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Abstract. In this research, the size-dependent impact of an embedded piezoelectric nanoplate subjected to in-plane
loading on free vibration characteristic is studied. The foundation is two-parameter viscoelastic. The nonlocal
elasticity is employed in order to capture the influence of size of the plate. By utilizing Hamilton's principle as well as
the first- order shear deformation theory, the governing equation and boundary conditions are achieved. Then, using
Navier method the equations associated with the free vibration of a plate constructed piezoelectric material under in-
plane loads are solved analytically. The presented formulation and solution procedure are validated using other
papers. Also, the impacts of nonlocal parameter, mode number, constant of spring, electric potential, and geometry of
the nanoplate on the vibrational frequency are examined. As this paper is the first research in which the vibration
associated with piezoelectric nanoplate on the basis of FSDT and nonlocal elasticity is investigated analytically, this
results can be used in future investigation in this area.

Keywords: first order shear deformation theory; nanoplate; nonlocal theory; piezoelectric materials;
vibration

1. Introduction

Due to vast application of structures in small scales—nano and micro—these structures have
been topics of many papers in the past few years. In this regard, the fact that should be considered
is that the behavior of structures in these scales cannot be predicted using common elasticity
(Habibi et al. 2016, 2018a, b, 2019a, b, ¢, Ebrahimi et al. 2019a, Esmailpoor Hajilak ef al. 2019,
Pourjabari ef al. 2019, Safarpour ef al. 2019a). Therefore, researcher has devoted quite effort to
capture the impacts of small size on the characteristics of micro- and nano-structures. Given this,
many different elasticities, such as modified couple stress (Habibi et al. 2017, 2019a, b, ¢, d, e,
Safarpour et al. 2018, Chen et al. 2022) and the nonlocal theory (Eringen 2002), has been
employed to do so.

There has been a large number of articles and research whose main focus is nonlocal or
nonlocal strain gradient theory. For example, Safarpour et al. (2018), using a nonlocal strain
gradient elasticity, carried out the wave propagation associated with a nanoshell which is
constructed from composite materials and placed in a thermal environment. They presented
analytic solution in order to extract the results. Also, the buckling in addition to vibration of a shell
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which is modeled by nonlocal strain gradient theory which is made of reinforced composites with
the aid of graphene was investigated (Mohammadgholiha et al. 2019). In this paper, GDQM is
employed as the numerical solution procedure. By utilizing nonlocal strain gradient elasticity
along with the first shear order theory, the formulation for frequency behavior of a composite
microtube is extracted and solved by GDQM (Oyarhossein et al. 2020). Additionally, Al-Furjan et
al. (2021a) investigated the vibrational behavior related to a rotation nanodisk which is constructed
by piezoelectric materials. In the mentioned article, the nonlocal strain gradient as the size-
dependent theory and higher shear deformable plate theory are incorporated in order to obtain the
equations. Next, the vibration as well as buckling analysis associated with a cylindrical shell which
is made of composite material is analyzed by utilizing generalized differential quadrature element
method, as the numerical solution (Moayedi et al. 2021). Also, the stability analysis and
vibrational characteristic of nanobeams constructed with axially FG materials was probed,
utilizing the nonlocal elasticity as the size-dependent theory (Shariati et al. 2020a).

Piezoelectric materials have been employed in various devises such as sensors, controller, and
actuators, as by means of which strain energy can be altered to electrical energy and vice versa
(Ebrahimi et al. 2019b, 2020a, Hashemi et al. 2019, Moayedi et al 2019, 2020a,b,
Mohammadgholiha et al. 2019, Mohammadi et al. 2019, Habibi ef al. 2020, Oyarhossein et al.
2020, Shariati et al. 2020b, c, Shokrgozar et al. 2020). Accordingly, scholars have utilized this
type of material in various structures. For instance, Habibi et al. (2019e) explored the wave
propagation in a nanostructure which is made of composite material and coupled with a
piezoelectric layer. The size effects have been considered through nonlocal strain gradient theory.
Also, the buckling along with vibration of a rotating thick shell in a cylindrical shape which is
covered by a piezoelectric layer and having a attached mass-spring was studied (Safarpour et al.
2019b). In this paper, the impacts of various thermal distribution on the system was investigated.
Additionally, the vibrational behavior of rotating nanoshells constructed with reinforced
composites with nanoplatelets and a layer of piezoelectric was probed by Habibi ef al. (2019b).
They incorporated GDQM in order to extract the results. By utilizing moderately cylindrical thick
shell theory, Shokrgozar et al. (2020) formulated the vibration of a rotating cylindrical shell
coupled with a piezoelectric layer and attached mass-spring system. Next, the frequency
characteristics associated with a microdisk made of reinforced composite with the aid of graphene
nanoplatelets and a piezoelectric layer was conducted (Ebrahimi ef al. 2020b). In this article, in
order to attain the mechanical properties of the reinforced composite, the rule of mixture in
addition to Halpin—Tsai was used. Some researchers (Hashemi et al. 2019, Al-Furjan et al. 2020a,
b, c, d, e, f, 2021a, Bai et al. 2020, Cheshmeh et al. 2020, Li et al. 2020a, Lori et al. 2020, Najaafi
et al. 2020, Shariati et al. 2020d, Zhang et al. 2020, Guo et al. 2021, Liu et al. 2021a) carried out a
research on the vibration as well as buckling of a two-layered micro disk containing a piezoelectric
layer along with a reinforced composite layer which is subjected to thermal loads. By employing
Hertz contact theory together with first-order shear deformation theory, Guo et al (2021)
conducted the vibration as well as electrical response corresponded with a curved piezoelectric
panel placed on a viscoelastic substrate and under low velocity impact. With the aid of GDQM
numerical solution, the electrical behavior of a microdisk containing a piezoelectric layer in
addition to a reinforced composited layer with nanoplatelets was investigated (Shamsaddini Lori et
al. 2021). By employing nonlocal strain gradient theory, the wave propagation associated with a
cylindrical shell including a piezoelectric layer as well as a reinforced composite layer embedded
in a viscoelastic medium was solved analytically (Habibi et al. 2019¢). Al-Furjan et al. (2020a)
managed to conducted a research on the vibration response as well as critical voltage of a
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cylindrical shell with tow layer whose outer layer is piezoelectric and the inner is made of
reinforced porous composite with nanoplatelets. Ebrahimi et al. (2019b), by utilizing the nonlocal
strain gradient theory, studied the wave propagation related to nanoshells constructed with a
piezoelectric layer along with a nanoplatelet-reinforced composite. The dynamic control of a
nanoshell made of graphene nanoplatelets reinforced composite which is coupled with a
piezoelectric layer was studied (Al-Furjan et al. 2020d). The formulations are obtained through
first-order shear deformable theory, and also solved by GDQM. In addition, the two-layered
cylindrical shells, whose outer layer is piezoelectric and inner one is made of reinforced composite
material was studied (Hashemi et al. 2019). Al-Furjan et al. (2020f) explored the buckling along
with the post buckling behavior of an annular plate made of two layers one of which was
reinforced composite and the other was piezoelectric. By utilizing the first shear deformable
theory, the vibration related to a shell which is covered by piezoelectric layer and having a core
made of reinforced composites was investigated. (Al-Furjan ef al. 2021b)

Vibration behavior of structures has been the subject of a great number of papers, due to the
vast usage of this area in various devices. In this regard, the impacts of porosity on the forced
along with free vibration of reinforced-composite nanoshells was examined (Pourjabari et al.
2019). In this paper, three different types for porosity distribution are considered. Also, Ebrahimi
et al. (2019c) carried out the vibration together with buckling related to a rotating reinforced
composite shell used as a conveying viscous fluid systems. Additionally, buckling as well as the
free and forced vibration for nanoshells made of reinforced composites surrounded by Pasternak
medium were probed (Moayedi et al. 2019). Ghabussi et al. (2019) analyzed the vibration
reinforced-composited nanoshell in cylindrical shape which is coupled with a piezoelectric layer
and embedded in a viscoelastic material. The reinforced composite is considered to be functionally
graded in the thickness direction. With the aid of higher shear deformable theory and GDQM, the
buckling and vibration characteristic of a microdisk made of reinforced composited with graphene
nanoplatelets was formulated and solved by Moayedi et al. (2019). In this paper, the rule of
mixture is employed in order to obtain the mechanical features related to reinforced composite. By
incorporating modified couple stress theory, the forced vibration and buckling related to a
reinforced composited nanoshell which is subjected to thermal load was investigated (Ebrahimi et
al. 2020c). The formulation of vibration as well as buckling associated with a rectangular plate
made of reinforced composites with carbon nanotubes was attained by means of higher order shear
deformation theory by Cheshmeh et al. (2020). Liu ef al. (2020a) explored the vibration of disk
whose material is reinforced composited with the aid of carbon fibers along with carbon
nanotubes. The disk is modeled with third order shear deformable theory and is under thermal
load. Additionally, the free vibration alongside buckling of a conveying-fluid shell with two layers,
the core of which is made of reinforced composites with nanoplatelets, and the outer layer is
piezoelectric was analyzed (Shi ef al. 2020). With the help of higher order shear deformation plate
theory, Habibi et al. (2020) studied the vibration behavior of a viscoelastic circular plate which is
made of composites reinforced by FG distributed graphene platelets. The vibrational characteristic
of a reinforced composite disk which placed on a viscoelastic Pasternak foundation and subjected
to mechanical as well as nonlinear thermal loads was examined (Shahgholian ef al. 2020). Shariati
et al. (2020c) investigated the nonlinear vibration of a disk, whose material is reinforced
composite with carbon fiber and carbon nanotube, placed on nonlinear foundation and in a thermal
environment. By utilizing the third-order SDT, the nonlinear vibration behavior related to a
reinforced composite disk which is placed in hygro-thermal surrounding was carried out (Liu ef al.
2020b). Also, the vibration behavior for a rotating disk made of composite material and placed on
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Fig. 1 A schematic of the piezoelectric nanoplate

a two-parameter substrate was examined (Wang et al. 2020).

In this study, the fee vibration and critical voltage associated with a piezoelectric nanoplate
resting on a viscoelastic foundation and modeled by first order shear deformable plate theory is
investigated. The effect related to the size is taken into account using nonlocal elasticity. Also, with
the aid of Hamilton's principle, energy method, the corresponding governing equation and end
conditions are extracted. Then, using Navier method the equations are solved analytically. The
presented formulation and solution procedure are validated using other papers. Additionally, the
impact of various parameter which affects the vibration of the nanostructure are studied in detail.

2. Mathematical modeling

Here, the piezoelectric nano late is exhibited in Figure 1. The geometry of the plate is shown in
the Fig. 1.

2.1 Kinematic relations

The displacement in three directions can be presented as (Karimiasl et al. 2019):

u(a,y,z,t) = up(a, y,t) + zuy (a, y, t)
v(a,y,z,t) = vo(a,y,t) + zvi(a, y, t) €))
w(a,y,z,t) =wy(a,y, zt)

in which u, w, and v represent the value for the total displacements. In addition, ug, vy, and wy
denotes the value of displacements related to the midplane of the plate. Also, u; and v;
represent rotations of transverse normal on the mid-plane. Also, the associated nonzero strain are
written as (Karimiasl ef al. 2019):

The relation between stress and strain along with the electric displacement associated with the
piezoelectric nanostructure can be written as (Eringen 2002, Ke et al. 2014):
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Oij = Cijk1€k1 — Qnij eml] IBL]AT 3)
D; = ejj&p + dinHy + SimEm + piAT
in which en; s and cju, represent the piezo-electric, dielectric, as well as elasticity matrix
constants, respectively. Additionally, in Eq. (3), electric fields strength along with electric
displacements are denoted by D;, and E,. In addition, the field strength of electric (E4, E,, E-) can
be written as follow.

L0000 30 )
a — aal y = y’ z — aZ ()

The electric field can be obtained through the following equation

P(a,y,z,t) = ZZT% —cos(nz/h)p(a,B,t) %)

The parameters which is utilized in Eq. (5) are presented in Ref. (Ghadiri and Safarpour 2016)
in detail.

2.2 Hamilton’s principle

Hamilton’s principle (Adamian ef al. 2020, Al-Furjan et al. 2020a, 2021a, Li et al. 2020b, Liu
et al. 2020b, 2021b, Zare ef al. 2020, Dai et al. 2021, Habibi et al. 2021, He et al. 2021, Huang et
al. 2021, Zhang et al. 2021) is employed to achieve the governing equation in addition to the
boundary conditions as follow

[
(8U + 8UP + 8U, — 8K + 811, + 611,,,)dt = 0 (©)

t1

where, the kinetic energy associated with the piezoelectric NEMS can be given as:

SK = Jﬂ 6u66u 6v66v+6W66W}dA ;
ot at ot dt ot dt M

Additionally, the first variation corresponded to potential energy can be written as:

1
oU =—ij O'ijdsijdV =
2 1%

_N dduy Y dadu, N ddv, 4 00V,
“ da “ da YV 9y YV 9y ®
ddwy ddwy
= JfA +N,,(6v, + 3y wz(Buq + 7 ) dA
dduy, 06, ddu, 06V,
N I I [—
_+“y<6y+6a> (6y+6a>

in which

Nij, M J {Uu' ZUU} dz )
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Also, the strain energy related to the piezo patch, Eq. (8), should be as follow
SUP = f f (DuSE, + DySE,, + D,0E,)da’ dy” (10)
A
core and the face sheet is reduced to 7.

2.2.1 Nonlocal theory
To consider the impact of the nonlocal parameter in governing equation of the system, it can be
take into account through the following relation:

oij = (1 = V2u®)ty; (11)

where in Eq. (15), V2 denotes the Laplacian operator. As the current structure rotates, initial hoop
tension occurs. The work done because of to this phenomenon can be given as:

SH _f [ NP <6WO 65W0+6W0 65W0)]d 4 .

where

C13€33
NP == _2(631 -

)do (13)
C33

Now, the relation associated to the viscoelastic foundation is presented, using Kelvin-Voight
model. Where K, and K,, shows the Winkler coefficient as well as Pasternak coefficient related to
the elastic substrate, respectively. Consequently, by substituting strain energy of the size-dependent
nanoplate, and with the aid of Egs. (13), (12), (11), (10), (8) and (7) into Eq. (6), the governing
equations correspond to a nanoplate constructed with piezoelectric material and resting on
viscoelastic foundation can be attained.

3. Solution procedure
Here, Navier method, as the best analytical solution procedure is utilized. For solving the

governing equation of the current simply-supported composite structure the Navier procedure is
employed by considering the below equations:

U mm omm
cos( A x) sin( p V)
mm mm
u V sin(—x) cos(—y)
v a b
mm mm )
w =< Wsin(—ux)sin(—y) et (14)
u a b
1 mm omm
v, U, cos(Tx) sm(Ty)
Vsi mm mm
sin( " x) cos( 5 Y1

in which, n and m represent transvers as well as axial mode numbers, respectively. Here, by using
Eq. (14) into the governing equations, it can be arranged in a matrix form as follow.
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Table 1 The first nondimensional vibration frequency of SSSS cross-ply laminated square plate
with G12/Ex=0.6, G13/E2=0.6, G23/E>=0.5, a=b=1, v=0.25

Ei/E» Ref (Khdeir 1988)  Ref (Thinh et al. 2014) Presented study
10 8.2982 8.2981 8.2485
20 9.5671 9.5671 9.5428
30 10.326 10.326 10.3018
40 10.824 10.854 10.8345
K*+M'w3,=0 (15)

Lastly, the vibration frequency in addition to the displacement of the structure can be attained
analytically by solving the below equation. Also, it is notable that K* in Eq. (15) can be presented
as:

K* = [K] + dolK] (16)

where K and K, denotes the stiffness matrix related to the system with and without considering
applied voltage change, respectively. Here, the critical voltage can be obtained through setting the
polynomial zero. Also, the non-dimensional format for critical voltage as well as vibration
frequency can be presented as follow.

Dimensionless critical voltage=,/A11 /X33

h/2 _ 5
Xp = j s330(Bsin(82))’ dz (17)

—h/2

Dimensionless frequency=w,, , h ’p / E

4. Numerical results
4.1 Verification

Tables 1 present the compassion between the result related to this paper and those extracted
from other articles. In the table, the non-dimensional vibration frequency for different E|/E; are
presented. It is observable that the presented results possess such a close agreement with results of
other references. Further, the results of this table show that by increasing the Ei/E> parameter
results in increase in the dimensionless frequency of the structure.

4.2 Parametric results
Here, in the following figures the influence of multiple parameters on the ()-paramater is

clarified. It is seen in Fig. 2 that increasing the aspect ratio diminishes the (-paramater to a certain
level in which the ()-paramater does not decrease anymore. Besides, increase in the thickness to
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Fig. 3 Effect of transverse mode number on the Q-paramater versus aspect ratio curves

width of the nano-plate also increases the ()-paramater. The rate of reduction in {)-paramater is
more severe in low values of the aspect ratio.

Transverse mode number also affects the (l-paramater. As can be observed in Fig. 3 that
increase in parameter n results in (l-paramater as expected. It seems that this impact is
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Fig. 5 Effect of external applied voltage on the ()-paramater versus aspect ration curves

unchanged through all the aspect ratio values. In higher values of aspect ratio, no matter how much
is the aspect ratio value, the ()-paramater approaches a constant value which is depend only on the
transverse mode number keeping all other values unchanged.

A similar figure can be drawn to see the effect of axial mode number on the ()-paramater. As
depicted in Fig. 4, in higher axial mode numbers the ()-paramater curves are upper specifically in
low values of aspect ratio. In higher aspect ratios, as the (-paramater approaches a constant
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Fig. 7 Transverse mode number and external applied voltage effects on the ()-paramater

value, the impact of the axial mode number is decreased and it is observed that ()-paramater has
slight dependency on axial mode number.

The external applied voltage alters (-paramater behavior. In Fig. 5, the change in values of Q-
paramateris seen as function of both aspect ratio and external applied voltage. Increasing applied
voltage causes decrease in (l-paramater. The impact of applied voltage seems to be unaffected by
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the values of aspect ratio. In all aspect ratios the change in {)-paramater is a constant amount. In
addition, the flattening behavior of the (l-paramater curve at high values of aspect ratio is also
observed here.

In Fig. 6, effect of nonlocal parameter p is shown for (-paramater depicted against aspect
ratio a/b. The increase in the nonlocal parameter obviously decreases the ()-paramater values in
all aspect ratio. Effect of this parameter is harsher at lower values of aspect ratio as increase from

u=0 to u=2h results in 52% reduction in {l-paramater value in %= 1 while the same

amount of increase in nonlocal parameter results in 30% reduction in ()-paramater.

It is observed before that at high value of external parameter there is no vibration in the nano-
plate since the natural frequency is zero is this condition. Same behavior is seen in Fig. 7 for Q-
paramater at high values of external applied voltage for only first transverse mode number. As the
transverse mode number increase the (-paramater increases. The overall behavior of the (-
paramater is also detected to be decreasing against increase in applied voltage.

The Q =0 condition which was seen in the first transverse mode number is seen for all first
three axial mode numbers in Fig. 8. As the axial mode number increase the ()-paramater increases.
The overall behavior of the ()-paramater is also detected to be decreasing against increase in
applied voltage as discussed also in Fig. 7.

Fig. 9 shows that increase in nonlocal parameter u/h decreases the ()-paramater values for all
applied voltages. However, the reduction percent gradually decreases at high values of nonlocal
parameter. The decrease behavior seems to be continued in all ranges of nonlocal parameter.

5. Conclusions

In the current paper, the free vibration characteristic associated with a piezoelectric nanoplate
with simply-supported end conditions resting on a viscoelastic substrate under in-plane loading is
studied.

« Nonlocal elasticity as the size-dependent theory is utilized.

« According to FSDT as well as Hamilton's principle the equations of motions are obtained.

* The presented formulation and solution procedure are validated using other papers.

« Also, the impacts related to nonlocal parameter, applied voltage, axial mode number, geometry
of the nanoplate, as well as stiffness of the elastic foundation on the vibration frequencies are
presented.

« It was seen that the vibration frequency diminishes when the applied voltage and nonlocal
parameter intensifies and is increased when the mode number increases.

« As this paper is the first research in which the vibration associated with piezoelectric nanoplate
on the basis of FSDT and nonlocal elasticity is investigated analytically, this results can be used in
future investigation in this area.
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