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Abstract.  This research presents a careful theoretical investigation on interfacial stresses in damaged porous RC 
cantilever beams strengthened with externally bonded composite plate (several types of composites have been used). 
The model is based on equilibrium and deformations compatibility requirements in and all parts of the strengthened 
cantilever beam, i.e., the damaged porous concrete cantilever beam, the perfect and/or imperfect composite plate and 
the adhesive layer. The analytical predictions are compared with other existing solutions and which shows a very good 
agreement of the results. It is shown that both the normal and shear stresses at the interface are influenced by the material 
and geometry parameters of the composite beam. In the end, I think this research is very useful for understanding the 
mechanical behavior of the interface and the design of the hybrid structures. 
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1. Introduction 

 
The composite materials have been recognized as new innovative materials for concrete 

rehabilitation and retrofit. Since concrete is poor in tension, a beam without any form of 
reinforcement will fail when subjected to a relatively small tensile load. Therefore, the bonding of 
FRP plate to reinforced concrete (RC) structure is an effective solution to increase its overall strength 
(Smith and Teng 2002, Tounsi et al. 2008, Chergui et al. 2019, Chedad et al. 2018, Daouadji 2013 
and Yang and Wu 2007). In such plated beams, tensile forces develop in the bonded plate and these 
have to be transferred to the original beam via interfacial shear and normal stresses. Consequently, 
the debonding of FRP plates bonded to reinforced concrete beams is believed to be initiated by the 
stress concentration in the adhesive layer (Tounsi 2006, Hamrat et al. 2020, Tahar et al. 2020, Nejadi 
and Mohammadimehr 2020, Panjehpour et al. 2016, AkhavanAlavi et al. 2019, Mohammadimehr 
et al. 2016a and Rabahi et al. 2016). Accurate predictions of the interfacial stresses are prerequisite 
for designing against debonding failures. 

The aim of this paper is to study the mechanical behavior of damaged porous reinforced concrete 
beams reinforced by composite materials. This repair method consists of strengthening composite 
plates on these beams. In recent years, several works have been carried out on the rehabilitation 
method (Atmane et al. 2015, Sharif et al. 2020, Antar et al. 2019, Guenaneche and Tounsi 2014, 
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Mohammadimehr et al. 2020, Adim et al. 2016a, b, Benferhat et al. 2016a, Tahar et al. 2019, 
Abderezak et al. 2018b, 2021a, Panjehpour et al. 2014, Mohammadimehr et al. 2016b, 2017b, 2018b, 
Rabia et al. 2019, 2021, Abualnour et al. 2019, Alimirzaei et al. 2019, Tounsi et al. 2020, Chikr et 
al. 2019). Thus, composites are therefore a promising solution to the problem of rehabilitation. 
However, the most important failure mode of these reinforced beams is the separation of the 
composite plate (peeling off effect) (Benyoucef et al. 2007, Boulal et al. 2020, Mahi et al. 2014, 
Daouadji 2017, Krour et al. 2014, Mohammadimehr et al. 2017c, Benferhat et al. 2016b, Benhenni 
et al. 2018, Bensattalah et al. 2018, Bouakaz et al. 2014, Ghorbanpour et al. 2016, Zohra et al. 2021, 
Abderezak et al. 2021a, b, Mohammadimehr and Alimirzaei 2016a, Mohammadimehr et al. 2018a, 
Daouadji et al. 2008, Rabahi et al. 2014, Belkacem et al. 2016a and Tayeb et al. 2020), due to the 
high interface stresses near the edge of the glued plate. In this paper, an improved method for 
calculating interface stresses has been developed in a damaged porous RC cantilever beam 
strengthening by several types of composite material. The anisotropic nature of composite materials 
was taken into account in the theoretical analysis by assuming a linear distribution of stresses across 
the thickness of the adhesive layer. We have noticed through the results obtained that the maximum 
interface constraints calculated by the present method coincide perfectly with those from the 
literature (Mohammadimehr et al. 2018c, Mohammadimehr and Shahedi 2016, Adim et al. 2016b, 
Benferhat et al. 2016c, Hussain et al. 2020, Mohammadimehr et al. 2020, Shahedi and 
Mohammadimehr 2020, Rostami and Mohammadimehr 2020, Alambeigi et al. 2020, Rajabi and 
Mohammadimehr 2019, Babaeeian and Mohammadimehr 2020 Mohammadimehr et al. 2017a, 
Abdelhak et al. 2016, Aicha et al. 2020, Abdedezak et al. 2018, Belkacem et al. 2018, Tlidji et al. 
2021, Hadj et al. 2021, Benferhat et al. 2021, Benhenni et al. 2019, Tayeb and Daouadji 2020, 
Abderezak et al. 2020, and Mohammadimehr and Mehrabi 2018b). 

Most of the research efforts have focused on strengthening of undamaged RC beams with 
externally bonded sheets, whereas the interfacial stresses in damaged porous RC cantilever beams 
strengthened by externally bonded FRP strips has not been fully studied yet. The main objective of 
the present study is to analyze the interfacial stresses in damaged porous RC cantilever beams 
strengthened with composite plate; namely for the five types of GFRP, sika wrap, CFRP, sika 
carbodur and FGM materials. The simple approximate closed-form solutions discussed in this paper 
provide a useful but simple tool for understanding the interfacial behavior of an externally bonded 
composite plate on the damaged porous concrete beam with the consideration of the effect of 
distribution forms of porosity in the case of FGM plate. 

 
 

2. Theoretical formulation and solutions procedure 
 
2.1 Material properties of the concrete cantilever beams 
 
Damage to the cantilever beams concrete: 
The model’s Mazars is based on elasticity coupled with isotropic damage and ignores any 

manifestation of plasticity, as well as the closing of cracks (Mazars and Pijaudier-Cabot 1996). This 
concept directly describes the loss of rigidity and the softening behavior. The constraint is 
determined by the following expression 

 𝜎 = (1 − 𝑑)𝐸𝜀 0 < 𝑑 < 1 (1a)
 𝐸ሜଵଵ = 𝐸ଵଵ(1 − 𝑑) (1b)

170



 
 
 
 
 
 

New solution for damaged porous RC cantilever beams strengthening by composite plate 

where 𝐸ሜଵଵ and E11 are the elastic constants of damaged and undamaged state, respectively. “d” is 
damaged variable. Hence, the material properties of the damaged beam can be represented by 
replacing the above elastic constants with the effective ones defined in Eq. (1b). 

 
Porosity of the cantilever beams concrete: 
Due to the manufacturing defects of concrete such as the air bubbles “φ“ which are the subject 

of the subject, the Young’s modulus (E1) of the imperfect reinforced concrete beam can be written 
as a function of the volume of the material. The mathematical form of porosity in concrete which 
can be presented in the form below 

 𝐸ଵ = 𝐸(1 − 𝜑) (1c)
 𝜎 = (1 − 𝜑)𝐸𝜀 (1d)
 
Where Eb is the elastic constants of concrete and “φ“ is the index of air bubbles in concrete. 
 
2.2 Mathematical formulation of the present method 
 
Figs. 1 and 2 shows a differential section dx, can be cut out from the composite reinforced 

concrete damaged cantilever beam. The composite beam is made from three materials: damaged 
concrete (or damaged reinforced concrete), adhesive layer and composite reinforcement. In the 
present analysis, all of the materials are assumed to display linear elastic behaviour; the adhesive is 
assumed to play a role only in transferring the stresses from the concrete to the FRP reinforcement 
and the stresses in the adhesive layer do not change through the direction of the thickness (Daouadji 
et al. (2016a). 

 
Bas c equat on of elast c ty: 
The longitudinal resultant forces, N1 and N2, for the lower adherends is 
 𝑁ଵ = 𝑏ଵ න 𝜎ଵே(𝑦)𝑑𝑦௧భ  (2a)

 
Where 𝜎ଵே is longitudinal normal stresses for the lower adherends, and which can be rewritten 

in the form 
 
 

 
Fig. 1 RC damaged cantilever beam strengthening with composite plate 
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Fig. 2 Forces in an infinitesimal element of an composite strengthened RC damaged cantilever beam
 
 𝑁ଵ = 𝐸ଵ𝑏ଵ න 𝑑𝑈ଵே𝑑𝑥௧భ 𝑑𝑦 = 𝐸ଵ𝐴ଵ ቆ𝑑𝑢ଵே𝑑𝑥 − 𝑡ଵ4𝐺ଵ 𝑑𝜏𝑑𝑥 ቇ (2b)

 
The deformation in concrete in the vicinity of the adhesive layer can be expressed by 
 𝜀ଵ(𝑥) = 𝑑𝑢ଵ(𝑥)𝑑𝑥 = 𝜀ଵெ(𝑥) + 𝜀ଵே(𝑥) (3a)
 

with 
 𝜀ଵெ(𝑥) = 𝑦ଵ𝐸ଵ𝐼ଵ 𝑀ଵ(𝑥) (3b)
 

and 
 𝜀ଵே(𝑥) = 𝑑𝑢ଵே(𝑥)𝑑𝑥 = 𝑁ଵ𝐸ଵ𝐴ଵ + 𝑡ଵ4𝐺ଵ 𝑑𝜏𝑑𝑥  (3c)

 𝜀ଵ(𝑥) = 𝑑𝑢ଵ(𝑥)𝑑𝑥 = 𝑦ଵ𝐸ଵ𝐼ଵ 𝑀ଵ(𝑥) + 𝑁ଵ(𝑥)𝐸ଵ𝐴ଵ + 𝑡ଵ4𝐺ଵ 𝑑𝜏𝑑𝑥  (3d)

 
The longitudinal resultant force N2 for the upper adherends is 
 𝑁ଶ = 𝑏ଶ න 𝜎ଶே(𝑦′)𝑑𝑦௧మ ′ (4a)

 
Where 𝜎ଶே is longitudinal normal stresses for the upper adherends, and which can be rewritten 
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in the form 
 𝑁ଶ = 𝐸ଶ𝑏ଶ න 𝑑𝑈ଶே𝑑𝑥௧మ 𝑑𝑦′ = 𝐸ଶ𝐴ଶ ቆ𝑑𝑢ଶே𝑑𝑥 + 5𝑡ଶ12𝐺ଶ 𝑑𝜏𝑑𝑥 ቇ (4b)

 
Based on the theory of laminated sheets, the deformation of the composite sheet in the vicinity 

of the adhesive layer is given by 
 𝜀ଶ(𝑥) = 𝑑𝑢ଶ(𝑥)𝑑𝑥 = 𝜀ଶெ(𝑥) + 𝜀ଶே(𝑥) (5a)
 

with 
 𝜀ଶெ(𝑥) = −𝑦ଶ𝐸ଶ𝐼ଶ 𝑀ଶ(𝑥) (5b)
 

and 
 𝜀ଶே(𝑥) = 𝑑𝑢ଶே(𝑥)𝑑𝑥 = 𝐴ଵଵ′ 𝑁ଶ(𝑥)𝑏ଶ − 5𝑡ଶ12𝐺ଶ 𝑑𝜏𝑑𝑥  (5c)

 𝜀ଶ(𝑥) = 𝑑𝑢ଶ(𝑥)𝑑𝑥 = −𝐷ଵଵ′ 𝑦ଶ𝑏ଶ 𝑀ଶ(𝑥) + 𝐴ଵଵ′ 𝑁ଶ(𝑥)𝑏ଶ − 5𝑡ଶ12𝐺ଶ 𝑑𝜏𝑑𝑥  (5d)

 
Where u1(x) and u2(x) are the horizontal displacements of the concrete beam and the composite 

plate respectively. M1(x) and M2(x) are respectively the bending moments applied to the concrete 
beam and the composite plate; E1 is the Young's modulus of concrete; I1 the moment of inertia, N1 
and N2 are the axial forces applied to the concrete and the composite plate respectively, b1 and t1 are 
the width and thickness of the reinforcement plate, [A’] = [A-1] is the inverse of the membrane matrix 
[A], [D’] = [D1] is the inverse of the bending matrix. 

By writing the conditions of equilibrium of the member 1 (concrete), we will have 
 

In the x direction: 
 𝑑𝑁ଵ(𝑥)𝑑𝑥 = −𝑏ଵ𝜏(𝑥) (6a)

 
Where 𝜏(𝑥) is the shear stress in the adhesive layer. 
 

In the y direction: 
 𝑑𝑉ଵ(𝑥)𝑑𝑥 = −(𝜎(𝑥)𝑏ଵ + 𝑞𝑏ଵ) (6b)

 
Where V1(x) the sheer force of the concrete beam is, 𝜎(𝑥) is the normal stress at the adhesive 

layer, 𝑞 is the distributed load and b1 the width of the concrete beam. 
 

The moment of balance: 
 𝑑𝑀ଵ(𝑥)𝑑𝑥 = 𝑉ଵ(𝑥) − 𝑏ଵ𝑦ଵ𝜏(𝑥) (7a)
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The balance of the FRP reinforcement plate in the x and y directions, as well as the moment of 
equilibrium are written as follows 

 

In the x direction: 
 𝑑𝑁ଶ(𝑥)𝑑𝑥 = 𝑏ଶ𝜏(𝑥) (7b)
 

In the y direction: 
 𝑑𝑉ଶ(𝑥)𝑑𝑥 = 𝜎(𝑥)𝑏ଶ (7c)
 

The moment of balance: 
 𝑑𝑀ଶ(𝑥)𝑑𝑥 = 𝑉ଶ(𝑥) − 𝑏ଶ𝑦ଶ𝜏(𝑥) (8)
 
Where V2(x) is the shear force of the reinforcement plate. 
In what follows, the stiffness of the reinforcement plate is significantly lower than that of the 

concrete beam to be reinforced. The bending moment in the composite plate can be neglected to 
simplify the shear stress derivation operations. 

 
For the classic laminates (fiber - matrix): 
On the other hand, the laminate theory is used to determine the stress and strain of the externally 

bonded composite plate in order to investigate the whole mechanical performance of the composite 
strengthened structure. The effective modules of the composite laminate are varied by the orientation 
of the fibre directions and arrangements of the laminate patterns. The classical laminate theory is 
used to estimate the strain of the composite plate, i.e. 

 ൜𝜀𝑘 ൠ = ቂ𝐴′ 𝐵′𝐶′ 𝐷′ቃ ቄ𝑁𝑀ቅ (9a)
 [𝐴ᇱ] = [𝐴]ିଵ + [𝐴]ିଵ[𝐵][𝐷∗]ିଵ[𝐵][𝐴]ିଵ[𝐵ᇱ] = −[𝐴]ିଵ[𝐵][𝐷∗]ିଵ[𝐶ᇱ] = [𝐵ᇱ]் [𝐷ᇱ] = [𝐷∗]ିଵ[𝐷∗] = [𝐷] − [𝐵][𝐴]ିଵ[𝐵] (9b)

 
The terms of the matrices [𝐴], [𝐵] and [𝐷] are written as 
 

Extensional matrix: 
 𝐴 =  𝑄ሜ ((𝑦ଶ) − (𝑦ଶேே

ୀଵ )ିଵ) (10a)

 
Extensional–bending coupled matrix: 
 𝐵 = 12  𝑄ሜ ((𝑦ଶଶ) − (𝑦ଶଶேே

ୀଵ )ିଵ) (10b)
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Flexural matrix: 
 𝐷 = 13  𝑄ሜ ((𝑦ଶଷ) − (𝑦ଶଷேே

ୀଵ )ିଵ) (10c)

 
The subscript NN represents the number of laminate layers of the FRP plate, 𝑄ሜ  can be 

estimated by using the off-axis orthotropic plate theory, where 
 𝑄ଵଵ = 𝑄ଵଵ𝑚ସ + 2(𝑄ଵଶ + 2𝑄ଷଷ)𝑚ଶ𝑛ଶ + 𝑄ଶଶ𝑛ସ (11a)
 𝑄ଵଶ = (𝑄ଵଵ + 𝑄ଶଶ − 4𝑄ଷଷ)𝑚ଶ𝑛ଶ + 𝑄ଵଶ(𝑛ସ + 𝑚ସ) (11b)
 𝑄ଶଶ = 𝑄ଵଵ𝑛ସ + 2(𝑄ଵଶ + 2𝑄ଷଷ)𝑚ଶ𝑛ଶ + 𝑄ଶଶ𝑚ସ (11c)
 𝑄ଷଷ = (𝑄ଵଵ + 𝑄ଶଶ − 2𝑄ଵଶ − 2𝑄ଷଷ)𝑚ଶ𝑛ଶ + 𝑄ଷଷ(𝑛ସ + 𝑚ସ) (11d)
 

And 
 𝑄ଵଵ = 𝐸ଵ1 − 𝜐ଵଶ𝜐ଶଵ (12a)

 𝑄ଶଶ = 𝐸ଶ1 − 𝜐ଵଶ𝜐ଶଵ (12b)

 𝑄ଵଶ = 𝜐ଵଶ𝐸ଶ1 − 𝜐ଵଶ𝜐ଶଵ = 𝜐ଶଵ𝐸ଵ1 − 𝜐ଵଶ𝜐ଶଵ (12c)

 𝑄ଷଷ = 𝐺ଵଶ (12d)
 𝑚 = 𝑐𝑜𝑠(𝜃) 𝑛 = 𝑠𝑖𝑛(𝜃) (12e)
 
Where j is number of the layer; h, 𝑄ሜ and θj are respectively the thickness, the Hooke’s elastic 

tensor and the fibers orientation of each layer. 
 
For the Functionally Graded Materials “FGM”: 
In this study, we consider an imperfect FGM plate with a volume fraction of porosity δ (δ << 1), 

with different form of distribution between the metal and the ceramic. The modified mixture rule 
proposed by (Hadj et al. 2019) and (Rabia et al. 2018) is 

 𝑃 = 𝑃 ቀ𝑉 − 𝛼2ቁ + 𝑃 ቆ൬𝑧
ℎ

+ 12൰ − 𝛼2ቇ (13a)
 
The modified mixture rule becomes 
 𝑃 = (𝑃 − 𝑃) ൬𝑧

ℎ
+ 12൰ + 𝑃 − (𝑃 + 𝑃) 𝛼2 (13b)
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Where, k is the power law index that takes values greater than or equals to zero. The FGM plate 
becomes a fully ceramic plate when k is set to zero and fully metal for large value of k. The Young’s 
modulus (E) of the imperfect FG plate can be written as a functions of thickness coordinate, z 
(middle surface). The material properties of a perfect FGM plate can be obtained when the volume 
fraction of porosity α is set to zero. Due to the small variations of the Poisson ratio ν, it is assumed 
to be constant. Several forms of porosity have been studied in the present work, such as uniform 
distribution “O”, X”, “V” and Inverted “V” as follows (Hadj et al. 2019), including the deferent’s 
distribution forms of porosity which come in the forms below: 

 

- Uniform distribution shape of the porosity 
 𝐸ଶ(𝑧) = (𝑒 − 𝑒) × ቆ൬ 𝑧𝑡ଶ + 0.5൰ቇ + 𝑒 − (𝑒 + 𝑒) × 𝛼2 (14a)

 
- Form “X” distribution shape of the porosity 
 𝐸ଶ(𝑧) = (𝑒 − 𝑒) × ቆ൬ 𝑧𝑡ଶ + 0.5൰ቇ + 𝑒 − (𝑒 + 𝑒) × 𝛼2 × ൬2 × 𝑧𝑡ଶ൰ (14b)

 
- Form “O” distribution shape of the porosity 
 𝐸ଶ(𝑧) = (𝑒 − 𝑒) × ቆ൬ 𝑧𝑡ଶ + 0.5൰ቇ + 𝑒 − (𝑒 + 𝑒) × 𝛼2 × ቆ1 − 2 × |𝑧|𝑡ଶ ቇ (14c)

 
- Form “V” distribution shape of the porosity 
 𝐸ଶ(𝑧) = (𝑒 − 𝑒) × ቆ൬ 𝑧𝑡ଶ + 0.5൰ቇ + 𝑒 − (𝑒 + 𝑒) × 𝛼2 × ൬12 + 𝑧𝑡ଶ൰ (14d)

 
- Inverted Form “V” distribution shape of the porosity 
 𝐸ଶ(𝑧) = (𝑒 − 𝑒) × ቆ൬ 𝑧𝑡ଶ + 0.5൰ቇ + 𝑒 − (𝑒 + 𝑒) × 𝛼2 × ൬12 − 𝑧𝑡ଶ൰ (14e)

 
Being given that E2(z) is determined according to the form of distribution of the porosity in the 

imperfect FGM plate, given by the Eqs. (9), (7), (8), (9) and (10), the linear constitutive relations of 
a FGM plate can be written as 

 𝑄ଵଵ = 𝑄ଶଶ = 𝐸ଶ(𝑧)1 − 𝜐ଶ𝑄ଵଶ = 𝜐𝐸ଶ(𝑧)1 − 𝜐ଶ  𝑄ଷଷ = 𝐸ଶ(𝑧)2(1 + 𝜐) 

(15)

 
where (𝜎௫, 𝜎௬, 𝜏௫௬, 𝜏௬௭, 𝜏௬௫) and (𝜀௫, 𝜀௬, 𝛾௫௬, 𝛾௬௭, 𝛾௬௫) are the stress and strain components, 
respectively, and 𝐴, 𝐷 are the plate stiffness, defined by 
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𝐴 = න 𝑄𝑧ℎ/ଶ
ିℎ/ଶ 𝐷 = න 𝑄𝑧ଶ𝑑𝑧ℎ/ଶ

ିℎ/ଶ  (16)

 
where 𝐴ଵଵᇱ , 𝐷ଵଵ′  are defined as 

 𝐴ଵଵ′ = 𝐴ଶଶ𝐴ଵଵ𝐴ଶଶ − 𝐴ଵଶଶ 𝐷ଵଵ′ = 𝐷ଶଶ𝐷ଵଵ𝐷ଶଶ − 𝐷ଵଶଶ  (17)

 
2.3 Mathemat cal formulat on of the present model: 

Shear stress d str but on along the compos te–damaged concrete nterface 
 
The governing differential equation for the interfacial shear stress is expressed as Daouadji et al. 

(2016b) 
 

   𝑑ଶ𝜏(𝑥)𝑑𝑥ଶ − 𝐴ଵଵ′ + 𝑏ଶ𝐸ሜଵଵ𝐴ଵ + (𝑦ଵ + 𝑦ଶ)(𝑦ଵ + 𝑦ଶ + 𝑡)𝐸ሜଵଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝑏ଶ𝐷ଵଵ′𝑡𝐺 + 𝑡ଶ3𝐺ଶ 𝜏(𝑥) 
+ (𝑦ଵ + 𝑦ଶ)𝐸ሜଵଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝐷ଵଵ′𝑡𝐺 + 𝑡ଶ3𝐺ଶ 𝑉 (𝑥) = 0 

(18)

 𝐾ଵ = 1𝑡𝐺 + 𝑡ଶ3𝐺ଶ (19)

 
For simplicity, the general solutions presented below are limited to loading which is either 

concentrated or uniformly distributed over part or the whole span of the beam, or both. For such 
loading, d2VT(x)/dx2 = 0, and the general solution to Eq. (18) is given by 

 𝜏(𝑥) = 𝜉ଵ 𝑐𝑜𝑠 ℎ (𝛿𝑥) + 𝜉ଶ 𝑠𝑖𝑛 ℎ (𝛿𝑥) + 𝜌𝑉 (𝑥) (20a)
 𝜏(𝑥) = 𝜉ଵ 𝑐𝑜𝑠 ℎ (𝛿𝑥) + 𝜉ଶ 𝑠𝑖𝑛 ℎ (𝛿𝑥)

             + (𝑦ଵ + 𝑡ଶ/2)𝐸ሜଵଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝐷ଵଵ′𝐴ଵଵ′ + 𝑏ଶ𝐸ሜଵଵ𝐴ଵ + (𝑦ଵ + 𝑡ଶ/2)(𝑦ଵ + 𝑡 + 𝑡ଶ/2)𝐸ሜଵଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝑏ଶ𝐷ଵଵ′ 𝑉 (𝑥) (20b)

 

Where 
 

𝛿 = ඪ𝐴ଵଵ′ + 𝑏ଶ𝐸ሜଵଵ𝐴ଵ + (𝑦ଵ + 𝑡ଶ/2)(𝑦ଵ + 𝑡 + 𝑡ଶ/2)𝐸ሜଵଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝑏ଶ𝐷ଵଵ′𝑡𝐺 + 𝑡ଶ3𝐺ଶ  (21a)
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𝜌 = (𝑦ଵ + 𝑡ଶ/2)𝐸ሜଵଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝐷ଵଵ′𝐴ଵଵ′ + 𝑏ଶ𝐸ሜଵଵ𝐴ଵ + (𝑦ଵ + 𝑡ଶ/2)(𝑦ଵ + 𝑡 + 𝑡ଶ/2)𝐸ሜଵଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝑏ଶ𝐷ଵଵ′  (21b)

 
And ξ1 and ξ2 are constant coefficients determined from the boundary conditions. In the present 

study, a simply supported beam has been investigated which is subjected to a uniformly distributed 
load (Fig. 3). The interfacial shear stress for this uniformly distributed load at any point is written as 
Daouadji et al. (2016b) 

 

𝜏(𝑥) = ⎣⎢⎢
⎡ 𝑎. 𝑦ଵ2𝐸ሜଵ𝐼ଵ ቀ𝑡𝐺 + 𝑡ଵ4𝐺ଵቁ (𝑙 − 𝑎) − 𝑦ଵ + 0,5𝑡ଶ𝐸ሜଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝐷ଵଵ′ቀ𝑡𝐺 + 𝑡ଵ4𝐺ଵቁ 𝛿ଶ ⎦⎥⎥

⎤ 𝑞𝑒ିఋ௫𝛿  
          + 𝑦ଵ + 0,5𝑡ଶ𝐸ሜଵ𝐼ଵ𝐷ଵଵ′ + 𝑏ଶ 𝐷ଵଵ′𝛿ଶ(𝑡𝐺 + 𝑡ଵ4𝐺ଵ) 𝑞 ൬𝑙2 − 𝑎 − 𝑥൰ 

(22)

 
Where q is the uniformly distributed load and x; a; l and lp are defined in Fig. 2. 
 
2.4 Mathematical formulation of the present model: Interfacial normal stress 

distribution along the composite–damaged concrete interface 
 
The following governing differential equation for the interfacial normal stress (Daouadji et al. 

2016b) 
 𝑑ସ𝜎(𝑥)𝑑𝑥ସ + 𝐾 ൬𝐷ଵଵ′ + 𝑏ଶ𝐸ሜଵ𝐼ଵ൰ 𝜎(𝑥) − 𝐾 ൬𝐷ଵଵ′ 𝑡ଶ2 − 𝑦ଵ𝑏ଶ𝐸ሜଵ𝐼ଵ ൰ 𝑑𝜏(𝑥)𝑑𝑥 + 𝑞𝐾𝐸ሜଵ𝐼ଵ = 0 (23)

 
The general solution to this fourth–order differential equation is 
 𝜎(𝑥) = 𝑒ିఎ௫[𝜉ଷ 𝑐𝑜𝑠( 𝜂𝑥) + 𝜉ସ 𝑠𝑖𝑛( 𝜂𝑥)] + 𝑒ఎ௫[𝜉ହ 𝑐𝑜𝑠( 𝜂𝑥) + 𝜉 𝑠𝑖𝑛( 𝜂𝑥)]                 −𝛾ଵ 𝑑𝜏(𝑥)𝑑𝑥 − 𝑞𝐷ଵଵ′ 𝐸ሜଵ𝐼ଵ + 𝑏ଶ (24)

 
For large values of x it is assumed that the normal stress approaches zero and, as a result, ξ5 = ξ6 

= 0. The general solution therefore becomes 
 𝜎(𝑥) = 𝑒ିఎ௫[𝜉ଷ 𝑐𝑜𝑠( 𝜂𝑥) + 𝜉ସ 𝑠𝑖𝑛( 𝜂𝑥)] − 𝛾ଵ 𝑑𝜏(𝑥)𝑑𝑥 − 𝑞𝐷ଵଵ′ 𝐸ሜଵ𝐼ଵ + 𝑏ଶ (25)
 
Where 
 𝜂 = ඨ𝐾4 ൬𝐷ଵଵ′ + 𝑏ଶ𝐸ሜଵ𝐼ଵ൰ర

 (26a)
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𝛾ଵ = 𝑦ଵ𝑏ଶ − 0,5(𝐷ଵଵ′ 𝐸ሜଵ𝐼ଵ𝑡ଶ)𝐷ଵଵ′ 𝐸ሜଵ𝐼ଵ + 𝑏ଶ  (26b)

 
As is described by Daouadji et al. (2016a), the constants ξ3 and ξ4 in Eq. (23) are determined 

using the appropriate boundary conditions and they are written as follows 
 𝜉ଷ = 𝐾2𝜂ଷ𝐸ଵ𝐼ଵ [𝑉 (0) + 𝜂𝑀்(0)] − 𝛾ଶ2𝜂ଷ 𝜏(0) + 𝛾ଵ2𝜂ଷ ቆ𝑑ସ𝜏(0)𝑑𝑥ସ + 𝜂 𝑑ଷ𝜏(0)𝑑𝑥ଷ ቇ (26c)

 𝜉ସ = − 𝐾2𝜂ଶ𝐸ଵ𝐼ଵ 𝑀்(0) − 𝛾ଵ2𝜂ଶ 𝑑ଷ𝜏(0)𝑑𝑥ଷ  (26d)

 𝛾ଶ = 𝑏ଶ𝐾 ቆ 𝑦ଵ𝐸ଵ𝐼ଵ − 𝐷ଵଵ′ 𝑡ଶ2𝑏ଶ ቇ (26e)

 
The above expressions for the constants B3 and B4 has been left in terms of the bending moment 

MT(0) and shear force VT(0) at the end of the soffit plate. With the constants ξ3 and ξ4 determined, 
the interfacial normal stress can then be found using Eq. (23). 

 
 

3. Numerical results and discussions 
 
3.1 Material used 
 
The material used for the present studies is an damaged porous RC cantilever beam bonded with 

different type of composite materials plate (GFRP, CFRP, Sika Carbodur, Sika Wrap and FGM). A 
summary of the geometric and material properties is given in Table 1 and Fig. 3. The span of the 
damaged porous RC cantilever beam is 1500 mm, the distance from the support to the end of the 
plate is 500 mm and the uniformly distributed load is 30 kN/m. 

 
3.2 Comparison with analytical solutions 
 
A comparison of the interfacial shear and normal stresses from the different existing closed-form 

solutions and the present new solution is undertaken in this section. An undamaged RC beam bonded 
with a CFRP soffit plate is considered. Fig. 4 plots the interfacial shear and normal stresses near the 
plate end for the example RC cantilever beam bonded with a CFRP plate for the uniformly 
distributed load case. 

The present analysis gives lower maximum interfacial shear and normal stresses than those 
predicted by Daouadji et al. (2016b), indicating that the inclusion of adherend shear deformation 
effect in the beam and soffit plate leads to lower values of τmax and σmax. However, the maximum 
interfacial shear and normal stresses given by He et al. (2019) are lower than the results computed 
by the present solution. This difference is due to the assumption used in the present theory which is 
in agreement with the beam theory (parabolic distribution of shear stresses through the depth of the 
beam). Hence, it is apparent that the adherend shear deformation reduces the interfacial stresses 
concentration and thus renders the adhesive shear distribution more uniform. The interfacial normal 
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Table 1 Mechanical properties of the materials used 
Component Young’s modulus (MPa) Poisson’s ratio 

Reinforced concrete E1 = 30000 0.18 
Adhesive layer Ea = 6700 0.4 

Sika Carbodur strengthening plate E2 = 165 000 0.3 
Sika Wrap strengthening plate E2 = 230 000 0.3 

CFRP strengthening plate E2 = 140 000 0.28 
GFRP strengthening plate E2 = 50 000 0.28 

FGM strengthening plate Eceramic = 380 000 
Emetal = 70 000 0.3 

 
 

 
Fig. 3 Geometric characteristic of a damaged porous RC cantilever beam strengthening with composite plate
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Fig. 4 Comparison of interfacial shear and normal stresses for an RC cantilever beam with a bonded 
CFRP plate subjected to a uniformly distributed load

 
 

stress is seen to change sign at a short distance away from the plate end. Overall, the predictions of 
the different solutions agree closely with the results He et al. (2019). 

 
3.3 Effect of the variation of the damage variable on the interfacial stresses 
 
The analysis of the effect of the variation of the damage variable on the interfacial stresses of the 

damaged porous RC cantilever beam enhanced with a composite plate (Tables 2 and 3, Figs. 5 and 
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Table 2 Effect of the variation of the damage variable on the interfacial shear stress of the porous RC 
cantilever beam strengthened with a composite plate 

Porosity of 
concrete 

“φ“ 

Damage 
variable 

“d” 

Damage RC cantilever beam strengthened with 

CFRP GFRP Sika Wrap Sika Carbodur Perfect FGM k = 10

τ(x) 
MPa 

τ(x) 
MPa

τ(x) 
MPa

τ(x) 
MPa

τ(x) 
MPa 

φ = 0 

0,0 0,44865 0,25360 0,40338 0,49078 0,50381 
0,1 0,47735 0,27008 0,42938 0,52190 0,53564 
0,2 0,51113 0,28960 0,46006 0,55843 0,57300 
0,3 0,55165 0,31324 0,49696 0,60211 0,61761 

φ = 0,01 

0,0 0,45133 0,25514 0,40580 0,49369 0,50678 
0,1 0,48016 0,27170 0,43193 0,52494 0,53876 
0,2 0,51410 0,29133 0,46276 0,56164 0,57627 
0,3 0,55480 0,31509 0,49983 0,60550 0,62107 

φ = 0,02 

0,0 0,45404 0,25669 0,40826 0,49664 0,50980 
0,1 0,48302 0,27334 0,43452 0,52803 0,54192 
0,2 0,51711 0,29307 0,46550 0,56489 0,57959 
0,3 0,55798 0,31696 0,50274 0,60893 0,62457 

φ = 0,03 

0,0 0,45680 0,25827 0,41076 0,49963 0,51286 
0,1 0,48591 0,27501 0,43715 0,53117 0,54513 
0,2 0,52017 0,29485 0,46828 0,56818 0,58296 
0,3 0,56123 0,31887 0,50570 0,61241 0,62813 

 
 
 

Table 3 Effect of the variation of the damage variable on the interfacial normal stress of the porous RC 
cantilever beam strengthened with a composite plate 

Porosity of 
concrete 

“φ“ 

Damage 
variable 

“d” 

Damage RC cantilever beam strengthened with 

CFRP GFRP Sika Wrap Sika Carbodur Perfect FGM k = 10

σn(x) 
 MPa 

σn(x) 
MPa 

σn(x) 
MPa 

σn(x) 
MPa 

σn(x) 
MPa 

φ = 0 

0,0 0,33034 0,23700 0,43260 0,34785 0,34432 
0,1 0,35275 0,25342 0,46141 0,37124 0,36747 
0,2 0,37926 0,27295 0,49547 0,39885 0,39480 
0,3 0,41125 0,29671 0,53654 0,43206 0,42766 

φ = 0,01 

0,0 0,33243 0,23853 0,43528 0,35003 0,34648 
0,1 0,35495 0,25503 0,46424 0,37353 0,36975 
0,2 0,38160 0,27468 0,49847 0,40128 0,39720 
0,3 0,41374 0,29858 0,53974 0,43465 0,43022 
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Table 3 Continued 

Porosity of 
concrete 

“φ“ 

Damage 
variable 

“d” 

Damage RC cantilever beam strengthened with 

CFRP GFRP Sika Wrap Sika Carbodur Perfect FGM k = 10

σn(x) 
 MPa 

σn(x) 
MPa 

σn(x) 
MPa 

σn(x) 
MPa 

σn(x) 
MPa 

φ = 0,02 

0,0 0,33454 0,24008 0,43800 0,35224 0,34867 
0,1 0,35719 0,25667 0,46711 0,37586 0,37205 
0,2 0,38397 0,27643 0,50152 0,40374 0,39964 
0,3 0,41627 0,30047 0,54299 0,43727 0,43281 

φ = 0,03 

0,0 0,33670 0,24165 0,44077 0,35449 0,35089 
0,1 0,35946 0,25834 0,47003 0,37823 0,37439 
0,2 0,38638 0,27821 0,50461 0,40624 0,40212 
0,3 0,41884 0,30239 0,54629 0,43993 0,43544 

 
 

6), We noted that more the variable of damage increases more the interface stresses become 
important in other words that more the rigidity of the damaged porous RC cantilever beam decreases 
more we recorded more important stresses where the peeling off of the strengthening composite 
plate approaches, also the less rigid the reinforcement plates (in order from least rigid to most rigid: 
from GFRP, sika wrap, CFRP, sika carbodur and FGM) the more the stresses become low, object of 
our research since we aim to decrease these values of the stresses; to ensure proper strengthening of 
the plate. 

Figs. 5 and 6 show the effect of damage extent on maximum shear and normal interfacial stresses, 
respectively, for the five types of GFRP, sika wrap, CFRP, sika carbodur and FGM materials. The 
results show that when the damage variable increases from 0 to 0.3; the maximum interfacial stress 
increases slowly. This analysis of the variable damage effect is identical to the effect of the porosity 
of concrete. 
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Fig. 5 Effect of the variation of the damage variable on the interfacial shear stress of the porous RC 
cantilever beam strengthened with a composite
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Fig. 6 Effect of the variation of the damage variable on the interfacial normal stress of the porous RC 
cantilever beam strengthened with a composite
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Fig. 7 Effect of length of unstrengthened on interfacial shear stress in damaged porous RC cantilever 
beam strengthened with a composite
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Fig. 8 Effect of length of unstrengthened on interfacial normal stress in damaged porous RC cantilever 
beam strengthened with a composite
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3.4 Effect of length of unstrengthened region “a” 
 
The influence of the length of the ordinary-beam region (the region between the support and the 

end of the composite strip on the edge stresses) appears in Figs. 7 and 8 of a damaged porous RC 
cantilever beam strengthened with a composite plate. It is seen that, as the plate terminates further 
from the free edge, the interfacial stresses increase significantly. 

This result reveals that in any case of strengthening, including cases where retrofitting is required 
in a limited zone of maximum bending moments at midspan, it is recommended to extend the 
strengthening strip as possible to the length of the beam. 

 
3.5 Effect of the thickness of the adhesive layer 
 
Figs. 9 and 10, show the effect of the thickness of the adhesive layer affects only the 

concentrations of interfacial stresses, hardly the stress levels. However, design of the properties and 
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Fig. 9 Effect of thickness of the adhesive layer on interfacial shear stress in damaged porous RC 
cantilever beam strengthened with a composite plate
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Fig. 10 Effect of Thickness of the adhesive layer on interfacial normal stress in damaged  
porous RC cantilever beam strengthened with a composite plate
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thickness of the adhesive is a difficult problem, in particular on the structures in service concerned 
by the rehabilitation (a real case will be presented later). An optimization design of the adhesive is 
expected, this is one of our perspectives soon. 

 
3.6 Effect of fibers orientation for CFRP plate 
 
The effect of fiber orientation on adhesive stresses is show in Figs. 11 and 12 of a damaged 

porous RC cantilever beam strengthened with a CFRP plate, the maximum interfacial stresses (shear 
and normal) increase with increasing alignment of all high strength fibers in the composite plate in 
beam’s longitudinal direction x. In order to minimize the concentration of stresses at the free edge 
of the beam, it is very logical to adopt CFRP with fibers perpendicular to 0) (i.e., θ = 90°). 
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Fig. 11 Effect of fibers orientation on interfacial shear stress in damaged porous RC cantilever 
beam strengthened with a CFRP
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Fig. 12 Effect of fibers orientation on interfacial normal stress in damaged porous RC cantilever 
beam strengthened with a CFRP
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Fig. 13 Effect of distribution forms of porosity on interfacial shear stress in damaged porous RC 
cantilever beam strengthened with a FGM
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Fig. 14 Effect of distribution forms porosity on interfacial normal stress in damaged porous RC 
cantilever beam strengthened with a FGM

 
 
3.7 Effect of distribution forms of porosity from FGM materials 
 
Table 6 and Figs. 13 and 14 clearly show the effect of the variation of the distribution forms of 

porosity on the interfacial stress (shear and normal) of the damaged porous RC cantilever beam 
strengthened with a porous FGM plate under uniform distributed load, which demonstrate the effect 
of material properties on shear stress. Taking into account the variation in the forms of porosity 
distribution and the index of this porosity (from α = 0,05 to α = 0,2) (Fig. 15). The results show that, 
as the material becomes softer (from the least porous material a = 0,05 to the most porous material 
a = 0,2), the shear stress interface becomes smaller, unexpected. same load, the reinforced resistance 
developed in the smaller plate, which made it possible to reduce the interfacial stresses. interfacial 
shear peak plate becomes less stiff. 
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Table 6 Effect of the porosity index of the FGM plate according to the forms of distribution on the 
interfacial stress of a damaged porous RC cantilever beam reinforced with a porous FGM plate 

Index of porosity 
of FGM plate 

“α“ 

Distribution forms of porosity 
Homogeneous 

shape  
Form “X” 

Shape  
Form “O” 

Shape  
Form “V” 

Shape  
Form Inverted

“V” Shape  

 
 

 

 

 

Shear Stress (MPa) 
Value of other parameters: d = 0; φ = 0 and FGM – k = 10 

0 0,3129 0,3129 0,3129 0,3129 0,3129 
0,05 0,2871 0,3058 0,2989 0,2958 0,3051 
0,1 0,2606 0,3012 0,2971 0,2780 0,2992 

0,15 0,2349 0,2989 0,2989 0,2595 0,2960 
0,2 0,2155 0,2989 0,2989 0,2402 0,2971 

Normal Stress (MPa) 
Value of other parameters: d = 0; φ = 0 and FGM – k = 10 

0 0,2679 0,2679 0,2679 0,2679 0,2679 
0,05 0,2511 0,2644 0,2609 0,2593 0,2640 
0,1 0,2408 0,2620 0,2600 0,2501 0,2610 

0,15 0,2266 0,2609 0,2609 0,2402 0,2594 
0,2 0,2155 0,2609 0,2609 0,2296 0,2600 

 
 
It is pointed out that, for the X-shaped forms of porosity distribution where the pores are 

concentrated on the upper and lower face of the beam, in this case the FGM plate of reinforcement 
of the beam becomes in these parts weak and consequently the interface constraints increase 
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strengthened with a FGM plate
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compared to other modes of porosity distribution. 
 
3.8 Effect of the FGM plate stiffness “index – k” 
 
Table 7 represent the interfacial shear stress distributions in the example in a damaged porous Rc 

cantilever beam strengthened with imperfect FGM plate under uniform distributed load. For this 
problem, the rigidity of the soffit plate is of much greater significance than in the RC cantilever 
beam problem. The effects of bending deformations in the plate and axial deformations in the beam 
are therefore expected to become significant. The study consists in varying the FGM from ceramic 
(k = 0) to metal (k = ∝) while varying the material FGM for k = 0 - 2,5 - 5 - 7,5 - 10 and k = 20 as 
an example it's just to see the effect stiffness of the reinforcement plate (case of Table 4), also a 
variation of the homogeneity index of the FGM (index k); from the least rigid FGM to the most rigid 
FGM was presented. The results show that, as the plate material becomes softer (from ceramic, FGM 
(different value of the index k) to metal), the interfacial shear stress become smaller, as expected. 
This is because, under the same load, the tensile force developed in the plate is smaller, which leads 
to reduced shear stresses. The position of the peak interfacial shear stress moves closer to the free 
edge as the plate becomes softer. 

 
 

Table 7 Effect of the FGM plate stiffness (index - k) on the interfacial stress of a damaged porous RC 
cantilever beam reinforced with a porous FGM plate 

Degree of homogeneity
of the FGM material 

“k” 

Distribution forms of porosity 
Homogeneous

shape  
Form “X” 

Shape  
Form “O” 

Shape  
Form “V” 

Shape  
Form Inverted

“V” Shape 

 
 

 

 

 

Shear stress (MPa) 
Value of other parameters: d = 0; φ = 0 and α = 0,1 

0 0,7362 0,7595 0,7367 0,7479 0,7479 
2,5 0,4923 0,4862 0,5260 0,4867 0,5155 
5 0,3620 0,3589 0,4109 0,3551 0,3919 

7,5 0,2898 0,3120 0,3358 0,2961 0,3258 
10 0,2606 0,3012 0,2971 0,2780 0,2992 
20 0,2480 0,3012 0,2691 0,2747 0,2854 

Normal stress (MPa) 
Value of other parameters: d = 0; φ = 0 and α = 0,1 

0 0,6476 0,6681 0,6481 0,6579 0,6579 
2,5 0,4322 0,4269 0,4621 0,4273 0,4528 
5 0,3172 0,3145 0,3604 0,3111 0,3436 

7,5 0,2535 0,2731 0,2941 0,2591 0,2853 
10 0,2408 0,2620 0,2600 0,2501 0,2610 
20 0,2166 0,2635 0,2352 0,2402 0,2496 

188



 
 
 
 
 
 

New solution for damaged porous RC cantilever beams strengthening by composite plate 

4. Conclusions 
 
This research has been concerned with the prediction of interfacial shear and normal stresses in 

damaged porous RC cantilever beams retrofitted with externally advanced composite materials. 
Such interfacial stresses provide the basis for understanding debonding failures in such beams and 
for development of suitable design rules. Analytical comparison between the existing solutions and 
the present new solution has been carried out. The isotropic damage model is adopted to describe 
the damage of the RC cantilever beams as well as manufacturing defects in concrete. The results 
show that the damage concrete manufacturing defects and the porosity of FGM materials has a 
significant effect on the interfacial stresses in composite-damaged porous RC cantilever beam, 
especially, when the length of damaged region is equal or superior to the plate length. Therefore, it 
is recommended to use a perfect thin reinforcement plate with a length greater than that of the 
damaged area for perfect concrete too and preferably to extend the reinforcement plate along the 
cantilever beam. The results reveal also that the thickness of the composite strip significantly 
increases the edge peeling and shear stresses. 
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