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Abstract.  This study introduces a refined and computationally efficient hyperbolic Shear-Order Shear Deformation 
Theory (HypSDT) with only four displacement variables for the buckling analysis of functionally graded transparent 
(FGT) doubly curved shells. By reducing the number of unknowns compared with conventional FSDT formulations, 
the proposed model achieves high accuracy while improving computational efficiency. The analysis focuses on shells 
made of sapphire and soda lime glass, and the governing equations are derived using Minimum Total Potential 
Energy’s principle before being solved analytically through the Navier approach for simply supported boundary 
conditions. The numerical results show that the critical buckling load is highly sensitive to the material gradation 
index, with higher values of  k leading to lower stiffness and reduced buckling resistance. The study also reveals that 
spherical shells provide the greatest structural stability because of their balanced double curvature, whereas biaxial 
loading and larger radius-to-side ratios significantly decrease the buckling capacity. Overall, the proposed formulation 
provides an accurate and efficient tool for the design and analysis of lightweight, transparent shell structures intended 
for modern architectural and advanced aerospace applications. 
 

Keywords:   analytical solution; doubly curved shells; functionally graded materials; refined hyperbolic 
shear deformation theory; sapphire; soda-lime glass ; structural stability; transparent shells 
 
 
1. Introduction 
 

The growing demand for transparent structural systems has made curtain walls an essential 
lement of modern architecture. Their aesthetic appeal, ability to maximize natural daylight, and 
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contribution to occupant comfort has led to their widespread adoption in contemporary buildings. 
Typically composed of double- or triple-glazed panels, these systems are designed to ensure 
structural integrity while providing excellent thermal and environmental performance. Despite 
their widespread application, conventional multilayer glazing systems exhibit several inherent 
limitations, such as increased self-weight, complex manufacturing processes, and durability 
concerns arising from the interfaces between adjacent layers. These challenges have motivated 
growing research efforts toward the development of innovative transparent structural systems 
offering enhanced mechanical performance while maintaining the functional and architectural 
benefits of traditional glazing [1], [2]. 

In this context, functionally graded materials (FGMs) have received significant attention over 
the past decades due to their unique ability to provide a continuous variation of material properties 
across the thickness of structural components. Unlike conventional laminated composites, FGMs 
avoid sharp interfaces between different constituents, thereby reducing interlaminar stresses and 
enhancing overall structural reliability [3], [4]. Owing to these advantages, FGMs have been 
widely adopted in various engineering fields, including aerospace structures, thermal barrier 
coatings, and advanced composite systems. More recently, the development of functionally graded 
transparent materials has emerged as a promising strategy for designing innovative transparent 
structural components that combine high optical transparency with improved mechanical 
performance and durability [5-7]. 

In parallel, lightweight composite structures have attracted increasing interest due to their 
superior strength-to-weight ratio, enhanced durability, and wide range of applications in aerospace, 
civil, marine, and mechanical engineering. Among these structures, functionally graded plates and 
shells offer additional benefits by enabling a smooth transition of material properties, which 
contributes to improved load-carrying capacity and reduced stress concentrations. As emphasized 
in the recent review by Liu et al. [8], accurately predicting the static, buckling, and vibration 
responses of advanced composite structures remains a challenging issue due to the combined 
effects of complex geometries, material heterogeneity, and nonlinear structural behavior. 
Therefore, the development of refined, accurate, and computationally efficient theoretical models 
remains an active research direction for the analysis and optimal design of next-generation shell 
structures. 

From the perspective of structural mechanics, the stability and vibration responses of 
functionally graded (FG) plates and shells have been extensively studied over the past decades. 
Numerous theoretical approaches have been developed, including the Classical Plate Theory 
(CPT), First-Order Shear Deformation Theory (FSDT), and various Higher-Order Shear 
Deformation Theories (HSDTs). However, many existing formulations require five or more 
displacement variables, which may lead to increased computational complexity, particularly when 
dealing with shells involving complex geometries and multiphysical effects. 

The Classical Plate Theory neglects transverse shear deformation effects and is therefore 
mainly applicable to thin structural elements such as Alashkar et al. [9]. Several investigations 
have employed CPT to examine the mechanical behavior of FG plates and shells. Arefi [10] 
studied the free vibration characteristics of FG circular plates integrated with piezoelectric layers, 
while Darılmaz [11] analyzed FG grid structures using a hybrid-stress finite element formulation. 
Pradhan et al. [12] investigated the vibration behavior of FG elliptic plates under different 
boundary conditions, and Moita et al. [13] examined the mechanical and thermal buckling 
responses of FG axisymmetric plate-shell structures. In addition, extensive studies have addressed 
the buckling and vibration behavior of advanced composite and orthotropic plates, highlighting the 
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influence of porosity, material distribution, loading conditions, and elastic foundations on 
structural performance [14-18]. 

To overcome the limitations of CPT, the First-Order Shear Deformation Theory (FSDT) was 
introduced by incorporating transverse shear deformation effects. This theory assumes a linear 
distribution of displacements through the thickness and provides reliable predictions for both thin 
and moderately thick shells. However, because FSDT assumes constant transverse shear strains, a 
shear correction factor is required. The accurate determination of this factor remains challenging 
since it depends on several parameters, including geometry, material properties, and boundary 
conditions [19], [20]. Despite this limitation, FSDT has been widely adopted for analyzing FG 
shell structures. Madani et al. [21] investigated FG carbon nanotube-reinforced piezoelectric 
cylindrical shells under thermal loading using FSDT combined with the differential cubature 
method. Qin et al. [22] proposed a unified formulation for the free vibration analysis of graphene 
platelet-reinforced FG shallow shells with arbitrary boundary conditions. Li et al. [23], [24] 
developed semi-analytical FSDT-based models to study the vibration characteristics of FG porous 
cylindrical, spherical, and laminated shells under complex boundary conditions. 

To achieve higher accuracy while avoiding the limitations associated with the shear correction 
factor, Higher-Order Shear Deformation Theories (HSDTs) have been developed. These theories 
satisfy the zero transverse shear stress conditions at the top and bottom surfaces of the structure, 
eliminating the need for correction factors. Kar et al. [25] investigated the buckling behavior of FG 
curved shell panels using HSDT combined with finite element analysis, while Kar et al. [26] 
studied the thermal post-buckling response of FG shallow curved shells. Kar and Panda [27] 
analyzed the nonlinear vibration behavior of FG spherical panels using HSDT with nonlinear 
kinematic relations. 

Recent developments have further extended FG shell theories toward multiphysics and 
nonlinear analyses. Liu et al. [28] investigated nonlinear forced vibrations and bifurcation 
phenomena of FG piezoelectric cylindrical shells subjected to coupled electric-thermo-mechanical 
loading, demonstrating the significant role of material gradation and coupled-field effects on 
structural behavior. These studies emphasize the importance of refined shell theories capable of 
accurately predicting the stability and dynamic responses of advanced FG structures under 
complex loading conditions. 

More recently, HSDT formulations have been applied to porous orthotropic laminated doubly 
curved shells to investigate their vibration and stability characteristics [29-33]. Additional 
contributions by [34-37] have further advanced the understanding of buckling, vibration, and 
stability behaviors of FG plates and shells under various mechanical and environmental 
conditions. 

In parallel with these developments, several refined higher-order theories have been proposed 
to reduce computational requirements while maintaining high predictive accuracy. Carrera and 
Brischetto [38] developed closed-form solutions within Carrera’s Unified Formulation to 
investigate thickness-locking effects in different shell theories, including classical, first-order, 
higher-order, mixed, and layer-wise approaches. Their results demonstrated that thickness locking 
occurs only when the transverse normal strain is assumed constant through the thickness and is 
independent of shell curvature. Thai and Choi [39] introduced various HSDTs based on cubic, 
sinusoidal, hyperbolic, and exponential functions by decomposing the transverse displacement into 
bending and shear components. Jung et al. [40] proposed a four-variable refined HSDT for the 
vibration analysis of S-FGM plates resting on elastic foundations, while Fahsi et al. [41] developed 
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an efficient nth-order theory using undetermined integral terms with only four displacement 
variables. These approaches provided an effective compromise between computational efficiency 

and solution accuracy. More recently, Arefi et al. [42] proposed a higher-order sinusoidal shear 
theory for bending analysis of composite doubly curved nanoshells with thickness stretching. 
Civalek and Jalaei  [43] investigated the shear buckling response of FG and carbon nanotube-
reinforced composite plates, whereas Arshid et al. [44] studied the thermal-elastic buckling and 
vibration characteristics of three-layer FG structures reinforced with graphene platelet-enhanced 
composite surfaces. 

Despite the extensive research devoted to FG plates and shells, investigations on functionally 
graded transparent shell structures remain very limited. Moreover, most existing FSDT and HSDT 
formulations involve a relatively large number of unknown variables, resulting in increased 
computational effort. Therefore, developing simplified yet accurate theoretical models with fewer 
degrees of freedom remains an important research challenge. Compared with conventional five-
variable FSDT models and advanced higher-order approaches such as HSDT and Carrera’s 
Unified Formulation [45], the present four-variable FSDT model reduces the number of governing 
unknowns while retaining the ability to account for transverse shear deformation effects. This 
leads to simpler governing equations, reduced computational cost, and easier numerical 
implementation while maintaining satisfactory accuracy for the buckling analysis of moderately 
thick shell structures. 

Motivated by these considerations, the present study proposes a refined four-variable 
hyperbolic HSDT formulation for the mechanical buckling analysis of functionally graded 
transparent doubly curved shells. The proposed model considers the continuous variation of 
material properties through the thickness and is applicable to different shell geometries. By 
reducing the number of displacement variables compared with conventional theories, the proposed 
approach achieves improved computational efficiency without sacrificing the essential mechanical 
characteristics required for accurate stability predictions. The governing equations are derived 
using a variational approach, and the effects of material gradation and geometric parameters on the 
critical buckling response are systematically investigated. 

 
 

2. Theoretical formulation 
 
2.1 Functionally graded transparent doubly curved shells 
 
Consider a doubly curved shallow shell made of functionally graded transparent materials 

(FGTMs), composed of a mixture of ceramic and metal phases. The principal radius of curvature 
along the x-axis is denoted by R1, while the principal radius along the y-axis is represented by R2. 
The geometric configuration of the shell is illustrated in Fig. 1. 

y varying the curvature parameters of the shell, several special types of shell structures can be 
obtained as follows: 

For R1 = R2→∞: the shell reduces to a flat plate (FL plate). 
For R1 = R2 : the shell becomes a spherical shell (SP shell). 
For  R1 = - R2: the shell becomes a hyperbolic paraboloid shell (HP shell). 
For  R2→∞: the shell reduces to a cylindrical shell (CY shell). 
 
These four shell configurations are illustrated in Fig. 2. 
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Figure 1. The geometry of the FG transparent doubly curved
 
 

Figure 2. Four types of FG transparent doubly curved shells
 
 
2.2 Refined Hyperbolic shear deformation theory 
 
2.2.1 Functionally graded material 
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Functionally graded materials (FGMs) exhibit a continuous variation of material properties 
through the thickness of the shell, with the microstructure gradually transitioning from the ceramic 
phase to the metal phase. Consequently, the effective material properties of the FG shells, such as 
Young’s modulus E, mass density ρ, and Poisson’s ratio ν, vary smoothly through the thickness 
according to the volume fraction distribution of the ceramic and metal constituents. Based on the 
rule of mixtures [46], the effective material properties of the FG shells can be expressed as 
follows, where the subscripts  and  denote the ceramic and metal phases, respectively 

 
(1a)

(1b)

(1c)

 
2.2.2 A refined shear deformation theory 
In the present study, the displacement field of the shell is described based on a refined first-

order shear deformation theory as follows 

 
(2a)

 
(2b)

 (2c)

In the case of shallow shells, the strain components should include the effects of shell 
curvatures. Accordingly, the strain field of the shell can be expressed as follows 
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(3b)

(3c)

(3d)
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In this work, a novel hyperbolic shear deformation plate theory of Houari is used [47]. 
In which 

(3f)

 (3g)
In the short form 

(4a)

(4b)

In which 

(5a)

(5b)

(5c)

 

(5d)

 

( ) ( ) ( )
( )2

2

21
4tanh21

ee
zehzheez

++
+++=Ψ

( ) ( )( )zzg Ψ′−= 1

( )
















Ψ+
















+
















=
















s
xy

s
y

s
x

b
xy

b
y

b
x

xy

y

x

xy

y

x

k
k
k

z
k
k
k

z
0

0

0

γ
ε
ε

γ
ε
ε









=








0

0

xz

yz

xz

yz

γ
γ

γ
γ

,

00
2

0
1

0

0

0

0





























∂
∂

+
∂

∂

+
+

∂
∂

+
+

∂
∂

=
















x
v

y
u

R
ww

y
v

R
ww

x
u

sb

sb

xy

y

x

γ
ε
ε





























∂∂
∂−

∂
∂−

∂
∂−

=
















yx
w

y
w
x
w

k
k
k

b

b

b

b
xy

b
y

b
x

2

2

2

2

2

2





























∂∂
∂−

∂
∂−

∂
∂−

=
















yx
w

y
w
x
w

k
k
k

s

s

s

s
xy

s
y

s
x

2

2

2

2

2

2

( )


















∂
∂
∂

∂

=








y
w
x

w

zg
s

s

xz

yz
0

0

γ
γ



 
 
 
 
 
 

Djilalli Mokhefi et al. 

For elastic and isotropic FGMs, the constitutive relations are given as follows 

(6a)

(6b)

where 

 
(7)

In the present formulation, the parameter e denotes the Euler's number (e=exp(l)≈ 2.71828). 
The function  ψ(z) is constructed such that the transverse shear stresses vanish on the top and 
bottom surfaces of the shell, i.e., g(±h/2), which eliminates the need for a shear correction factor 
in the proposed model. However, for the particular case where ψ(z)=0, the proposed theory 
reduces to the refined First-Order Shear Deformation Theory (RFSDT), and the shear correction 
factor is ks =5/6 adopted to ensure consistency with classical results. 
 

2.3 Governing equations 
 
Considering the displacement components of the present simple new shear deformation theory 

in Eq. (2) and using the Principle of Minimum Total Potential Energy, the equations of motion of 
FG transparent shells resting on elastic foundation can be obtained as 
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(10b)

Upon substitution of Eq. (4) into Eq. (6) and the subsequent results into Eq. (10) the stress 
resultants are obtained in the matrix form as 

(11a)

(11b)

(11c)

 
(11d)
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(12b)

It is important to note that the shear correction factor ks is not a universal constant but depends 
on the adopted kinematic model. For the proposed refined theory (with ψ(z) as defined in Eq. 
(3(f))), the shear correction factor is taken as ks=1, as the transverse shear strain distribution g(z) 
naturally satisfies the zero shear stress boundary conditions on the top and bottom surfaces. In the 
special case where ψ(z) =0, the theory reduces to the standard FSDT, and the classical value 
ks=5/6 is employed. This distinction ensures a fair comparison between the proposed model and 
the RFSDT. 

 
 
3. Analytical solution 
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for simply supported, doubly curved functionally graded transparent shells. The displacement 
fields are assumed in the following form 

(13)

where α = m𝜋/ α, β = n𝜋/ b and (Umn, Vmn, Wbmn, Wsmn) are the unknown maximum displacement 
coefficients of the FG doubly curved shells. 

Substituting Eq. (13) into Eq. (4) and then Eq. (8), one gets 

 (14)

where  {∆} =  {𝑈௠௡, 𝑉௠௡, 𝑊௕௠௡, 𝑊௦௠௡}௧ and [K] is the symmetric matrix given by 
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Table 1. Comparison of nondimensional buckling load DaNN crcr
220 π= of simply supported isotropic 

cylindrical panels (m = 𝑛 = 1, 𝜈 = 0.3), ( )23 112 ν−= hED , 1=ba , GPaE 1=  

   

Matsunaga [48] Ibka et al. [49] Present 

 

 
 

  

 
10  

∞ 3.7412 3.7865 3.7422 
5 3.8391 3.8860 3.8357 

2,5 4.1283 4.1872 4.1211 

 
20  

∞ 3.9307 3.9444 3.9356 
5 4.3636 4.3804 4.3687 

2,5 5.6468 5.6981 5.6466 

 

 

 
  

 
10  

∞ 1.8706 1.8932 1.8723 
5 1.9195 1.9430 1.9156 

2,5 2.0642 2.0936 2.0634 

 
20  

∞ 1.9654 1.9722 1.9676 
5 2.1818 2.1902 2.1833 

2,5 2.8234 2.8491 2.8256 
 
 
By solving Eq. (16), closed-form analytical expressions for the critical buckling loads of the 

functionally graded, doubly curved shells are obtained. 
 

 
4. Numerical results 

 
4.1 Verification study 
 
To validate the accuracy of the proposed formulation, the non-dimensional critical buckling 

load of a simply supported isotropic homogeneous spherical shell is first investigated. The shell is 
assumed to be simply supported along all four edges, and the obtained results are compared with 
those available in the literature to assess the accuracy and reliability of the present model. 

Table 1 presents the non-dimensional critical buckling loads under in-plane loading predicted 
by the proposed hyperbolic shear deformation theory (HypSDT). The results are compared with 
those reported by Matsunaga [48] using HSDT and with the refined FSDT developed by Ibka et al. 
[49]. Excellent agreement is observed, confirming the accuracy and reliability of the proposed 
formulation for the buckling analysis of doubly curved shells. 

Table 2 compares the non-dimensional critical buckling loads 𝑁ഥ௖௥ of various shallow curved 
shells subjected to uniaxial and biaxial uniformly distributed edge loads with the benchmark 
results reported by Al Mukahal et al. [50] and Basoglu et al. [34] for different Rx/a and Ry/b ratios. 
The excellent agreement between the present predictions and the published results demonstrates 
the accuracy and reliability of the proposed theoretical formulation for the buckling analysis of 
shallow curved shells. 

As presented in Table 3, the predicted buckling loads agree remarkably well with the 
benchmark solutions obtained using HSDT [48], FSDT [51], [52], and the refined FSDT  

( )21,γγ ha aRx

( )0,1−

( )1,1−−



 
 
 
 
 
 

Djilalli Mokhefi et al. 

Table 2. Comparison of nondimensional buckling load DaNN crcr
220 π= of various curved shallow shells 

(m = 𝑛 = 1, 𝜈 = 0.3), ( )23 112 ν−= hED , 1=ba , GPaE 1=  

( )21,γγ  aRx  bRy  Al Mukahal et al. 
[50] Basoglu et al. [34] Present 

 
( )0,1−  

 
 

∞ ∞ 3.7866 3.7884 3.7898 
5 5 4.2350 4.2371 4.2256 
5 ∞ 3.8987 3.9005 3.8971 
5 −5 3.7866 3.7884 3.7813 

( )1,1 −−  

∞ ∞ 1.8933 1.8942 1.8944 
5 5 2.1175 2.1185 2.1165 
5 ∞ 1.9493 1.9503 1.9489 
5 −5 1.8933 1.8942 1.8965 

 
Table 3. Comparison of buckling loads DaNN crcr

20ˆ = for isotropic shallow curved panels ( 1=ba and 𝜈 
= 0.3) 

Types ha  Matsunaga  
[48] 

Sahu and Datta  
[52]

Ravi Kumar et al. 
[51]

Nandun et al. 
[53] Present 

SP shells 10 41.0872 41.0487 41.0487 41.5987 41.0467 
20 56.1620 56.2143 56.2143 56.4272 56.1652 

HP shells 10 36.6162 36.5235 36.5235 37.0651 36.6145 
20 38.5033 38.4618 38.4618 38.6137 38.5028 

CY shells 10 37.8904 37.8075 37.8075 38.3513 37.8975 
20 43.0670 43.0581 43.0581 43.2249 43.0691 

FL Plates 10 36.9242 36.8284 36.8284 37.3708 36.9274 
20 38.7945 38.7757 38.7757 38.9295 38.7965 

 
 

developed by Nandun et al. [53], confirming the accuracy and reliability of the proposed 
formulation. 
 

4.2 Parametric study 
 
For the parametric study, a functionally graded (FG) transparent doubly curved shell composed 

of sapphire and sodalime glass is considered. This material combination is well suited for 
transparent structural applications because sapphire exhibits exceptionally high stiffness and 
strength ( GPaEc 345= ), whereas soda–lime glass has a lower Young's modulus  ( GPaEm 70= ) 
but offers excellent optical transparency and is widely used in architectural glazing systems 
( 23.0== cm νν )  as in Touloukian et al. [54].  

The continuous through thickness gradation of material properties allows the functionally 
graded shell to achieve an effective balance between the superior mechanical characteristics of 
sapphire and the excellent optical transparency of sodalime glass. Unlike conventional laminated 
configurations, the absence of discrete material interfaces ensures a smooth transition in material 
properties, thereby minimizing stress concentrations, enhancing load transfer efficiency, and 
improving the overall structural integrity and long-term durability of the shell. 
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Table 4: Comparison of the nondimensional buckling load ccrcr DaNN 220 π=


 of the FG doubly curved 
shells, ( )23 112 ν−= hEDc , a/h = 10 

( )21,γγ  Types k
0 0.5 1 2 5 10

( )0,1−  

FL Plates 3.80854 2.52986 1.96740 1.56509 1.32976 1.20543
SP shells 4.25984 2.82657 2.23014 1.76754 1.47365 1.32267
HP shells 3.78735 2.49021 1.95270 1.55256 1.31907 1.19566
CY shells 3.94532 2.59004 2.02745 1.61070 1.36132 1.23123

( )1,1 −−  

FL Plates 1.91254 1.25698 0.98423 0.78259 0.66487 0.60276
SP shells 2.11567 1.41976 1.11545 0.88378 0.73630 0.66154
HP shells 1.88546 1.24766 0.97555 0.77631 0.65959 0.59787
CY shells 1.95923 1.29443 1.01387 0.80545 0.68063 0.61560

 
 
The nondimensional critical buckling loads crN


of FG transparent doubly curved shells are 

presented in Table 3 for different values of the power-law index k  under both uniaxial and biaxial 
uniformly distributed edge loads. The results are reported for several shell geometries, including 
flat plates (FL), spherical shells (SP), hyperbolic paraboloid shells (HP), and cylindrical shells 
(CY). In which, the dimensions of the shells are 10=ha , ∞== yx RR  for FL plates, Rx/a = Ry/b = 
5  for SP shells, Rx/a= ‒ Ry/b = 5 for HP shells, 5=aRx , ∞=yR for CY shells.  

As shown in Table 4, the non-dimensional critical buckling load, crN


, decreases progressively 
as the power-law index k increases. This behavior is directly related to the variation of material   
properties through the shell thickness. For k = 0, the shell is composed entirely of sapphire, whose 
high Young's modulus provides superior stiffness and, consequently, greater resistance to   
buckling. As k  increases, the volume fraction of soda–lime glass gradually increases while that of 
sapphire decreases, leading to a reduction in the overall stiffness of the shell. As a result, the 
critical buckling load decreases because the structure becomes more flexible. 

Table 4 also highlights the significant influence of shell geometry on buckling performance. 
Among the configurations investigated, spherical (SP) shells exhibit the highest non-dimensional 
critical buckling loads owing to their balanced double curvature, which enhances membrane action 
and significantly increases structural stiffness and stability. In contrast, flat (FL) plates and 
hyperbolic paraboloid (HP) shells exhibit lower buckling loads because of their relatively lower 
geometric stiffness. Cylindrical (CY) shells display intermediate behavior, with buckling 
capacities lying between those of spherical shells and flat plates. It is also evident that the non-
dimensional critical buckling loads under biaxial compression are consistently lower than those 
under uniaxial compression. This behavior is expected, as simultaneous compression along two 
orthogonal directions increases the susceptibility of the shell to instability, resulting in earlier 
buckling. Overall, the results confirm that both the material gradation index and the shell geometry 
are key parameters governing the stability performance of functionally graded transparent shell 
structures. 

Figs. 3-6 illustrate the influence of key geometric parameters on the nondimensional critical 
buckling load ccrcr DaNN 220 π=


with  ( )23 112 ν−= hEDc  of functionally graded doubly 

curved transparent shells under uniaxial and biaxial compression.  
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Figure 3. The variation of the nondimensional critical buckling load crN


of FG doubly curved shells 
versus the side-to-thickness ratio 

 
 
As shown in Fig. 3, crN


 increases significantly with the side-to-thickness ratio a/h, reflecting 

the transition from shear-dominated thick-shell behavior to membrane-dominated thin-shell 
response; spherical shells (SP) consistently exhibit the highest values, while higher power-law 
indices k lead to a marked reduction in buckling resistance due to increased compliance from the 
soda-lime glass phase.  

Fig. 4 reveals that crN


 decreases with rising radius-to-side ratio R/a, as larger radii diminish 
the stabilizing effect of curvature and approach flat-plate behavior; SP and cylindrical (CY) 
configurations remain superior for 5<aR .  

In Fig. 5, the buckling load is minimized near aspect ratio 1≈ba  (square geometry) and rises 
for elongated panels, with the advantage of SP shells diminishing as a/b increases; strong gradients 
( 2>k ) amplify sensitivity to this parameter.  
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Figure 4. The variation of the nondimensional critical buckling load crN


of FG doubly curved shells 
versus the radius-to-side ratio 

 
 
Finally, Fig. 6 demonstrates that maximum stability occurs at radius ratio R1/R2 (symmetric 

spherical shells), with any deviation reducing crN


, particularly for hyperbolic paraboloid (HP) 
shells and higher k values. Overall, these results highlight the critical role of balanced double 
curvature, moderate thickness ratios, and low material gradation ( 2<k ) in enhancing buckling 
performance, providing valuable guidance for the design of lightweight, transparent FG panels in 
architectural curtain walls and aerospace applications. The pronounced increase in the critical 
buckling load for spherical shells is attributed to the membrane-stiffening effect generated by 
balanced double curvature. As the shell tends toward a cylindrical geometry, the curvature in one 
principal direction disappears, reducing the geometric stiffness and consequently lowering the 
buckling resistance. 
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Figure 5. The variation of the nondimensional critical buckling load crN


of FG doubly curved shells 
versus the aspect ratio 

 
 
4. Conclusions 
 

This study presented a refined four-variable Hyperbolic Shear Deformation Theory (HypSDT) 
for the mechanical buckling analysis of functionally graded (FG) transparent doubly curved shells. 
Based on the numerical investigations, the following conclusions can be drawn: 

- The proposed four-variable formulation provides an accurate and computationally efficient 
alternative to the conventional theories for predicting the buckling response of thin-to-
moderately thick FG transparent shells.  
- Validation against well-established analytical and numerical solutions reported in the 
literature demonstrated excellent agreement, confirming the accuracy and reliability of the 
proposed model.  
- Shell geometry plays a key role in structural stability. Among the configurations examined, 
spherical shells exhibit the highest buckling resistance owing to their balanced double  
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Figure 6. The variation of the nondimensional critical buckling load crN


of FG doubly curved shells 

versus the aspect ratio 
 
 
curvature, whereas cylindrical, hyperbolic paraboloid, and flat shells show progressively lower 
critical buckling loads.  
- The critical buckling load increases with the side-to-thickness ratio ha and decreases as 
the aspect ratio ba increases, highlighting the important influence of geometric parameters on 
the stability performance of FG transparent shells.  
- The proposed formulation offers an efficient framework for the buckling analysis of FG 
transparent shell structures subjected to simply supported boundary conditions. However, the 
present work is limited to linear elastic buckling and does not consider geometric 
nonlinearities, post-buckling behavior, thermo-mechanical effects, dynamic loading, material 
degradation, or arbitrary boundary conditions.  
Future work will focus on extending the proposed formulation to nonlinear and post-buckling 

analyses, thermo-mechanical and dynamic loading conditions, and experimental validation. In 
addition, the analytical framework will be generalized to accommodate more realistic boundary 
conditions by adopting solution procedures similar to those proposed by Liu et al. [54], [55], 
thereby broadening the applicability of the present model to practical transparent shell structures. 
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