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Abstract.  In the present work, we proposed an analytical study on buckling behavior of a sandwich plate with 

polymeric core integrated with piezo-electro-magnetic layers such as BaTiO3 and CoFe2O4 reinforced by graphene 

platelets (GPLs). The Halpin-Tsai micromechanics model is used to describe the properties of the polymeric core. The 

governing equations of equilibrium are obtained from first-order shear deformation theory (FSDT) and the Navier’s 

method is employed to solve the equations. The results show the effect of different parameters such as thickness, length, 

weight fraction of GPLs, and also effect of electric and magnetic field on critical buckling load. The result of this study 

can be obtained in the aerospace industry and also in the design of sensors and actuators. 
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1. Introduction 
 

Sandwich constructions are one of the most used composite structures that widely employed in 

different industries such as aerospace, automotive, shipbuilding. Generally, a sandwich structure 

made of two facesheets and low strength and weight core like foam, honeycomb and that leads to 

overall low weight and high strength and stiffness. Carbon nanotubes have been discovered in 1991 

and used as reinforcements in most engineering fields due to high mechanical, thermal and magnetic 

properties ( Jia et al. 2011, Sun et al. 2005, Yang et al. 2018). 

Mohammadimehr et al. (2017) conducted analytical study on nonlinear free vibration of 

functionally garded carbon nanotubes (CNT) reinforced composite sandwich and achieve optimum 

thickness ratio for the highest stiffness. Karimiasl et al. (2020) studied nonlinear vibration analysis 

of multiscale doubly curved sandwich nanoshell and developed a smart model of sandwich 

composite nanoshell based on strain gradient-nonlocal theory. Ghorbanpour Arani et al. (2011) 

investigated the buckling behavior of composite plate reinforced by single-walled carbon nanotubes 

(SWCNTs) under uniaxial compressive load by using finite element and showed that agglomeration 

of carbon nanotubes (CNTs) have significant influence on the buckling load and properties of CNT 

reinforced composite. Arefi et al. (2019) considered the bending response of functionally graded 
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(FG) graphene nanoplatelets reinforced curved nanobeams resting on a Pasternak foundation based 

on the first-order shear deformation theory (FSDT). Mousavi et al. (2019) studied the buckling 

behavior of hollow circular sandwich plate with porousity in core and FG-CNT piezoelectric 

facesheets. Using Reddy's third-order shear deformation shell theory, Duc (2016) analyzed nonlinear 

thermal dynamic of eccentrically stiffened S-FGM circular cylindrical shells surrounded on elastic 

foundations. The structure is affected by mechanical, damping loads and temperature and the 

Bubnov-Galerkin method is applied to acquire results. He concluded that temperature, elastic 

foundations, and outside stiffeners had a significant impact on dynamic response of the S-FGM 

circular cylindrical shells. Over another study which conducted by this author in the same year on 

nonlinear thermo- electro-mechanical dynamic response of a functionally graded sandwich circular 

cylindrical shells, he explored the impact of material properties, imperfection, and thermo-electro-

mechanical and damping loads on the nonlinear dynamic response of the shells. Also, an excellent 

investigations have been carried out on nonlinear static, buckling and postbuckling analysis of shells 

and panels (Vuong and Duc 2020, Duc and Tung 2010, Khoa et al. 2017). They employed Galerkin 

method and the fourth-order Runge-Kutta method to derive the results which the outcome depicts 

the effect of material properties, imperfection, and thermo-electro-mechanical and damping loads 

on the nonlinear dynamic response of the shells. 

Graphene nanoplatelets (GPLs) are newly used 2D nanofillers that have recently investigated and 

take much attention. As a comparison with CNTs, it has much stronger bonding due to their more 

surface area. Also, reinforcements such as carbon nanotubes and graphene platelets in polymer-

based nanocomposites leads to enhance in mechanical properties in which these properties for align 

nanotubes is better than randomly oriented (2019). By using Navier’s type solution based on FSDT, 

Song et al. (2017, 2018, 2017) researched the influence of different GPLs parameters on bending, 

buckling, free and forced vibration of FG graphene reinforced polymer plates. García-Macías et 

al.(2018) by analyzing the bending and free vibration behaviors of FG plates reinforced by graphene 

platelets (GPLs) and CNTs by considering  determined that stiffing effect of GPLs in compare with 

CNTs is more. Yang et al. (2020) illustrated a parametric study on dynamic buckling of FG-GPL 

reinforced composite shallow arches under a central point force. Wang et al. (2019) investigated 

buckling and post-buckling of composite beam reinforced with GPLs by consideration dielectric 

properties. Barati et al. (2020) researched on forced vibration characteristic of thermally loaded 

nanocomposite reinforced by GPLs. Thai et al. (2019) obtained numerical method based on refined 

plate theory for analyzing FG-GPL reinforced composite structure. Li et al. (2019) presented the 

load bearing capacity of the confined (Functionally graded porous) FGP-GPL arch under a thermal 

rise field. Thai et al. (2019) proposed a size dependent model to free vibration analysis of multilayer 

FG-GPL reinforced composite microplate. Pashmforoush et al. (2019) investigated vibration and 

statically analysis on FG-graphene reinforced composite plate based on high-order shear 

deformation theory (HSDT). 

Some researchers worked about piezo-electro-magnetic fields in face sheets that will produce 

voltages by deformation in sandwich structures as follows 

Mohammadimehr et al. (2016) presented electro-elastic analysis of a sandwich thick plate 

considering FG core and composite piezoelectric layers on Pasternak foundation using third-order 

shear deformation theory (TSDT). Chan et al. (2020) has employed Hamilton’s principle to derive 

the motion equations of a piezoelectric functionally graded porous truncated conical panel, and 

analyzed the results by Galerkin's and Runge-Kutta methods. In their study, the effect of porosity 

distribution, porosity coefficient, applied actuator voltage and temperature has been investigated on 

nonlinear dynamic response and free vibration of functionally graded porous (FGP) panel. The 
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outcome shows the porosity distribution and coefficient have effect on the natural frequencies and 

deflection amplitudes of the piezoelectric FGP pan, and by elevating the temperature, the deflection 

will increase as well. 

Selim et al. (2019) considered GPLs reinforced composite with piezoelectric facesheets effect 

on mechanical properties as they performed control by active vibration. Mohammadimehr and 

shahedi (2016) investigated the nonlinear free vibration of magneto-electro-mechanical sandwich 

beam with varying FG dispersion on Pasternak foundation. Mao et al. (2019) examined FG-GPLs 

reinforced Poly vinylidene Fluoride (PVDF) matrix by different distribution modes. Zhao et al. 

(2020) developed dynamic stability by the effect of porosity characteristics on FG arch reinforced 

by GPLs. Ghadiri et al. (2019) studied sandwich structure with piezoelectric core integrated with 

graphene nanoplate facesheets and proposed the effect of voltage and pulse force on nonlinear 

frequency. GhorbanpourArani et al. (2019) studied pull-in instability of a sandwich structure with 

reinforced polymeric core and piezoelectric face sheets under electro-magneto-mechanical loadings. 

Bamdad et al. (2019) analyzed buckling and vibration behavior of magneto-electro-elastic sandwich 

beam with different porous distribution in core and CNT dispersions in facesheets. Taherifar et al. 

(2019) presented buckling analyses of composite concrete plate reinforced by piezoelectric 

nanoparticles based on Halpin-Tsai model to obtain the effective material properties of nano 

composite concrete plate and third order shear deformation theory. Rajabi and Mohammadimehr 

(2019) considered bending analysis of a micro sandwich skew plate with isotropic core and 

piezoelectric composite face sheets reinforced by carbon nanotube on elastic foundations. Rahi et 

al. (2021) presented a simplified numerical method for nonlocal static and dynamic analysis of a 

graphene nanoplate. Canbay et al. (2021) studied thermostructural shape memory effect 

observations of ductile Cu-Al-Mn smart alloy. Rabia et al. (2020) considered predictions of the 

maximum plate end stresses of imperfect FRP strengthened RC beams: study and analysis. 

Namayandeh et al. (2020) studied temperature and thermal stress distributions in a hollow circular 

cylinder composed of anisotropic and isotropic materials. Hadji and Bernard (2020) investigated 

bending and free vibration analysis of functionally graded beams on elastic foundations with 

analytical validation. Vibration analysis has brought a special charm for many researchers around 

the world due to their vital role in condition monitoring of various types of mechanical structures. 

In the recent years, a large number of scientists investigated both linear and nonlinear vibration 

response on sandwich plates and shells (Duc et al. 2016, Cong and Duc 2016, Duc and Tung 2010, 

Duc et al. 2021). Quan et al. (2021) and Dat et al. (2020) studied an analytical method for nonlinear 

thermos-electro-magneto vibration of a plates. In their contribution, the influence of elastic 

foundations, geometrical parameters, temperature and moisture on the nonlinear vibration of the 

plate are investigated. The results illustrate that elastic foundations has a positive effect and 

temperature and moisture have a negative influence. Duc et al. (2015) presented the nonlinear 

buckling of higher deformable S-FGM thick circular cylindrical shells with metal-ceramic-metal 

layers surrounded on elastic foundations in thermal environment. In the other work, Thang et al. 

(2017) illustrated thermomechanical buckling and post-buckling of cylindrical shell with 

functionally graded coatings and reinforced by stringers. Anitescu et al. (2019) and Guo et al. (2019) 

worked about artificial and deep neural networks that are a topic of great interest in the machine and 

deep learning community due to their ability to solve very difficult problems, respectively. Using a 

collocation formulation, Anitescu et al. (2019) solved second order boundary value problems such 

as Poisson’s equation and Helmholtz equation, also, Guo et al. (2019) built a loss function with the 

aim that the governing partial differential equations (PDEs) of Kirchhoff plate bending problems, 

and the boundary/initial conditions are minimised at those collocation points. In general, in order to 
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solve Partial Differential Equations (PDEs) that represent real systems to an acceptable degree, 

analytical methods are usually not enough. One has to resort to discretization methods. For 

engineering problems, probably the best-known option is the finite element method (FEM). 

However, powerful alternatives such as mesh-free methods and Isogeometric Analysis (IGA) are 

also available. Thus, Samaniego et al. (2020) presented an energy approach to the solution of partial 

differential equations in computational mechanics via machine learning including concepts, 

implementation and applications. Rabczuk et al. (2019) presented a novel nonlocal operator theory 

based on the variational principle for the solution of partial differential equations. Their present 

nonlocal formulation allows the assembling of the tangent stiffness matrix with ease and simplicity, 

which is necessary for the eigenvalue analysis such as the waveguide problem. Yang et al. (2020) 

illustrated an analytical investigation on the nonlinear buckling behavior of graphene platelets 

reinforced dielectric composite (GPLRDC) arches with rotational end restraints under applied 

electric and uniform radial load. They estimated the effective materials properties of GPLRDC, 

including the elastic modulus and dielectric permittivity, by employing effective medium theory 

(EMT). They investigated the analytical solutions for nonlinear equilibrium, critical load of limit 

point buckling and bifurcation buckling of the GPLRDC arch are derived according to the principle 

of virtual work. In the other work, they (2022) considered an analytical study on the asymmetric 

static and dynamic buckling of a pinned-fixed functionally graded graphene nanoplatelet reinforced 

composite (FG-GPLRC) arch under thermal conditions. Tam et al. (2020) investigated the nonlinear 

bending behaviours of multilayer functionally graded graphene nanoplatelet-reinforced composite 

(FG-GPLRC) beams elastically restrained at both ends and with an open edge crack. Yang et al. 

(2021a) presented a dynamic buckling analysis for a rotationally restrained functionally graded (FG) 

graphene nanoplatelets (GPLs) reinforced composite (FG-GPLRC) porous arch under a uniform 

step load where GPL nanofillers are uniformly dispersed while the porosity coefficient varies along 

the thickness direction of the arch. Yang et al. (2021b) considered the small scale-dependent 

geometrical nonlinear flexural response of arbitrary-shaped microplates having variable thickness 

made of functional graded (FG) composites. 

In the present work, the authors have been investigated an analytical study on buckling behavior 
of a sandwich plate with polymeric core integrated with piezo-electro-magnetic layers such as 

BaTiO3 and CoFe2O4 reinforced by graphene platelets (GPLs). They used the GPL as 

reinforcement to increase the stiffness of a sandwich plate. Also, they employed polymeric core to 

reduce the weight of these structure, because in mechanical science, the researcher follow to 

 

 

 

Fig. 1 A schematic view of three-layered sandwich plate with polymeric core and piezo-electro-magnetic face-

sheets 

increase the high strength to weight. Moreover, the authors considered the piezo-electro-magnetic 

layers such as BaTiO3 and CoFe2O4 that using these layer, one can be controlled the displacement 
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of sandwich plate that this idea can be stated in the feature work. Thus, considering piezo-electro-

magnetic layers as sensor and actuator can control the amplitude of vibration for a sandwich plate. 

Hence, by considering these investigations, many researches focused on GPLs reinforced composite, 

FG materials or the combination of piezoelectric materials with GPLs; thus we proposed an 

analytical solution on buckling behavior of sandwich plate with GPLs reinforced polymer-based 

composite integrated with piezoelectric face-sheets that is the novelty of this research. Regarding 

previous researches, this structure did not study in term of reinforcement effect on material 

properties improvements. 
 
 
2. Geometric and fundamental formulation 
 

A sandwich plate with FG-GPLs reinforced composite core with piezo-electro-magnetic 

facesheets is shown schematically in Fig. 1, in which a, b, hc, hp and H denote width, length, core 

thickness, piezo-electro-magnetic thickness and the total thickness of sandwich structure, 

respectively. It is noted that it must be defined h=hc/2 in equations and Matlab codes. 

The advantage of sandwich model in the present work is stated as follows. 

By employing a sandwich model not only the total weight of a structure can be loss but the 

structure can be stiffened as well. In this work, a polymeric core has been considered to reduce the 

weight and stiff composite layers are applied to enhance the stiffness of the structure. In sandwich 

structures, researchers are looking to increase the strength to weight ratio. 

The disadvantage of sandwich structure has been considered as 

Making a coupling between these layers would be a serious issue in practice because in vibration 

discussion, the sandwich beam model is assumed to be as a continuous body that no delamination 

occurs between the layers of these sandwich structure. Thus if delamination is occurred, it is shown 

that in the manufacturing process, the layers do not couple as well as or under loadings, this 

phenomenon is occurred. 

The limitations and assumptions of the present model have been stated as follows 

(1) Making a coupling between these layers would be a serious issue in practice because in 

vibration discussion, the sandwich beam model is assumed to be as a continuous body that no 

delamination occurs between the layers of these sandwich structure. 

(2) By employing a sandwich model not only the total weight of a structure can be loss but the 

structure can be stiffened as well. In this work, a porous core has been considered to reduce the 

weight and stiff composite layers are applied to enhance the stiffness of the structure. In sandwich 

structures, researchers are looking to increase the strength to weight ratio. 

(3) The graphene platelets consider to increase the stiffness of a sandwich structure. 

(4) The constitutive equations of this work are assumed linear in the elastic region. 

(5) It assumed that the kinematic equations become linear. 

 

2.1 Displacement fields 
 

The displacement fields based on first-order shear deformation theory (FSDT) are obtained as 

follows 

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑦, 𝑡) + 𝑧𝜓𝑥(𝑥, 𝑦, 𝑡) (1) 
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𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣0(𝑥, 𝑦, 𝑡) + 𝑧𝜓𝑦(𝑥, 𝑦, 𝑡) 

𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤0(𝑥, 𝑦, 𝑡) 

where, u0(x, y, t), v0(x, y, t) and w0(x, y, t) show mid-plane axially displacement, and 𝜓𝑥(𝑥, 𝑦, 𝑡) 
and 𝜓𝑦(𝑥, 𝑦, 𝑡) denote the rotations of mid-plane’s normal about y and x axes, respectively. 

The kinematic equations for each layer is expressed as follows 

휀𝑥𝑥 = 𝑢0,𝑥(𝑥, 𝑦, 𝑡) + 𝑧𝜓𝑥,𝑥(𝑥, 𝑦, 𝑡) 

휀𝑦𝑦 = 𝑢0,𝑥(𝑥, 𝑦, 𝑡) + 𝑧𝜓𝑦,𝑦(𝑥, 𝑦, 𝑡) 

𝛾𝑥𝑦 = 𝑢0,𝑦(𝑥, 𝑦, 𝑡) + 𝑣0,𝑥(𝑥, 𝑦, 𝑡) + 𝑧 (𝜓𝑥,𝑦(𝑥, 𝑦, 𝑡) + 𝜓𝑦,𝑥(𝑥, 𝑦, 𝑡)) 

𝛾𝑥𝑧 = 𝜓𝑥(𝑥, 𝑦, 𝑡) + 𝑤0,𝑥(𝑥, 𝑦, 𝑡) 

𝛾𝑦𝑧 = 𝜓𝑦(𝑥, 𝑦, 𝑡) + 𝑤0,𝑦(𝑥, 𝑦, 𝑡) 

(2) 

 

2.2 Effective material properties of FG-GPLRC-The extend rule of mixture 
 

In this sections we discuss the material properties of the core which is made of isotropic polymer 

as matrix and GPLs as reinforcement. The GPLs distribution can be random or uniform so we 

discuss four distributions patterns and the effect on buckling. Also weight fractions equation shows 

the FG effect on mechanical properties (Bahaadini and Saidi 2018) 

𝑈 − 𝐺𝑃𝐿𝑅𝑃𝐶 : 𝑉𝐺𝑃𝐿 =𝑉𝐺𝑃𝐿
∗  

𝐴 − 𝐺𝑃𝐿𝑅𝑃𝐶 : 𝑉𝐺𝑃𝐿 =𝑉𝐺𝑃𝐿
∗ |2𝑘 − 1|/𝑁𝐿 

𝑋 − 𝐺𝑃𝐿𝑅𝑃𝐶 : 𝑉𝐺𝑃𝐿 =2𝑉𝐺𝑃𝐿
∗ |2𝑘 − 𝑁𝐿 − 1|/𝑁𝐿 

𝑂 − 𝐺𝑃𝐿𝑅𝑃𝐶 : 𝑉𝐺𝑃𝐿 =2𝑉𝐺𝑃𝐿
∗ (1 − |2𝑘 − 𝑁𝐿 − 1|/𝑁𝐿) 

(3-a) 

(3-a) 

(3-a) 

(3-d) 

where, 

𝑉𝐺𝑃𝐿
∗ =

𝑊𝐺𝑃𝐿

𝑊𝐺𝑃𝐿 + (𝜌𝐺𝑃𝐿/𝜌𝑚)(1 −𝑊𝐺𝑃𝐿)
 (4) 

In which k=1,2,3,…, NL, 𝜌𝐺𝑃𝐿 , 𝜌𝑚 , and 𝑊𝐺𝑃𝐿  are the mass density of graphene platelets 

(GPL), mass density of matrix and GPL weight fraction, respectively. Also, the subscripts “m” and 

“GPL” consider the matrix and GPL, respectively. The effective Young’s modulus of GPLs 

reinforced composite obtained based on Halpin-Tsai micromechanics model as follows (Bahaadini 

and Saidi 2018) 

𝐸 =
3

8

1 + 𝜉𝐿𝜂𝐿𝑉𝐺𝑃𝐿
1 − 𝜂𝐿𝑉𝐺𝑃𝐿

𝐸𝑚 +
5

8

1 + 𝜉𝑇𝜂𝑇𝑉𝐺𝑃𝐿
1 − 𝜂𝑇𝑉𝐺𝑃𝐿

𝐸𝑚 (5) 

where, 𝜉𝐿  and 𝜉𝑇  versus geometric parameters of GPL, and 𝜂𝐿and 𝜂𝑇  versus geometric and 

material properties of GPL are defined as follows 

𝜂𝐿 =
(𝐸𝐺𝑃𝐿 𝐸𝑚⁄ ) − 1

(𝐸𝐺𝑃𝐿 𝐸𝑚⁄ ) + 𝜉𝐿
, 𝜉𝐿 = 2

𝑎𝐺𝑃𝐿
𝑡𝐺𝑃𝐿

 (6) 
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𝜂𝑇 =
(𝐸𝐺𝑃𝐿 𝐸𝑚⁄ ) − 1

(𝐸𝐺𝑃𝐿 𝐸𝑚⁄ ) + 𝜉𝑇
, 𝜉𝑇 = 2

𝑏𝐺𝑃𝐿
𝑡𝐺𝑃𝐿

 

The subscript “m” and “GPL” denotes properties of polymer matrix and GPL, respectively. Also, 

aGPL, bGPL and tGPL shows the length, width and thickness of graphene platelets, respectively. The 

effective Poisson’s ratio and mass density achieved from rule of mixture. 

𝜌 = 𝑉𝐺𝑃𝐿𝜌𝐺𝑃𝐿 + 𝑉𝑚𝜌𝑚 

𝜐 = 𝑉𝐺𝑃𝐿𝜐𝐺𝑃𝐿 + 𝑉𝑚𝜐𝑚 
(7) 

where 𝜐𝐺𝑃𝐿  and 𝜐𝑚 are Poisson’s ratio for GPL and matrix, respectively. 

The polymer matrix volume fraction is Vm that is obtained as below 

𝑉𝑚 = 1 − 𝑉𝐺𝑃𝐿 (8) 

 

2.3 The constitutive equations for polymeric core 
 

Stress-strain relations for FG-GPL reinforced composite expressed as below (Keleshteri et al. 

2017) 

{
 
 

 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜏𝑦𝑧
𝜏𝑥𝑧
𝜏𝑥𝑦}

 
 

 
 

=

[
 
 
 
 
𝑐11 𝑐12 0 0 0
𝑐21 𝑐22 0 0 0
0 0 𝑐44 0 0
0 0 0 𝑐55 0
0 0 0 0 𝑐66]

 
 
 
 

{
 
 

 
 
휀𝑥𝑥
휀𝑦𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

 (9) 

where, constants in stiffness matrix [C] are calculated as (Keleshteri et al. 2017) 

(𝑐11, 𝑐22, 𝑐12, 𝑐44, 𝑐55, 𝑐66) 

= (
𝐸11

1 − 𝑣12𝑣21
,

𝐸22
1 − 𝑣12𝑣21

,
𝑣21𝐸11

1 − 𝑣12𝑣21
, 𝐺23, 𝐺13, 𝐺12) 

(10) 

 

2.4 Piezo-electro-magnetic face-sheets 
 

We assume that piezo-electro-magnetic face-sheets are homogenous, isotropic and polarized 

along the thickness, so the constitutive relations is defined as ( Keleshteri et al. 2017) 

{
 
 

 
 
𝜎𝑥𝑥
𝑃

𝜎𝑦𝑦
𝑃

𝜏𝑦𝑧
𝑃

𝜏𝑥𝑧
𝑃

𝜏𝑥𝑦
𝑃 }
 
 

 
 

=

[
 
 
 
 
 
 
𝑐11
𝐸 𝑐12

𝐸 0 0 0

𝑐21
𝐸 𝑐22

𝐸 0 0 0

0 0 𝑐44
𝐸 0 0

0 0 0 𝑐55
𝐸 0

0 0 0 0
(𝑐11
𝐸 − 𝑐12

𝐸 )

2 ]
 
 
 
 
 
 

{
 
 

 
 
휀𝑥𝑥
휀𝑦𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

−

[
 
 
 
 
0 0 �̅�31
0 0 �̅�32
0 �̅�24 0
�̅�15 0 0
0 0 0 ]

 
 
 
 

 (11) 
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{

𝐸𝑥
𝐸𝑦
𝐸𝑧

} −

[
 
 
 
 
0 0 �̅�31
0 0 �̅�32
0 �̅�24 0
�̅�15 0 0
0 0 0 ]

 
 
 
 

{

𝐻𝑥
𝐻𝑦
𝐻𝑧

} 

where, Ex, Ey and Ez are the electric fileds in the x, y, and z directions, respectively. Hx, Hy and Hz 

denote the magnetic fields in the x, y, and z directions, respectively. �̄�𝑖𝑗and �̄�𝑖𝑗are the piezoelectric 

and the piezomagnetic constants, respectively. 

Also, the stiffness, piezoelectric and piezomagnetic constants are expressed as 

(𝑐11
𝐸 , 𝑐22

𝐸 , 𝑐12
𝐸 , 𝑐44

𝐸 , 𝑐55
𝐸 ) = (�̄�11 −

�̄�13
2

�̄�33
, 𝑐11
𝐸 , �̄�12 −

�̄�13
2

�̄�33
) 

(�̄�31, �̄�32, �̄�15, �̄�24) = (𝑒31 −
�̄�13
�̄�33

𝑒33, �̄�31, 𝑒15, 𝑒24) 

(�̄�31, �̄�32, �̄�15, �̄�24) = (𝑞31 −
�̄�13
�̄�33

𝑞33, �̄�31, 𝑞15, 𝑞24) 

(12) 

Electric and magnetic displacement tensor is expressed as follows (Yazdani et al. 2019) 

{

𝐷𝑥
𝐷𝑦
𝐷𝑧

} = [

0 0 0 �̅�15 0
0 0 �̅�24 0 0
�̅�31 �̅�32 0 0 0

]

{
 
 

 
 
휀𝑥𝑥
휀𝑦𝑦
𝛾𝑦𝑥
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

+ [

𝑠11 0 0
0 𝑠22 0
0 0 𝑠33

] {

𝐸𝑥
𝐸𝑦
𝐸𝑧

}

+ [

𝑔11 0 0
0 𝑔21 0
0 0 𝑔33

] {

𝐻𝑥
𝐻𝑦
𝐻𝑧

} 

(13) 

{

𝐵𝑥
𝐵𝑦
𝐵𝑧

} = [

0 0 0 �̅�15 0
0 0 𝑞24 0 0
�̅�31 �̅�32 0 0 0

]

{
 
 

 
 
휀𝑥𝑥
휀𝑦𝑦
𝛾𝑦𝑥
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

+ [

𝑔11 0 0
0 𝑔22 0
0 0 𝑔33

] {

𝐸𝑥
𝐸𝑦
𝐸𝑧

}

+ [

𝜇11 0 0
0 𝜇21 0
0 0 𝜇33

] {

𝐻𝑥
𝐻𝑦
𝐻𝑧

} 

(14) 

where, 𝐷𝑥, 𝐷𝑦, and 𝐷𝑧are the electrical displacements and 𝐵𝑥, 𝐵𝑦, and 𝐵𝑧denote the magnetic 

displacements. 

Also, s, g, and µ denote the dielectric, magneto-electric and magnetic constants that relations are 

as follows and electric and magnetic field are considered as 

𝐸𝑖 = −𝜙,𝑖 , 𝐻𝑖 = −𝛹,𝑖 ; 𝑖 = 1,2,3 (15) 

(𝑠11, 𝑠22, 𝑠33) = (�̄�11, �̄�22, �̄�33 +
𝑒33
2

�̄�33
)  
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(𝑔11, 𝑔22, 𝑔33) = (�̄�11, �̄�22, �̄�33 +
𝑞33𝑒33
�̄�33

) 

(𝜇11, 𝜇22, 𝜇33) = (�̄�11, �̄�22, �̄�33 +
𝑞33
2

�̄�33
) 

(16) 

In this paper, electric and magnetic potentials of the piezo-electromagnetic face-sheets are 

calculated as below to express the direct and transverse effect of material by applying external 

electric and magnetic fields (Keleshteri et al. 2017) 

𝜙 =

{
  
 

  
 

𝜙(𝑥, 𝑦) 𝑠𝑖𝑛 (
𝜋 (𝑧 − (ℎ + ℎ𝑝))

ℎ𝑝
) + (

2𝑧 − (ℎ𝑝 + 2ℎ)

2ℎ𝑝
)𝑉0 : ℎ ≤ 𝑧 ≤ ℎ+ ℎ𝑝

𝜙(𝑥, 𝑦) 𝑠𝑖𝑛 (
−𝜋 (𝑧 + (ℎ + ℎ𝑝))

ℎ𝑝
) + (

2𝑧 + (ℎ𝑝 + 2ℎ)

2ℎ𝑝
)𝑉0 : − (ℎ+ ℎ𝑝) ≤ 𝑧 ≤ −ℎ

}
  
 

  
 

 (17) 

𝛹 =

{
  
 

  
 

𝛹(𝑥, 𝑦) 𝑠𝑖𝑛 (
𝜋 (𝑧 − (ℎ+ ℎ𝑝))

ℎ𝑝
) + (

2𝑧 − (ℎ𝑝 + 2ℎ)

2ℎ𝑝
)𝛹0 : ℎ ≤ 𝑧 ≤ ℎ+ ℎ𝑝

𝛹(𝑥, 𝑦) 𝑠𝑖𝑛 (
−𝜋 (𝑧 + (ℎ + ℎ𝑝))

ℎ𝑝
) + (

2𝑧 + (ℎ𝑝 + 2ℎ)

2ℎ𝑝
)𝛹0 : − (ℎ + ℎ𝑝) ≤ 𝑧 ≤ −ℎ

}
  
 

  
 

 (18) 

𝑇𝑂𝑃: 𝜙(𝑥, 𝑦, ℎ) = −
𝑉0
2
;  𝜙(𝑥, 𝑦, ℎ+ ℎ𝑝) =

𝑉0
2

 

𝐵𝑂𝑇𝑇𝑂𝑀: 𝜙(𝑥, 𝑦, −ℎ− ℎ𝑝) = −
𝑉0
2
;  𝜙(𝑥, 𝑦, −ℎ) =

𝑉0
2

 

(19) 

where 𝜙(𝑥, 𝑦), and 𝜓(𝑥, 𝑦) are the electric and magnetic potentials, respectively. 

It is noted that it must be defined h=hc/2 in equations and Matlab codes. 

 

 

3. The governing equations of motion 
 

In this article, to obtain the governing equations of motion, the minimum total potential energy 

is employed. 

𝛱 = 𝑈 +𝑊𝑒𝑥𝑡 , 𝛿𝛱 = 0 → 𝛿𝑈 + 𝛿𝑊𝑒𝑥𝑡 = 0 (20) 

where U and Wext show the strain energy and external work, respectively. 

The strain energy for the sandwich plate is considered as follows 

𝑈 =
1

2
∮[𝜎𝑥𝑥휀𝑥𝑥 + 𝜎𝑦𝑦휀𝑦𝑦 + 𝜎𝑥𝑦𝛾𝑥𝑦 + 𝑘𝑠𝜎𝑥𝑧𝛾𝑥𝑧 + 𝑘𝑠𝜎𝑦𝑧𝛾𝑦𝑧 − 𝐷𝑥𝐸𝑥 − 𝐷𝑦𝐸𝑦 − 𝐷𝑧𝐸𝑧
𝑉

− 𝐵𝑥𝐻𝑥 − 𝐵𝑦𝐻𝑦 − 𝐵𝑧𝐻𝑧] 𝑑𝑉 

(21-a) 
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𝛿𝑈 = ∮[𝜎𝑥𝑥𝛿휀𝑥𝑥 + 𝜎𝑦𝑦𝛿휀𝑦𝑦 + 𝜎𝑥𝑦𝛿𝛾𝑥𝑦 + 𝑘𝑠𝜎𝑥𝑧𝛿𝛾𝑥𝑧 + 𝑘𝑠𝜎𝑦𝑧𝛿𝛾𝑦𝑧 − 𝐷𝑥𝛿𝐸𝑥 − 𝐷𝑦𝛿𝐸𝑦
𝑉

− 𝐷𝑧𝛿𝐸𝑧 − 𝐵𝑥𝛿𝐻𝑥 − 𝐵𝑦𝛿𝐻𝑦 − 𝐵𝑧𝛿𝐻𝑧] 𝑑𝑉 

(21-b) 

where ks is the shear correction factor. 

The shear correction factor (ks) must be considered for FSDT that in this research, the authors 

have been employed its, in this theory, the shear stress in the top and bottom structures becomes 

constant while the shear stress must be zero and in the mid plane, we have the maximum shear stress, 

thus the shear correction factor considers to improve the shear stress in the top and bottom sandwich 

structures. 

The variation of the external work due to the biaxial buckling loads is defined as follows 

𝛿𝑊𝑒𝑥𝑡 = −∫[𝑁𝑥0𝑤0,𝑥𝑥𝛿𝑤0 + 𝑁𝑦0𝑤0,𝑦𝑦𝛿𝑤0 + 𝑁𝑥𝑦0𝑤0,𝑥𝑦𝛿𝑤0]𝑑𝐴 (22) 

Substituting Eqs. (21-b) and (22) into Eq. (20), we have 

δΠ = ∮
𝐴
[(𝑁𝑥,𝑥 + 𝑁𝑥𝑦,𝑦)𝛿𝑢0 + (𝑁𝑦,𝑦 +𝑁𝑥𝑦,𝑥)𝛿𝑣0 +𝑁𝑥𝑜𝑤0,𝑥𝑥 + 𝑁𝑦0𝑤0,𝑦𝑦 + 2𝑁𝑥𝑦0𝑤0,𝑥𝑦

+ (𝑘(𝑁𝑥𝑧,𝑥 + 𝑁𝑦𝑧,𝑦)) 𝛿𝑤0 + (𝑀𝑥,𝑥 +𝑀𝑥𝑦,𝑦 − 𝑘𝑠𝑁𝑥𝑧)𝛿𝜓𝑥

+ (𝑀𝑦,𝑦 +𝑀𝑥𝑦,𝑥 − 𝑘𝑠𝑁𝑦𝑧)𝛿𝜓𝑦 + (∫ (𝐷𝑥,𝑥 + 𝐷𝑦,𝑦 + 𝐷𝑧,𝑧)𝑑𝑧)𝛿𝜙

+ (∫ (𝐵𝑥,𝑥 + 𝐵𝑦,𝑦 + 𝐵𝑧,𝑧)𝑑𝑧)𝛿𝜓] 𝑑𝐴 

(23) 

The governing equations of equilibrium for sandwich plates with polymeric core and piezo-

electro-magnetic fase-sheets based on Eq. (23) are obtained as follows 

𝛿𝑢0 : 𝑁𝑥,𝑥 +𝑁𝑥𝑦,𝑦 = 0 

𝛿𝑣0 : 𝑁𝑦,𝑦 +𝑁𝑥𝑦,𝑥 = 0 

𝛿𝑤0 : +𝑁𝑥0𝑤0,𝑥𝑥 + 𝑁𝑦0𝑤0,𝑦𝑦 + 2𝑁𝑥𝑦0𝑤0,𝑥𝑦 + 𝑘𝑠(𝑄𝑥,𝑥 + 𝑄𝑦,𝑦) = 0 

𝛿𝜓𝑥 : 𝑀𝑥,𝑥 +𝑀𝑥𝑦,𝑦 − 𝑘𝑠𝑄𝑥 = 0 

𝛿𝜓𝑦 : 𝑀𝑦,𝑦+𝑀𝑥𝑦,𝑥 − 𝑘𝑠𝑄𝑦 = 0 

𝛿𝜙 :∫(𝐷𝑥,𝑥 + 𝐷𝑦,𝑦 + 𝐷𝑧,𝑧) 𝑑𝑧 = 0 

𝛿𝛹 :∫(𝐵𝑥,𝑥 + 𝐵𝑦,𝑦 + 𝐵𝑧,𝑧) 𝑑𝑧 = 0 

(24) 

where the resultants forces and moments have been defined as follows 

(𝑁𝑥 , 𝑁𝑦 , 𝑁𝑥𝑦) = 

∫ (𝜎𝑥𝑥 , 𝜎𝑦𝑦 , 𝜏𝑥𝑦)𝑑𝑧 + ∫ (𝜎𝑥𝑥
𝑝
, 𝜎𝑦𝑦

𝑝
, 𝜏𝑥𝑦
𝑝
)

−ℎ

−(ℎ+ℎ𝑝)

ℎ

−ℎ

𝑑𝑧 
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+∫ (𝜎𝑥𝑥
𝑝
, 𝜎𝑦𝑦

𝑝
, 𝜏𝑥𝑦
𝑝
)

ℎ+ℎ𝑝

ℎ

𝑑𝑧(𝑀𝑥 , 𝑀𝑦 , 𝑀𝑥𝑦)

= ∫ 𝑧(𝜎𝑥𝑥 , 𝜎𝑦𝑦 , 𝜏𝑥𝑦)𝑑𝑧 + ∫ 𝑧(𝜎𝑥𝑥
𝑝
, 𝜎𝑦𝑦

𝑝
, 𝜏𝑥𝑦
𝑝
)

−ℎ

−(ℎ+ℎ𝑝)

ℎ

−ℎ

𝑑𝑧

+ ∫ 𝑧(𝜎𝑥𝑥
𝑝
, 𝜎𝑦𝑦

𝑝
, 𝜏𝑥𝑦
𝑝
)

ℎ+ℎ𝑝

ℎ

𝑑𝑧 

(𝑄𝑥 , 𝑄𝑦) = ∫ (𝜏𝑥𝑧, 𝜏𝑦𝑧)𝑑𝑧 + ∫ (𝜏𝑥𝑧
𝑝
, 𝜏𝑦𝑧
𝑝
)

−ℎ

−(ℎ+ℎ𝑝)

ℎ

−ℎ

𝑑𝑧 + ∫ (𝜏𝑥𝑧
𝑝
, 𝜏𝑦𝑧
𝑝
)

ℎ+ℎ𝑝

ℎ

𝑑𝑧 

(25) 

It is noted that it must be defined h=hc/2 in above equations. 

 

 

4. Solution procedure 
 

In this research, the analytical method for sandwich structure with polymeric core and piezo-

electro-magnetic face-sheets is used based on the Navier’s type solution as follows 

𝑢0(𝑥, 𝑦) =∑∑𝑢0𝑚𝑛 𝑐𝑜𝑠 (
𝑚𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝑛𝜋𝑦

𝑏
) 

𝑣0(𝑥, 𝑦) =∑∑𝑣0𝑚𝑛 𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
) 𝑐𝑜𝑠 (

𝑛𝜋𝑦

𝑏
) 

𝜔0(𝑥, 𝑦) =∑∑𝜔0𝑚𝑛 𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝑛𝜋𝑦

𝑏
) 

𝜓𝑥(𝑥, 𝑦) =∑∑𝜓𝑥0𝑚𝑛 𝑐𝑜𝑠 (
𝑚𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝑛𝜋𝑦

𝑏
) 

𝜓𝑦(𝑥, 𝑦) =∑∑𝜓𝑦0𝑚𝑛 𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
) 𝑐𝑜𝑠 (

𝑛𝜋𝑦

𝑏
) 

𝜙(𝑥, 𝑦) =∑∑𝜙0𝑚𝑛 𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝑛𝜋𝑦

𝑏
) 

𝛹(𝑥, 𝑦) =∑∑𝛹0𝑚𝑛 𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝑛𝜋𝑦

𝑏
) 

(26) 

By substituting the Eqs. (9), (11), (13), and (14) into the equations (25), the resultants forces and 

moments versus the displacements have been obtained, then this results have been placed into Eq. 

(24), thus the governing equations of equilibrium for a sandwich plate with polymeric core 

integrated with piezo-electro-magnetic layers reinforced by graphene platelets are derived. Finally, 

by substituting Eq. (26) into the obtained governing equations of equilibrium, the buckling and 

stiffness matrices have been obtained. 

 

 

5. Numerical results and discussion 
 

In this section, we study the effect of different parameters such as GPLs thickness and width of 

graphene platelets. Also, the effect of electric and magnetic fields are investigated on critical  
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Table 1 the geometric and material properties for face sheets and core layers 

Geometric Core Face sheets layer 

𝐻 = 2.4mm, 
ℎ𝑐 = 0.5H, 
ℎ𝑔 = 0.2H, 

ℎ𝑝 = 0.05H, 

𝑎 = 𝑏 = 10H, 
𝑘𝑠 = 5/6. 

𝐸𝑐 = 3GPa, 
𝜌𝑐 = 1200kg/m

3 
𝑣𝑐 = 0.34 

𝐸𝑚 = 2.5GPa, 
𝜌𝑚 = 1150kg/m3, 
𝑣𝑚 = 0.33, 
𝐸𝐺𝑁𝑃 = 1.01TPa, 
𝜐𝐺𝑁𝑃 = 0.186, 
𝜌𝐺𝑁𝑃 = 1062.5kg/m

3, 
𝑤𝐺𝑁𝑃 = 0.2% 

 

 

Fig. 2 The effect of percentage of volume fraction for various distributions of GPL 

 

 

Fig. 3 The effect of GPLs length on the critical biaxial buckling load of piezo-electro-magnetic reinforced 

polymeric core 
 

 

 

buckling load versus plate’s width to total thickness of the sandwich plate. 

Table 1 shows the geometric and material properties for face sheets and core layers from this 

research. It is known that the range thickness of core is 0.4 H to 0.9 H, also the range for each 
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facesheet layers becomes 0.05H to 0.3H, and the range for each piezo-electro-magnetic layers 

becomes 0.05H to 0.1H, thus, we consider the parameters according to Table 1. It is noted that the 

researcher follow the higher stiffness and lower weight. Moreover, the authors employed the GPL 

as reinforcement to increase the stiffness of a sandwich plate. Also, they used polymeric core to 

decrease the weight of these structure, because in mechanical science, the researcher follow to 

increase the high strength to weight. 

Fig. 2 shows the effect of percentage of volume fraction for various distributions of GPL 

including U, A, X, and O-GPLRPC. It is seen that in top and bottom layers and the farthest 

distance from the neutral axes for the X pattern is more than the others. Thus in this case, the stiffness 

of a sandwich structure is more than the other cases. 

Fig. 3 shows the effect of GPL length on the critical biaxial buckling load. It can be seen that 

with increasing the length of GPL, the critical buckling load increases because the stiffness of the 

structures enhances. 

Fig. 4 presents different Nx/Ny ratios effect on critical buckling for a sandwich plate with 

polymeric core integrated with piezo-electro-magnetic layers reinforced by graphene platelets. It is 

concluded from investigating three different ratios such as 0, 0.5 and 1 that Nx/Ny=1 has the lowest 

critical buckling load so by increasing this ratio, the critical buckling load decreases. On the other 
hands, the biaxial critical buckling load is lower that of uniaxial buckling load because the 

sandwich structure is under compressive forces from two directions. 

The effect of core thickness to total thickness ratio on the critical biaxial buckling load are plotted 

in Fig. 5. It is shown from this figure that increasing this ratio leads to decrease the critical buckling 

load. On the other hands, the sandwich plate becomes softener. By employing a sandwich model 

not only the total weight of a structure can be loss but the structure can be stiffened as well. In this 

work, a porous core has been considered to reduce the weight and stiff composite layers are applied 

to enhance the stiffness of the structure. In sandwich structures, researchers are looking to increase 

the strength to weight ratio. 

Fig. 6(a) illustrates the effect of different material properties including the electric properties 

(BaTiO3) and magnetic properties (CoFe2O4) on the critical buckling load versus non- 

dimensional plate. Also, in Fig. 6(b), it is seen that if the effect of piezo-electro-magnetic loadings 

 

 

 
Fig. 4 The effect of different α (Nx/Ny) on the critical buckling load of a sandwich plate with polymeric core 

integrated with piezo-electro-magnetic layers reinforced by graphene platelets 
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Fig. 5 The effect of different hc/h ratio on biaxial critical buckling load for different values of a/h 

 

  
(a) (b) 

Fig. 6 Biaxial critical buckling load versus non-dimensional plate length for (a) Two different material 

properties (b) Without considering piezo-electro-magneto effect 

 

 

Fig. 7 Critical biaxial buckling load for different GPLs thickness versus non-dimensional plate length 
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Fig. 8 Critical biaxial buckling load for different GPLs weight fraction versus non-dimensional plate length 

 

 

on the critical buckling load is ignored, the critical buckling load is lower than considering the 

electric and magnetic properties because with the presence piezo-electro-magneto layers, the 

stiffness of a sdandwich structures increases. It is seen that the critical buckling load for the electric 

properties (BaTiO3) are lower than magnetic properties (CoFe2O4). 

In Figs. 7 and 8 investigated effect of thickness and weight fraction of GPLs, respectively. It is 

shown that by increasing GPLs thickness, the critical biaxial buckling load decreases according to 

the Fig. 7 because the structure becomes softer. Also, it can be seen that increasing weight fraction 

leads to increase in critical biaxial buckling load are shown in Fig. 8, because of the stiffness of 

sandwich plate increases. 

 

 

6. Conclusions 
 

In this article, an analytical study on buckling behavior of a sandwich plate with polymeric core 

integrated with piezo-electro-magnetic layers reinforced by graphene platelets (GPLs) is 

investigated. The Halpin-Tsai micromechanics model is used to describe the properties of the 

graphene platelets. The governing equations of equilibrium are obtained from first-order shear 

deformation theory (FSDT) and the Navier’s method is employed to solve the equations. The results 

showed the effect different parameters such as thickness ratio, length, weight fraction of GPLs, two 

different materials used in core structure such as BaTiO3 and CoFe2O4 and also the effect of electric 

and magnetic field on critical buckling load. 

The main results of this study presented as follows 

• The influence of different Nx/Ny shows that increasing this ratio decreases critical buckling 

load. On the other hands, the biaxial critical buckling load is lower that of uniaxial buckling 

load. 

• It is shown from this figure that increasing this ratio leads to decrease the critical buckling 

load. On the other hands, the sandwich plate becomes softener. 

• It is seen that the critical buckling load for the electric properties (BaTiO3) are lower than 

magnetic properties (CoFe2O4). 

• It is shown that by increasing GPLs thickness, the critical biaxial buckling load decreases. 

• It can be seen that increasing weight fraction leads to increase in critical biaxial buckling load, 
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because of the stiffness of sandwich plate increases. 

The result of this study can be obtained in the aerospace industry and also in the design of sensors 

and actuators and some further analysis on the use of piezo-electro-magnetic material as active 

control in the bending, free vibration or buckling problems. 
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