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Abstract. In the framework of nonlocal strain gradient theory, the dynamic responses of a porous functionally
graded (FG) nano-size beam under half-sine impulse load and thermal environment. The half-sine impulse load has
been modeled as a point load located on the top surface of the nano-size beam. The exerted impulse load leads to the
transient vibrations of the nano-size beam at a prescribed time. The porous beam has been described with two pore
distributions named even-type and uneven-type pores. The formulation has been developed based upon the refined
beam model while the equations will be solved numerically using differential quadrature (DQ) method. Finally, the
dynamic deflections in transient region will be derived with the usage of Laplace transform technique. It will be
indicated that temperature variation, pore distribution and nano-scale factors have remarkable influences on dynamic
resonse of the nano-size beam subjected to sine-type impulse loads.

Keywords: ceiling modules; FEM analysis; integrated ceiling; seismic ceiling

1. Introduction

Evaluation of mechanical characteristics of nano-scale structures including nano-size beams
and nano-size plates according to non-classic elasticity theories has been a serious case of study in
recent decade. The main reason is broad application of nano-scale structures in nano-sensors or
nano-electro-mechanical systems (NEMs). The most familiar theories for modeling of nano-scale
structures are nonlocal elasticity (Eringen 1983) and strain gradient (Lam et al. 2003) theories. In
the theories, some scale factors have been introduced in order to interpolate the influences of small
size (Kunbar et al. 2020, Akgoz and Civalek 2015, Mirjavadi et al. 2020a, 2020b, Ahmed et al.
2020, Fenjan et al. 2021). Pursuant to nonlocal elasticity the stress field is necessary to be nonlocal
since the relation between the stress and the strain at a point depends on the strains of that point
and also surrounding points (Nami and Janghorban 2014). This nonlocality of stress field has been
considered with the use of nonlocal parameter. Any value of nonlocal parameter may be
determined using experiment or numerical simulation. However, the derivation of the values of
nonlocal parameter based on the mentioned approaches is very difficult and time-consuming.
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Therefore, many studies on static and dynamic properties of nano-scale structural elements have
been performed as parametric studies based on some assumed values for nonlocal parameter (Li et
al. 2015, Zhang et al. 2015, Lou et al. 2016).

In recent years, several theoretical studies and experiments report that small size effects must
be characterized via stiffness increasing mechanism or strain gradient fields (Martinez-Criado
2016). This assertion is not the same as that of nonlocal elasticity in which stiffness reduction
behavior has been stated. However, the influences of reduction and increment on structural
stiffness at nano scales can be considered in the context of nonlocal strain gradient theory (NSGT).
According to NSGT, two scale factors named nonlocal and strain gradient factors have been utilized to
provide an excellent description of small size effects. The static and dynamic properties of nanobeams and
other nanostructures have been broadly studied with the use of NSGT (Barati 2018, She et al. 2018).

The effects of different loadings on vibration behavior of nanobeams has become an important
case of study in recent years. Some of these loadings are harmonic forces, impulsive loads and
moving loads at top surface of the nanobeam. Forced vibrations of the nanobeam due to harmonic
and impulsive loads have been investigated by several authors in the context of nonlocal elasticity
theory (NET) and nonlocal strain gradient theory (NSGT). However, forced vibrations of the
nanobeams due to pulse loads has become very important because of the nano-sensing and nano-
probing applications (Simsek 2010, Zhang and Liu 2020, Liu et al. 2021). It has been realized that
the dynamic deflections of a nanobeam due to pule loads increase by the inclusion of nonlocal
parameter (Khaniki and Hosseini-Hashemi 2017).

In a FG material, all properties must be described according to the continuous gradation
between the two constituents (ceramic and metal). Actually, the mechanical characteristics of a FG
material depends on the portion or percentage of each constituent. Therefore, the effective
properties of a FG material can be controlled by increasing or reducing the portion of
ceramic/metal constituents. Due to excellent properties of FG materials, they have many
applications in structures used in aerospace, automobile and civil engineering sections. The
distribution of FG material in structures can be mathematically modeled using power-law or Mori-
Tanaka models. Using power-law functions, it is possible to easily describe the continuous
gradation of material properties with good accuracy, however, Mori-Tanaka scheme has provided
more accurate results as reported in some studies. Both models in their traditional forms have
ignored the effects of porosities inside FG materials (Atmane et al. 2015). The porosities may be
created due to some faults during the FG material production and it is shown that they have
notable impact in mechanical characteristics of FG structures (She et al. 2018, Ahmed et al. 2019,
El-Hassar et al. 2016). In recent years, a modified power-law model has been developed and used
by several authors to investigate the mechanical characteristics of FG structures including porosity
effects (Mirjavadi et al. 2017).

The present research deals with forced vibration behavior of a nanobeam made from porous FG
material which is subjected to half-sine pulse load. In this research, the half-sine pulse load is the
representative of a point load on the top surface of the nanobeam. A modified power-law model
has been used to investigate the dynamic characteristics of FG nanobeams including porosity
effects. The nanobeam formulation is based upon higher-order refined beam theory, whereas the
size effects have been captured according to NSGT. The governing equations acquired from
Hamilton’s principle have been solved through DQM and the time domain part of solution has
been done using inverse Laplace transform approach. It is exhibited that the moving load speed,
nonlocal/strain gradient factors, pore amount, porosity distribution, elastic substrate and graded
nonlocality have enormous affection on dynamic response of the nano-sized beams.
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2. Theoretical formulation
2.1 Beam modeling via NSGT

As discussed, the influences of reduction and increment on structural stiffness at nano scales
can be considered in the context of NSGT. According to NSGT, two scale factors named nonlocal
and strain gradient factors have been utilized to provide an excellent description of small size effects. At first
step, it is essential to define the stress field components in the below form (Barati 2018):

jj Zai(jo) —VGi(jl) 1)

Note that the symbols 0_60) and Gigl) are used for stress components which are respectively

associated with strains &€k| and strain gradients V5k| as:

o’ = Iv Cijao (x, X' ega) e (X )dx’ (2a)

of =17, Cigaen (.02 Vily ()¢ (2b)

Here, the symbol Cijkl is used for elastic coefficients; epa and eja have been used to define the

nonlocal effects and / introduces the influences of the strain gradients. If the nonlocal functions
ap(x,X,ed) and o¢y(x,x,ga) can satisfy the introduced conditions by Eringen (1983), the
relationship between the stresses and strains in the context of NSGT becomes:

[1-(e,@)*VZ][1-(&a)* V10
= Cijkl [1- (ela)zvz]gkl (3a)
_Cijkl I’[1-(e,2)° V°IVZs,
where V? is called Laplacian operator. The above relation can be more simplified by assuming
ga=ga=ea as:
[1-(ea)*VZ]oy =

(3b)
Cijkl [1-1 sz]gkl

2.2. FG materials

The distribution of FG material in structures can be mathematically modeled using power-law
or Mori-Tanaka models. Using power-law function, it is possible to easily describe the continuous
gradation of material properties with good accuracy, however, Mori-Tanaka scheme has provided
more accurate results as reported in some studies. At the first step, assume a FG nano beam with
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Table 1 Employed properties of the two phases

Property Steel Alumina
E 210 (GPa) 390 (GPa)
p 7800 (kg / m®) 3960 (kg / m®)
a 13e-6 10.5¢-6 (1/K)
v 03 0.24

Even porosities  Uneven porosities

Impulse load
Xo

Ceramic rich

Metal rich

Fig. 1 A pore-dependent graded nanosized beam subjected to an impulse load

length L and thickness 4, as indicated in Fig. 1.

Based on power-law functions, it is possible to define Young’s modulus (E), Poisson ratio (v),
and thermal expansion coefficient (). Using refined power-law functions, one is potent to model
each material property (H) containing porosity volume (&) as:

p
H(z)z(Hc—Hm)(E+Ej +H,

h 2 for even distribution (4a)

g

—(H,+H,)=

(Ho+Ho) S

4
H(z)z(Hc—Hm)(£+1) +H,

h 2 for uneven distribution (4b)

_g(Hc + Hm)(l_ﬁ)

Note that p is the material gradient index, It must be stated that the material properties of the
metal and ceramic constituents have been presented in Table 1.

2.3. Governing equations

Higher-order beam theories are useful for establishing the governing equations of beams
considering shear deformation effect. One of the well-known theories is refined beam theory
which has the below form of displacement field (d., 0, d:) as (Issad et al. 2018):
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dx(x,z)zu(x)—(z—b*)%

(52)
[B(z)-b"] aaw

X
d, (X, Z) = W, (%) + W, (X) (5b)

The above displacement field contains axial displacement (u); bending displacement (w;) and
shear displacement (w;). Moreover, in order to determine the neutral axis location in a FG beam, it
is necessary to calculate:

0.5h
E Z ZdZ 0.5h
b* = J._(())EEL b™ = J.—o.sgSEh(Z) B(Z)dz (6)
[ E@)dz 7 Bz

0.5h

A trigonometric shear strain function f{z) has been selected as:
B(z)=z-sin(Bz)! p ©)

with B =7/N . The derived strains based on the presented displacement field may be
introduced as:

2
Exx :Z_u_(z_b*) a(,aV\glb
X - X (8a)
—[B(z)-b"T—
[B(z)-b] o
oW,
Ve =9(2) axs (8b)

Next, the principle of Hamilton based on strain energy (U) and kinetic energy (K) implies that:
[[6U+v-K)ydt=0 )

Also, V introduces the energy of applied forces. The strain energy variation might be
introduced by:

SU = oy85,dV =
J‘V (O-XX5 gXX + G)((i)éV gXX (10)
+6X257/XZ + O-)E:ZL)éV 7/XZ ) dV

Insertion of Egs. (8a) - (8b) in Eq.(10) leads to:
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L . 0u 0% oW,
5U—L(N8X—Mbaﬁ
%W, OOW,
-M S+ S)dx
Poox? Q OX )

In such a way that:
h/
N :thz("fx ~Vol)dz=N®-VN®
"= " (0 o b(0) b(1)
M® = J:hlzz(aXX -Vo®ydz=M"® -vM
MS = _[1,22 f(afX —VO'S())dZ — MO _yp 0
h/
Q=" 0ot TP v

where

N O =J'h/2 (o )dz,

—hi2 v X
. h/2 .
b(i) _ b(i)
MO = [ 2(05" )dz,
. 2 .
s(i) _ s(i)
M0 = thzf(axx )dz,

. h/2 .
Q=" 9(c )dz,

h/

Note that i is 0 or 1. The energy due to the exerted loads might be introduced as follows:

5V=ﬁ@ﬂ%+m»w
In such a way that:

2
q=+NT T W) ("ng""s% (1)

In above relation, f{z) is the applied force due to the pulse load.

+0.5h
NT = L} " a(z2)E(z)ATdz is the thermal load. A variation on kinetic energy leads to:

ouodu oW, Ow,, 00W,
e G B

ot ot ot ot ot
ou 8°sw, | O°W, au,

ot oxot - oxot ot

ou a*sw, 0w, o5u

SK=[ (%[

OO W,
+—23)]-Y,
ot =Y,

o*w, 625Wb)_

+Y,( (—
oxot  oxot ot oxot oxot ot
2 2 2 2
+Sz(a w, 0 5ws)+J2(a W, 0°OW,
oxot  oxot oxot  oxot

+

2 2
oW, 0°Ow, )dx
oxot  oxot

(11)

(12)

(13)

(14)

(15)

Also,

(16)
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where
(Yy,Y1,3,,Y,,3,,S,)
J-h/zp{lz b",(z-b")*>,B-b" ' an
"2(z-b")(B~b"),(B~b")}
The governing equations have been determined via insertion of Eqgs. (11)-(16) in Eq. (9) with
setting the coefficients of U, 0 W, and S W, to zero:

oN _, d°u , w, o*w,

X V aer Vaxar (18)
o°M, o°w, o'w,
—f — Y b S
ox? =45 o’ 6’[2 )
3 4 4
ou o'w, o'w, (19)

Y — -
Yoxot?  Coxtot?  ?oxtot?
N 0% (w, +w,)

ox?
e 0= G
*h aisaliz Y aizvavsz o aiz\giz (20)
N7 o’ (vgbx jw)

Using Eq. (3), it is possible to establish the stress-strain relations of a higher-order refined FG
nano beam in the context of NSGT as:

2

o, —(ea)? aaazxx _
X
) (21)

(l_ I 2 XX

2
o, —(ea)? o szz —

OX 22)

L %)G(z)nz

Integration from Eqs. (21) and (22) about the nanosized beam thickness leads to the below
relations of the forces and moments as:

252 2 9

N —(ea) > =@Q-I p™ 2)(A_x
23
_Bawb_B azws) 23)
Ox? S ox?
~(eay 0 — -
(24)
o*w, 62
b axzb -D. axzs)
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282 2 62

—(ea) =11 )(
(25)
o? o2
_DS aXV\Z/b_Hs aXV\ZIS)
2
Q- (ea)26 Q_q@-r a (26)
where
(A /B,B,D,D,,H,)
[ E@QGD) B0, (27)
M2, (z-b")(B~b"),(B~b")*}
A =I_h;,2292G(Z)dz,g(z) =1-0B(z)/ &z 28)

The established equations with respect to the field components might be represented as follows
via the insertion of Egs. (23)-(26) into Eqs (18)-(20) as:

A(1—|2 a —|2 a

atZ

83Wb N 63 8“u (29)

oxot? Tt ox 6t2

o°w,

—VY. b s _
tox3ot? 8X38t2)

B(1—|2722)(‘L‘j -Dg-1r L,

|2 o’ azwb o*w,

(atz + atz
& 6“W 0w,
= +Y, bt s 30
Yoxot?  PoxPot?r % oxtet? (30)
o*w, . o'w, ou

-D,(1-

S )+,
o oo’ T akar?
o°w, ow, & f(t)
s aXAa;’z Aatz)— f(t)-(ea)’ ——~

+(ea)’ (+Y, (

o 6“Wb

Bs(l—I2 )( )D(l—2 2
262

)

62

-H,@-1? )( 5) Al-I
o*w, 82WS ou 8 W,
2 T 2 )_ 1 2 +‘]2 212
ot ot oxot ox“ot

‘w f (31)
o' Wy 0w,
oo oot

_Y0 (

+K,

+(ea)? (+Y, (

axza 2
] du L w, o Aw,
oxdot? Zox‘at’ Zox‘at?’

()~ (ea)? azf(‘)

The impulse load has been defined as a point load f(t) = f,0(X—x,)®(t) in which f; is
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loading amplitude and xo is loading location and ) _ g, [ at ]( HO-HE-1))"

3. Solution by differential quadrature method (DQM)

In the presented chapter, DQ method has been applied for solving the governing equations for
NSGT porous FG nanobeam. According to DQM, at an assumed grid point (xl-, yj) the
derivatives for function F are supposed as weighted linear summation of all functional values

within the computation domains as:
N

d"F
ar R NGO
il = PR () (32)
j=1
where
(x;)
cw o T ij=12..,N, i #J (33)
(xi — %) m(x;)
in which m(x;) is defined by
N
T[(xi) = l_l(xi - xj) , i ?‘—'] (34)
j=1
And when i =
¢ = = Z ¢, i=12,..N, itk i=j (35)

Then, weighting coefficients for high orders derivatives may be expressed by:

2 =31, cOc®, ¢® = TN cPc? = $h, (P
ciP = ZC(DC(3) ZC(3)C(1) ij=1,2,..,N.

¢® = ZC(DC@) 20(4)C£})'C1(,6) Zc“)c“) 26(5)6(1)

According to presented approach, the dispersions of grid points based upon Gauss-Chebyshev-
Lobatto assumption are expressed as:

[1 — cos (];_ 1111)] i=12,..,N, (37)

Next, the displacement components may be determined by

w, (X, 1) =W, (x)e" (38)

(36)
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w, (x,t) =W, (x)e'* (39)

where W, and W, denote vibration amplitudes and w defines the vibrational frequency. Then, it is
possible to express obtained boundary conditions as:

w, =w, =0,
o'w, _ o*w, _ 0 o'w, _o'w, _ 0 (40)
x> ox toxt ox!
Now, one can express the modified weighting coefficients for all edges simply-supported as:
B =cH =0, i=1,2..,M,
(41)
P =c% =0, i=1,2..,N.
and
C:i(js) = Yk=1 Ci(kl)c_lg)' (ji(j‘}) = Yk=1 Ci(kl)EIg) (42)
Inserting Egs. (38) - (39) in Egs. (30)-(31) gives the below relationship:
orf(t
o [TO-a Y
K]+—I[M "=
{[ ]+atz [ ]HWSH} 21 (43)
ft)-—u pw

In above equation, [K] and [M] respectively display the stiffness and mass matrices. At the end,
with the selection of zero initial conditions and Laplace transform method, Eq. (43) has been re-
formulated as:

o2 £ (t)
L[\an]} _ LLF(t)—n o 1 (44)
L 2

Ml - 29

{[K]+SZ[M]}{

By solving Eq.(44) through the inverse Laplace transform approach, one is potent to derive the
values of bending (Ww) and shear (Ws,) displacements. However, the total deflection of the
nanobeam is the summation of the two displacements as W= Wyat+ Win. For representing the
calculated results, the below non-dimension factors have been introduced:
100E,I | _ea

P
t :—,W :W ,/1:—, =
t, f, L2 LT (49)

4. Calculated results and discussion

The present section has been devoted to examine the dynamic responses of porous FG
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Table 2 Comparing the non-dimension frequency of a nanaobeam based on NSGT (L/h=20)

A=0 A=0.5

Simsek (2019) Present Simsek (2019) Present

p=0 pn=0 2.8491 2.8490 5.3053 5.3051
p=0.25 2.2406 2.2406 4.1723 4.1722

pn=0.5 1.5300 1.5300 2.8491 2.8490

pn=0.75 1.1130 1.1130 2.0726 2.0724

p=1 pu=0 2.1129 2.1129 3.9345 3.9344
p=0.25 1.6617 1.6617 3.0942 3.0942

p=0.5 1.1347 1.1346 2.1129 2.1129

p=0.75 0.8254 0.8253 1.5371 1.5370

Dimensionless deflection

0.0 0.5 10 15 2.0
Dimensionless time (t*)
Fig. 2 Time responses of the nanobeam for diverse nonlocality factors (p=1, L=10h, AT=20, A=0,

£=0.1)

nano beams due to half-sine pulse loads capturing both nonlocal and strain gradient influences.
The effects of load location, material gradation, porosity distribution, nonlocality and scale factors
on dynamic deflection of the nanobeam have been studied in detail. Within this research, it has
been selected that the nonlocality and strain gradient factors are constant for FG nanobeam.
Accordingly, u and Arespectively denote the normalized nonlocal and strain gradient factors. More
discussion on this issue can be found in the following paragraphs.

At the first step, a comparison has been provided in Table 2 with the work of Simsek (2019) to
validate the vibration frequency of a FG nanobeam based on NSGT. In this regard, the validation
of first dimensionless vibration frequency Q=wl? /p,/E, /h, at different values of nonlocal and

strain gradient parameters have been carried out and an excellent agreement has been obtained
between the obtained results and those of Simsek (2019).
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Dimensionless deflection

0.0 0.5 1.0 1.5 2.0
Dimensionless time (t*)
Fig. 3 Time responses of the nanobeam for diverse strain gradient factors (p=1, L=10h, AT=20,
pn=0.2, £&=0.1)

Fig. 2 plots the time histories for normalize dynamic deflection at different values of time
factor (¢*) and nonlocal parameter («=0, 0.2, 0.3) at the FG index p=1. It is assumed in this plot
that /=0 and AT=20. In the transient region, an increment in nonlocal factor leads to higher values
of normalized dynamic deflection. This is due to reduced stiffness of FGM nanosized beam when
the nonlocality factor becomes higher. Such behavior indicates that a FG nanobeam displays
stiffness-reducing effects when the nonlocality factor increases.

Dynamic deflection of the nano-size beam against normalized time factor based on different
strain gradient factors has been plotted in Fig.3 at p=1 and AT=20. For the case of classic elasticity
theory (CET), it is assumed that u= A=0. Also, it is considered for the case of nonlocality elasticity
theory (NET) that 4=0.2 and A=0. It can be seen that the dynamic deflection is greatly affected by
the normalized time. Actually, the dynamic deflection is augmented with the normalized time until
reaching peak values, and then it drops abruptly after the points. However, the dynamic deflection
and the peak point are dependent on the values of strain gradient factor. Indeed, higher values of
strain gradient factor give the lower value of dynamic deflection due to the inclusion of non-
unifrom strain field effects. However, by incorporating the strain gradient effect, NSGT gives
smaller deflections than NET.

In Fig. 4, the time history of FG nanobeam has been plotted based on various porosity volume
fraction ((=0, 0.1, 0.2) and FG gradient index (p=1, 3). The even porosity dispersion has been
considered for this figure. It can be understood that the FG nanobeam becomes more flexible at a
higher value of gradient index because of the higher percentage of metal constituent compared to
ceramic constituent. Accordingly, the dynamic deflections of nanobeam increase by increasing the
value of gradient index. However, another important factor in dynamic response of a FG
nanobeam is the presence of porosities. As the porosity volume ({) becomes higher, the value of
dynamic deflection becomes higher due to the reason that porosities inside FG material will reduce
the structural stiffness.
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Dimensionless deflection
Dimensionless deflection

0.0 0.5 1.0 1.5 2.0 ! . 1.0 1.5
Dimensionless time (t*) Dimensionless time (t*)
(@) p=1 (b) p=3
Fig. 4 Time responses of the nanobeam for diverse pore factors and material gradient index
(L=10h, AT=20, u=0.2, A=0.1)

Dimensionless deflection

0.0 05 1.0 15 20
Dimensionless time (t*)

Fig. 5 Time responses of the nanobeam for diverse temperatures (p=1, L=10h, u=0.2, £&=0.1)

Dynamic deflection of the nano-size beam against normalized time based on different
temperatures (AT) has been plotted in Fig. 5 at p=1. In this figure, the nonlocal factor is assumed
to be u= 0.2. It can be seen that the dynamic deflection is greatly affected by the temperature
variation. Actually, the dynamic deflection is augmented with the increase of temperature. It means
that at higher temperatures, the nanobeam has lower stiffness leading to greater deflections.

A comparison between the dynamic deflection of porous FG nanobeam obtained by even-type
and uneven-type porosities has been presented in Fig.6. It is found from this figure that uneven-
type porosities give smaller values of dynamic deflection compared with even-type porosities.
Actually, the FG nanobeams with even-type porosities are more flexible than uneven-type
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—— Even—type pores

....... Uneven—type pores

Dimensionless deflection

-6
0.0 0.5 1.0 1.5 2.0

Dimensionless time (t*)

Fig. 6 Time responses of the nanobeam for diverse pore dispersions (p=3, L=10h, p=0.2, A=0.1,
&=0.1, AT=20)

Dimensionless deflection

-6
0.0 0.5 1.0 1.5 2.0

Dimensionless time (t*)

Fig. 7 Time responses of the nanobeam for diverse load location (p=3, L=10h, p=0.2, A=0.1,
&=0.1, AT=20)

porosities. The reason is uniform distribution of porosities in cross section area of the FG
nanobeam in the case of even model. However, the porosities will not occur at corner of the cross
section in the case of uneven model.

Fig.7 displays the effects of loading position (xo=0.5L, 0.7L, 0.9L) on dynamic responses of a
FG nano-sized beam exposed to impulse loads when t,=0.1. It may be concluded from this plot
that as the load becomes far from the beam center, the value of normalized deflection in transient
region would be lower. Therefore, the maximum value of normalized deflection would be obtained
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as the point load is located at the beam center. Another important finding is that the load position
has no influecnes on quantity of oscillation in the transient zone.

5. Conclusions

This article dealt with dynamical response invrstigation of a pore-dependent FG nanobeam
subjected to a half-sine pulse load considering the effects of nonlocality and strain gradients. A
modified power-law model was used to investigate the dynamic characteristics of FG nanobeams
including porosity effects. The nanobeam formulation was based upon higher-order refined beam
theory, whereas the size effects have been captured according to NSGT. The governing equations
were solved using DQM and inverse Laplace transform method. The main findings are summarized as
follows:

* An increment in nonlocal factor leads to higher values of normalized dynamic deflection.

* It was reported that NSGT gives smaller deflections than NET.

» The porosity volume becomes higher; the value of dynamic deflection becomes higher due to

the reason that porosities inside FG material will reduce the structural stiffness.

* Temperature rise led to higher deflections at transient region.
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