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Influence of viscosity and locality on a fiber-reinforced
thermoelastic solid with two different theories

Samia M. Said*, Mohamed |.A. Othman and Esraa M. Gamal
Department of Mathematics, Faculty of Science, Zagazig University, P.O. Box 44519,Zagazig, Egypt

(Received April 2, 2023, Revised January 11, 2024, Accepted January 11, 2024)

Abstract. The current study attempts to discuss the effects of viscosity and locality on a fiber-reinforced
thermoelastic solid. The problem is solved analytically in the context of the three-phase-lag model as well as the Green-
Naghdi theory without energy dissipation (G-N II). The method of normal mode analysis is used to obtain analytical
expressions for the displacement, stress, and temperature distributions. Compute the physical fields with suitable
boundary conditions and perform numerical calculations using MATLAB programming. Comparisons are carried out
with the results in the absence and presence of locality as well as viscosity. The locality and viscosity have great effects
on all considered physical fields since the amplitudes of these quantities are vary. This procedure remains valid when
anonlocal elastic solid is replaced with an elastic one.
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1. Introduction

Biot (1965) introduced a generalized thermoelastic theory to overcome the infinite heat
propagation rate paradox inherent in the classical thermoelastic coupled dynamical theory. Lord and
Shulman (1967), introduced a model called the thermoelastic extension theory, which includes a
thermal relaxation time parameter (single-phase hysteresis model). Another model, given by Green
and Lindsay (1972), involves two thermal relaxation times, one in the equation of motion and the
other in the equation of thermal conductivity, and is called temperature-dependent thermoelasticity
(TRDTE). Afterward, Green and Naghdi (1991, 1992, 1993) proposed three more models,
hereinafter referred to as G-N 1, II, and III models. Tzou (1995) proposed an alternative theory of
hyperbolic thermoelasticity, the so-called dual phase-lag model, in which Fourier’s law is replaced
by a modified approximation of Fourier’s law, with two different time transitions of heat flow and
temperature gradient. Roy Choudhuri (2007) introduced the heat conduction equation with three-
phase lags, replacing Fourier’s law of heat conduction with a modified approximation of Fourier’s
law that introduces three different phase lags of the heat flux vector, the thermal displacement
gradient, and temperature gradient. Three-phase-lag model is useful in the problems of heat transfer,
heat conduction, nuclear boiling, exothermic catalytic reactions, phonon-electron interactions, and
phonon-scattering. The three-phase lags model of thermoelastic material was investigated by Said
et al. (2020), Othman and Mondal (2020), Othman et al. (2019), Marin et al. (2017), and Alharbi et
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al. (2021) and Othman et al. (2023).

The Kelvin-Voigt model is one of the macroscopic models commonly used to describe the
viscoelastic behavior of materials. The model represents the delayed elastic response under loading
when the deformation varies with time but is recoverable. Viscoelastic materials with complex
structural composition and time and temperature-dependent properties, such as elastomers or rubber,
are widely utilized in engineering uses such as automobile belts and tires, seals, and biomedical
devices. Koltunov (1976) provided important experimental results for determining the mechanical
properties of viscoelastic materials. Gupta (2013) studied wave propagation in viscoelastic
transversely isotropic media. Othman er al. (2009, 2018), Said (2022), and Abouelregal (2023)
discussed different types of thermo-viscoelastic problems. Fiber-reinforced polymers are used in
many fields due to their excellent properties. Fiber-reinforced materials find applications in a variety
of industries where their unique combination of properties, including thermal stability and
mechanical strength, is beneficial. Here are some specific applications such as Zhang (2015) and
Rajak et al. (2019). Stress-deformation analysis of fiber-reinforced materials has been an important
topic in solid mechanics for the past few decades. Bayones and Hussien (2017) discussed the
propagation of Rayleigh waves under the influence of rotation in viscous, anisotropic, fiber-
reinforced thermal media. Sheoran et al. (2016) discussed the thermo-viscous problem of the fractal
order with temperature-dependent elastic moduli. Bosaeed et al. (2019) studied the effects of
rotation and initial stress on the propagation of Rayleigh waves in fiber-reinforced magneto-thermo-
viscoelastic media. Various vital approaches and real-time applications of problems in
thermodynamics and thermoelasticity have been introduced by Craciun et al. (2020a, 2020b, 2004).
Arefi et al. (2019, 2021, 2022), Mohammad-Rezaei Bidgoli et al. (2021, 2022a, 2022b, 2023a,
2023b, 2023¢) and Ghorbanpour-Arani (2023).

The present problem discussed the influence of viscosity and locality on a fiber-reinforced
thermoelastic half-space in the context of the three-phase-lag model as well as the Green-Naghdi
theory without energy dissipation (G-N II). The analytical solutions for the field variables of interest
are obtained by using the normal mode analysis to obtain the exact expressions for physical
variables. That is applicable to a wide range of problems in hydrodynamics. Numerically simulated
results are obtained and presented graphically to depict the influence of nonlocal parameter and
viscosity on a fiber-reinforced thermoelastic half-space. Comparisons are carried out with the results
in the presence and absence of the locality as well as the viscosity. The locality and viscosity have
great effects on all considered physical fields since the amplitudes of these quantities are vary (increasing
or decreasing) with the increase of the elastic nonlocal parameter. This procedure remains valid when a
nonlocal elastic solid is replaced with an elastic one.

2. Formulation of the problem

We consider a nonlocal fiber-reinforced visco-thermoelastic isotropic solid in a half-space (x =
0). Plane strain in the xy-plane with the displacement vector u = (u,v,0), u = u(x,y,t), v=

v(x,y,t).
The constitutive equations are as in Belfield et al. (1983), Said (2020), and Eringen (1974).
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A =/1(1+/10%),a* =a(1+a0%),yi} =yT(1+a1%),uz = U (1+a2%),
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B =B(1+Boz) v =v(1+705).
eij = %(ui.j + ), e = Z_Z + Z_; v

where, € = agey is the elastic nonlocal parameter having a dimension of length, ay, eg
respectively, are an internal characteristic length and a material constant, g;; are the components of
stress, e;; are the components of strain, ey is the dilatation, A, u are elastic constants, [see
Eringen et al. (1972a, 1972b) for details] a, B, (u;, — ur) are reinforcement parameters, a,, oy,
a,, Bo, Yo are the viscoelastic parameters, ay is the thermal expansion coefficient, 6 =T — T
where T is the temperature above the reference temperature Ty, &;; is the Kronecker’s delta, and
a = (1,0,0) is fiber-direction a = (ay, a,, as), a;? + a,? + az? = 1.
Eq. (1) then yields

d
(1 - EZVZ)Uxx = Alu,x + sz,y - V(l + %o 5)9 4)
a
(1 —€2V¥)ay, = Ayu, + Asvy, —y(1 + 7, 5)9 %)
1- SZVZ)ny =A4(uy +vy) (6)

where
4 =/1(1+/1063)—2yT(1+alai)+4yL(1+a2%)+2a(1+a0%)+[3(1+ﬁ0%),
Ay =2(1+205) —a(1+aos) Ag=2(1+05) + 2ur (1+ a1 5-)

d
Ay =1 (1 +a25)
The equations of motion in the absence of body force
gjij = pu;i,j=1,2 (7N
The heat conduction equation as Roy Choudhuri (2007)
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Where k* is the additional material constant, k is the coefficient of thermal conductivity, Cg is
the specific heat at constant strain, ny, n, are integers, 7y is the phase-lag of the temperature
gradient, 7, is the phase-lag of heat flux, 7,, is the phase-lag of the thermal displacement gradient,
and p is the mass density.

Introducing Eq. (1) in Eq. (7), thus, we have

a. 06
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9?2 9?2 EINEGL)
(1-e2v?)pir=4,22 +A5ﬁ 3552 YL+ Y0305 (10)
Where
A5 = A2 + A4_

Consider the following non-dimensional variables
r Tij
ol =
/1+2u YUHT g
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Using Eq. (11), we get
(1—g2y2) 28— p 22y Fh 2l A +y, 2% (12)
6t2 1 6x2 5 9xdy axay 45y2 03¢ ax
N T 1220
(1—-e°V ) E)tz = hy oz T hs — 9xdy hs ayz 1+ 6t) (13)
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) (14)
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Where
A3 A4_ AS ) kCO pCEn0C0
(h1'h3'h4'h5)_(pcz pC02 pcOZ'pcz 'dl lk*'dz_ k* ’

d _ pCgnqcoly d __ Tongco’y? __ Toconiloy?
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3. Normal mode analysis method
We solve the problem of a nonlocal fiber-reinforced visco-thermoelastic half-space by using
normal mode analysis as Othman et al. (2023)
(w,v,60,0)(x,y,0) = (W, 7,0,5;)(x)ePy™ (15)
Where %, ¥, 8 and G, ; are the amplitudes of the fields quantities, i = v—1 is the imaginary

unit, m (complex) is the time constant, and b is the wavenumber in the y- direction.
Using Eq. (15) in Egs. (12)-(14), we get

(A;D% — Ag)ui + (ibhsD)v — AcDO =0 (16)

(ibhsD)u + (AgD? — A14)¥ — Agib8 = 0 (17)
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B,Du + B,ibv + (B;D? + B3)8 = 0 (18)
Where

T T T T N_ (A& A A A
(hl' h3, h4’ hs) - (PCO2 ’ pco? ’ pCo? ’ PCOZ)’
Ay = A1 = Agm) = 2pu7r(1 — aym) + 4p; (1 — aym) + 2a(1 — agm) + B(1 — Bym),
A, =21 = Agm) —a(l —agm),A; = A(1 — Agm) + 2u;(1 — aym),

14_4 = ‘UL(]. - azm),lq_s = 14_2 + 14_4,,147 = }—11 + mZEZ,AB = m2 + bzi_l4_ + ngzbz,

Ag = hy + m?e?, A0 = m?b%hy + m?e2b?,
B, = (1 —1,m+ %Témz) (1 —yom)(dym? — dsm), B, = md,;(1 — mty) — (1 — mt,),
B; = (1 —Tgm+ %Témz) (dym? — dym) — mb?d,;(1 — mty) + b2(1 — mt,)
Omitting 7(x) and O(x) from Egs. (16)-(18), we get

[D6 - ClD4 + CzDZ - C3]ﬁ(x) = 0,

—AgAoBy+B3(A7A19+AgAg—Ris” b?)—A7 AgBs

Cl = )
A7A9B;
n.2p2 2 n2p2 (19)
B 31A6(2h5 b?=A7b?~A10)+ByAgA1o+Bs(~A7 A1g—AgAg+hs”b?)
C2 = A7A9B; ’
—AgAq9B3—AgAgh?B,
C3 = .
A7A9B;
Eq. (19) can be factorized as
(D% — iy ?)(D? — ky*) (D% = k3®)u(x) = 0 (20)
where k,? (n = 1,2,3) are the roots of the characteristic equation
k6_C1k4+C2k2_C3 =O (21)
The bounded solution of Eq. (19), is
u(x) = ?:1 Nie_kix- (22)
Similarly,
7(x) = X, HyiNie ™ %, (23)
6(x) = ¥7_, HyN;e ki, (24)
where N; (i = 1,2,3) are parameters.
o = ib(Ag+hsk?—A7k?) o ibhgk;H,;+Ag—A7k?
0™ Rgkib?+Aok3—Agok;’ 2t T Agk;

Using Eqgs. (11), and (15) in Egs. (4)-(6), we obtain
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Oxx = Nij=1 Hz; Nje ™%, (25)
— —_ V'3 —kix
Oxy = D=1 Hai Nje ", (26)
where
Ha: = —A1ki+AzibH1—(A+2uT)AcHz;
3t [1-£2(k?—b2)ur
_ Au(ib-kiHqy)
Hy;

T [1-g2(k2-b)]ur

4. The boundary conditions of the problem

To obtain the parameters N; (i=1, 2, 3), we consider the following initial and regularity
conditions used for solving the current problem at x=0 are
a) A thermal boundary condition for half-space surface exposed to a thermally insulated boundary

26

P 27
b) Mechanical boundary condition
O = —f(y,8) = —f "e™¥ . 28)
c¢) Mechanical boundary
Oxy =0, (29)
where, f(y, t) is the arbitrary function of y, r and f* is the magnitude of the mechanical force.
By inserting Egs. (24)- (26) in Egs. (27)- (29), we have
i=1 kiHyN; = 0,55 HyiN; = —f*, X5 HyN; = 0. (30)

Eq. (30) is solved using the inverse of the matrix method as follows

Ny kiHyy  koHy,  ksHas 0
N, | = H3q Hs, Hj3 —f* . (31)
N3 Hyq Hy, Hys 0

5. Numerical calculations and discussion for the problem

To discuss the theoretical results and compare them in the context of the three-phase-lag model
(3PHL) and the Green-Naghdi theory without energy dissipation (G-N II) theory. We now give
numerical results for some physical constants

Tg=7%x10735,7, =9%x107%s,7, =6 x 107> 5,k = 15 x 10'° N.K 1,
k* =386 N.K~1,ng = 1,n; = 0,& = 0.99, f* = 0.05,p = 7800 kg.m™3,
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Fig. 1 Vertical displacement distribution v for local and nonlocal theories
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Fig. 2 Thermal temperature distribution 6 for local and nonlocal theories

Cp=383.1j.kg L. K1, T, =293 K,1 =576 x 1013 N.m™2,8 = 2 x 1013 N.m"2,

a=178x 103 K1,y = 2.86 x 10'3 N.m~2, u, = 7.86 x 1013 N.m"2,
Ao =0965"1,u=386x1013N.m 2 a; =278x107*K 1, a, =097 s71,
a; =098s 1 a, =099s7 1,6, =099s5 1, my=-0.5m=my + i,
b=05=—0.8.
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(1

At the time value =0.2 s thermal temperature change 6, displacement component v as well as
stress components dy, and gy, in plane y=0.5 for the considered problem are calculated based on
the three-phase-lag (3PHL) model and Green-Naghdi theory without energy dissipation (G-N II).
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Fig. 4 Distribution of stress component g, for local and nonlocal theories

In Figs. 1 to 4, the influence of nonlocal parameters on the thermal temperature 6, variation of
the displacement v and stress components oy, 0Oy, are analyzed. Fig. 1 shows that the vertical
displacement v changes from positive values for €=0. It reaches the minimum value and then
increases in the range 2.3 < x < 10. With nonlocal theory, v starts from a negative value. It reaches
its minimum value and then increases in range 2.3 < x < 10. Fig. 2 shows that the thermal
temperature fluctuation 6 starts from positive values for both local and nonlocal theories. The same
behavior is assumed in the absence and presence of nonlocal parameters. It is clear that the values
of 0 associated with the G-N II theory are higher than those under the 3PHL model in the absence
and presence of nonlocal parameters. Fig. 3 shows that the fluctuation of the stress component o,
starts from negative values and obeys the boundary conditions (see Eq. (28)) at x=0. We find that it
follows the same path in the presence and absence of non-local parameters and increases. Fig. 4
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Fig. 5 Vertical displacement distribution v with and without viscosity
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Fig. 6 Thermal temperature distribution 6 with and without viscosity

shows that the fluctuations of the stress component oy, starts from a zero value and obeys the
boundary conditions (see Eq. (29)) at x=0. In the case of local theory, it decreases to a minimum,
then increases and decreases again. In nonlocal theory, it increases until it reaches a maximum and
then decreases. Figs. 5-8 shows plots of the vertical displacement component v thermal temperature
6, and stress components oyy, 0y, with and without viscosity. Fig. 5 shows that the vertical
displacement distribution v starts from negative values. With the viscosity effect, the value starts to
drop to the minimum value in the range 0 < x < 0.9 and then increases in the range 0.9 < x <
10. Without the influence of viscosity, the value of v drops to the minimum value in the range 0 <
x < 0.7 and then increases in the range 0.7 < x < 10. Fig. 6 shows that thermal temperature
changes exhibit the same behavior with and without viscosity effects. It starts with a positive value
and decreases. Fig. 7 shows that the fluctuations of the stress component o, starts from negative
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Fig. 7 Distribution of stress component o, with and without viscosity
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Fig. 8 Distribution of stress component g,, with and without viscosity

values and obeys the boundary conditions at (see Eq. (28)) at x=0. Values of g,, increase in the
range 0.7 < x < 10. Fig. 8 shows the fluctuation of the stress component oy, with and without
viscosity starts from a zero value and satisfies the boundary conditions at (see Eq. (29)) at x=0. The
value of gy, increases to the maximum value and then decreases. It is also clear that the values of
Oxy in the context of the 3PHL model are higher than those under the G-N II model.

Figs. 9-12 show the 3D surface curves of the physical variables, namely the vertical
displacement, thermal temperature distribution 6, and stress components gy, 0y, in the context
of the 3PHL model. These figures are important for studying the dependence of these quantities on
the vertical component of displacement. The obtained curves strongly depend on the vertical
displacement, and all physical variables are moving in wave propagation.
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Fig. 10 Distribution of stress component 6 in the context of three-phase-lag model

6. Conclusions

The analysis of displacement components, thermal temperature changes, as well as stress
components due to viscosity and locality on a fiber-reinforced thermoelastic solid, is an interesting
problem of mechanics.

* The value of all physical fields converges to zero with an increase in distance x and all functions

are continuous.

» It was noticed that fiber-reinforced thermoelastic materials with viscous have an important role

in the distribution of the field variables.

*» The locality has a great role in all considered physical fields since the amplitudes of these

quantities are varying (increasing or decreasing) with the increase of the elastic nonlocal
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Fig. 11 Distribution of stress component oy, in the context of three-phase-lag model
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Fig. 12 Distribution of stress component g, in the context of three-phase-lag model

parameter.

* The deformation of a body depends on the type of boundary conditions as well as the nature of

the applied forces.

* This procedure remains valid when a nonlocal elastic solid is replaced with an elastic one.
* The vertical distance has a great effect on the physical studies fields.

* Normal mode analysis applies to a wide range of problems in thermodynamics and thermoelasticity.
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