capacity of the beam is exceeded; 

- Delamination of FRP strips: delamination of CFRP strip occurs rather catastrophically in an 

unstable manner, with a thin layer of concrete residue attached to the delaminated FRP sheets. 

The crack initiates from the end of FRP strips or the bottom of a flexural or shear/flexural 

crack in the concrete member; (vi) Concrete cover separation: after crack initiation at the 

CFRP strip end, the CFRP strip is gradually peeled off with lumps of concrete detached from 

the longitudinal steel rebar. 
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The present study is devoted to understand the mechanism of debonding failure mode and 

develop sound design rules. This brittle mode of failure is a result of the high shear and vertical 

normal (peeling) stress concentrations arising at the edges of the bonded imperfect FRP strip. Hence, 

this limited area in the close vicinity of the bonded strip edge, subjected to high peeling and 

interfacial shear stresses, proves to be among the most critical parts of the strengthened beams. This 

is the purpose of our present study. 

 

2.2 Assumptions of the present solution 
 

The present analysis takes into consideration the transverse shear stress and strain in the beam 

and the plate but ignores the transverse normal stress in them. One of the analytical approach 

proposed by Daouadji et al. (2019) for concrete beam strengthened with a bonded imperfect FRP 

Plate (Fig. 2) was used in order to compare it with a finite element analysis. The analytical approach 

(Daouadji et al. 2019) is based on the following assumptions. 
 

- Elastic stress strain relationship for concrete, composite and adhesive; 

- There is a perfect bond between the imperfect composite plate and the RC beam; 

- The adhesive is assumed to only play a role in transferring the stresses from the concrete to 

the porous composite plate reinforcement; 

- The stresses in the adhesive layer do not change through the direction of the thickness. 
 

 

 

Fig. 2 Simply supported RC beam strengthened with bonded imperfect FRP plate 
 

 

 

Fig. 3 Forces in differential element of the plated beam 
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Since the porous FRP laminate is an orthotropic material, its material properties vary from layer 

to layer. In analytical study (Daouadji et al. 2019 and Rabia et al. 2019a, b), the laminate theory is 

used to determine the stress and strain behaviours of the externally bonded imperfect composite 

plate in order to investigate the whole mechanical performance of the composite – strengthened 

structure. The laminate theory is used to estimate the strain of the symmetrical porous composite 

plate. 

The linear constitutive relations of a FG plate can be written as 
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 (1) 

 

Where 𝑄𝑖𝑗 are the rigidities of the layer considered 

 

𝑄11 =
𝐸1

1 − 𝜈12𝜈21
 (2a) 

 

𝑄12 =
𝜈12𝐸2

1 − 𝜈12𝜈21
 (2b) 

 

𝑄22 =
𝐸2

1 − 𝜈12𝜈21
 (2c) 

 

𝑄66 = 𝐺12 (2d) 

 

𝑄44 = 𝐺23 (2e) 

 

𝑄55 = 𝐺13 (2f) 

 

where (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦, 𝜏𝑦𝑧, 𝜏𝑦𝑥) and (𝜀𝑥, 𝜀𝑦, 𝛾𝑥𝑦, 𝛾𝑦𝑧, 𝛾𝑦𝑥) are the stress and strain components, 

respectively , and Aij, Dij are the plate stiffness, of the laminate are given as follows 
 

Extensional matrix 
 

𝐴𝑖𝑗 = ∑(𝑄𝑖𝑗̅̅ ̅̅ )𝑘𝑙

𝑁𝐿

𝑘𝑙=1

(𝑧𝑘𝑙 − 𝑧𝑘𝑙−1) (3) 

 

Extensional-bending coupled matrix 
 

𝐵𝑖𝑗 =
1

2
∑(𝑄𝑖𝑗̅̅ ̅̅ )𝑘𝑙

𝑁𝐿

𝑘𝑙=1

(𝑧𝑘𝑙
2 − 𝑧𝑘𝑙−1

2 ) (4) 
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𝐷𝑖𝑗 =
1

3
∑(𝑄𝑖𝑗̅̅ ̅̅ )𝑘𝑙

𝑁𝐿

𝑘𝑙=1

(𝑧𝑘𝑙
3 − 𝑧𝑘𝑙−1

3 ) (5) 

 

where 𝐴11
’ , 𝐷11

’  are defined as 
 

𝐴11
’ =

𝐴22

𝐴11𝐴22 − 𝐴12
2  (6) 

 

𝐷11
’ =

𝐷22

𝐷11𝐷22 − 𝐷12
2  (7) 

 

where the (𝑄𝑖𝑗)𝑘𝑙
 are the transformed stiffness’s of the layer number “kl” of the laminate and can 

be estimated by using the off-axis orthotropic ply theory. 

In terms of micromechanical model of laminate, and taking into account the porosity of the 

composite (presence of pores in the polymer matrix); the properties of materials can be written 
 

𝐸1 = 𝐸𝑓 +
𝑣𝑚(1 − 𝛼)

𝑣𝑐
(𝐸𝑚 − 𝐸𝑓) = 𝐸𝑓 + 𝜇𝑚(1 − 𝛼)(𝐸𝑚 − 𝐸𝑓) (8) 

 

1

𝐸2
=
𝜇𝑓

𝐸𝑓
+

𝑣𝑚(1 − 𝛼)
𝑣𝑓 + 𝑣𝑚(1 − 𝛼)

𝐸𝑚
 

          −𝜇𝑓
𝑣𝑚(1 − 𝛼)
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𝜈𝑓
2 (
𝐸𝑚
𝐸𝑓
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2 (
𝐸𝑓
𝐸𝑚
) − 2𝜈𝑓𝜈𝑚(1 − 𝛼)

𝜇𝑓𝐸𝑓 +
𝑣𝑚(1 − 𝛼)

𝑣𝑓 + 𝑣𝑚(1 − 𝛼)
𝐸𝑚

 

(9) 

 

1

𝐺12
=
𝜇𝑓

𝐺𝑓
+

𝑣𝑚(1 − 𝛼)
𝑣𝑓 + 𝑣𝑚(1 − 𝛼)

𝐺𝑚
 

(10) 

 

𝐺13  = 𝐺23 =
𝐸2

2 (1 + 𝜐12)
 (11) 

 

𝜈12 = 𝜇𝑓𝜈𝑓 +
𝑣𝑚(1 − 𝛼)

𝑣𝑓 + 𝑣𝑚(1 − 𝛼)
𝜈𝑚 (12) 

 

𝜐12
𝐸1

=
𝜐21
𝐸2
     ⟹      𝜈21 = 𝜇𝑓𝜈𝑓 +

𝑣𝑚(1 − 𝛼)

𝑣𝑓 + 𝑣𝑚(1 − 𝛼)
𝜈𝑚

𝐸2
𝐸1

 (13) 

 

Ef, Gf and f are the Young’s modulus, shear modulus and Poisson’s ratio, respectively, of the 

FRP laminate, and Em, Gm and m are the corresponding properties for the matrix. 

In the above equation, μf and μm are fiber and matrix volume fractions and are related by 
 

𝜇𝑓 + 𝜇𝑚 = 1 (14) 
 

with 
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𝜇𝑓 =
𝑣𝑓

𝑣𝑐
          and          𝜇𝑚 =

𝑣𝑚
𝑣𝑐

 (15) 

 

2.3 Shear stress distribution along the FRP – concrete interface 
 

The governing differential equation for the interfacial shear stress is expressed as Rabia et al. 

(2019a) 

𝑑2𝜏(𝑥)

𝑑𝑥2
−

(𝐴11
’ +

𝑏2
𝐸1𝐴1

+
(𝑦1 +

𝑡2
2
) (𝑦1 + 𝑡𝑎 +

𝑡2
2
)

𝐸1𝐼1𝐷11
’ + 𝑏2

𝑏2𝐷11
’ )

1
𝑡𝑎
𝐺𝑎
+
𝑡1
4𝐺1

𝜏(𝑥) 

+

(
(𝑦1 + 𝑡2/2)

𝐸1𝐼1𝐷11
’ + 𝑏2

𝐷11
’ )

1
𝑡𝑎
𝐺𝑎
+
𝑡1
4𝐺1

𝑉𝑇(𝑥) = 0 

(16) 

 

For simplicity, the general solutions presented below are limited to loading which is either 

concentrated or uniformly distributed over part or the whole span of the beam, or both. For such 

loading, d2VT(x)/dx2 = 0, and the general solution to Eq. (16) is given by 
 

𝜏(𝑥) = 𝐵1 𝑐𝑜𝑠ℎ( 𝜙𝑥) + 𝐵2 𝑠𝑖𝑛ℎ( 𝜙𝑥) +

1
𝑡𝑎
𝐺𝑎
+
𝑡1
4𝐺1

𝜙2
(

𝑦1 +
𝑡2
2

𝐸1𝐼1𝐷11
’ + 𝑏2

𝐷11
’ )𝑉𝑇(𝑥) 

(17) 

 

Where 
 

𝜙 =

[
 
 
 
 
 
(𝐴11

’ +
𝑏2
𝐸1𝐴1

+
(𝑦1 + 𝑡2/2)(𝑦1 + 𝑡𝑎 + 𝑡2/2)

𝐸1𝐼1𝐷11
’ + 𝑏2

𝑏2𝐷11
’ )

1
𝑡𝑎
𝐺𝑎
+
𝑡1
4𝐺1 ]

 
 
 
 
 

1
2

 (18) 

 

And B1 and B2 are constant coefficients determined from the boundary conditions. In the present 

study, a simply supported beam has been investigated which is subjected to a uniformly distributed 

load (Fig. 3). The interfacial shear stress for this uniformly distributed load at any point is written as 

(Rabia et al. 2019a) 
 

𝜏(𝑥) = [
0,5. 𝑎𝑦1

𝐸1𝐼1 (
𝑡𝑎
𝐺𝑎
+
𝑡1
4𝐺1

)
(𝑙 − 𝑎) −

1

(
𝑡𝑎
𝐺𝑎
+
𝑡1
4𝐺1

)𝜙2
(
𝑦1 + 0,5𝑡2

𝐸1𝐼1𝐷11
’ + 𝑏2

𝐷11
’ )]

𝑞𝑒−𝜆𝑥

𝜙
 

              +
1

𝜙2(
𝑡𝑎
𝐺𝑎
+
𝑡1
4𝐺1

)
(
𝑦1 + 0,5𝑡2

𝐸1𝐼1𝐷11
’ + 𝑏2

𝐷11
’ )𝑞 (

𝑙

2
− 𝑎 − 𝑥)              0 ≤ 𝑥 ≤ 𝐿𝑃 

(19) 
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Where q is the uniformly distributed load and x; a; l and lp are defined in Fig. 2. 
 

2.4 Normal stress distribution along the FRP – concrete interface 
 

The following governing differential equation for the interfacial normal stress (Rabia et al. 2019a) 

 

𝑑4𝜎𝑛(𝑥)

𝑑𝑥4
+ 𝐾𝑛 (𝐷11

’ +
𝑏2
𝐸1𝐼1

) 𝜎𝑛(𝑥) − 𝐾𝑛 (𝐷11
’
𝑡2
2
−
𝑦1𝑏2
𝐸1𝐼1

)
𝑑𝜏(𝑥)

𝑑𝑥
+
𝑞𝐾𝑛
𝐸1𝐼1

= 0 (20) 

 

The general solution to this fourth–order differential equation is 

 

𝜎𝑛(𝑥) = 𝑒
−𝛽𝑥[𝐵3 𝑐𝑜𝑠( 𝜂𝑥) + 𝐵4 𝑠𝑖𝑛( 𝜂𝑥)] 

                +𝑒𝛽𝑥[𝐵5 𝑐𝑜𝑠( 𝜂𝑥) + 𝐵6 𝑠𝑖𝑛( 𝜂𝑥)] − 𝜁1
𝑑𝜏(𝑥)

𝑑𝑥
−

𝑞

𝐷11
’ 𝐸1𝐼1 + 𝑏2

 
(22) 

 

For large values of x it is assumed that the normal stress approaches zero and, as a result, B5 = B6 

= 0. The general solution therefore becomes 
 

Where 
 

𝜎𝑛(𝑥) = 𝑒
−𝛽𝑥[𝐵3 𝑐𝑜𝑠( 𝜂𝑥) + 𝐵4 𝑠𝑖𝑛( 𝜂𝑥)] − 𝜁1

𝑑𝜏(𝑥)

𝑑𝑥
−

𝑞

𝐷11
’ 𝐸1𝐼1 + 𝑏2

 (23) 

 

𝜂 = √
𝐾𝑛
4
(𝐷11

’ +
𝑏2
𝐸1𝐼1

)
4

 

𝜁1 = (
𝑦1𝑏2 − 𝐷11

’ 𝐸1𝐼1𝑡2/2

𝐷11
’ 𝐸1𝐼1 + 𝑏2

) 

(24) 

 

As is described by Benferhat et al. (2019a), the constants B3 and B4 in Eq. (22) are determined 

using the appropriate boundary conditions and they are written as follows 
 

𝐵3 =
𝐾𝑛

2𝜂3𝐸1𝐼1
[𝑉𝑇(0) + 𝜂𝑀𝑇(0)] −

𝜁2
2𝜂3

𝜏(0) +
𝜁1
2𝜂3

(
𝑑4𝜏(0)

𝑑𝑥4
+ 𝜂

𝑑3𝜏(0)

𝑑𝑥3
) (25) 

 

𝐵4 = −
𝐾𝑛

2𝜂2𝐸1𝐼1
𝑀𝑇(0) −

𝜁1
2𝜂2

𝑑3𝜏(0)

𝑑𝑥3
 (26) 

 

𝜁2 = 𝑏2𝐾𝑛 (
𝑦1
𝐸1𝐼1

−
𝐷11

’ 𝑡2
2𝑏2

) (27) 

 

The above expressions for the constants B3 and B4 has been left in terms of the bending moment 

MT(0) and shear force VT(0) at the end of the soffit plate. With the constants B3 and B4 determined, 

the interfacial normal stress can then be found using Eq. (22). 
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3. Results: Discussion and analysis 
 

In this section, numerical examples and parametric investigations are displayed for a simply 

supported FRP-plated concrete beam containing porosity. Results of the interfacial stress of RC 

beam reinforced with perfect FRP plate are verified by comparison with those given in the literature. 

Then the mechanical and geometrical properties are varied in order to show their effect on the stress 

distribution along the externally bonded composite plate-concrete interface. For numerical 

applications, the mechanical and geometrical characteristics given in Table 1 are equivalent to those 

utilized by Tounsi (2006). 
 

 

Table 1 Dimensions and material properties 

Concrete b1 = 155 mm t1 = 225 mm E1 = 31,000 MPa 

Steel b2 = 125 mm t2 = 6 mm E2 = 200,000 MPa 

Adhesive ba = 125 mm ta = 1.5 mm 
Ea = 280 MPa 

Ga = 108 MPa 

 

 

Table 2 Porosity effect on the interfacial stresses of a RC beam reinforced and subjected to uniformly 

distributed loading 

Theory 
Porosity 

α 

GFRP CFRP Steel 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

Tounsi (2006) α = 0 1.0885 0.826 1.791 1.078 2.120 1.175 

Present 

α = 0 1.0856 0.82607 1.7914 1.0779 2.1204 1.1751 

α = 0.1 1.0634 0.81675 1.7796 1.0743 2.1189 1.1746 

α = 0.2 1.0407 0.80702 1.7678 1.0707 2.1176 1.1744 

 

 

Table 3 Porosity effect on the interfacial stresses of a RC beam reinforced and subjected to mid 

and two point loads 

Load Theory 
Porosity 

α 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

Mid-point load 

Tounsi (2006) α = 0 2.2385 1.3345 

Smith and Teng (2001) α = 0 4.3103 2.3644 

Present 

α = 0 2.2385 1.3345 

α = 0.1 2.2235 1.3297 

α = 0.2 2.2083 1.3251 

Two point load 

Tounsi (2006) α = 0 2.2348 1.2972 

Smith and Teng (2001) α = 0 4.7208 2.5330 

Present 

α = 0 2.2348 1.2972 

α = 0.1 2.2220 1.2939 

α = 0.2 2.2090 1.2907 
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Tables 2 and 3 presents a comparison of the results of normal and shear stresses of a reinforced 

RC beam by external bonding of the composite plates for different types of loading. The porosity 

effect is taken into account in these tables. From these results it can be seen that the interfacial stress 

become lower when the reinforcing plate contains porosity. It may also be noted that the interfacial 

stress become larger as the reinforcing plate is made of steel. 

Table 4 shows the effect ratio t2/ta on the normal and shear stresses of a reinforced concrete beam. 

The beam is bending reinforced and subjected to uniformly distributed loading. The volume fraction 

of porosity is considered equal to (0, 0.1 and 0.2). The reinforcement plate is considered in GFRP, 

CRFP and steel. It is clear that increasing the ratio t2/ta increases the interfacial stress whatever the 

type of reinforcement plate. 

 

 
Table 4 Effect of the ratio t2/ta on the interfacial stresses of RC beam and subjected to uniformly distributed 

loading 

t2/ta 
Porosity 

α 

GFRP CFRP Steel 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

1 

α = 0 0.76554 0.48644 1.2928 0.64588 1.5474 0.71080 

α = 0.1 0.74955 0.48083 1.2835 0.64350 1.5462 0.71048 

α = 0.2 0.73327 0.47508 1.2743 0.64097 1.5452 0.71026 

1.5 

α = 0 0.94034 0.66347 1.5706 0.87387 1.8693 0.95723 

α = 0.1 0.92091 0.65581 1.5599 0.87088 1.8680 0.95679 

α = 0.2 0.90099 0.64802 1.5491 0.86768 1.8668 0.95656 

2 

α = 0 1.0856 0.82607 1.7914 1.0779 2.1204 1.1751 

α = 0.1 1.0634 0.81675 1.7796 1.0743 2.1189 1.1746 

α = 0.2 1.0407 0.80702 1.7678 1.0707 2.1176 1.1744 

 

 
Table 5 Effect of the ratio t1/b1 on the interfacial stresses of RC beam and subjected to a uniformly 

distributed loading 

t1/b1 
Porosity 

α 

GFRP CFRP Steel 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

1 

α = 0 1.9666 1.2468 3.2394 1.6208 5.0641 2.8310 

α = 0.1 1.9267 1.2329 3.2178 1.6154 5.0612 2.8306 

α = 0.2 1.8861 1.2188 3.1961 1.6098 5.0587 2.8295 

1.5 

α = 0 1.0856 0.82607 1.7914 1.0779 2.1204 1.1751 

α = 0.1 1.0634 0.81675 1.7796 1.0743 2.1189 1.1746 

α = 0.2 1.0407 0.80702 1.7678 1.0707 2.1176 1.1744 

2 

α = 0 0.55681 0.42401 0.94124 0.56492 1.1252 0.62127 

α = 0.1 0.54501 0.41893 0.93466 0.56281 1.1243 0.62100 

α = 0.2 0.53303 0.41376 0.92795 0.56065 1.1236 0.62083 
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Table 6 Interfacial stresses of RC beam strengthened with FRP plate for different E1 values 

E1 (MPa) 
Porosity 

α 

GFRP CFRP Steel 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

20000 

α = 0 1.3727 1.0600 2.2069 1.3482 2.5650 1.4450 

α = 0.1 1.3454 1.0487 2.1936 1.3444 2.5634 1.4447 

α = 0.2 1.3173 1.0366 2.1802 1.3407 2.5620 1.4444 

30000 

α = 0 1.0856 0.82607 1.7914 1.0779 2.1204 1.1751 

α = 0.1 1.0634 0.81675 1.7796 1.0743 2.1189 1.1746 

α = 0.2 1.0407 0.80702 0.94124 1.0707 2.1176 1.1744 

50000 

α = 0 0.78806 0.58914 1.3289 0.78655 1.6036 0.87343 

α = 0.1 0.77158 0.58208 1.3195 0.78357 1.6025 0.87315 

α = 0.2 0.75473 0.57490 1.3101 0.78050 1.6013 0.87283 

 

 

The effect of beam geometry (ratio t1/b1) on normal and shear stresses for a reinforced concrete 

beam is shown in Table 5. The shape of the beam is considered square and rectangular. The thickness 

of the adhesive is taken equal to (ta = 2 mm). From these results, it can be concluded that the 

interfacial stress become more important when the concrete shape of the beam is square. 

The effect of the Young’s modulus of the beam on the normal and shear stresses of a bending-

reinforced beam is shown in Table 6. Young’s modulus of the beam is equal (20000, 30000 and 

50000 MPa). The thickness of the reinforcing plate is taken as (t2 = 4 mm). From these results, it can 

be concluded that the interfacial stress become weaker as the Young’s modulus of the beam increases. 

Table 7 shows the effect of the Young’s modulus of the adhesive on the normal and shear stresses 

of a reinforced concrete beam reinforced by external bonding of the composite plates. The Young’s 

modulus of the adhesive is taken equal (3000, 4000 and 5000 MPa). The thickness of the adhesive 

is taken equal to (ta = 2), while the thickness of the reinforcement plate is taken equal to (t2 = 4 mm). 

 

 
Table 7 Interfacial stresses of RC beam strengthened with FRP plate for different Ea values 

Ea (MPa) 
Porosity 

α 

GFRP CFRP Steel 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

3000 

α = 0 1.0856 0.82607 1.7914 1.0779 2.1204 1.1751 

α = 0.1 1.0634 0.81675 1.7796 1.0743 2.1189 1.1746 

α = 0.2 1.0407 0.80702 0.94124 1.0707 2.1176 1.1744 

4000 

α = 0 1.1085 0.91032 1.8274 1.1866 2.1631 1.2938 

α = 0.1 1.0859 0.90016 1.8154 1.1827 2.1612 1.2933 

α = 0.2 1.0626 0.88934 1.8032 1.1788 2.1593 1.2926 

5000 

α = 0 1.1229 0.97887 1.8500 1.2748 2.1903 1.3902 

α = 0.1 1.1000 0.96787 1.8379 1.2708 2.1880 1.3896 

α = 0.2 1.0765 0.95627 1.8256 1.2665 2.1857 1.3890 
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Table 8 Influence of the distance from the support to the end of the plate on the interfacial stresses of RC 

beam strengthened with FRP plate 

a 
Porosity 

α 

GFRP CFRP Steel 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

𝜏(𝑥) 
(MPa) 

𝜎𝑛(𝑥) 
(MPa) 

50 

α = 0 0.32110 0.24646 0.62157 0.37406 0.77176 0.42629 

α = 0.1 0.31261 0.24225 0.61610 0.37203 0.77103 0.42604 

α = 0.2 0.30395 0.23787 0.61066 0.37000 0.77039 0.42586 

100 

α = 0 0.48594 0.37144 0.87415 0.52604 1.0631 0.58805 

α = 0.1 0.47446 0.36611 0.86730 0.52366 1.0622 0.58778 

α = 0.2 0.46278 0.36058 0.86048 0.52126 1.0614 0.58756 

200 

α = 0 0.79770 0.60778 1.3514 0.81323 1.6133 0.89353 

α = 0.1 0.78068 0.60044 1.3420 0.81022 1.6121 0.89320 

α = 0.2 0.76322 0.59266 1.3325 0.80716 1.6111 0.89297 

 

 

From these results, it can be seen that the interfacial stress increase with increasing Young's modulus 

of the adhesive. 

Table 8 shows the effect of the distance of the support at the end of the plate (a) on the normal 

and shear stresses of a RC beam reinforced in the bending. The distance of the support at the end of 

the plate is equal (50, 100 and 200 mm). The thickness of the reinforcing plate is taken equal to (t2 

= 4 mm). It may be noted that the interfacial stress become more important when the distance of the 

support at the end of the plate increases. 

Figs. 4(a) and (b) show the effect of porosity in the reinforcing plate on the normal stress of a RC 

beam reinforced by external bonding a porous composite plate. The composite reinforcement plate 

is considered in Kevlar and Glass fiber, respectively. The thickness of the adhesive is taken equal to 

(ta = 2 mm). From these figures, it can be seen that the porosity effect on the normal stress increases 

as the thickness of the reinforcement plate increases. 
 

 

  

(a) Kevlar FRP (b) Glass FRP 

Fig. 4 Porosity effect as function of plate thickness on normal stress of RC beam strengthened 

with Kevlar and Glass FRP plate 
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(a) Kevlar FRP (b) Glass FRP 

Fig. 5 Porosity effect as function of plate thickness on shear stress of RC beam strengthened with 

Kevlar and Glass FRP plate 

 

 

Figs. 5(a) and (b) show the influence of the volume fraction of porosity as a function of the 

thickness of the reinforcement plate on the shear stress of a RC beam subjected to uniformly 

distributed load and reinforced in bending by a Kevlar and GFRP plate, respectively. It should be 

noted that the volume fraction of porosity reduces the shear stresses. It can also be seen that the 

shear stresses become greater as the reinforcement plate becomes thicker. 

The porosity effect and thickness of the adhesive on the normal stress of a RC beam reinforced 

with a Kevlar and GFRP plate is shown in Figs. 6(a) and (b), respectively. The thickness of the 

reinforcement plate is taken equal to (t2 = 2 mm). The load is considered uniformly distributed. It 

can be seen from these figures that the normal stress becomes lower as the thickness of the adhesive 

increases. The variation in shear stress versus adhesive thickness of a RC beam reinforced with a 

Kevlar and GFRP porous composite plate is shown in Fig. 7(a) and (b), respectively. The volume 

fraction of the fibers is considered equal to 0.6. It can be seen that the volume fraction of porosity 

has more effect on shear stresses than normal stresses. 

 

 

  

(a) Kevlar FRP (b) Glass FRP 

Fig. 6 Porosity effect as function of adhesive thickness on normal stress of RC beam strengthened 

with Kevlar and Glass FRP plate 
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(a) Kevlar FRP (b) Glass FRP 

Fig. 7 Porosity effect as function of adhesive thickness on shear stress of RC beam strengthened 

with Kevlar and Glass FRP plate 
 

 

  

(a) Kevlar FRP (b) Glass FRP 

Fig. 8 Porosity effect as function of distance from the plate end on normal stress of RC beam 

strengthened with Kevlar and Glass FRP plate 
 

 

  

(a) Kevlar FRP (b) Glass FRP 

Fig. 9 Porosity effect as function of distance from the plate end on shear stress of RC beam 

strengthened with Kevlar and Glass FRP plate 
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(a) Kevlar FRP (b) Glass FRP 

Fig. 10 Porosity effect as function of fibers volume fraction on normal stress of RC beam strengthened 

with Kevlar and Glass FRP plate 
 

 

Figs. 8(a) and (b) show the effect of porosity versus distance from the plate end on the normal 

stress of a reinforced concrete beam reinforced by a Kevlar and GFRP porous composite plate, 

respectively. The thickness of the composite plate and adhesive is taken equal to (t2 = ta = 2 mm). It 

can be concluded that the porosity has a negligible effect on the normal stress as a function of the 

distance from the plate end. 

Figs. 9(a) and (b) show the influence of the volume fraction of porosity as a function of the 

distance from the plate end on the shear stress of a RC beam. The volume fraction of porosity is 

considered equal (0, 0.1 and 0.2). In contrast to normal stress, the porosity effect as a function of 

distance from the plate end has a remarkable effect on shear stress. It can also be noted that the shear 

stresses become weaker when moving away from the plate end. 

The effect of the fiber volume fraction on the normal stress of a RC beam reinforced with a 

porous Kevlar and GFRP composite plate is shown in Figs. 10(a) and (b), respectively. It can be 

seen that the porosity effect becomes lower when the reinforcing plate contains a larger volume 

fraction of the fibers. 
 

 

  

(a) Kevlar FRP (b) Glass FRP 

Fig. 11 Porosity effect as function of fibers volume fraction on shear stress of RC beam strengthened 

with Kevlar and Glass FRP plate 
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Figs. 11(a) and (b) show the influence of the volume fraction of the fibers on the shear stress of 

a RC beam reinforced by external bonding of the porous composite plate of Kevlar and Glass fibers, 

respectively. It should be noted that the shear stress becomes greater when the fiber volume fraction 

increases. 
 

 

4. Conclusions 
 
The effect of porosity on the interfacial stresses of a RC beam reinforced by external bonding of 

porous composite plates is presented in this work. The concrete beam is considered simply supported 

and subjected to different types of loads. The rule of mixture of the composite plate has been 

modified to evaluate the characteristics of the material with the porosity phases. The prediction of 

shear stresses and normal stresses in reinforced concrete beams by an externally bonded of porous 

plate provides the basis for understanding failure of concrete beams and the development of 

appropriate design rules. The following conclusions can be drawn from this paper: 
 

- Based on the results of this work, the existence of pores in the reinforcement plate reduces 

the interface stresses. A solution can be considered for the detachment of the reinforcing plate 

due to the concentration of the interfacial stresses by the use of porous FRP plates especially 

at the end. 

- The porosity effect on the interfacial stresses becomes lower as the fiber volume fraction 

increases in the reinforcement plate. 

- Normal and shear stresses increase as the thickness of the reinforcement plate increases and 

decreases as the thickness of the adhesive increases. 

- Interfacial stress become more important when the beam is square (t1/b1 = 1). 

- Interfacial stress increase as the distance from the plate end (a) increases. 
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