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1. Introduction 

 
In the past couple of decades, literature on nanofluids 

has expanded by taking too much attention by the 
researchers due to its features to enhance the thermal 
conductivity related to base liquids. This idea was initiated 
by Choi and Eastman (1995). Owing to small size and very 
huge for a particular surface areas of nanoparticles, 
Nanofluids are observed to possess increased superior 
properties like viscidity, thermal conductivity, thermal 
diffusion, and coefficients of convective transfer of heat 
compared with the base liquid such as ethylene glycol, 
water, oil, etc. Nanofluids have outstanding characteristics 
that make them potentially useful. Due to its use on large 
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scale, they have gained much attention. Usage of nanofluids 
are in many electronic equipment (cooling of microchips, 
heavy-duty engine and in industries to increase the 
efficiency, save energy and diminish emissions, micro-
reactors, pharmaceutical procedure, transport industry) 
applications in bio-medical (antibacterial, delivery of nano-
drug, cancer therapeutics, cryopreservation, nano-
cryosurgery, realizing and imaging, etc.) and much more. 
Sheikholeslami et al. (2019b) have analyzed the problem on 
Variable magnetic forces influence on magnetizable hybrid 
nanoliquid transfer of heat through a circular cavity. 
Sheikholeslami et al. (2019a) have studied the utilization of 
neural system for estimation of heat transfer analysis of 𝐴𝑙ଶ0ଷ − 𝐻ଶ0  nanoliquid through a channel. Liang and 
Mudawar (2019) have presented the Review of single and 
two-phase nanoliquid transfer of heat in macro and micro-
channels. 

Pramuanjaroenkij et al. (2018) investigated the 
numerical Study of combining thermal conductivity models 
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Abstract.  On the basis of fabrication, the utilization of nano material in numerous industrial and technological system, 
obtained the utmost significance in current decade. Therefore, the current investigation presents a theoretical disposition 
regarding the flow of electric conducting Williamson nanoliquid over a stretchable surface in the presence of the motile 
microorganism. The impact of thermal radiation and magnetic parameter are incorporated in the energy equation. The 
concentration field is modified by adding the influence of chemical reaction. Moreover, the splendid features of nanofluid are 
displayed by utilizing the thermophoresis and Brownian motion aspects. Compatible similarity transformation is imposed on the 
equations governing the problem to derive the dimensionless ordinary differential equations. The Homotopy analysis method 
has been implemented to find the analytic solution of the obtained differential equations. The implications of specific parameters 
on profiles of velocity, temperature, concentration and motile microorganism density are investigated graphically. Moreover, 
coefficient of skin friction, Nusselt number, Sherwood number and density of motile number are clarified in tabular forms. It is 
revealed that thermal radiation, thermophoresis and Brownian motion parameters are very effective for improvement of heat 
transfer. The reported investigation can be used in improving the heat transfer appliances and systems of solar energy. 
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for Nano liquid heat transfer increment. Kuznetsov and 
Nield (2010) discussed the characteristics of nanofluid in 
convective boundary layer flow over vertical surface. In 
addition to modern advancements related to the proposed 
observation could be determined by researchers (Rashidi et 
al. 2019, Maleki et al. 2019, Khan et al. 2019, Szilagyi et 
al. 2011, Nasiri et al. 2019, Nazari et al. 2019, Hassan et al. 
2020). Magnetohydrodynamics is the study of magnetic 
field of electrically conducting fluids. Swedish physicist 
(Alfvén 1942), was first introduced the MHD fluid motion. 
MHD shows current applications in manufacturing of 
thermal protection, in petroleum industry, in space vehicle 
propulsion, in MHD pumps, in polymer technology, in heat 
exchanger, in electronics and chemical engineering. Many 
researchers (Hayat and Mehmood 2011, Nadeem et al. 
2010, Jha and Apere 2013, Gireesha et al. 2015) have 
observed the MHD influence on flow problem including 
various facet. Tlili et al. (2022) conducted a study on 
transiently simulates a room with a Trombe wall on the side 
of the room. For this, COMSOL software has been used for 
simulation and numerical analysis. The wall consists of 4 
rectangular blocks of PMC and 4 cement blocks with 
similar dimensions. The arrangement of PMC blocks and 
cement blocks is one in between. By moving the 
cement block and PCM block, two arrangements were 
obtained, both of which were analyzed. They observed that 
effect of MHD has a vital role in applications of thermal 
management. The convectional influence of Jeffrey fluid 
MHD heat transfer flow over a stretchable surface is 
examined by Hayat et al. (2015). The Maxwell fluid 
influence of convection in MHD flow of heat transfer is 
analyzed by Mustafa et al. (2015). Alkanhal et al. (2019) 
studied the impact of thermal management of nano liquid 
within the permeable surface along with radiation heat 
source and magnetic force. In their work, they conclude 
enhancing the Raleigh and Radiation parameter, 
temperature decline gradually. Viscoelastic second-grade 
thin film flow in two dimensional including uniform 
magnetic field through a stretchable surface is investigated 
by Ullah et al. (2019). Ibáñez et al. (2019) inspected the 
optimization of magnetohydrodynamic nanoliquid flow in a 
vertical micro channel also considering the influence of 
numerous parameters like thermal radiation parameter, 
porous media, volume fraction of nanoparticle on heat 
transfer and global entropy. 

The impact of magnetic field on the convective transfer 
of heat is very significant and plays an important role in 
handling transfer of heat in fabricating processes where the 
quality of final output is dependent on the heat control. 
Makinde (2010) proposed a similarity solution for MHD 
convectional flow on a vertical surface along convective 
boundary condition. They observed that, the temperature 
field enhance by enlarging Biot number. Makinde and 
Aziz (2010) observed that mass and transfer of heat over a 
vertical surface due to convective boundary conditions and 
magnetic field. Ayodeji et al. (2019) investigate the flow of 
MHD bio convectional nanoliquid through a stretchable 
surface with the impact of Bio-convection peclet number 
and microorganism concentration. Zhang et al. (2022) 
studied the solar source, although it can reduce for energy 

consumption (EC) in buildings on cold days, in the summer, 
its presence on the envelopes intensifies EC. In this study, 
two techniques were used to make better use of solar 
energy. In the first method, phase change material (PCM) 
was used on the envelopes to absorb the sun's rays, thus 
eliminating summer radiation problems. 

For non- Newtonian fluid shear stress do not directly 
proportional to the deformation rate. However, liquids that 
do not pursue the Newton law of viscidity are known as 
non-Newtonian fluid. Examples of non-Newtonian fluid are 
shampoo, ketchup, blood, paint etc. Williamson nano liquid 
is also non-Newtonian fluid. Analysis of Williamson 
nanofluid for the flow of boundary layer has a great 
importance due to its large number of applications in 
various field of science, Engineering, technology, chemical 
industry, Nuclear industry, Geo physics etc. By taking these 
applications into consideration wide range of scientific 
models have been formed to promote the flow action among 
these non-Newtonian liquids. Flow of non-Newtonian fluid 
(Pseudo plastic material) and shows a model equation taken 
into consideration the flow of pseudo plastic liquids and 
justify the outcomes experimentally discussed by 
Williamson (1929). Mustafa et al. (2013) observed the 
effect of heat and mass transfer with flexible surface on 
flow of Williamson Nano liquid. Razi et al. (2019) observed 
the influence of velocity index and slip parameters with 
surface thickness on MHD Williamson nanofluid flow with 
a stretchable surface on permeable surface. Ibrahim and 
Gamachu (2019) examined the effect of non-linear 
convection Williamson nanofluid flow along stretchable 
surface. They indicated that temperature field and 
concentration field enhanced while increasing the 
thermophoresis parameter and magnetic field. Recently, 
boundary layer flow of Newtonian fluids and non-
Newtonian fluids have gained much attention due to its 
significant utilization in preparing of metallurgical, plastic 
sheets, process of chemical engineering transportation etc. 
Transportation of heat, momentum and species plays a 
significant role in such procedure is observed by Kumaran 
and Ramanaiah (1996). Tlili et al. (2022) investigated the 
important feature of any desalination technology is energy 
consumption of producing fresh water specially when its 
energy source is solar energy. To improve this, study of 
various input parameters and determination of their effects 
on energy consumption would be essential. In this paper, a 
one-dimensional model is used to investigate the effects of 
different operational and geometrical parameters on energy 
consumption of flat sheet direct contact membrane 
distillation (DCMD) for solar desalination purposes. 

Bio-convection is a captivating process of fluid 
mechanics that is controlled by the floating movement of 
living organism. A pattern of bio-convection is commonly 
observed by the swimming movement of small living 
organism which is heavier than molecule of water in 
suspension. When the above part of the suspension become 
thick due to accumulation of small living organism, it 
becomes imbalance and small living organism fall prey to 
bio-convection. Motion of nanoparticles is produced by 
thermophoresis parameter and Brownian motion. Motion of 
nano particles is free out the movement of micro-organism 
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so the combined interface of nano liquids and bio-
convection change to be significant for micro-fluidic 
appliances. Makinde et al. (2013) observed that MHD 
nanofluids flow including mass and heat transfer with a 
vertical stretchable surface also including the effect of 
motile microorganisms. Khan and Pop (2010) worked on 
the combined effect of magnetic field and Navier slip 
containing micro-organism over a vertical surface including 
boundary layer flow of nanofluids. Numerical solution of 
heat and mass transfer in bio-convective flow of water base 
nanoliquids with motile micro-organism is observed by 
Siddiqa et al. (2016). Ayodeji et al. (2020) analyzed that 
flow of Magneto-hydrodynamics Bio-convection nano 
liquid Slip along a stretchable surface with Brownian 
motion and Thermophoresis parameter. It is noticed that 
increment of radiation parameter, thickness of boundary 
layer also increase. Several researchers used different 
approaches for the investigation of frequency of cylinders 
and concrete material (Kagimoto et al. 2015, Mesbah and 
Benzaid 2017, Alijani and Bidgoli 2018, Demir and 
Livaoglu 2019, Samadvand and Dehestani 2020, Qi et al. 
2022, Alzahrani et al. 2022, Gao et al. 2022). 

In this present article, our objective is to evaluate the 
magnetohydrodynamic flow of Williamson nanofluid in the 
presence of motile microorganism and chemical reaction 
across the horizontally stretching surface. By considering 
the magnetic field, motile microorganism, non-linear 
thermal radiation, and convective boundary conditions 
made this investigation very impressive and versatile. The 
non-dimensional boundary‐value problem is tackled 
analytically by using the Homotopy analysis method. The 
impact of various pertinent parameters is discussed through 
tables and graphs. 

 
 

2. Mathematical formulation 
 
Considered a two-dimensional MHD boundary layer 

flow of an incompressible Williamson nanoliquid over a 
stretching surface in a permeable medium. The stretching 
sheet moves with uniform velocity 𝑢 = 𝑎𝑥 , where 𝑎 is 
positive constant. A magnetic field is imposed normal to 
flow. 𝑇  denotes the nanofluid temperature, 𝐶  is the 
nanofluid concentration, 𝑛  the motile microorganism 
density. 𝑈௪  represents the velocity of the fluid, 𝑇ஶ  is 
ambient temperature, 𝐶∞  is ambient concentration. The 
governing equations for Williamson nanofluid can be 
expressed as 

 𝜕𝑢𝜕𝑥 + 𝜕𝑣𝜕𝑦 = 0 (1)

 𝑢 𝜕𝑢𝜕𝑥 + 𝑣 𝜕𝑣𝜕𝑦 + 𝛼 ቆ𝑢ଶ 𝜕ଶ𝑢𝜕𝑥ଶ + 𝑣ଶ 𝜕ଶ𝑣𝜕𝑦ଶ + 2𝑢𝑣 𝜕ଶ𝑢𝜕𝑥𝜕𝑦ቇ= 𝜈 𝜕ଶ𝑢𝜕𝑦ଶ + √2𝜈 𝜕𝑢𝜕𝑦 𝜕ଶ𝑢𝜕𝑦ଶ − 𝜎 𝐵ଶ𝜌 𝑢 − 𝜈𝑘° 𝑢 + 1𝜌 ൣሺ1 − 𝐶∞ሻ𝜌𝛽∗∗𝑔ሺ𝑇 − 𝑇∞ሻ − ൫𝜌 − 𝜌൯𝑔ሺ𝐶 − 𝐶∞ሻ− ሺ𝑛 − 𝑛∞ሻ𝑔𝛾∗൫𝜌 − 𝜌൯൧ 
(2)

 

𝑢 𝜕𝑇𝜕𝑥 + 𝑣 𝜕𝑇𝜕𝑦 = 𝛼 ቆ𝜕ଶ𝑇𝜕𝑦ଶቇ − 1ሺ𝜌𝑐ሻ ൬𝜕𝑞𝜕𝑦 ൰
                             +𝜏 ቊ𝐷 ൬𝜕𝑐𝜕𝑦 𝜕𝑇𝜕𝑦൰ + 𝐷்𝑇∞ ൬𝜕𝑇𝜕𝑦൰ଶቋ 

+ 𝜈ሺ𝜌𝑐ሻ ൬𝜕𝑢𝜕𝑦൰ଶ + 𝜎𝐵ଶ𝜌 𝑢ଶ 

(3)

 𝑢 𝜕𝐶𝜕𝑥 + 𝑣 𝜕𝐶𝜕𝑦 = 𝐷 ቆ𝜕ଶ𝐶𝜕𝑦ଶቇ + 𝐷்𝑇∞ ቆ𝜕ଶ𝑇𝜕𝑦ଶቇ − 𝑘 ′ (4)

 𝑢 𝜕𝑛𝜕𝑥 + 𝑣 𝜕𝑛𝜕𝑦 + 𝑏ଵ𝑊𝐶௪ − 𝐶∞  𝜕𝜕𝑦 ൬𝑛 𝜕𝐶𝜕𝑦൰൨ = 𝐷 ቆ𝜕ଶ𝑛𝜕𝑦ଶቇ (5)

 
In governing expression 𝑢  and 𝑣  denote the nano 

fluid velocity components along 𝑥  -axis and 𝑦  -axis 
respectively. 𝜌 the base fluid density ,𝛼 represents the 
thermal diffusivity, 𝐷 is Brownian diffusion coefficient, 𝐷் is thermophoresis diffusion coefficient, ሺ𝜌𝑐ሻ the heat 
capacitance of nano particles, ሺ𝜌𝑐ሻ is heat capacitance of 
fluid, 𝐷 denotes the diffusivity of microorganisms, 𝐵 is 
magnetic field, 𝑘∗ stands for porous media permeability, 𝑊  represents the maximal speed of swimming cell, 𝜏 
denotes the ratio of heat capacity of nanoparticles to heat 
capacity of liquid. 

The associated boundary conditions are 
 𝑢 = 𝑈௪ሺ𝑥ሻ = 𝑎𝑥,    𝑣 = 0, −𝑘 𝜕𝑇𝜕𝑦 = ℎ൫𝑇 − 𝑇൯,    𝐷 𝜕𝐶𝜕𝑦 = 𝑘൫𝐶 − 𝐶൯,−𝑁 𝜕𝑛𝜕𝑦 = 𝑙൫𝑛 − 𝑛൯ at     𝑦 = 0, (6)

 𝑢 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞,     𝑛 → 𝑛∞   as 𝑦 → ∞, (7)
 
Where ℎ , 𝑘 , 𝑙  are respectively the coefficients of 

heat transfer, mass transfer microorganism density transfer. 
Introducing the dimensionless similarity functions 
 𝜂 = ට𝑎𝜈 𝑦, 𝜓 = √𝑎𝜈𝑥𝑓ሺ𝜂ሻ, 𝑔ሺ𝜂ሻ = 𝑇 − 𝑇∞𝑇 − 𝑇∞ ,     𝑗ሺ𝜂ሻ = 𝐶 − 𝐶∞𝐶 − 𝐶∞ , 𝜒ሺ𝜂ሻ = 𝑛 − 𝑛∞𝑛 − 𝑛∞ , 𝑢 = 𝑎𝑥𝑓 ′ሺ𝜂ሻ,        𝑣 = −√𝜈𝑎𝑓ሺ𝜂ሻ, (8)

 
After using similarity functions Eqs. (2)-(7) transformed 

form as 
 𝑓‴ + 𝑓𝑓″ − ሺ𝑓 ′ሻଶ + 𝑊𝑓″𝑓‴ − ൫𝑀 + 𝑘൯+𝛼ሺ𝜃 − 𝑁𝜙 − 𝑁𝜒ሻ = 0 

(9)

 ൬1 + 43 𝑅ௗ൰ 𝜃″ + 𝑃𝐸ሺ𝑓″ሻଶ + 𝑃𝑓𝜃 ′ +𝑃𝑁𝜃 ′𝜙′ + 𝑃𝑁௧ሺ𝜃 ′ሻଶ + 𝑃𝑀𝐸ሺ𝑓 ′ሻଶ = 0 
(10)

 𝜙″ + 𝐿𝑓𝜙′ + 𝑁௧𝑁 𝜃″ − 𝐿𝛽𝜙 = 0 (11)
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The dimensionless form of boundary conditions is 
 𝑓ሺ0ሻ = 0,     𝑓 ′ሺ0ሻ = 1,     𝜃′ሺ0ሻ = 𝐵ଵሺ𝜃ሺ0ሻ − 1ሻ,𝜙′ሺ0ሻ = 𝐵ଶሺ𝜙ሺ0ሻ − 1ሻ, 𝜒′ሺ0ሻ = 𝐵ଷሺ𝜒ሺ0ሻ − 1ሻ     at  𝜂 = 0, (13)

 𝑓 ′ → 0,     𝜃 → 0,     𝜙 → 0,    𝜒 → 0    as    𝜂 → ∞ (14)
 

Where 𝑃 = ఔఈ  is Prandtl number, 𝑅ௗ = ସ ಮ்యఙ•ଷ•  is 

radiation parameter, 𝑘 = ఔ° the permeability parameter, 𝑊 = 𝛽𝑥ටଶయఔ  the Weissenberg number, 𝛼 = ሺଵିಮሻఉ∗∗൫்ି ಮ்൯మ௫  is mixed convection parameter, 𝑁 = ൫ఘିఘ൯൫ିಮ൯ఉ∗∗ఘሺଵିಮሻ൫்ି ಮ்൯  the buoyancy ratio parameter, 𝑁 = ఊ∗ሺೢିಮሻ൫ఘିఘ൯ఉ∗∗ఘሺଵିಮሻ൫்ି ಮ்൯  is bio-convection Rayleigh 

number, 𝛽 = ᇲ௨൫ಮି൯ఔ  is chemical reaction parameter, 𝑁௧ = ఛ൫்ି ಮ்൯ఔ ಮ்  denotes the thermophoresis parameter, 𝑁 = ఛಳ൫ିಮ൯ఔ  the Brownian motion parameter, 𝑀 =ఙ°మఘ  is magnetic parameter, 𝐿 = ఔಳ  the Lewis number, 𝐸 = ሺ௨ೢሻమሺఘሻ൫்ି ಮ்൯ represents the Eckert number, 𝐿 = ఔ 

is bio convection Lewis number, 𝑃 = ௐ  is bio 

convection Peclet number, 𝜎 = ∞ି∞  is bio convection 

concentration difference parameter. 
The vital physical quantities are skin friction coefficient, 

local nusselt number, local Sherwood number and local 
motile number which are expressed as 

 𝐶 = 𝜏௪𝜌ሺ𝑎𝑥ሻଶ ,                  𝑁𝑢௫ = 𝑥𝑞௪𝑘൫𝑇 − 𝑇∞൯ , 𝑆ℎ௫ = 𝑥𝑞𝐷൫𝐶 − 𝐶∞൯ ,     𝑁𝑛௫ = 𝑥𝑞𝐷൫𝑛 − 𝑛∞൯ 
(15)

 
Where 𝜏௪ denotes the shear stress with the stretchable 

surface, 𝑞௪ the heat flux of the surface, 𝑞 is mass flux 
of the surface, 𝑞 the motile microorganism flux, are given 
as 𝑞௪ = −𝑘 ൬𝜕𝑇𝜕𝑦൰௬ୀ ,     𝑞 = −𝐷 ൬𝜕𝐶𝜕𝑦൰௬ୀ , 𝑞 = −𝐷 ൬𝜕𝑛𝜕𝑦൰௬ୀ 

(16)

 
Apply Eqs. (13)-(14) in (15)-(16), we obtain the 

following transformed form 
 𝐶ඥ𝑅𝑒௫ = −𝑓″ሺ0ሻ + 𝜆2 𝑓″ଶሺ0ሻ,    𝑁𝑢௫ඥ𝑅𝑒௫ = −𝜃 ′ሺ0ሻ,𝑆ℎ௫ඥ𝑅𝑒௫ = −𝜙′ሺ0ሻ,     𝑁𝑛௫ඥ𝑅𝑒௫ = −𝜒′ሺ0ሻ 

(17)

Where 𝑅𝑒௫ = ௫௨ೢሺ௫ሻఔ  is local Reynolds number. 
 
 

3. Methodology 
 
Series solution for Eqs. (9)-(12) with boundary 

conditions (13) and (14) is sought with implementation of 
Homotopy Analysis Method (HAM). This approach gives a 
convenient way to verify the convergence of the solution. 
Moreover, it should be noticed that it delivers freedom to 
select auxiliary parameter and initial guess. In this 
procedure, the assisting parameters are utilized to control 
the convergence. Here 𝑓∘ሺ𝜂ሻ, 𝜃∘ሺ𝜂ሻ, 𝜙∘ሺ𝜂ሻ  and 𝜒∘ሺ𝜂ሻ are 
initial guesses and 𝐿, 𝐿ఏ, 𝐿థ and 𝐿ఞ are linear operators 
for the velocity, temperature, concentration and 
microorganism density fields. 

 𝑓∘ሺ𝜂ሻ = 1 − 𝑒ିఎ,   𝜃∘ሺ𝜂ሻ = 𝐵ଵ1 + 𝐵ଵ 𝑒ିఎ,𝜙∘ሺ𝜂ሻ = 𝐵ଶ1 + 𝐵ଶ 𝑒ିఎ,   𝜒∘ሺ𝜂ሻ = 𝐵ଷ1 + 𝐵ଷ 𝑒ିఎ 
(18)

 𝐿 = 𝑑ଷ𝑓𝑑𝜂ଷ − 𝑑𝑓𝑑𝜂 ,    𝐿ఏ = 𝑑ଶ𝜃𝑑𝜂ଶ − 𝜃, 𝐿థ = 𝑑ଶ𝜙𝑑𝜂ଶ − 𝜙,    𝐿ఞ = 𝑑ଶ𝜒𝑑𝜂ଶ − 𝜒 
(19)

 
The above differential operators obey 
 𝐿ሾ𝐶•ଵ + 𝐶ଶ•𝑒ఎ + 𝐶ଷ•𝑒ିఎሿ = 0, 𝐿ఏሾ𝐶ସ•𝑒ఎ + 𝐶ହ•𝑒ିఎሿ = 0, 𝐿థሾ𝐶•𝑒ఎ + 𝐶•𝑒ିఎሿ = 0, 𝐿ఞሾ𝐶଼•𝑒ఎ + 𝐶ଽ•𝑒ିఎሿ = 0, (20)

 
Where 𝐶•ሺ𝑖 = 1 − 9ሻ illustrate the arbitrary constants. 
 
 

4. Convergence of the HAM solution 
 
The convergence is accelerated by ℏ, ℏఏ, ℏథ and ℏఝ 

(auxiliary parameters) for HAM series solution. No doubt 
the auxiliary parameters which gives us an easy way to 
accommodate and control the solution convergence. Fig. 1 
depicts the ℏ curves and Fig. 1(a) indicate that the suitable 
range of ℏ is −1.80  ℏ  −0.10, Fig. 1(b) illustrates 
that the suitable range of ℏఏ is −2.0  ℏఏ  −0.10, Fig. 
1(c) represents that the suitable range of ℏథ is −1.90 ℏథ  −0.15, Fig. 1(d) shows that the suitable rang of ℏఞ 
is −2.0  ℏఞ  −0.20. Table 1 demonstrates the series 
convergence. From the Table 1 we can see that homotopy 
analysis method is a rapidly convergent approach. 

 
 

5. Analytical results and discussion 
 
The purpose of this part is to elaborate the impacts of 

various parameters of interest on the profiles of velocity, 
temperature, concentration and microorganism density 

106



 
Theoretical fabrication of Williamson nanoliquid over a stretchable surface 

 
 

Table 1 Convergence of Homotopy solution up to 25th order 
approximation where, 𝐸 = 𝑊 = 𝜎 = 𝛼 = 𝑁 =1/10, 𝑁௧ = 𝑁 = 𝑁 = 3/10, 𝐿 = 𝐵ଵ = 𝐾 =𝑃 = 1, 𝐵ଶ = 𝐵ଷ = 5/10,  𝐿 = 7/10, 𝑀 =2/10, 𝛽 = 𝑅𝑑 = 0.01,  𝑃 = 9/10 

Order of 
approximation −𝑓″ሺ0ሻ −𝜃′ሺ0ሻ −𝜙′ሺ0ሻ −𝜒′ሺ0ሻ 

1 1.49988 0.39933 0.28193 0.30815
6 1.53276 0.26812 0.28344 0.26175
12 1.53179 0.25525 0.32021 0.23794
16 1.53221 0.25506 0.32984 0.22808
20 1.53221 0.25490 0.33553 0.22257
23 1.53221 0.25490 0.33553 0.22257
26 1.53221 0.25490 0.33553 0.22257

 

 
 

through the Homotopy analysis method and these are 
displayed via Figs. 2-18. Fig. 2 demonstrates the influence 
of magnetic field parameter on dimensionless velocity 
profile. It is noticed that increasing the value of magnetic 
field parameter 𝑀 fluid velocity is receded. The reason is 
that electrically conducting nano liquid develop a resistive 
force which is opposite to the fluid flow, as a result, the 
flow is slowed down in in the boundary layer region. Fig. 3 
exhibits the impact of permeability parameter 𝑘 on non-
dimensional velocity profile, here the rising the values of 
permeability parameter increase Darcy resistive force which 
tends to slow down the flow. Fig. 4 depicts the impacts of 
buoyancy number 𝑁 on velocity distribution. It is seen 
that the rising values of 𝑁, velocity curve is declined. 
Physically, larger values of 𝑁 are conclusively concerned 
to greater bouncy force which diminishes the horizontal 
velocity of nanofluid. Fig. 5 portrays the influence of bio- 

 
 

Fig. 2 Plot for influence of M on 𝑓 ′
 
 

Fig. 3 Plot for influence of 𝐾 on 𝑓 ′ 
 
 
convection Rayleigh number 𝑁 on velocity distribution. It 
is observed, with the enhancing values of 𝑁, the velocity 
profile is declined. Impact of Weissenberg number 𝑊 on 
flow velocity is shown in Fig. 6. It is observed that with the 
gradual enhancement in the values of 𝑊, the velocity 𝑓ᇱ 
goes on receding. The increasing variation of 𝑊 
represents more relaxation time and it retards the fluid 
motion. 

Fig. 7 portrays the effect of Biot number 𝐵ଵ on 

 

Fig. 1 Convergent ℎ - (a) curves for velocity field; (b) temperature field; (c) concentration field; and 
(d) motile microorganism density field
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Fig. 4 Plot for influence of 𝑁 on 𝑓 ′ 

 
 

 
Fig. 5 Plot for influence of 𝑁 on 𝑓 ′ 

 
 

 
Fig. 6 Plot for influence of 𝑊 on 𝑓 ′ 

 
 

 
Fig. 7 Plot for influence of 𝐵ଵ on 𝜃 

 
 

temperature field. It is noticed that temperature of the fluid 
and the thickness of associative boundary layer increase 
with large values of Biot number. Fig. 8 shows the impact 
of radiation parameter 𝑅ௗ  on the temperature field. It 
seems that temperature is increased directly with rising 
values of 𝑅ௗ. Thus, radiation parameter causes increment 
in temperature field. Actually, the increment in radiation 

Fig. 8 Plot for influence of 𝑅ௗ on 𝜃
 
 

Fig. 9 Plot for influence of 𝑁௧ on 𝜃 
 
 

Fig. 10 Plot for influence of 𝑁 on 𝜃
 
 

Fig. 11 Plot for influence of 𝐸 on 𝜃
 
 
number leads to increasing in the kinetic energy in liquid 
particles, and kinetics energy causes increment in 
temperature of the fluid. The influence of thermophoresis 
parameter 𝑁௧ on temperature profile is indicated in Fig. 9. 
It is noticed that temperature field and associated thickness 
of thermal boundary layer enhance with the enlarged values 
of 𝑁௧. According to its physical nature, the rising thermo- 
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Fig. 12 Plot for influence of 𝑀 on 𝜃 

 
 

 
Fig. 13 Plot for influence of 𝑃  on 𝜃 

 
 

 
Fig. 14 Plot for influence of 𝐿  on 𝜙 

 
 
phoresis parameter 𝑁௧  means greater difference between 
surface temperature and reference temperature which 
enhances the movement of nano particles to raise the 
temperature field and thickness of thermal boundary layer. 
The behavior of Brownian motion parameter 𝑁 on non- 
dimensional temperature is illustrated in Fig. 10. We 
noticed that the enlarged values of 𝑁  increased the 
temperature field and thickness of thermal boundary. 
Physically, the higher values of 𝑁  are responsible to 
escalate the random movement of nano particles which 
resulted in notable increase of the fluid temperature and 
thickness of boundary layer. Fig. 11 reveals that by 
enhancing the distinct values of Eckert number 𝐸 raises 
the temperature field and thickness of boundary layer. 
Physically, the enlarged values of 𝐸 correspond to more 
dissipation and hence it increases the generation of heat in 
fluid body. 

Influence of magnetic parameter 𝑀 is expressed in Fig. 
12. It is found that for gradually increasing the values of 𝑀 
temperature field shows increasing behavior. This is 

Fig. 15 Plot for influence of 𝑁௧  on 𝜙
 
 

Fig. 16 Plot for influence of 𝑁  on 𝜙 
 
 

Fig. 17 Plot for influence of 𝛽 on 𝜙
 
 

physically justified because electrically conducting liquid 
produces a Lorentz force, which is opposite to the flow, and 
as a result, the movement of the fluid is declined in the 
boundary layer and therefore temperature profile is 
enhanced with the increment in 𝑀. The impact of Prandtl 
number 𝑃 on temperature field is shown in Fig. 13. It is 
noticed that temperature field has inverse relation with 𝑃 
that is temperature field declines with increasing values of 𝑃. The increasing values of 𝑃 indicate the decrease in 
thermal conductivity therefore temperature curve is 
declined. Fig. 14 reflects the influence of Lewis number 𝐿on the concentration field. Lewis number is the ratio of 
thermal diffusion to the mass diffusion. It demonstrates the 
relationship between transfer of heat and mass coefficient. 
The concentration field is strengthened by enhancing the 
values of 𝐿. Fig. 15 shows the influence of thermophoresis 
parameter 𝑁௧  on dimensionless concentration field. It is 
observed that large values of 𝑁௧ increase the concentration 
field. The influence of Brownian motion parameter 𝑁 on 
concentration field is analyzed in Fig. 16. The concentration  
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Fig. 18 Plot for influence of 𝐿  on 𝜒 

 
 

 
Fig. 19 Plot for influence of 𝑃  on 𝜒 

 
 

field is declined when Brownian motion parameter 
increases slightly. The influence of chemical reaction 
coefficient 𝛽 on concentration field is investigated in Fig. 
17. It is observed that concentration field is diminished 
against the higher values of chemical reaction coefficient 𝛽. Figs. 18-19 shows the influence of bio-convective Lewis 
number 𝐿  and Peclet number 𝑃  on motile micro- 
organism density. It is visualized that increment in bio- 

 
 

Table 2 Numerical values of the Skin friction co-efficient 
for various parameters where, 𝐿𝑒 = 𝐵ଵ = 𝐾 = 1,𝐵ଶ = 𝐵ଷ = 5/10, 𝑊𝑒 = 2/10,  𝑁 = 𝑁 = 𝐸 =𝜎 = 1/10, 𝛽 = 𝑅𝑑 = 0.01 𝑀 𝑁 𝛼 𝑃 𝑁௧ −𝐶 𝑅𝑒௫ଵ/ଶ

0.1 0.1 0.1 1.0 0.2 1.7148 
0.2     1.7668 
0.3     1.8181 

 0.2    1.7188 
 0.4    1.7270 
 0.6    1.7349 
  0.2   1.6728 
  0.5   1.5441 
  0.8   1.4263 
   2.0  1.7294 
   3.0  1.7361 
   4.0  1.7378 
    0.3 1.7220 
    0.5 1.7271 
    0.7 1.7319 

 

 

Table 3 Nusselt number for distinct parameters where, 𝐿𝑒 = 𝐵ଵ = 𝐾 = 1, 𝐵ଶ = 𝐵ଷ = 5/10, 𝑁 = 𝜎 =1/10, 𝑃 = 3/10, 𝐿 = 7/10 𝑅ௗ 𝑃 𝑁௧ 𝑁 𝐸 𝛽 𝑊𝑒 −𝜃 ′ሺ0ሻ 
0.1 1.0 0.2 0.1 0.1 0.01 0.2 0.2501 
0.5       0.2091 
1.0       0.1782 

 2.0      0.3193 
 3.0      0.3532 
 4.0      0.3741 
  0.1     0.2542 
  0.3     0.2413 
  0.5     0.2310 
   0.2    0.2483 
   0.5    0.2442 
   1.0    0.2294 
    0.2   0.2115 
    0.3   0.1693 
    0.4   0.1324 
     0.0  0.2109 
     0.1  0.2105 
     0.2  0.2102 
      0.0 0.2221 
      0.05 0.2185 
      0.1 0.2162 

 
 

Table 4 Sherwood number for different parameters where,𝐵ଵ = 𝐾 = 1, 𝐵ଷ = 5/10, 𝑁 = 𝜎 = 1/10,𝑅𝑑 = 0.01, 𝑃 = 3/10, 𝐿 = 7/10             𝑀 𝑊𝑒 𝐸 𝐿 𝐵ଶ 𝑁 −𝜙′ሺ0ሻ 
0.2 0.2 0.1 1.0 0.5 0.1 0.1673 
0.4      0.2247 
0.6      0.2416 

 0.0     0.1913 
 0.1     0.1985 
 0.2     0.2081 
  0.2    0.3747 
  0.3    0.5401 
  0.4    0.6772 
   2.0   0.3134 
   3.0   0.3840 
   4.0   0.4071 
    0.3  0.1161 
    0.5  0.1653 
    1.0  0.3071 
     0.3 0.3424 
     0.5 0.3706 
     0.7 0.3927 
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Table 5 Motile micro-organism density number for various 
parameters. 𝐵ଵ = 𝐾 = 1, 𝐵ଶ = 𝐵ଷ = 5/10,𝑁 = 𝑁௧ = 𝑁 = 𝜎 = 1/10, 𝛽 = 𝑅𝑑 = 0.01, 𝑃 =3/10,  𝐿 = 7/10 𝜎 𝐿 𝑃 −𝜒′ሺ0ሻ 

0.1 0.7 0.9 0.1542 
0.2   0.1628 
0.3   0.1721 

 0.1  0.1551 
 0.2  0.1725 
 0.3  0.1850 
  0.1 0.1594 
  0.2 0.1828 
  0.3 0.1909 

 

 
 

convective Lewis number 𝐿  and Peclet number 𝑃 , 
decreases the motile microorganism density profile. The 
impacts of 𝑀, 𝑁𝑟, 𝛼, 𝑃  and 𝑁௧  on skin friction −𝐶 𝑅𝑒௫ଵ/ଶ are expressed in Table 2. It is seen that higher 
values of 𝑀, 𝑁𝑟, 𝑃, 𝑁௧  increase −𝐶 𝑅𝑒௫ଵ/ଶ  while the 
high values of 𝛼 decreases −𝐶 𝑅𝑒௫ଵ/ଶ. The variation of 
Nusselt number −𝜃ᇱሺ0ሻ for different parameters 𝑅ௗ, 𝑃𝑟,𝑁𝑏, 𝑁𝑡, 𝐸, 𝛽 and 𝑊 is displayed in Table 3. The behavior 
of Sherwood number −𝜙ᇱሺ0ሻ  corresponding to the 
variation of the parameters 𝑀, 𝑊, 𝐸, 𝐿, 𝐵ଶ  and 𝑁  is 
enumerated in Table 4. The response of local micro-
organism density number−𝜒ᇱሺ0ሻ for varying values of the 
parameters 𝜎, 𝐿  and 𝑃  is depicted in Table 5. It is 
noticed that enhanced values of 𝜎, 𝐿  and 𝑃  has 
increased the local motile micro-organisms density number. 

 
 

6. Conclusions 
 
In this article, the effects of bio-convection on flow of 

Williamson nanofluid over a stretching surface is examined 
in the presence of thermal radiation, chemical reaction and 
convective boundary conditions. With the help of suitable 
substitution, different thermo-physical parameters are 
yielded in their non-dimensional form. The analytic solution 
has been found by using Homotopy analysis approach. 
Main results of this paper are given as below: 

 
• By increasing the values of Weissenberg number 𝑊 , permeability parameter 𝐾  and magnetic 

parameter 𝑀, the flow in horizontal direction is 
retarded. 

• The increasing the values of thermal radiation 
parameter 𝑅𝑑 and Biot number 𝐵ଵ cause rise in 
fluid temperature but the enhanced Prandtl number 𝑃, resulted in decrease of the temperature field. 

• The larger Brownian motion parameter 𝑁 , 
increased the temperature profile but it decreased 
the concentration profile. 

• The temperature and concentration fields are 

strengthened by increasing the values of 
thermophoresis parameter 𝑁௧. 

• By increasing the values of bio-convection Peclet 
number 𝑃 and bio-convection Lewis number 𝐿, 
the density of motile micro-organism is receded. 
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