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Abstract.  A recently popular method for retrofitting reinforced structure beams is to bond composite plates to their 
tensile faces. An important failure mode of such plated beams is the debonding of the composite plates from the base 
material of the beam due to high level of stress concentration in the adhesive at the ends of the composite plate. This 
paper, shows and presents in more detail a closed-form rigorous solution for interfacial stress in cantilever aluminum 
beams strengthened with bonded composite (sika wrap) plates and subjected to a uniformly distributed load. The results 
show that there exists a high concentration of both shear and normal stress at the ends of the laminate, which might 
result in premature failure of the strengthening scheme at these locations. A parametric study has been conducted to 
investigate the sensitivity of interface behavior to parameters such as laminate and adhesive stiffness, the thickness of 
the laminate; the effect on plate length of the strengthened cantilever beam region, the effect of adhesive (modules, 
thickness) and the effect of loading and geometry for the cantilever beam; where all were found to have a marked effect 
on the magnitude of maximum shear and normal stress in the composite member. The theoretical predictions are 
compared with other existing solutions. Finally, this research is helpful for the understanding on mechanical behaviour 
of the interface and design of the composite-aluminum hybrid structures. 
 

Keywords:  strengthening; shear lag effect; sika wrap composite plate; interfacial stresses; aluminum 
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1. Introduction 

 
In recent applications, the use of laminates has been explored both in laboratory tests (Abderezak 

et al. 2019, Hamrat et al. 2020, Daouadji 2013, Abdelouahed 2006 and Yuan et al. 2019 and Tayeb 
et al. 2020) and in field applications on bridges (Chaded et al. 2018, Rabia et al. 2018, Tayeb and 
Daouadji 2020, Daouadji 2016b and Guenaneche and Tounsi 2014) and other types of structure 
(Amara et al. 2019, Liu et al. 2019, Panjehpour et al. 2016, Larrinaga et al. 2020, Daouadji 2017, 
Tounsi et al. 2008, Wang et al. 2020, Smith and Teng 2002). Using laminate composite for 
reinforcement of beams, the ultra high tensile strength of the composite material can be better 
utilized, which gives a more effective strengthening scheme. In steel structures (like metal), 
compressive stresses introduced to the tension flange of a steel beam, for instance, will improve 
fatigue resistance of the steel beam (Tahar et al. 2019, Rabia et al. 2019, Bensattalah et al. 2016, 
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Benachour et al. 2008 and Bouakaz et al. 2014). Furthermore, the strengthening effect obtained 
when laminates are employed will not only be limited to additional imposed loads on the 
strengthened structure, but will also participate in carrying a portion of the dead load. Analysis of 
interfacial stress in beams with bonded plates has been performed by several researchers. The 
analyses provided closed-form formulas for the calculation of interfacial shear and peeling stress in 
beams with bonded plates or laminates. 

The most common failure mode for FRP-strengthened beams is debonding of the composite plate. 
This premature mode is caused by interfacial stress concentration in the adhesive layer. In the 
literature, we have found that there is not much study of the concentration of interfacial stresses in 
aluminum beams reinforced with composite laminates (Tahar et al. 2020, Khelifa et al. 2018, 
Bensattalah et al. 2018, Belabed et al. 2018, Chergui et al. 2019, Rabahi et al. 2016, Sahla et al. 
2019, Matouk et al. 2020, Daouadji and Benferhat 2016, Tounsi et al. 2013, Benhenni et al. 2019b, 
Menasria et al. 2020, Mokhtar et al. 2018, Rabhi et al. 2020, Daouadji and Adim 2016a, Rahmani 
et al. 2020 and Benferhat et al. 2016). To the knowledge of the authors, very few theoretical results 
that have been published on interfacial stress concentration in aluminum beams reinforced with 
bonded laminates considering the current bending load cases. For that we the authors; we thought 
to present this research, which deals with the case of a aluminum beam strengthened with composite 
plate. Closed-form solutions of such stresses are thus required in developing design guidelines for 
strengthening aluminum beams with bonded laminated plates. The present model is general in nature, 
and it is applicable to more general loads cases. With the escalating use of this strengthening scheme, 
there is a great need for calculation models that can be used to predict the magnitude of maximum 
interfacial shear stress at the end of the laminate. There is also some lack of knowledge today 
regarding how material and geometric properties of the strengthening system (composite materials 
and adhesive) should be chosen in order to minimize the magnitude of these interfacial stresses and 
ensure sufficient strength of the strengthening system without need for expensive and complicated 
mechanical anchorage devices. 

In this paper, a general new solution is developed to predict both shear and normal interfacial 
stress in aluminum cantilever beams strengthened with bonded sika wrap composite laminates, the 
considered beam is subjected to a uniformly distributed load. Hence, compared with the existing 
solutions such as presented by Hue Ju He model (2019), the present model is general in nature, and 
it is applicable to more general loads cases. With the escalating use of this strengthening scheme, 
there is a great need for calculation models that can be used to predict the magnitude of maximum 
interfacial stress at the end of the laminate. There is also some lack of knowledge today regarding 
how material and geometric properties of the strengthening system (base material of the beam, 
composite materials and adhesive) should be chosen in order to minimize the magnitude of these 
interfacial stresses and ensure sufficient strength of the strengthening of the system without need for 
expensive and complicated mechanical anchorage devices. 

We can also mention, in addition to the composite fiber matrix materials, another alternative can 
be proposed to strengthen the aluminum structures that will be addressed in our future research, it is 
therefore the use of functionally graded materials FGM (Abderezak et al. 2016, 2018, Belkacem et 
al. 2018, Abualnour et al. 2018, Al-Furjan et al. 2020a, Addou et al. 2019, Al-Furjan et al. 2020a, 
Alimirzaei et al. 2019, Balubaid et al. 2019, Boukhlif et al. 2019, Boulefrakh et al. 2019, Berghouti 
et al. 2019, Bourada et al. 2019, Abderezak et al. 2020, Refrafi et al. 2020, Shariati et al. 2020, 
Bourada et al. 2020, Bousahla et al. 2020, Bellal et al. 2020, Benferhat et al. 2016a and Benhenni 
et al. 2019a), that in order to improve and ensure the material continuity through the thickness of 
the reinforcing plate, aiming as a parameter in the mechanical characteristics of FGM, all by passing 
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laws adequately mixes to better meet industrial requirements and the environmental condition. 
 
 

2. The method of solution 
 
2.1 Study and analysis 
 
The most common failure modes for composite strengthened cantilever beams are debonding of 

the composite plate. These types of failures prevent the strengthened cantilever beam for reaching 
its ultimate flexural capacity, and therefore they must be included in design considerations. Both of 
these premature failure modes are caused by shear and normal stress concentrations in adhesive 
layer. Closed form solutions of stress concentrations are required in developing design guidelines 
for strengthening reinforced aluminum cantilever beams with sika wrap composite plates. In the 
present analysis takes into consideration the transverse shear stress and strain in the cantilever 
aluminum beam and the plate but ignores the transverse normal stress in them. One of the analytical 
approaches proposed by Tahar et al. (2019) for steel beam strengthened with a bonded composite 
plate (Fig. 1) was used in order to compare it with other analytical solutions. 

 
The analytical approach is based on the following assumptions (Tahar et al. 2019): 
 
(1) Elastic stress strain relationship for aluminum cantilever beam, composite plate and adhesive; 
(2) There is a perfect bond between the composite plate and the aluminum cantilever beam; 
(3) The adhesive is assumed to only play a role in transferring the stresses from the aluminum 

cantilever beam to the composite plate reinforcement; 
(4) The stresses in the adhesive layer do not change through the direction of the thickness; 
 
Since the composite laminate is an orthotropic material, its material properties vary from layer 

to layer. In theoretical study (Tahar et al. 2019), the laminate theory is used to determine the stress 
and strain behaviours of the externally bonded composite plate in order to investigate the whole 
mechanical performance of the composite – strengthened structure. The laminate theory is used to 
determine the stress and strain of the externally bonded composite plate in order to investigate the 
whole mechanical performance of the composite strengthened structure. The effective modules of 
the composite laminate are varied by the orientation of the fibre directions and arrangements of 

 
 

 
Fig. 1 Structure configuration of a aluminum cantilever beam strengthened by Sika wrap plate 
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the laminate patterns. The classical laminate theory is used to estimate the strain of the composite 
plate, i.e. ൜𝜀଴𝑘 ൠ = ቂ𝐴’ 𝐵’𝐶’ 𝐷’ቃ ቄ𝑁𝑀ቅ (1)

 ൣ𝐴’൧ = [𝐴]ିଵ + [𝐴]ିଵ[𝐵][𝐷∗]ିଵ[𝐵][𝐴]ିଵൣ𝐵’൧ = −[𝐴]ିଵൣ𝐵 ൧[𝐷∗]ିଵൣ𝐶’൧ = ൣ𝐵’൧் ൣ𝐷’൧ = [𝐷∗]ିଵ[𝐷∗] = [𝐷] − [𝐵][𝐴]ିଵ[𝐵] 
(2)

 
The terms of the matrices [𝐴],[𝐵] and [𝐷] are written as 
 

Extensional matrix 
 𝐴௜௝ = ෍ 𝑄ሜ௜௝௞ ((𝑦ଶ)௞ − (𝑦ଶ௡௟

௞ୀଵ )௞ିଵ) (3)

 
Extensional –bending coupled matrix 
 𝐵௜௝ = 12 ෍ 𝑄ሜ௜௝௞ ((𝑦ଶଶ)௞ − (𝑦ଶଶ௡௟

௞ୀଵ )௞ିଵ) (4)

 

Flexural matrix 
 𝐷௜௝ = 13 ෍ 𝑄ሜ௜௝௞ ((𝑦ଶଷ)௞ − (𝑦ଶଷ௡௟

௞ୀଵ )௞ିଵ) (5)

 
The subscript 'nl’ represents the number of laminate layers of the FRP plate, 𝑄ሜ௜௝  can be 

estimated by using the off-axis orthotropic plate theory, where 
 𝑄ଵଵ = 𝑄ଵଵ𝑚ସ + 2(𝑄ଵଶ + 2𝑄ଷଷ)𝑚ଶ𝑛ଶ + 𝑄ଶଶ𝑛ସ (6)
 𝑄ଵଶ = (𝑄ଵଵ + 𝑄ଶଶ − 4𝑄ଷଷ)𝑚ଶ𝑛ଶ + 𝑄ଵଶ(𝑛ସ + 𝑚ସ) (7)
 𝑄ଶଶ = 𝑄ଵଵ𝑛ସ + 2(𝑄ଵଶ + 2𝑄ଷଷ)𝑚ଶ𝑛ଶ + 𝑄ଶଶ𝑚ସ (8)
 𝑄ଷଷ = (𝑄ଵଵ + 𝑄ଶଶ − 2𝑄ଵଶ − 2𝑄ଷଷ)𝑚ଶ𝑛ଶ + 𝑄ଷଷ(𝑛ସ + 𝑚ସ) (9)
 

And 
 𝑄ଵଵ = 𝐸ଵ1 − 𝜐ଵଶ𝜐ଶଵ ,     𝑄ଶଶ = 𝐸ଶ1 − 𝜐ଵଶ𝜐ଶଵ , 𝑄ଵଶ = 𝜐ଵଶ𝐸ଶ1 − 𝜐ଵଶ𝜐ଶଵ = 𝜐ଶଵ𝐸ଵ1 − 𝜐ଵଶ𝜐ଶଵ , 𝑄ଷଷ = 𝐺ଵଶ,    𝑚 = 𝑐𝑜𝑠(𝜃௝) , 𝑛 = 𝑠𝑖𝑛(𝜃௝) 

(10)

 
Where j is number of the layer; h, 𝑄ሜ௜௝ and θj are respectively the thickness, the Hooke’s elastic 
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tensor and the fibers orientation of each layer. 
 
Mathematical formulation of the present method: 
 
A differential section dx, can be cut out from the composite reinforced aluminum cantilever beam 

as shown in Fig. 2. The composite beam is made from three materials: the aluminum, adhesive layer 
and composite reinforcement. In the present analysis, all of the materials are assumed to display 
linear elastic behaviour; the adhesive is assumed to play a role only in transferring the stresses from 
the aluminum to the sika wrap reinforcement and the stresses in the adhesive layer do not change 
through the direction of the thickness. 

The longitudinal resultant forces, N1 and N2, for the lower adherends is 
 𝑁ଵ = 𝑏ଵ න 𝜎ଵே(𝑦)𝑑𝑦௧భ଴  (11)
 

Where 𝜎ଵே is longitudinal normal stresses for the lower adherends, and which can be rewritten 
in the form 𝑁ଵ = 𝐸ଵ𝑏ଵ න 𝑑𝑈ଵே𝑑𝑥௧భ଴ 𝑑𝑦 = 𝐸ଵ𝐴ଵ ቆ𝑑𝑢ଵே𝑑𝑥 − 𝑡ଵ4𝐺ଵ 𝑑𝜏௔𝑑𝑥 ቇ (12)

 
The deformation in concrete in the vicinity of the adhesive layer can be expressed by 
 𝜀ଵ(𝑥) = 𝑑𝑢ଵ(𝑥)𝑑𝑥 = 𝜀ଵெ(𝑥) + 𝜀ଵே(𝑥) (13)
 
 

 
Fig. 2 Forces in infinitesimal element of a soffit- Sika wrap plated aluminum cantilever beam 
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with 
 𝜀ଵெ(𝑥) = 𝑦ଵ𝐸ଵ𝐼ଵ 𝑀ଵ(𝑥) (14)
 𝜀ଵே(𝑥) = 𝑑𝑢ଵே(𝑥)𝑑𝑥 = 𝑁ଵ𝐸ଵ𝐴ଵ + 𝑡ଵ4𝐺ଵ 𝑑𝜏௔𝑑𝑥  (15)

 𝜀ଵ(𝑥) = 𝑑𝑢ଵ(𝑥)𝑑𝑥 = 𝑦ଵ𝐸ଵ𝐼ଵ 𝑀ଵ(𝑥) + 𝑁ଵ(𝑥)𝐸ଵ𝐴ଵ + 𝑡ଵ4𝐺ଵ 𝑑𝜏௔𝑑𝑥  (16)
 
The longitudinal resultant force N2 for the upper adherends is 
 𝑁ଶ = 𝑏ଶ න 𝜎ଶே(𝑦’)𝑑𝑦௧మ଴ ’ (17)
 

Where 𝜎ଶே is longitudinal normal stresses for the upper adherends, and which can be rewritten 
in the form 𝑁ଶ = 𝐸ଶ𝑏ଶ න 𝑑𝑈ଶே𝑑𝑥௧మ଴ 𝑑𝑦’ = 𝐸ଶ𝐴ଶ ቆ𝑑𝑢ଶே𝑑𝑥 + 5𝑡ଶ12𝐺ଶ 𝑑𝜏௔𝑑𝑥 ቇ (18)

 
Based on the theory of laminated sheets, the deformation of the composite sheet in the vicinity 

of the adhesive layer is given by 
 𝜀ଶ(𝑥) = 𝑑𝑢ଶ(𝑥)𝑑𝑥 = 𝜀ଶெ(𝑥) + 𝜀ଶே(𝑥) (19)
 

with 
 𝜀ଶெ(𝑥) = −𝑦ଶ𝐸ଶ𝐼ଶ 𝑀ଶ(𝑥) (20)

 𝜀ଶே(𝑥) = 𝑑𝑢ଶே(𝑥)𝑑𝑥 = 𝐴ଵଵ’ 𝑁ଶ(𝑥)𝑏ଶ − 5𝑡ଶ12𝐺ଶ 𝑑𝜏௔𝑑𝑥  (21)

 𝜀ଶ(𝑥) = 𝑑𝑢ଶ(𝑥)𝑑𝑥 = −𝐷ଵଵ’ 𝑦ଶ𝑏ଶ 𝑀ଶ(𝑥) + 𝐴ଵଵ’ 𝑁ଶ(𝑥)𝑏ଶ − 5𝑡ଶ12𝐺ଶ 𝑑𝜏௔𝑑𝑥  (22)
 
Where u1(x) and u2(x) are the horizontal displacements of the aluminum cantilever beam and the 

sika wrap composite plate respectively. M1(x) and M2(x) are respectively the bending moments 
applied to the aluminum beam and the composite plate; E1 is the Young’s modulus of aluminum; I1 
the moment of inertia, N1 and N2 are the axial forces applied to the aluminum and the composite 
plate respectively, b1 and t1 are the width and thickness of the reinforcement plate, [A’] = [A-1] is the 
inverse of the membrane matrix [A], [D’] = [D1] is the inverse of the bending matrix. 

 

By writing the conditions of equilibrium of the member 1 (Aluminum), we will have: 
 

In the x direction: 
 𝑑𝑁ଵ(𝑥)𝑑𝑥 = −𝑏ଵ𝜏(𝑥) (23)
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Where 𝜏(𝑥) is the shear stress in the adhesive layer. 
In the y direction: 
 𝑑𝑉ଵ(𝑥)𝑑𝑥 = −(𝜎௡(𝑥)𝑏ଵ + 𝑞𝑏ଵ) (24)
 
Where V1(x) the sheer force of the concrete beam is, σ(x) is the normal stress at the adhesive 

layer, 𝑞 is the distributed load and b1 the width of the aluminum beam. 
 

The moment of balance: 
 𝑑𝑀ଵ(𝑥)𝑑𝑥 = 𝑉ଵ(𝑥) − 𝑏ଵ𝑦ଵ𝜏(𝑥) (25)
 
The balance of the sika wrap reinforcement plate in the x and y directions, as well as the moment 

of equilibrium are written as follows: 
In the x direction: 
 𝑑𝑁ଶ(𝑥)𝑑𝑥 = 𝑏ଶ𝜏(𝑥) (26)
 

In the y direction: 
 𝑑𝑉ଶ(𝑥)𝑑𝑥 = 𝜎௡(𝑥)𝑏ଶ (27)
 

The moment of balance: 
 𝑑𝑀ଶ(𝑥)𝑑𝑥 = 𝑉ଶ(𝑥) − 𝑏ଶ𝑦ଶ𝜏(𝑥) (28)
 
Where V2(x) is the shear force of the reinforcement plate. 
 
In what follows, the stiffness of the reinforcement plate is significantly lower than that of the 

aluminum beam to be reinforced. The bending moment in the composite plate can be neglected to 
simplify the shear stress derivation operations. 

 
2.2 Shear stress d str but on along the S ka wrap–alum num nterface 
 
The governing differential equation for the interfacial shear stress is expressed as (Tahar et al. 

2019) 
 𝑑ଶ𝜏(𝑥)𝑑𝑥ଶ − 3𝐺ଵ𝐺௔3𝐺ଵ𝑡௔ + 𝜙𝐺௔𝑡ଵ ቆ𝐸ଵ𝐴ଵ𝐴ଵଵ’ + 𝑏ଶ𝐸ଵ𝐴ଵ + (𝑡ଵ + 𝑡ଶ)(𝑡ଵ + 𝑡ଶ + 2𝑡௔)𝑏ଶ𝐷ଵଵ’2𝐸ଵ𝐼ଵ𝐷ଵଵ’ + 𝑏ଶ ቇ 𝜏(𝑥) + 3𝐺ଵ𝐺௔(𝑡ଵ + 𝑡ଶ)𝐷ଵଵ’(6𝐺ଵ𝑡௔ + 2𝜙𝐺௔𝑡ଵ)(𝐸ଵ𝐼ଵ𝐷ଵଵ’ + 𝑏ଶ) 𝑉 (𝑥) = 0 

(29)

 
Where ϕ is a geometrical coefficient which is given as 
 𝜙 = 12𝐴ଵ𝑡ଵଶ [𝑏ଵ(−𝑡଴ଷ + 6𝑡଴𝑡ଵଶ − 𝑡ଵଷ + (𝑡ଵ − 𝑡଴)ଷ) + 𝑏଴(3𝑡ଵଶ(𝑡ଵ − 2𝑡଴) − (𝑡ଵ − 𝑡଴)ଷ + 𝑡଴ଷ)] (30)
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For a rectangular section (b1 = b0), ϕ  = 1 which corresponds to the same expression given by 
Tahar et al. (2019). However, for aluminum beam section we have ϕ < 1. For simplicity, the general 
solutions presented below are limited to loading which is either concentrated or uniformly 
distributed over part or the whole span of the beam, or both (Fig. 1). For such loading, d2VT(x)/dx2 
= 0, and the general solution to Eq. (29) is given by 

 𝜏(𝑥) = 𝜇ଵ 𝑐𝑜𝑠ℎ( 𝛥𝑥) + 𝜇ଶ 𝑠𝑖𝑛ℎ( 𝛥𝑥) + 3𝐺௔𝐺ଵ(2𝑡ଵ + 𝑡ଶ)𝐷ଵଵ’4𝛥ଶ(2𝐺ଵ𝑡௔ + 𝜙𝑡ଵ𝐺௔)(𝐸ଵ𝐼ଵ𝐷ଵଵ’ + 𝑏ଶ) 𝑉 (𝑥) (31)
 

where Δ is given as 
 𝛥 = ඨ 3𝐺ଵ𝐺௔3𝐺ଵ𝑡௔ + 𝜙𝐺௔𝑡ଵ (𝐸ଵ𝐴ଵ𝐴ଵଵ’ + 𝑏ଶ𝐸ଵ𝐴ଵ + (𝑡ଵ + 𝑡ଶ)(𝑡ଵ + 𝑡ଶ + 2𝑡௔)𝑏ଶ𝐷ଵଵ’2𝐸ଵ𝐼ଵ𝐷ଵଵ’ + 𝑏ଶ ) (32)

 
and μ1 and μ2 are constant coefficients determined from the boundary conditions. In the present study, 
aluminum beam has been investigated which is subjected to a uniformly distributed load. The 
interfacial shear stress for this uniformly distributed load at any point is written as (Tahar et al. 2019) 
 𝜏(𝑥) = ቌ 𝑡ଵ𝑎(𝐿 − 𝑎)2𝐸ଵ𝐼ଵ ቀ𝑡௔𝐺௔ + 𝑡ଵ3𝐺ଵ 𝜙ቁ − (𝑡ଵ + 𝑡ଶ)𝐷ଵଵ’2𝛥ଶ൫𝐸ଵ𝐼ଵ𝐷ଵଵ’ + 𝑏ଶ൯ቍ 𝑞𝑒ି௱௫𝛥  

          + 𝑡ଵ + 𝑡ଶ2𝛥ଶ(𝐸ଵ𝐼ଵ𝐷ଵଵ’ + 𝑏ଶ) 𝐷ଵଵ’ 𝑞 ൬𝐿2 − 𝑎 − 𝑥൰ 

(33)

 
Where q is the uniformly distributed load and x; a; L and Lp are defined in Fig. 1. 
 
2.3 Normal stress d str but on along the S ka wrap–alum num nterface 
 
The following governing differential equation for the interfacial normal stress (Tahar et al. 2019) 
 𝑑ସ𝜎௡(𝑥)𝑑𝑥ସ + 𝐸௔𝑡௔ ൬𝐷ଵଵ’ + 𝑏ଶ𝐸ଵ𝐼ଵ൰ 𝜎௡(𝑥) − 𝐸௔𝑡௔ ൬𝐷ଵଵ’ 𝑡ଶ2 − 𝑡ଵ𝑏ଶ2𝐸ଵ𝐼ଵ൰ 𝑑𝜏(𝑥)𝑑𝑥 + 𝑞𝐸௔𝑡௔𝐸ଵ𝐼ଵ = 0 (34)

 
The general solution to this fourth–order differential equation is 
 𝜎௡(𝑥) = 𝑒ିఞ௫[𝜇ଷ 𝑐𝑜𝑠( 𝜒𝑥) + 𝜇ସ 𝑠𝑖𝑛( 𝜒𝑥)] + 𝑒ఞ௫[𝜇ହ 𝑐𝑜𝑠( 𝜒𝑥) + 𝜇଺ 𝑠𝑖𝑛( 𝜒𝑥)]                  − 2𝑦ଵ𝑏ଶ − (𝐷ଵଵ’ 𝐸ଵ𝐼ଵ𝑡ଶ)2(𝐷ଵଵ’ 𝐸ଵ𝐼ଵ + 𝑏ଶ) 𝑑𝜏(𝑥)𝑑𝑥 − 𝑞𝐷ଵଵ’ 𝐸ଵ𝐼ଵ + 𝑏ଶ (35)

 
For large values of x it is assumed that the normal stress approaches zero and, as a result, μ5 = μ6 

= 0. The general solution therefore becomes 
 𝜎௡(𝑥) = 𝑒ିఞ௫[𝜇ଷ 𝑐𝑜𝑠( 𝜒𝑥) + 𝜇ସ 𝑠𝑖𝑛( 𝜒𝑥)] − 2𝑦ଵ𝑏ଶ − (𝐷ଵଵ’ 𝐸ଵ𝐼ଵ𝑡ଶ)2(𝐷ଵଵ’ 𝐸ଵ𝐼ଵ + 𝑏ଶ) 𝑑𝜏(𝑥)𝑑𝑥 − 𝑞𝐷ଵଵ’ 𝐸ଵ𝐼ଵ + 𝑏ଶ (36)
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Where 𝜒 = ඨ 𝐸௔4𝑡௔ ൬𝐷ଵଵ’ + 𝑏ଶ𝐸ଵ𝐼ଵ൰ర
 (37)

 
As is described by Hassaine Daouadji (Tahar et al. 2019), the constants μ3 and μ4 in Eq. (34) are 

determined using the appropriate boundary conditions and they are written as follows 
 𝜇ଷ = 𝐸௔2𝜒ଷ𝑡௔𝐸ଵ𝐼ଵ [𝑉 (0) + 𝜒𝑀்(0)] − 𝜆2𝜒ଷ 𝜏(0) + 𝜌2𝜒ଷ ቆ𝑑ସ𝜏(0)𝑑𝑥ସ + 𝜒 𝑑ଷ𝜏(0)𝑑𝑥ଷ ቇ (38)

 𝜇ସ = − 𝐸௔2𝜒ଶ𝑡௔𝐸ଵ𝐼ଵ 𝑀்(0) − 2𝑦ଵ𝑏ଶ − (𝐷ଵଵ’ 𝐸ଵ𝐼ଵ𝑡ଶ)4𝜒ଶ(𝐷ଵଵ’ 𝐸ଵ𝐼ଵ + 𝑏ଶ) 𝑑ଷ𝜏(0)𝑑𝑥ଷ  (39)

 𝜌 = 2𝑦ଵ𝑏ଶ − (𝐷ଵଵ’ 𝐸ଵ𝐼ଵ𝑡ଶ)2(𝐷ଵଵ’ 𝐸ଵ𝐼ଵ + 𝑏ଶ)  (40)

 𝜆 = 𝐸௔𝑏ଶ𝑡௔ ቆ 𝑦ଵ𝐸ଵ𝐼ଵ − 𝐷ଵଵ’ 𝑡ଶ2𝑏ଶ ቇ (41)

 
The above expressions for the constants μ3 and μ4 has been left in terms of the bending moment 

MT(0) and shear force VT(0) at the end of the soffit plate. With the constants μ3 and μ4 determined, 
the interfacial normal stress can then be found using Eq. (34). 

 
 

3. Results and discussion 
 
3.1 Material used 
 
A computer code based on the preceding equations was written to compute the interfacial stresses 

in a aluminum cantilever beam bonded with a sika wrap plate. The composite material was selected 
in the present examples as a bonded plate. However, the analysis is equally applicable to other types 
of composite material. The material used for the present studies is an aluminum cantilever beam 
bonded with composite plate. The cantilever beam is subjected to a uniformly distributed load (q = 
15 kN/ml). A summary of the geometric and material properties is given in Table 1 and Fig. 3 
illustrates the dimensions of this aluminum cantilever beam. 

 
 

Table 1 Geometric and mechanical properties of the materials used 
Component Width (mm) Depth (mm) Young’s modulus (MPa) Poisson’s ratio 

Adhesive layer ba = 100 ta = 2 Ea = 3000 0.35 
Aluminum plate b2 = 100 t2 = 4 E2 = 65300 0.3 
Sika Wrap plate b2 = 100 t2 = 0,48 E2 = 230 000 0.28 
Aluminum beam b1 = 100 t1 = 200 E2 = 65300 0.3 
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Fig. 3 Aluminum cantilever beam strengthened by Sika wrap plate: Geometric characteristic 
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Fig. 4 Comparison of interfacial stress for Sika wrap plated Aluminum cantilever beam with 

the analytical results 
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3.2 Comparison of predictions with existing solutions 
 
The predicted stresses by the present theory have been compared to those of analytical results 

obtained by Hue Ju He model (2019). The geometry and materials properties of the specimen are 
summarized in Table 1 and Fig. 3. As it can be seen from Fig. 4 the predicted theoretical results 
agree with the analytical model results presented by Hue Ju He model (2019). Fig. 4 plots the 
interfacial shear and normal stresses near the plate end for the example aluminum cantilever beam 
bonded with a sika wrap plate for the uniformly distributed load case. Overall, the predictions of the 
different solutions agree closely with each other. The interfacial normal stress is seen to change sign 
at a short distance away from the plate end. 

 
3.3 Effect of loading and geometry for the cantilever beam 
 
Following the analysis of the results obtained (Table 2), while varying: the geometry of the beam 

(i.e., from a cantilever beam to a beam on two simple supports), the loading mode (from the 
uniformly distributed load to the concentrated load), also we varied the reinforcement plate from 

 
 

Table 2 Comparison of interfacial stresses for a hybrid aluminum cantilever beam 

Configuration of the beam 
(geometry and loading) 

Comparison of interfacial stresses for 
a hybrid aluminum cantilever beam 

Strengthened by sika 
wrap plate “4-layer” 

Strengthened by aluminum
plate “t2 = 4 mm” 

τ(x) (MPa) σ(x) (MPa) τ(x) (MPa) σ(x) (MPa)

 

0.6331 0.2363 0.9315 0.8019 

0.7839 0.2921 1.1182 0.9587 

 

1.0767 0.4015 1.5548 1.3354 

 

1.3577 0.5042 1.6882 1.4263 
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the sika wrap to the aluminum plate. We recorded very logical results, the fact that the thickness of 
the aluminum plate is greater than that of the sika wrap, the stresses become as important, the same 
for the geometry of the beam where the stress of a beam on two greater supports compared to a 
cantilever beam this is explained by the effect of the rigidity (since the system is hyper static) of the 
beam element. 

 
3.4 Efficiency of strengthening cantilever aluminum beam by composite 
 
Strain compatibility approach was used to predict the ultimate carrying capacity of the beams. A 

linear stress-strain curve for aluminum and sika wrap was taken into consideration in the study, the 
 
 

Table 3 Comparison of Load-deflection for aluminum cantilever beam strengthened by sika wrap plate 

Aluminum 
cantilever 

beam 
L = 1000 mm 

Load-deflection 

  

Deflection (mm)
for a q = 15 kN/ml

Maximum load 
qmax without 
deflection 

Deflection (mm) 
for a P = 20 kN 

Maximum load 
Pmax without 

deflection 

Aluminum cantilever 
beam “without 
strengthening” 

f = 1,36 mm qmax = 55,55 kN/ml f = 4,84 mm Pmax = 20,83 kN

Aluminum cantilever 
beam strengthened by 

sika wrap plate “4-layer”
f = 1,306 mm qmax = 57,47 kN/ml f = 4,64 mm Pmax = 21,74 kN

 
 

Table 4 Comparison of Load-deflection for aluminum beam strengthened by sika wrap plate 

Aluminum 
cantilever beam 
L = 2000 mm 

Load-deflection 

 

Deflection (mm)
for a q = 15 kN/ml

Maximum load 
qmax without 
deflection 

Deflection (mm) 
for a P = 20 kN 

Maximum load 
Pmax without 

deflection 

Aluminum beam 
without strengthening f = 2,27 mm qmax = 33,33 kN/ml f = 2,43 mm Pmax = 41,66 kN

Aluminum beam 
strengthened by sika 
wrap plate “4-layer” 

f = 2,18 mm qmax = 34,48 kN/ml f = 2,32 mm Pmax = 43,10 kN
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results of which are presented in Tables 3 and 4 (Load-deflection). Linear elastic behaviour of the 
sika wrap laminates was assumed based on the data provided by the manufacturer. Deflection of the 
beam was calculated using integration of the curvature along the span of each beam. Tables 3 and 4 
shows a good correlation between the measured and predicted deflection of the beams. The results 
clearly show the interest of the reinforcement in comparison with a reinforced beam compared to a 
control beam (without reinforcement) or the deformation of this last side is important to that of the 
reinforced beam (whatever the geometry and the mode of loading), on the other hand the reinforced 
beam supports more load, and this is what is desired as a technical-economic solution, consequently 
the objective is achieved. 

In conclusion, the use of sika wrap laminates to reinforce aluminum cantilever beams is an 
effective method to increase its ultimate load capacity and the behavior of most of the reinforced 
beams, was accompanied by a significant improvement in rigidity. 

 
3.5 Effect of FRP plate thickness 
 
The effect of plate stiffness “number of layers”, on interfacial normal stresses in strengthened 

aluminum cantilever beam, where the peak shear and peeling stresses for various thicknesses of the 
sika wrap strip appear in Figs. 5, 6 and 7. Of which we have presented in this study the effect of 
variation in the number of layers of sika wrap (in other words variation in the thickness of the 
composite plate), by way of example 2 layers, 4 layers, 6 layers, 8 layers and 10 layers. The thickness 
of the sika wrap plate is an important design variable in practice. The results reveal that thickness of 
the sika wrap strip significantly increases the edge peeling and shear stresses. Generally, the 
thickness of sika wrap plate used in practical engineering is very small, compared with that of other 
plate. It is shown that the level and concentration of interfacial stress are influenced considerably by 
the thickness of the sika wrap plate. Therefore, the fact of the smaller interfacial stress level and 
concentration should be one of the advantages of retrofitting by sika wrap. 
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Fig. 5 Effect of plate stiffness “number of layers” on interfacial shear stresses in strengthened 

aluminum cantilever beam 
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Fig. 6 Effect of plate stiffness “number of layers” on interfacial normal stresses in strengthened 

aluminum cantilever beam 
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Fig. 7 Effect of thickness plate on interfacial stresses in strengthened aluminum cantilever beam 
 
 
3.6 Effect on plate length of the strengthened cantilever beam region Lp 
 
The influence of length of the strengthened beam region Lp appears in Fig. 8. It is seen that, as 

the plate terminates further away from the supports, the interfacial stresses increase significantly. 
This result reveals that in any case of strengthening, including cases where retrofitting is required in 
a limited zone of maximum bending moments, it is recommended to extend the strengthening strip 
as close as possible to the free end of the cantilever beam. 
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Fig. 8 Effect of plate length on edge stresses interfacial stresses in strengthened aluminum cantilever beam

 
 
3.7 Effect of elasticity modulus of adhesive layer 
 
The adhesive layer is a relatively soft, isotropic material and has a smaller stiffness. The four sets 

of Young’s moduli are considered here, which are 3, 4, 5 and 6.7 GPa. The Poisson’s ratio of the 
adhesive is kept constant. The numerical results in Figs. 9, 10 and 11 show that the property of the 
adhesive hardly influences the level of the interfacial stresses, whether normal or shear stress, but 
the stress concentrations at the end of the plate increase as the Young’s modulus of the adhesive 
increases. 
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Fig. 9 Effect of adhesive moduli on interfacial shear stresses in strengthened aluminum cantilever beam
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Fig. 10 Effect of adhesive moduli on interfacial normal stresses in strengthened aluminum cantilever beam
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Fig. 11 Effect of adhesive moduli on interfacial stresses in strengthened aluminum cantilever beam

 
 
3.8 Effect of the adhesive layer thickness 
 
Fig. 12 shows the effects of the thickness of the adhesive layer on the interfacial stresses. It is 

seen that increasing the thickness of the adhesive layer leads to significant reduction in the peak 
interfacial stresses. Thus, using thick adhesive layer, especially in the vicinity of the edge, is 
recommended. 

This paper has been concerned with the prediction of interfacial shear and normal stresses in 
aluminum cantilever beams retrofitted with externally advanced composite materials. Such 
interfacial stresses provide the basis for understanding debonding failures in such beams and for  
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Fig. 12 Effect of adhesive layer thickness on interfacial stresses in strengthened aluminum cantilever beam

 
 

development of suitable design rules. The adherend shear deformations have been included in the 
theoretical analyses by assuming linear shear stress distributions through the thickness of the 
adherends, the classical solutions which neglect the adherend shear deformations over-estimate the 
non-uniformity of the adhesive stresses distributions and maximum interfacial stresses. Numerical 
comparison between the existing solutions and the present new solution has been carried out. In the 
final part of this paper, extensive parametric studies were undertaken by using the new solution for 
strengthened beams with various ratios of design parameters. Observations were made based on the 
numerical results concerning their possible implications to practical designs. On the basis of the 
results obtained from the new model, we can say that the new solution is general in nature and may 
be applicable to all kinds of materials. 

In conclusion, we can say that in addition to matrix composite fiber materials, another alternative 
may be proposed for strengthening aluminum structures, this will involve the use of functionally 
graded materials FGM (Tounsi et al. 2020, Zaoui et al. 2019, Zine et al. 2020, Hadj et al. 2019, 
Chaabane et al. 2019, Chikr et al. 2020, Daouadji and Benferhat 2016, Kaddari et al. 2020, 
Benferhat et al. 2016b, Adim and Daouadji 2016 and Benhenni et al. 2018) in order to ensure 
continuity properties lift through the thickness of the reinforcement plate. 

 
 

4. Conclusions 
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