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Optimization for trapezoidal combined footings: Optimal design
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Abstract. This work presents a complete optimal model for trapezoidal combined footings that support a concentric load and
moments around of the “X” and “Y” axes in each column to obtain the minimum area and the minimum cost. The model
presented in this article considers a pressure diagram that has a linear variation (real pressure) and the equations are not limited
to some cases. The classic model takes into account a concentric load and the moment around of the “X” axis (transverse axis)
that is applied due to each column, i.e., the resultant force is located at the geometric center of the footing on the “Y” axis
(longitudinal axis), and when the concentric load and moments around of the “X” and “Y”” axes act on the footing is considered
the uniform pressure applied on the contact surface of the footing, and it is the maximum pressure. Four numerical problems are
presented to find the optimal design of a trapezoidal combined footing under a concentric load and moments around of the “X”
and “Y” axes due to the columns: Case 1 not limited in the direction of the Y axis; Case 2 limited in the direction of the Y axis in
column 1; Case 3 limited in the direction of the Y axis in column 2; Case 4 limited in the direction of the Y axis in columns 1 an
2. The complete optimal design in terms of cost optimization for the trapezoidal combined footings can be used for the
rectangular combined footings considering the uniform width of the footing in the transversal direction, and also for different
reinforced concrete design codes, simply by modifying the resisting capacity equations for moment, for bending shear, and for
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the punching shear, according to each of the codes.
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1. Introduction

The soil pressure under a footing is distributed in
accordance with the soil type, the soil’s relative rigidity and
the foundation, and the depth of the contact between
foundation and soil. Fig. 1 presents the diagrams that are
valid for rigid footings. Fig. 1(a) shows the pressure
distribution diagram for the footing resting on sandy soils
(granular soils). Fig. 1(b) presents the pressure distribution
diagram for the footing resting on clayey soils (cohesive
soils). Thus, it is assumed for simplicity that the footing is a
perfectly rigid body, the soil is behaving elastically and the
distributions of the stress and the strain are linear in the soil
below the base of the footing. Therefore, the proposed
design assumes that the soil pressure is distributed linearly.
The distribution of soil pressure is uniform, if the footing
centroid coincides with the resultant force of the loads
applied on the footing (see Fig. 1(c)) (Luévanos-Rojas
2014b, 2015a, Luévanos-Rojas et al. 2017b).

The practice construction of a combined footing can be
used for more of a column due to: 1) if the columns are
located very close to each other (for example, on escalators
and elevators); 2) the size of the footings can be restricted
by the property line. A column located in the footing edge
generates an eccentricity on the footing, but, the footing can
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be attached to the footing of an inner column, and as result
a combined footing is obtained.

The traditional model for the design of combined
footings by rigid method considers the following: 1) The
footing or foundation slab is infinitely rigid, and therefore,
the deflection of the footing or foundation slab is not
influenced by the pressure distribution; 2) The ground
pressure distribution must be in straight line or a plane
surface such way that the ground pressure centroid must
located in the action line of the resultant force (longitudinal
axis) of all the loads that act on foundations; 3) The
minimum stress is limited to zero, because the ground
cannot to support tensile stresses; 4) The maximum stress is
limited to the soil allowable load capacity.

Main works of various researchers in recent years on
the foundation structures or structural footings are: Guler
and Celep (2005) developed the response of a rectangular
plate-column system on a tensionless Winkler foundation
subjected to static and dynamic loads. Wang and Kulhawy
(2008) developed a design considering the construction
economics and results in a foundation that has the optimal
cost (minimum construction cost). Wang (2009) estimated a
design that groups economic design optimization with
reliability based methodologies to rationally explicate the
geotechnical related uncertainties. Chen et al. (2011)
presented a study on elastic foundations of nonlinear
vibration for hybrid composite plates. Zhang et al. (2011)
presented semi-analytical solutions for vertical and
horizontal displacements, axial force, shear force and
bending moment of the beam under symmetric loads resting
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Fig. 1 Pressure distribution diagram: (a) sandy soils
(granular soils); (b) clayey soils (cohesive soils);
(¢) distribution simplified

on the Winkler elastic foundation by Galerkin method.
Kalinli et al. (2011) proposed two different approaches to
determine the ultimate bearing capacity of shallow
foundations on granular soil, the first is an artificial neural
network (ANN) model, and the second is an improved
Meyerhof formula by a parallel ant colony optimization
algorithm, both to obtain the ultimate bearing capacity.
Smith-Pardo (2011) showed the framework based on the
performance of soil and structure systems using simplified
rocking foundation models. Shahin and Cheung (2011)
proposed the bearing capacity for strip footings by means of
stochastic design charts. Rad (2012) investigated elastic
foundations with compound loads and gradient thickness to
evaluate the static response for a circular plate of 2-D
functionally graded. Maheshwari and Khatri (2012) showed
the geosynthetic layer inclusion influence on combined
footings response on earth beds reinforced with a stone
column. Orbanich et al. (2012) investigated the
strenghtening and repair of concrete foundation beams whit
fiber composite materials. Basudhar et al. (2012) presented
the minimum cost design of a circular footing for
generalized loadings. Agrawal and Hora (2012) analyzed
the mass soil, isolated column footings, infill wall and the
building frame acting as a complete structural system under
seismic loads. Khajehzadeh er al. (2012) presented the
minimum cost design for shallow foundations by means of
the gravitational search algorithm. Rizwan et al. (2012)
showed a direct search computational procedure to obtain
the optimized design of reinforced concrete combined
footings. Luévanos-Rojas et al. (2013) presented a new
mathematical model for design of isolated footings of
rectangular shape. Mohamed et al. (2013) studied the
generalized equation of Schmertmann for shallow footings
using saturated and unsaturated sands to obtain the
settlement. Orbanich and Ortega (2013) analyzed the plates
of elastic foundation by means of finite differences method
using internal and perimeter beams supported on elastic
foundations. Al-Ansari (2013) developed an analytical
model to obtain the minimum cost for the design of
reinforced concrete rectangular isolated footings. Luévanos-
Rojas (2014a) presented a new mathematical model for
design of isolated footings of circular shape. Hassaan
(2014) studied an optimal cost design of machinery shallow
foundations resting on sand soils. Al-Ansari (2014)
presented the cost of the reinforced concrete paraboloid
footing in a plant with edge beams. Khajehzadeh e al.
(2014) studied an optimization technique of shallow
foundation using the gravitational search algorithm (GSA)

for the multi-objective optimization of footing. Luévanos-
Rojas (2014b) designed the combined footings of
rectangular shape to solve the problem of propriety line
using a novel model. Luévanos-Rojas (2015a) improved a
novel model for the design of combined footings with limit
on one of its sides of trapezoidal shape. Uncuoglu et al.
(2015) estimated the load capacity of the square footings on
a layer of sand that overlaps with the clay. Luévanos-Rojas
(2016a) presented a comparison between two novel models
for the design of the isolated footings of rectangular and
circular type, and the results showed that the circular
footings are more economical. Yeh and Huang (2016)
estimated the effects of strengths of steel and concrete,
eccentricity and bar size on the optimization of eccentrically
loaded footings. Keawsawasvong and Ukritchon (2016)
presented a practical method for the optimal design of a
continuous footing subjected to vertical and horizontal
loads to find the minimum dimension of footing and the
minimum reinforcement steel, the method is presented in
nonlinear minimization form. Luévanos-Rojas (2016b)
developed a new model for the design of rectangular
combined boundary footings with two opposite sides
restricted. Luévanos-Rojas et al. (2017a) proposed a model
optimized for the design of the isolated footings that have
rectangular shape taking into account the real soil pressure.
Yeh and Huang (2017) studied the effects of the
compressive strength of concrete, yield strength of steel, the
axial load, eccentricity and steel bar dimension for the
optimization of reinforced concrete isolated footings. Khatri
et al. (2017) studied the behavior of the pressure and the
settlement of skirted footings (square and rectangular)
resting on sandy soil. Luévanos-Rojas et al. (2017b)
showed a comparison between two novel models for the
design of the combined footings that have trapezoidal and
rectangular shape, and the results indicated that the
trapezoidal footings are more economical. Mohebkhah
(2017) investigated the load capacity for the strip footings
on a stone masonry trench in clay. Lopez-Chavarria et al.
(2017) studied an analytical model to obtain the minimum
cost design for square isolated footings based in
optimization techniques. Lins da Silva et al. (2017)
presented the use of the order statistics when predicting pile
foundation failure probability that study the probabilistic
moments, the mean and the variation coefficient associated
to the resistant surface. Anil et al. (2017) investigated
experimentally and mathematically the load capacities and
settlement profiles of six irregularly shaped footings located
on sand. Jelusic and Zlender (2018) proposed an optimal
design for footings using the multiparametric mixed integer
nonlinear programming (MINLP). Malapur et al. (2018)
presented a design to obtain the minimum cost of reinforced
concrete column and footings by means of genetic
algorithm based in optimization techniques. Alijani and
Bidgoli (2018) studied the vibration of concrete foundation
reinforced with SiO, nanoparticles resting on a soil bed.
Dezhkam and Yaghfoori (2018) analyzed the vibration of
concrete foundations resting on soil that is simulated by
means of the Winkler model taking into account consider
spring element. Luévanos-Rojas et al. (2018) presented a
mathematical model to find the effective depth and



Optimization for trapezoidal combined footings: Optimal design 23

reinforcing steel of T-shaped combined footings. Rawat and
Mittal (2018) developed a simplified approach based on
Excel solver for the design of eccentrically loaded
reinforced concrete isolated footings that considers the
structural requirements and economics simultaneously to
find a footing with minimum cost. Velazquez-Santillan et
al. (2018) investigated an optimal model to obtain the
minimum cost design for reinforced concrete rectangular
combined footings. Bensaid and Kerboua (2019) estimated
the thermal stability characteristics of carbon nanotube
reinforced composite beams (CNTRC) on an elastic
foundation under an external uniform temperature increase
load. Yafiez-Palafox et al. (2019) developed a mathematical
model to find the effective depth and reinforcing steel for
the strap combined footings. Turedi et al. (2019) presented
an investigation on the settlement and vertical load stress
analysis of the ring footings on the loose sand bed by
laboratory tests and numerical analysis. Lopez-Chavarria et
al. (2019) proposed the minimum cost design for reinforced
concrete circular isolated footings using optimization
techniques. Soltani et al. (2019) showed a new hyperbolic
shear deformation theory for the mechanical buckling
analysis of advanced composite plates resting on elastic
foundations. Chaudhuri and Maity (2020) presented the
minimum cost of the rectangular isolated footings using GA
and UPSO according to the Indian code. Alazwari et al.
(2021) studied a comprehensive buckling response of cross-
ply orientation of carbon nanotube reinforced composite
(CNTRC) multilayered nanobeams with different boundary
conditions. Lu and Aboutaha (2021) introduced three new
strengthening systems for isolated footings: BFRP wrapping
system, CFRP wrapping system, and steel jacketing system.
Garcia-Galvan et al. (2022) showed a comparative study
between trapezoidal combined footings and T-shaped
combined footings. Lezgy-Nazargah et al. (2022) developed
an analysis of shallow footings rested on tensionless
foundations using a mixed finite element model. Himeur e?
al. (2022) showed the coupled effect of variable Winkler—
Pasternak foundations on bending behavior of FG plates
exposed to several types of loading. Gor (2022) studied the
bearing capacity of shallow foundations on two-layered soil
using two novel cosmology-based optimization techniques.
Garay-Gallegos et al. (2022) presented a comparative study
between the new model and the current model for T-shaped
combined footings, the new model is being cheaper and
safer. Kashani et al. (2022) presented the optimal design of
reinforced concrete combined footings using five swarm
intelligence algorithms: particle swarm optimization (PSO),
accelerated particle swarm optimization (APSO), whale
optimization algorithm (WOA), ant lion optimizer (ALO),
and moth flame optimization (MFO).

The works closely related to the topic addressed in this
research are: Luévanos-Rojas (2015b) developed a new
mathematical model for dimensioning of the boundary
trapezoidal combined footings, which presents only the
equations and considers that the resultant force is placed on
the X axis of the center of gravity of the area of the footing,
and the moment about the X axis is 0. Pasillas-Orona et al.
(2020) presented a model to obtain the minimum area of
trapezoidal combined footings, but present two cases (Case

2: the footing is limited to a property line on the heavier
load side, and Case 4: the footing is limited on the two
opposite sides). Luévanos-Rojas (2015a) proposed the
equations for the design of combined footings with limit on
one of its sides of trapezoidal footing. Luévanos-Rojas et al.
(2017b) showed a comparison between trapezoidal and
rectangular combined footings.

According to the bibliographic review, there is not more
specific paper on the subject of minimum cost design for
reinforced concrete trapezoidal combined footings.

This article presents a complete optimal model for
trapezoidal combined footings that support a concentric
load and moments around of the “X” and “Y” axes in each
column, this is presents in two parts for the four possible
cases: The first part shows the minimum area and the
second part presents minimum cost (thickness and
reinforcing steel areas), these models consider that soil
support layers are elastic and the rigid footing, which
comply with the biaxial bending equation, i.e., the pressure
diagram is presented in linear form, and it is obtained in
function of a concentric load and two orthogonal moments
around of the “X” and “Y” axes applied in each column.
Four numerical problems are developed under the following
considerations: 1) Without limits in the direction of the Y
axis; 2) Bounded in column 1 in the direction of the Y axis;
3) Bounded in column 2 in the direction of the Y axis; 4)
Bounded by their opposite sides in the direction of the Y
axis.

2. Methodology
2.1 Design of trapezoidal combined footings

According to the code, the critical sections for footing
that supports a column of reinforced concrete according to
the construction code are (ACI 318-14): 1) For the
maximum moment occurs on the column face; 2) For the
bending shear occurs at a distance “d” from the column
face; 3) For the punching shear is located on “b,” (critical
section perimeter that is locate at a distance “d/2”from the
column face in both direction).

The general equation to obtain the stress anywhere
under biaxial bending

= e

where: g, = stress generated by the ground anywhere of the
footing (soil pressure), 4 = area in plant of the footing
(contact surface on the soil), P = concentric load on the
footing, M, = moment around the “X” axis, M, = moment
around the “Y” axis, x = distance measured from the “Y”
axis in the direction “X” to the point under study, y =
distance measured from the “X” axis in direction “Y” to the
point under study, /, = moment of inertia around the “Y”
axis and /. = moment of inertia around the “X” axis. The
moments (M, and M,) in the clockwise direction are
positive.

Fig. 2 shows a trapezoidal combined footing that
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Fig. 2 Isometric view for a trapezoidal combined footing

supports two rectangular columns of different dimensions
(two columns located inside the footing) under an axial load
and two orthogonal moments (biaxial bending) in each
column.

The (known) constant parameters to obtain the
minimum area are: P;, My;, My1, P2, My2, M2, R, ¢, 2, 3,
¢4, L, qaa, and the (unknown) decision variables are: Ayn, Iy,
Ly, M, My, a, by, by, e, f, X1, X2, X3, X4, V1, V2, ¥3, V4, Cy1, q1,
q2, 43, q4.

The (known) constant parameters to find the minimum
cost are: a, by, by, Mye, Mug, Mye, Myr and M,,, and the
parameters Mua, Mub, Viny Viis Vijs Viks Vats Vs Vipr and Vi
are presented as a function of @, and the (unknown) decision
variables are: Cpin, d, PPIs PP2, PyLBes PyLBgs PyLTds PyLTes PyLTf>
Aspl, AspZ, AsxTBI, AsxTBZ, As‘xTB.?, AsxTT, AsyLB, AsyLBc, AsyLBg,
AsyLT, AsyLTd, AsyLTe, AsyLTf~

2.2 Minimum ground contact surface for
trapezoidal combi footings

The objective function to obtain the minimum contact
area on the ground “Amin” is

a(b; +b
%m=i%ré 2

Table 1 presents the coordinates of the pressures at each
vertex of the footing.

The constraint functions to obtain the dimensions of
trapezoidal combined footings are
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Fig. 3 Moments (Critical sections)
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where: ¢, = Available allowable bearing capacity of the
soil, R = Resultant force; M,r = Resultant moment on the X
axis; M,r = Resultant moment on the Y axis; x, = Distance
in the X direction measured from the Y axis to the fiber
under study; y, = Distance in the Y direction measured from
the X axis to the fiber under study; /. = moment of inertia
on the X axis; /, = Moment of inertia on the Y axis.

The constraint functions for the geometric conditions
are:
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Fig. 4 Bending shears (Critical sections)
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—<e —=f (15)

=& o=f (16)

2.3 Minimum cost for trapezoidal combined footings

2.3.1 Equations for bending shears in one direction and moments

The critical sections for the factored moments or ultimate moments according to the ACI code for this type of footing
occur in the @ and b axes (axes parallel to the Y axis), and in the ¢, d, e, fand g axes (axes parallel to the X axis), (see Fig. 3).

The critical sections for factored bending shears or ultimate bending shears according to the ACI code for this type of
footing occur in the / and 7 axes (axes parallel to the Y axis), and in the j, k, [, and m axes (axes parallel to the Y axis), (see
Fig. 4).

The factored bending shear V,.x; and the factored moment M,,y; acting on the footing in the Y, axis for the interval 0 <x; <
byi/2 are obtained by

Muy1[24x12 - 2(b112 + by1b1, + b122)] Py1(4x; — by — byp)

|74 =
wa (by1 + b12)(b112 + b122) 2(b1y + by2) an
_ 3Py (wy — Cl)(bnz - b122) _ 3Mux1(b112 - b122)
4wy (b + 4by1byy + byy?)  2wy(byy® + 4byibyy + byy”)
_ 3P, (wy — C1)(b112 - b122)(b11 —2x1)  Pyi[4x,% + by1bys) _ Py1(b1y + bi2)xy
un 8W1(b112 + 4‘b11b12 + blzz) 4-(bll + blZ) Z(bll + b12) (18)

_ ZMuyl(bllz + byybyp + b122)x1 " Muyl [8x13 + by1b12(b11 + biy)]
(b1 + b12)(b112 + b122) (by1 + b12)(b112 + b122)

where: the study width for the bending shear and the moment in the Y, axis is w; = ¢; + d/2 for the edge column and for the
column without limit it is w; = ¢; + d, Py, is the factored axial load acting on the footing due to column 1, M,y; is the factored
moment acting on the footing due to column 1, the lengths of 5,; and b,, are obtained as follows: b;; =b; — (e — ¢1/2 — d/2)(b,
— by)/a (column without limit) and b;; = b; (edge column), and b;> = b; — (e + c¢i/2 + d/2)(b; — b2)/a.

Now, substituting x; = ¢2/2 + d into Eq. (17) the bending shear V,; acting on the % axis is obtained. Substituting x; = ¢2/2
into Eq. (18) the moment M,, acting on the a-axis is obtained.

The factored bending shear V,.x; and the factored moment M,y acting on the footing in the Y axis for the interval 0 <x, <
b>1/2 are obtained by

V. = Muy2[24x22 - 2(bz12 + by1byy + bzzz)] Py (4%, — byy — byp)
uX,; —

(b1 + by3) (b21® + by2?) 2(by1 + by2)
2 2 2 2 (19)
_ 3Py, (W, — Cs)(bu — by, ) _ 3Mux2(b21 — by, )
4wy (b1 4 4by1byy + byy?)  2wy(byr® + 4byibyy + byy?)
M. = 3P, (wy — C3)(b212 - bzzz)(bu —2x;)  Pyp(4x,% + by1byy) _ Py3(baq + byy)x,
RE 8W2(b212 + 4‘b21b22 + bzzz) 4(b21 + bZZ) 2(b21 + b22) (20)
_ 2Muy2(b212 + by1byy + bzzz)xz Muyz [8x23 + by1bay(byg + byy)]
(byy + bzz)(bn2 + bzzz) (by1 + bzz)(b212 + bzzz)

where: the study width for the bending shear and the moment in the Y axis is w> = ¢3 + d/2 for the edge column and for the
column without limit it is w> = ¢3 + d, Py is the factored axial load acting on the footing due to column 2, M,y; is the factored
moment acting on the footing due to column 2, the lengths of b,; and b,, are obtained as follows: by, =b; — (L +e—c3/2 —
dI2)(b; — bo)la, by =b;— (L + e+ c3/2+d/2)(b; — bs)/a (column without limit) and b,, = b, (edge column).

Now, substituting x> = c4/2 + d into Eq. (19) the bending shear V,; acting on the i axis is obtained. Substituting x, = c4/2
into Eq. (20) the moment M, acting on the b-axis is obtained.

The factored bending shear V,y and the factored moment M,x acting on the footing in the X axis for the interval C,; — e <
y < C,; are given by
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_ MuxT[abl - Cyl(bl - bz)](cylz - yz) _ Myr (by — bZ)(Cy13 - y3)

Vur = 2La 3L.a
2 5 21
_ Ru[ab1 - Cy1(b1 - bz)](cy1 - }’) _ Ry (by — bz)(Cy1 -y )
Aa 2Aa
M. = MuxT(bl - bz)(y4 - 2Cy1y3 + 2Cy13y - Cy14) + MuxT[bl(ZCy13 - 3Cy12y + y3)]
uX 121,.a 61, 22)
3 2
_Ru(bl - bz)(Cyl - Y) n Rubl(cyl - J’)
6Aa 2A

where: the study width for the bending shear in the j axis is w; = b; — (e — ¢i/2 — d)(b; — b2)/a, and the study width for the
moment in the ¢ axis is w. = b; — (e — ¢1/2)(b; — b>)/a.

Now, substituting y = C,; — e + ¢;/2 + d into Eq. (21) the bending shear ¥, acting on the j-axis is obtained. Substituting y =
Cy; — e+ ¢//2 into Eq. (22) the moment M, acting on the c axis is obtained.

The factored bending shear ¥,y and the factored moment M,x acting on the footing in the X axis for the interval Cy; — L —
e <y <Cy; — eis given by

_ MuxT[abl - Cyl(bl - bz)](cylz - yz) _ Myr (by — bZ)(Cy13 - y3)

Vr = 21.a 3L.a (23)
_Ru[ab1 - yl(bl - bz)](cy1 - y) _ R, (b; — bz)(Cy12 - }’2) 4P
Aa 24a ul
_ MuxT(bl - bz)(y4 - 2Cy1y3 + 2Cy13y - Cy14) + MuxT[bl(ZCy13 - 3Cy12y + y3)]
we 12l 61,
Ry(by —b)(Cyi —y)’  Rubi(Cyr—y)° @9
_ Ry \0g = 03)\Cyr — 4 Bul1ltyn y) ul(Cyl_e_y)_Muxl

6Aa 24

where: the study width for the bending shear in the k axis is wy = b; — (e + ¢//2 + d)(b; — b2)/a, and the study width for the
moment in the d axis is wa = b; — (e + ¢1/2)(b; — bs)/a, the study width for the bending shear in the 1 axis is w;=b; — (L + e —
¢3/2 — d)(b; — bz)/a, and the study width for the moment in the e-axis is we = b; — (Cy; — ym)(b1 — b2)/a (v 1s the location of the
maximum positive moment from the X-axis, that is, the bending shear force is equal to zero), the study width for the moment
in the faxis is wy=b; — (L + e — ¢3/2)(b; — b)/a.

Now, substituting y = C,; — e — ¢;/2 — d into Eq. (23) the bending shear V, acting on the k-axis is obtained. Substituting y
=Cy— L —e+c3/2+dinto Eq. (23) gives the bending shear V,; acting on the / axis. Substituting y = C,; — e — ¢;/2 into Eq.
(24) the moment M, acting on the d axis is obtained. Substituting y = y,, into Eq. (24) the moment M, acting on the e-axis is
obtained. Substituting y = C,; — L — e + ¢3/2 into Eq. (24) gives the moment M, acting on the f-axis.

The factored bending shear V,y and the factored moment M,.x acting on the footing in the X axis for the interval C,; — a <
y<Cy; — L — eis given by

_ MuxT[abl - Cyl(bl - bz)](cylz - yz) _ MuxT(bl - bz)(Cy13 - }/3)

Voo =
ur 2L.a 3La (25)
Rylab, — Cy1(by — b)|(Cyr —y)  Ru(by — bo)(Cpi? — y?)
_ Rylab, y1(01 2 y1 —Y) Rulbg 2 \Cy1 y Lp ap
Aa 24a ul T tuz
M., = MuxT(bl - bz)()’4 - 2Cy1y3 + 2Cy13y - Cy14) + MuxT[bl(ZCy13 - 3Cy12y + y3)]
uX 121.a 61, 26)
3 2
Ry(by = b;)(Cyr = y)" | Rubi(Cyr — )
— Y + = Y _Ru(Cyl_e_y)+Pu2L_Mux1_Muxz

6Aa 2A

where: the study width for the bending shear in the m axis is w, = b; — (L + e + ¢3/2 + d)(b; — b2)/a, and the study width for
the moment in the g axis is we=b; — (L + e + ¢3/2)(b; — b»)/a.

Now, substituting y = C,; — L — e — ¢3/2 — d into Eq. (25) the bending shear V., acting on the m axis is obtained.
Substituting y = C,; — L — e — ¢3/2 into Eq. (26) gives the M,, moment acting on the g axis.
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2.3.2 Equations for punching shears

The factored punching shear for column 1 is presented
in the perimeter formed by points 5, 6, 7 and 8, and for
column 2 it is presented in the perimeter formed by points
9, 10, 11 and 12 according to the code ACI (see Fig. 5).

The punching shear that acts on the footing in column 1
Vupr and in column 2 V,,; are:

For edge column

_ Myer(4Cy1 — 26, — d)(2¢; + d) (e, + d)

Ix (2;)
R,(2¢c; +d)(c, +d
u( 1 )( 2 ) P L

2A

Vupl =

For column without limit

v [Rul; + My A(Cyy — €)](cy + d)(cy + d)
upt Al (28)
+Pyy

For edge column

B MuxT[4(L —Cy + e) - d](2c3 +d)(c,+d)

V.. =
up2 81x (29)
R, (2¢c5 + d)(c, + d)
- 24 + Puz
For column without limit
_ MuxT(L - Cyl + e)(C3 + d)(C4 + d)
Vupz - Ix (30)
R,(c;+d)(c, + d)
- A + PuZ

2.3.3 Equations of the construction code
(ACI 318-14)
Equations according to the construction code for the
moment in both axes are considered at the face of the
column are (ACI 318-14 2014)

0.594,f,
M, = @b, d> (1— 4) 31
u f“w pfy bwdflc ( )
- A (32)
P=%,d
0.858, f' 600
Py = f1f0<600+f> (33)
y y
0.65<p, = 105—f’C < 0.85 (34)
R ' 140) —
Pmax = 0.75pp (35)
0.25./f",
Pmin = 1]%} (36)

3
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Fig. 5 Punching shears (Critical sections)

Ag, = 0.0018b,,t (37)

where: M, = factored maximum moment, ¢y = factor of
reduction of the resistance for bending and the value is 0.90,
b,, = analysis width for structural member, p = relationship
of 4; o bd, B; = factor that relates the depth of the
equivalent rectangular compressive stress block to the depth
of the neutral axis, f, = specified yield strength of the
reinforcing steel, /. = specified strength of the concrete to
the compression to the 28 days, Ay = area of the reinforcing
steel for temperature, ¢ = total thickness of the footing.

Required strength U according to construction code to
resist the moments and forces factored (moments and forces
related internal) is (ACI 318-14 2014)

U=12D + 1.6L (38)

where: D = moments and forces factored due to dead loads,
L = moments and forces factored due to live loads live
loads.

Bending shear (unidirectional shear force) according
construction code is presented at a distance “d” from the
column face is (ACI 318-14 2014)

B,Ver < 0.170,\/f bysd (39)

where: V,r = bending shear that resist the concrete; &, =
factor of reduction of the resistance for shear and the value
is 0.85.

Punching shear (shear force bidirectional) construction
code is presented at a distance “d/2” from the column face
in both directions is shown (ACI 318-14 2014)

B,V = 0.170, <1 + BE) JFobod (40a)

0,V = 0.0830, (isd + 2) JFbd (40b)
0

B,Vep = 0.330,\/fcbod (40c)

where: V, = punching shear that resist, f. = relationship of
long side between the short side of the column, by =
perimeter of the critical section, a; is 40 for inner columns,
30 for edge columns, and 20 for corner columns. OV, =
largest value of the Equations (40a), (40b) and (40c). For
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the boundary column by = 2¢; + ¢; + 2d, and for the inner
column by =2¢3 + 2¢4 + 4d.

2.3.4 Objective function to minimum cost
The total cost “C;” for a trapezoidal combined footing is

Ce = VeCe + VsysCs (41)

where: C. = cost of concrete for 1 m® of ready-mix
reinforced concrete, C; = cost of reinforcing steel for 1 AN
of steel, Vs = volume of reinforcing steel, V. = volume of
concrete, and y; = steel density = 76.94 kN/m?.

The volumes for trapezoidal combined footings are

b, + b,
Vs = (AsyLT + AsyLB)a + Aserr (T) + Asxrp1 (T

Arnulfo Luévanos-Rojas

2.3.5 Constraint functions

The equations for the design of trapezoidal combined
footings according to the ACI code are (ACI 318-14 2014):

For the moments

|Mua|: |Mub |1 |Muc|: |Mud|: |Mue|; |Muf|: |Mug|

0.594,
< ByrfydAs <1 - Wﬁ) o

where: the width of the study surface b,, for M,, is w,, for
M.y, 1s w2, for My 1s we, for Myq is wa, for M. is we, for M,s
is wrand for M,, is wg; the reinforcing steel areas As for M.,
18 Asp1, for Moy s Agpa, for My is Agyre, for Myq is Agrra, for

b, + b11) 4 (bu + b12)
sP1
2

42
bi; + by b21 + bzz b22 + b, (42)
+Agxra2 — + Agpz AgxrB3 s
a(by + by)t b, +b b, +b
c = % (AsyLT + AsyLB)a Asxrr ( : 2) AsxB1 ( : 2 11)
(43)

by +b by, +b by, + b by, + b
A, (u) T (u) — Ay, (u) — Apurps <%)

2 2

where: ¢ = total thickness of the footing, As.r = area of
longitudinal reinforced steel at the top (direction of the “Y”
axis), Agrs = area of longitudinal reinforced steel in the
bottom (direction of the “Y” axis), Asrr = area of reinforced
steel at the top with a width a (direction of the “X” axis),
Asp; = area of reinforced steel at the bottom of the column 1
with a width w; (direction of the “X” axis), As7s; = area of
the transverse reinforcing steel at the bottom with a width (e
— wj/2) in the direction of the “X” axis, 4, = area of
reinforced steel at the bottom of the column 2 with a width
ws (direction of the “X” axis), Axrs2 = area of the transverse
reinforcing steel at the bottom with a width (L — ¢,/2 — ¢3/2
— d) in the direction of the “X” axis, Anrp3 = area of the
transverse reinforcing steel at the bottom with a width (a —
e — L — ¢3/2 — d/2) in the direction of the “X” axis.

Now, substituting Eqgs. (42)-(43) into Eq. (41) is shown
as follows

t =

b, + b,)t
Cc[a( 12 2)

2

Mye 18 Asyr1e, Tor Myris Agyr1y, and for Mg is Agyrae.
For the bending shear

|Vuh|: |Vui|' |Vuj|: |Vuk|: |Vul|’ |V;1m| = 0-17®v\l f,cbwsd(47)
where: the width of the study surface b, for V., is wy, for
Vi 1s wa, for V,; is wj, for Vi is wy, for Vi is wy, and for Vi,

1S Wi
For the punching shear

2
+—)mbod
)\/_b PG
0.33(2)1,\/_Cb0

0.170, (1

Vaps | Va2 | < 0.0830, (

- (AsyLT + AsyLB)a - AsxTT (T) - AsxTBl (T) - AsPl (T)

b, +b by, +b by, +b
- AsxTBZ (%) - AsPZ <%> - AsxTB3 (%) ]

(44)

by + b, by + byy bi1 + by, b1z + by
+y5Cs [(AsyLT + AsyLB)a + Asxrr (T) + Asxrp1 <—> + Agpq (T) + Asxree (T)

+ Agpy ( > >

Subsequently, substituting o = y,C/C. — y;Cs = aC,
into Eq. (44) is presented by the following equation

b, +b b, +b b1 +b b, +b
Ct = Cc {[(AsyLT + AsyLB)a + AsxTT (%) + AsxTBl <%) + AsPl (%) + AsxTBZ (%)

b,y +b by, +b a(by + b,)(d+Tr
+AsP2<21 22>+AsxTB3(222 2)](a—1)+ (by ;)( )}

2

b1 + bzz) <b22 + b,
— sxre3 |\ — 55—

2

)

where: . is the ratio of the long side between the short side
of column, o5 = 20 for corner columns, as = 30 for edge

(45)
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columns, and o = 40 for interior columns, the perimeter of
the critical section for column 1 is: by = 2¢; + ¢ + 2d (edge
column) and by = 2¢; + 2¢2 + 4d (column without limit), for
column 2 is: by = 2¢c3 + ¢4 + 2d (edge column) and by = 2c¢;
+ 2¢4 + 4d (column without limit).

For the maximum and minimum percentage of
reinforcing steel

Ppy» PPy PyLBe) PyLTdr PyLTes PyLTf PyLBg < Pmax = 0.75 [ f
y

Pp,» Ppy PyLBer PyLTd) PyLTes PyLTf) PyLBg = Pmin = 14

For the area of reinforcement steel

Aspr = pprwad (51)

Aspz = ppawad (52)
AsyLpe = pyLBcWCd (53)
Asyira = PyrraWad (54)
Asyire = PyLTeWed (55)
AsyLrr = PyLrewrd (56)
AsyLpg = pyLBgng (57)

0.858,f'. [ 600
(w007

0.25,/f".
fy

fy

Agyrr = 0.0018ad

ASXTBI = 0.0018(6 - C1/2 - d/Z)d

AsxTBZ = 00018(L - C1/2 - C3/2 - d)d

ASXTBZ = 0.0018(L - 61/2 - C3/2 - d)d

{AsyLTd (by + by)
2wy
AsyLTe(bl + bz)
2w,
Asyury (by + b)
2wy

AsyLT =

Load the objective function and the

constraint functions for the minimum surface

| Optimization wizard |

¥

Check the objective function
and the constraint functions

2

Assume that all variables are
nonnegative, with the exception of Myt

v

The instructions are:
Local: default
Minimize
Feasibility Tolerance: defaunlt
Optimization Tolerance: default
Interaction limit: defanlt
Infinite limit: default

Click on solve

Limit decision variables
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Is the solution for
Ay obtained?

= Start stage 2

Load the objective function and the
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Fig. 6 Flow chart by Maple software for minimum cost of trapezoidal combined footings
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Table 1 Constraint functions for the trapezoidal combined

footings
Case Constraint functions and conditions
1 Egs. 3)to (13),a>0,b;=3 and b2=2
2 Egs. (3) to (12) (14),a>0,b;>0and b2>0
3 Eqgs. (3) to (12) (15),a>0,b:>0and b2>0
4 Eqgs. (3) to (12) (16),a>=0,b:>0and b2>0

*where: a, bi, b2inm

Asypc(by + by)
2w,
AsyLBg(bl + bz)
2wy

AsyLB = (63)

Fig. 6 presents the flowchart to obtain the minimum cost
for a reinforced concrete trapezoidal combined footing
using Maple software.

Table 1 shows the constraint functions and the
conditions that are taken into account for the four cases.

Subsequently, the proposed dimensions are adjusted
according to the initial solution to obtain the practical
solution.

The factored loads and moments acting on the
trapezoidal combined footing due to the columns are: P,; =
1680 kN, My = 328 kN-m, M,,; = 408 kN-m, P, = 1400
kN, Myx2 =272 kN-m, M,,y2 = 360 kN-m.

Now, substituting the corresponding values into Eq. (45)
to obtain the objective function (optimal design or
minimum cost), and also into Egs. (46) to (63) to find the
constraint functions and an initial solution are obtained.

Subsequently, the proposed effective depth is adjusted
according to the initial solution to obtain the practical

® Initial solution

solution. The effective depth adjusted for case 1 is d = 42.00
cm, for case 2 is d = 52.00 c¢m, for case 3 is d = 47.00 cm,
for case 4 is d = 92.00 cm.

The minimum area and the minimum cost are obtained
by MAPLE-15 software for the reinforced concrete
trapezoidal combined footings.

Fig. 7 shows the optimal areas for the four cases, where
the initial solution (IS) and practical solution (PS) is
presented. The initial solution is generated with the constant
(known) parameters that are: P;, My, My, P2, Myo, M2, R,
i, C2, €3, C4, L, quq. The practical solution is obtained from
the dimensions of the initial solution, these are set to values
closer and greater than 0.05 or 0.10 and checked, and the
same optimal area equations are used.

Fig. 8 shows the optimal costs for the four cases, where
the initial solution and practical solution are presented. The
initial solution is generated with the constant (known)
parameters that are: a, by, bz, e, f, Muc, My, Mye, Myrand Mg,
and the parameters My, Mub, Vi, Viis Vigs Vits Vats Vs Vapi
and V,,, are presented in function of d. The practical
solution is obtained from the effective depth of the initial
solution; these are set to values closer and greater taking
into account the full thickness of footing and checked, and
the same optimal cost equations are used.

4. Results

Fig. 7 shows the optimal solution to obtain the minimum
area of the four cases. The results present the following: 1)
The smallest dimension in the Y direction appears in cases 3
and 4 of a = 5.40 m (IS and PS), and the largest occurs in
case 1 of a = 6.53 m (IS) and a = 6.60 m (PS); 2) The
smallest dimension b; in the X direction appears in case 1
of b; =3.00 m (IS and PS), and the largest occurs in case 2
of b; =4.75 m (IS) and b; = 4.80 m (PS); 3) The smallest
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Fig. 8 Optimal costs for the trapezoidal combined footings (Optimal cost in function of C. (concrete

cost), the areas of reinforced steel in cm?)

dimension b; in the X direction appears in case 2 of b, =
0.00 m (IS and PS), and the largest occurs in case 1 of b, =
2.00 m (IS and PS); 4) The smallest distance in the Y
direction from the center of column 1 to the free end
appears in cases 2, 3 and 4 of e = 0.20 m (IS and PS), and
the largest occurs in case 1 of e = 1.10 m (IS) and e = 1.15
m (PS); 5) The smallest distance in the Y direction from the
center of column 2 to the free end appears in cases 3 and 4
of f=0.20 m (IS and PS), and the largest occurs in case 2 of
f=0.96 m (IS) and f'= 1.00 m (PS); 6) The smallest area
occurs in case 2 of Ay, = 14.62 m? (IS) and in cases 3 and 4
of Ayin = 14.72 m? (PS), and the largest area occurs in case 1
of Amin=16.32 m? (IS) and Ai» = 16.50 m? (PS).

Fig. 8 shows the optimal solution to obtain the minimum
cost of the four cases. The initial solution is obtained from
the dimensions of the footing of the practical solution as
shown in Fig. 7, and later the effective depth is adjusted to
obtain the practical solution. The results show the
following: 1) The smallest reinforcing steel area at the
bottom of column 1 in the X-axis direction occurs in cases 3
and 4 Ay = 30.30 cm? (IS) and 4y, = 29.40 c¢m? (PS), and
the largest area occurs in case 2 of Ay,; = 67.03 cm? (IS) and
Agpr = 60.79 cm? (PS); 2) The smallest reinforcing steel area
at the bottom of column 2 in the X-axis direction occurs in
case 2 Ay = 14.50 cm? (IS) and 4> = 15.95 cm? (PS), and
the largest area occurs in case 1 of Ay> = 26.80 cm? (IS) and
in cases 3 and 4 Ay = 26.37 cm? (PS); 3) The smallest
reinforcing steel area at the bottom with width (e — w;/2) in
the X-direction occurs in cases 2, 3 and 4 of A7z, = 0 cm?
(IS and PS) because the width is zero, and the largest area
occurs in case 1 of Agre; = 5.37 cm? (IS) and A7 = 5.59
cm? (PS); 4) The smallest reinforcing steel area at the
bottom with width (L — ¢1/2 — ¢3/2 — d) in the X-direction
occurs in case 1 of Az = 30.04 cm? (IS) and Awrs: =
31.60 cm? (PS), and the largest area occurs in cases 3 and 4
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Fig. 9 Diagram for the trapezoidal combined footings

of Ascrz = 59.65 sz (IS) and Agxerpz = 60.94 sz (PS), 5)
The smallest reinforcing steel area at the bottom with width
(a —e— L — c3/2 —d/2) in the X-direction occurs in cases 1,
3 and 4 of Ayurs; = 0 cm? (IS and PS), and the largest area
occurs in case 2 of Agrps = 4.89 cm? (IS) and Agrp; = 5.05
cm’ (PS); 6) The smallest reinforcing steel area at the top
with a width & in the X-direction occurs in case 1 of Axrr =
47.18 cm? (IS) and A7 = 49.90 cm? (PS), and the largest
area occurs in cases 3 and 4 of Agrr = 86.93 cm? (IS) and
Agrr = 89.42 cm? (PS); 7) The smallest reinforcing steel
area at the bottom located in the middle part in the Y-axis
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direction occurs in case 1 of Ay =33.09 cm? (IS) and 4,15
=35.00 cm? (PS), and the largest area occurs in cases 3 and
4 of Agyrs = 81.98 cm? (IS) and Az = 84.33 cm? (PS); 8)
The smallest reinforcing steel area in the upper part located
in the middle part in the Y-axis direction occurs in cases 3
and 4 of Agyr = 81.98 cm? (IS) and in case 2 of Agir =
79.60 cm? (PS), and the largest area occurs in case 1 of A7
=96.45 cm? (IS) and Ayrr = 90.21 cm? (PS); 9) The lowest
cost occurs in case 1 of Cpin = 18.99C. (IS) and Cpin =
19.10C; (PS), and the highest cost occurs in cases 3 and 4
of Ciin=27.37C. (IS) and C.in, = 28.04C, (PS).

The results proposed in Fig. 8 must adjust to the
reinforcing steel areas to the standard measurements of the
rods to obtain the final design.

Fig. 9 shows in detail the final design under the
minimum cost criteria in general.

5. Conclusions

Foundation of a structure is the essential part to transmit
the column or wall loads to the underlying ground below
the structure. The novel model proposed in this article
generates results that have an unparalleled accuracy for all
foundation engineering problems. The main part of this
research is to obtain the optimal design (reinforcing steel
and thickness of the trapezoidal combined footings) using
the optimization techniques.

The proposed model presented in this article can be
applied to the following types:

1) Footings under concentric load in each column.

2) Footings under concentric load and moment in a
direction in each column.

3) Footings under concentric load and moments in both
directions in each column.

The main advantages of these models are:

1. The methodology shown in this paper is more
accurate and converges more quickly.

2. The classical model will not be practical compared to
this methodology; because the classical model takes into
account only the greater pressure applied throughout the
contact surface of the footing (pressure is equal in all points
of the footing).

3. The new models can be used to obtain the minimum
area and minimum cost for the design of rectangular
combined footings for the four cases, substituting b; = b, in
the two models.

4. The optimal model for the minimum area presented in
this document is more general because it considers the four
cases, and Pasillas-Orona et al. (2020) takes into account
only two cases (Case 2: with a limit in column 1, and Case
4: with two limited opposite sides).

5. The optimal model for the design of trapezoidal
combined footings are more general because it consider the
four cases, and Luévanos-Rojas (2015a) shows a
mathematical model for the design of boundary trapezoidal
combined footings to obtain the thickness and reinforcing
steel areas of trapezoidal combined footings for one case

(Case 2: the footing is limited to one line property on the
side of the heavier load).

6. The optimal models for minimum area and minimum
cost for the design of trapezoidal combined footings could
be used for different reinforced concrete design codes,
simply by modifying the resisting capacity equations for
moment, for bending shear, and for the punching shear,
according to each code.

Therefore, the model presented in this article to obtain
the optimal design (minimum cost) can be applied to the
combined footings (rectangular and trapezoidal), this study
assumes that soil support layers are elastic and the rigid
footing, which comply with the biaxial bending equation,
i.e., the pressure diagram presents a linear variation.

Suggestions for next investigations can be: if there is
another type of soil, such as totally clayey soils (cohesive
soils) or totally sandy soils (granular soils), the pressure
diagram should be considered differently because it is not
linear.
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