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Abstract.  The thermodynamic bending behavior of multilayered functionally graded carbon nanotube reinforced 
composite (FG-CNTRC) plates has received limited attention in the existing literature, despite their promising 
applications in advanced aerospace, mechanical, and nano-engineering structures. To address this gap, the present 
study develops, for the first time, an analytical model to investigate the thermodynamic bending response of 
multilayered FG-CNTRC plates subjected to thermal loading. The formulation is based on the higher-order shear 
deformation theory (HSDT), while the governing equations and boundary conditions are derived using Hamilton’s 
principle. An analytical solution for simply supported plates is obtained by employing Navier’s method. The material 
properties are assumed to be temperature-dependent and are evaluated according to the Touloukian principle. In 
addition, the volume fraction of carbon nanotubes (CNTs) is considered to vary through the thickness according to 
several distribution patterns, namely uniform distribution (UD) and four functionally graded distributions (FG-X, 
FG-O, FG-V, and FG-A). A comprehensive parametric investigation is performed to examine the effects of CNT 
distribution patterns, CNT volume fraction, temperature difference, and number of layers on the bending response of 
the plates. The numerical results reveal that the FG-X distribution exhibits the highest stiffness and consequently the 
lowest deflection among all the considered distributions. Furthermore, increasing the CNT volume fraction and the 
number of layers enhances the structural stiffness, whereas increasing the temperature difference leads to a significant 
reduction in stiffness and an increase in deflection. The proposed model provides new insights into the 
thermodynamic bending behavior of multilayered FG-CNTRC plates and may serve as an efficient analytical tool for 
the design and optimization of advanced nanocomposite structures. 
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1. Introduction 
 

Functionally graded materials (FGMs) incorporating carbon nanotubes (CNTs) have garnered 
significant interest due to their tailored mechanical, thermal, and electrical properties across 
varying compositions. By strategically distributing CNTs along the material matrix, FGMs offer 
enhanced performance in aerospace and biomedical engineering applications. This approach 
leverages the unique properties of CNTs to achieve gradients in material characteristics, 
optimizing structural integrity and functionality in diverse environments. 

Studying the dynamic behavior of functionally graded materials (FGMs) reinforced with 
carbon nanotubes (CNTs) is crucial for assessing their performance under dynamic loading 
conditions. Understanding their response to vibrations, impacts, and transient forces is essential for 
designing resilient and reliable structures in advanced engineering applications. Such 
investigations provide insights into how FGMs with CNTs can mitigate fatigue, enhance durability, 
and maintain structural integrity over prolonged operational lifetimes, thereby advancing the 
frontier of materials science and engineering. FG-CNTRC plates are among the critical structures 
scrutinized by researchers Daikh et al. [1]; Daikh et al. [2]; Merzouki et al. [3]. For instance, Zhu 
et al. [4] investigated the static and vibration characteristics of functionally graded carbon 
nanotube-reinforced composite (FG-CNTRC) plates using the finite element method incorporating 
the first-order shear deformation plate theory. Bhardwaj et al. [5] examined the nonlinear bending 
and dynamic behaviors of laminated composite plates reinforced with CNTs, where a novel 
polymer matrix reinforced with CNTs was subsequently reinforced orthotropically with glass 
fibers. Alibeigloo [6] developed a three-dimensional thermoelasticity solution for an FG-CNTRC 
plate that was integrated within layers of piezoelectric sensors and actuators. Singh et al. [7] 
proposed a semi-analytical approach to analyze the dynamic instability of functionally graded 
CNT-reinforced composite plates subjected to uniform and non-uniform in-plane loads. Phung-
Van et al. [8] investigated the size-dependent impact of nonlinear transient dynamic response in 
FG-CNTRC plates under a transverse uniform load within thermal environments. Wang and Shen 
[9] studied the dynamic behavior of CNTRC plates supported on elastic foundations, examining 
both a single-layer nanocomposite plate and a three-layer configuration consisting of a 
homogeneous core sandwiched between two CNT-reinforced composite sheets. Rafiee et al. [10] 
analyzed the nonlinear dynamic stability of piezoelectric FG-CNTRC plates under external 
resonance, deriving their governing equations based on first-order plate theory and the von 
Kármán hypothesis. Daikh et al. [11] studied the effect of thickness stretching on the mechanical 
behavior of FG-CNTRC plates using the nonlocal strain gradient theory. Fu et al. [12] conducted a 
study on the nonlinear dynamic instability analysis of FG-CNTRC plates supported on elastic 
foundations, employing classic plate theory. They developed a Mathieu-type equation using a two-
step perturbation technique and investigated the influence of different factors on the dynamic 
unstable regions using the incremental harmonic balance method. Karamanli and Aydogdu [13] 
analyzed the dynamic behavior of functionally graded carbon nanotube-reinforced composite 
plates in two directions, examining the influence of different boundary conditions. Rasool et al. 
[14] discussed the impact of varying CNT percentages and aspect ratios on the dynamic response 
of nanocomposite plates. They also analyzed the dynamic behavior of nanocomposite cylinders 
reinforced with CNTs under impact loads. Garg et al. [15] presented a detailed literature review 
regarding the material properties predictions of single-walled CNTs. Garg et al. [16, 17]. 
investigated the bending and free vibration of CNT-reinforced functionally graded sandwich 
beams using a higher-order zigzag finite element theory. Their analysis revealed that core 
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thickness and nanotube gradation law significantly affect the mechanical behavior and vibration 
response of these advanced composite structures. Rostami and Mohammadimehr [18] investigated 
the dynamic stability and bifurcation of a FG-CNTRC plate subjected to lateral stochastic loads 
using the classical plate theory. Lei et al. [19] explored the dynamic stability of functionally 
graded cylindrical panels and plates reinforced with CNTs under static and periodic axial forces, 
where the cylindrical plates were reinforced with single-walled CNTs distributed uniformly or 
functionally graded along the thickness direction of the plate. Duc and Minh [20] utilized the 
phase field theory and finite element method to predict the free vibration behavior of cracked FG-
CNTRC plates. Sayer et al. [21] examined the impact behavior of hybrid glass-carbon composite 
plates, employing the energy profiling method alongside load–deflection curves to establish the 
impact thresholds of these hybrid composites. Adhikari and Singh [22] demonstrated the 
geometrically nonlinear dynamic response of FG-CNTRC plates using a novel shear strain 
function implemented within the isogeometric finite element framework. Chalak et al. [23] 
presented a detailed review on the application of different theories and methodologies for 
quantifying the mechanical behavior of nanocomposite structures. 

Recent studies have highlighted the importance of thermomechanical analyses of advanced 
nanostructures under thermal environments. Esen et al. [24] investigated the forced vibration of 
composite beams reinforced by SWCNTs under the influence of a moving mass. Based on a third-
order shear deformation theory, the governing equations were solved by the finite element method 
for three different beam models (uniform, Λ and X-CNT). Abdelrahman et al. [25] investigated the 
vibration behavior of functionally graded carbon nanotube (FGCNT) nanoplates subjected to 
moving loads and demonstrated the significant effects of CNT distribution, volume fraction, and 
nonlocal parameters on the dynamic response. Likewise, Tran et al. [26] examined the dynamic 
behavior of inclined FG-CNTRC sandwich beams under a moving mass, highlighting the 
important influence of CNT distribution patterns and structural parameters on the system dynamics. 
Yıldız [27] investigated the thermal buckling behavior of FG nano-sandwich plates with auxetic 
butterfly cores using HSDT and nonlocal strain gradient elasticity, demonstrating enhanced 
thermal stability due to the auxetic core. Similarly, Kabave Kilincarslan et al. [28] analyzed the 
thermomechanical vibration response of GPL-reinforced sandwich nanobeams with foam cores 
under thermal and magnetic fields, revealing the significant effects of foam distribution and 
graphene reinforcement on thermal resistance. Despite these advances, the thermodynamic 
bending behavior of multilayered FG-CNTRC plates remains largely unexplored. 

Based on the existing literature, the thermodynamic bending behavior of multilayered carbon 
nanotube reinforced composite (CNTRC) plates has received very limited attention, despite its 
significant potential for advanced engineering applications. This gap in the literature motivates the 
present work. The main novelty of this study is the development, for the first time, of an analytical 
model for investigating the thermodynamic bending response of multilayered functionally graded 
carbon nanotube reinforced composite (FG-CNTRC) plates subjected to thermal loading. In 
contrast to previous studies, the proposed formulation simultaneously incorporates: (i) 
multilayered FG-CNTRC configurations, (ii) several CNT distribution patterns, namely uniform 
(UD), FG-X, FG-O, FG-V, and FG-A, (iii) temperature-dependent material properties based on the 
Touloukian principle, and (iv) an analytical solution based on the higher-order shear deformation 
theory (HSDT) coupled with Navier's solution technique. Therefore, the present study provides a 
comprehensive framework that considerably extends the existing literature and offers new insights 
into the thermodynamic bending behavior of multilayered FG-CNTRC plates. The remainder of 
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this paper is organized as follows. First, the material and geometrical models are presented, 
followed by the derivation of the governing equations and the analytical solution procedure. 

Finally, extensive parametric studies are carried out to investigate the effects of CNT 
distribution patterns, volume fraction, temperature variation, and the number of layers on the 
bending response of the proposed structures. 

 
 

2. Modeling of multilayered CNTRC plates 
 
2.1 Geometry and CNT distributions 
 
As depicted in Fig. 1, a rectangular multilayer CNTRC plate with dimensions length a, width b, 

and thickness h is under consideration. Each layer of the plate is reinforced with single-walled 
carbon nanotubes (SWCNTs) distributed either uniformly (UD) along the thickness direction or 
according to a functionally graded (FG) distribution. The distribution of CNTs is characterized by 
the volume fraction Vୡ୬୲, which varies mathematically across the layers as follows:  

Multilayers FG-X CNTRC plate 𝑉௖௡௧ = 2 ቚଶ|௭|ିห௭(ೖషభ)ା௭(ೖ)หቚ௭(ೖ)ି௭(ೖషభ) 𝑉௖௡௧∗ , (1)

Multilayers FG-O CNTRC plate 

𝑉௖௡௧ = 2 ቌ1 − ቚ2|𝑧| − ห𝑧(௞ିଵ) + 𝑧(௞)หቚ𝑧(௞) − 𝑧(௞ିଵ) ቍ 𝑉௖௡௧∗  (2)

Multilayers FG-V CNTRC plate 𝑉௖௡௧ = 1 − ቆ2𝑧 − 𝑧(௞) − 𝑧(௞ିଵ)𝑧(௞) − 𝑧(௞ିଵ) ቇ 𝑉௖௡௧∗  (3a)

Multilayers FG-A CNTRC plate 𝑉௖௡௧ = 1 + ቆ2𝑧 − 𝑧(௞) − 𝑧(௞ିଵ)𝑧(௞) − 𝑧(௞ିଵ) ቇ 𝑉௖௡௧∗  (3b)

Multilayers UD CNTRC plate 𝑉௖௡௧ = 𝑉௖௡௧∗  (4)

Where z(୩) and  z(୩ିଵ) denote the vertical positions of the bottom surface and the top surface, 
respectively, of the kth layer of the multilayer CNTRC plate. The total volume fraction Vୡ୬୲∗  can be 
computed from the following equation 𝑉௖௡௧∗ = 𝑊௖௡௧𝑊௖௡௧ + (𝜌௖௡௧ 𝜌௠⁄ )(1 − 𝑊௖௡௧) (5)

where Wୡ୬୲, ρୡ୬୲  and ρ୫  are the CNTs mass fraction, CNTs mass density and polymer matrix 
mass density, respectively. 
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Figure 1. Geometry and cross-sections of multilayered CNTRC plate 

 
 
2.2 Effective material properties 
 
The material properties and effective parameters of CNTRC plates, consisting of an isotropic 

polymer matrix and SWCNTs, are determined using the extended rule of mixture and molecular 
dynamics simulations. The effective Young’s modulus (E) and shear modulus (G) of a CNTRC 
sheet can be expressed as 𝐸ଵଵ௞ = 𝜂ଵ𝑉௖௡௧௞ 𝐸ଵଵ௖௡௧ + 𝑉௣௞𝐸௣𝜂ଶ𝐸ଶଶ௞ = 𝑉௖௡௧௞𝐸ଶଶ௖௡௧ + 𝑉௣௞𝐸௣𝜂ଷ𝐺ଵଶ௞ = 𝑉௖௡௧௞𝐺ଵଶ௖௡௧ + 𝑉௣௞𝐺௣

 (6)

It should be emphasized that 𝐸ଵଵ௞ and 𝐸ଶଶ௞  denote Young’s moduli in the (x,z) plane directions, 
while Gଵଶ୩  represents the shear modulus of the CNTRC plate. The superscripts p and cnt refer to 
the properties of the polymer and the SWCNTs, respectively. The parameters η୧ (𝑖 = 1,2,3)  are 
efficiency parameters specific to the CNTs (Table 1). 

The volume fraction of the polymer constituents V୮୩ is related to the CNT volume fraction by 
the following relation 𝑉௖௡௧௞ + 𝑉௣௞ = 1 (7)

The Poisson’s ratio νଵଶ୩ , mass density ρ୩, and the longitudinal and transverse thermal expansion 
coefficients αଵଵ୩  and αଶଶ୩  for the kth layer are given by 
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Table 1. CNTs efficiency parameters, Zhu et al. [4] 𝑉௖௡௧∗  𝜂ଵ 𝜂ଶ 𝜂ଷ 
11 % 0.149 0.934 0.934 
14% 0.150 0.941 0.941 
17% 0.149 1.381 1.381 

 
 𝜈ଵଶ௞ = 𝑉௖௡௧௞ 𝜈ଵଶ௖௡௧ + 𝑉௣௞𝜈௣ (8)𝜌௞ = 𝑉௖௡௧௞ 𝜌௖௡௧ + 𝑉௣௞𝜌௣ (9)𝛼ଵଵ௞ = 𝑉௖௡௧௞ 𝛼ଵଵ௖௡௧ + 𝑉௣௞𝛼௣ (10)𝛼ଶଶ௞ = (1 + 𝜈ଵଶ௖௡௧)𝑉௖௡௧௞ 𝛼ଶଶ௖௡௧ + ൫1 + 𝜈௣൯𝑉௣௞𝛼௣ − 𝜈ଵଶ௞ 𝛼ଵଵ௞  (11)
 
2.3 Basic assumptions 
 
To simplify the formulation while retaining the essential physical characteristics of the problem, 

the following assumptions are adopted in the present study: (i) the multilayered FG-CNTRC plate 
is composed of perfectly bonded layers without interfacial slip or delamination; (ii) each layer is 
homogeneous through its thickness, whereas the CNT volume fraction varies from one layer to 
another according to the prescribed distribution pattern (UD, FG-X, FG-O, FG-V, and FG-A); (iii) 
the CNTs are assumed to be straight, uniformly dispersed, and perfectly aligned within each layer; 
(iv) the material properties are temperature-dependent and are evaluated according to the 
Touloukian principle; (v) the displacement field is described by the higher-order shear deformation 
theory (HSDT), which accounts for the transverse shear deformation without requiring shear 
correction factors; and (vi) the plate is assumed to be simply supported along all edges and 
subjected to a thermal loading varying through the thickness direction. 

 
 

3. Mathematical formulations 
 
For a rectangular multilayer CNTRC plate consisting of kth layers, the displacement 

components, formulated using Reddy’s theory, are given as 𝑢(𝑥, 𝑦, 𝑧) = 𝑢଴ − 𝑧 𝜕𝑤଴𝜕𝑥 + 𝑓(𝑧)𝜑୶𝑣(𝑥, 𝑦, 𝑧) = 𝑣଴ − 𝑧 𝜕𝑤଴𝜕𝑦 + 𝑓(𝑧)𝜑୷𝑤(𝑥, 𝑦, 𝑧) = 𝑤଴
 (12)

where u଴, v଴, and w଴ represent the displacement components, and φ୶ and φ୷ denote rotations of 
the transverse normal around the x and y axes, respectively. The shape function f(z) from Reddy 
[29] governs the distribution of transverse shear strains and stresses across the thickness direction 
of the plate. 
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𝑓(𝑧) = 𝑧 ቆ1 − 4𝑧ଶ3ℎଶቇ (13)

The nonzero strains corresponding to the aforementioned displacements are derived as follows 

൞𝜀௫௫𝜀௬௬𝛾௫௬ൢ = ቐ𝜀௫௫଴𝜀௬௬଴𝛾௫௬଴ ቑ + 𝑧 ቐ𝜀௫௫ଵ𝜀௬௬ଵ𝛾௫௬ଵ ቑ + 𝑓(𝑧) ቐ𝜀௫௫ଶ𝜀௬௬ଶ𝛾௫௬ଶ ቑ
𝜀௭௭ = 0, ቊ𝛾௬௭𝛾௫௭ቋ = d𝑓(𝑧)d𝑧 ቊ𝛾௬௭଴𝛾௫௭଴ ቋ ,  (14)

where 

ቐ𝜀௫௫଴𝜀௬௬଴𝛾௫௬଴ ቑ =
⎩⎪⎪⎨
⎪⎪⎧ 𝜕𝑢଴𝜕𝑥𝜕𝑣଴𝜕𝑦𝜕𝑣଴𝜕𝑥 + 𝜕𝑢଴𝜕𝑦 ⎭⎪⎪⎬

⎪⎪⎫,      ቐ𝜀௫௫ଵ𝜀௬௬ଵ𝛾௫௬ଵ ቑ = −
⎩⎪⎪⎨
⎪⎪⎧ 𝜕ଶ𝑤଴𝜕𝑥ଶ𝜕ଶ𝑤଴𝜕𝑦ଶ2 𝜕ଶ𝑤଴𝜕𝑥𝜕𝑦⎭⎪⎪⎬

⎪⎪⎫ ,

ቐ𝜀௫௫ଶ𝜀௬௬ଶ𝛾௫௬ଶ ቑ =
⎩⎪⎪⎨
⎪⎪⎧ 𝜕𝜑ଵ𝜕𝑥𝜕𝜑ଶ𝜕𝑦𝜕𝜑ଶ𝜕𝑥 + 𝜕𝜑ଵ𝜕𝑦 ⎭⎪⎪⎬

⎪⎪⎫,      ቊ𝛾௬௭଴𝛾௫௭଴ ቋ = ቄ𝜑௫𝜑௬ቅ .
(15)

Assuming each layer has a plane of elastic symmetry parallel to the ( 𝑥 − 𝑦 ) plane, the 
constitutive equations for a layer can be expressed as 

⎩⎪⎨
⎪⎧𝜎௫௫𝜎௬௬𝜎௬௭𝜎௫௭𝜎௫௬⎭⎪⎬

⎪⎫(௡) = ⎣⎢⎢
⎢⎡𝑄ଵଵ 𝑄ଵଶ 0𝑄ଵଶ 𝑄ଶଶ 0000 000 𝑄ସସ00

000𝑄ହହ0
0000𝑄଺଺⎦⎥⎥

⎥⎤(௡)

⎩⎪⎨
⎪⎧𝜀௫௫ − 𝛼ଵଵ(௡)(𝑧)𝑇(௡)(𝑧)𝜀௬௬ − 𝛼ଶଶ(௡)(𝑧)𝑇(௡)(𝑧)𝛾௬௭𝛾௫௭𝛾௫௬ ⎭⎪⎬

⎪⎫
 (16)

Considering the CNTRC laminate composed of k-th layers, the constitutive stress–strain 
relations are formulated as 

⎩⎪⎨
⎪⎧𝜎௫௫𝜎௬௬𝜏௬௭𝜏௫௭𝜏௫௬ ⎭⎪⎬

⎪⎫(௞) = ⎣⎢⎢
⎢⎡𝑄തଵଵ௞ 𝑄തଵଶ௞ 0𝑄തଵଶ௞ 𝑄തଶଶ௞ 0000 000 𝑄തସସ௞00

000𝑄തହହ௞0
0000𝑄ത଺଺௞ ⎦⎥⎥

⎥⎤
⎩⎪⎨
⎪⎧𝜀௫௫ − 𝛼തଵଵ(௞)(𝑧)𝑇(𝑧)𝜀௬௬ − 𝛼തଶଶ(௞)(𝑧)𝑇(𝑧)𝛾௬௭𝛾௫௭𝛾௫௬ ⎭⎪⎬

⎪⎫(௞)
 (17)

The constants Qഥ୧୨୩  are given as 
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𝑄തଵଵ௞ = 𝑄ଵଵ𝑐𝑜𝑠ସ𝜃௞ + 2(𝑄ଵଶ + 2𝑄଺଺)𝑠𝑖𝑛ଶ𝜃௞𝑐𝑜𝑠ଶ𝜃௞ + 𝑄ଶଶ𝑠𝑖𝑛ସ𝜃௞𝑄തଵଶ௞ = (𝑄ଵଵ + 𝑄ଶଶ − 4𝑄଺଺)𝑠𝑖𝑛ଶ𝜃௞𝑐𝑜𝑠ଶ𝜃௞ + 𝑄ଵଶ(𝑠𝑖𝑛ସ𝜃௞ + 𝑐𝑜𝑠ସ𝜃௞)𝑄തଶଶ௞ = 𝑄ଵଵ𝑠𝑖𝑛ସ𝜃௞ + 2(𝑄ଵଶ + 2𝑄଺଺)𝑠𝑖𝑛ଶ𝜃௞𝑐𝑜𝑠ଶ𝜃௞ + 𝑄ଶଶ𝑐𝑜𝑠ସ𝜃௞𝑄ത଺଺௞ = (𝑄ଵଵ + 𝑄ଶଶ − 2𝑄ଵଶ − 2𝑄଺଺)𝑠𝑖𝑛ଶ𝜃௞𝑐𝑜𝑠ଶ𝜃௞ + 𝑄଺଺(𝑠𝑖𝑛ସ𝜃௞ + 𝑐𝑜𝑠ସ𝜃௞)𝑄തସସ௞ = 𝑄ସସ𝑐𝑜𝑠ଶ𝜃௞ + 𝑄ହହ𝑠𝑖𝑛ଶ𝜃௞𝑄തହହ௞ = 𝑄ହହ𝑐𝑜𝑠ଶ𝜃௞ + 𝑄ସସ𝑠𝑖𝑛ଶ𝜃௞
 (18)

and 𝛼തଵଵ(௞) = 𝛼ଵଵ𝑐𝑜𝑠ଶ𝜃௞ + 𝛼ଶଶ𝑠𝑖𝑛ଶ𝜃௞𝛼തଶଶ(௞) = 𝛼ଵଵ𝑠𝑖𝑛ଶ𝜃௞ + 𝛼ଶଶ𝑐𝑜𝑠ଶ𝜃௞ (19)

where 𝜃௞ is the lamination angle of the kth layer, and β୩represents the CNTs orientation angle of of each layer, and 𝑄ଵଵ = 𝐸ଵଵ1 − 𝜈ଵଶ𝜈ଶଵ  , 𝑄ଶଶ = 𝐸ଶଶ1 − 𝜈ଵଶ𝜈ଶଵ , 𝑄ଵଶ = 𝜈ଵଶ𝐸ଶଶ1 − 𝜈ଵଶ𝜈ଶଵ𝑄ସସ = 𝐺ଶଷ, 𝑄ହହ = 𝐺ଵଷ, 𝑄଺଺ = 𝐺ଵଶ (20)

The stress resultants of the multilayered CNTRC plate are related to the strains as follows 

ቐሼ𝑁ሽሼ𝑀ሽሼ𝑃ሽ ቑ = ቎[𝐴] [𝐵] [𝐶][𝐵] [𝐷] [𝐹][𝐶] [𝐹] [𝐻]቏ ቐሼ𝜀଴ሽሼ𝜀ଵሽሼ𝜀ଶሽቑ (21)

൜𝑅௬௭𝑅௫௭ൠ = ൤𝐽ସସ 𝐽ସହ𝐽ସହ 𝐽ହହ൨ ቊ𝛾௬௭଴𝛾௫௭଴ ቋ (22)

where ሼ𝑁ሽ = ሼ𝑁௫௫ 𝑁௬௬ 𝑁௫௬ሽ், ሼ𝑀ሽ = ሼ𝑀௫௫ 𝑀௬௬ 𝑀௫௬ሽ், ሼ𝑃ሽ = ሼ𝑃௫௫ 𝑃௬௬ 𝑃௫௬ሽ்ሼ𝜀଴ሽ = ൛𝜀௫௫଴ 𝜀௬௬଴ 𝛾௫௬଴ ൟ், ሼ𝜀ଵሽ = ൛𝜀௫௫ଵ 𝜀௬௬ଵ 𝛾௫௬ଵ ൟ், ሼ𝜀ଶሽ = ൛𝜀௫௫ଶ 𝜀௬௬ଶ 𝛾௫௬ଶ ൟ்  (23)

The coefficients 𝐴௜௝, 𝐵௜௝, 𝐷௜௝, 𝐶௜௝, 𝐹௜௝ and 𝐻௜௝ are calculated by 

൛𝐴௜௝, 𝐵௜௝, 𝐷௜௝, 𝐶௜௝, 𝐹௜௝, 𝐻௜௝ൟ = ෍ න 𝑄ത௜௝௞ ሼ1, 𝑧, 𝑧ଶ, 𝑓(𝑧), 𝑧𝑓(𝑧), 𝑓(𝑧)ଶሽd𝑧௭ೖశభ
௭ೖ , (𝑖, 𝑗 = 1,2,6)ே

௞ୀଵ𝐽௜௜ = ෍ න 𝑄ത௜௜௞ ቈd𝑓(𝑧)d𝑧 ቉ଶ d𝑧௭ೖశభ
௭ೖ , (𝑖 = 4,5)ே

௞ୀଵ
 (24)

Hamilton’s principle is utilized to derive the equations of motion for the multilayer CNTRC 
plate Bakoura et al. [30] 𝛿 න 𝛿(𝑈 − 𝑇)𝑑𝑡௧భ௧మ = 0 (25)
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where 𝑈 and 𝑇 are the strain energy and the kinetic energy. 
The change in strain energy of the multilayer CNTRC plate can be written as 𝛿𝑈௣ = 12 න ൫𝜎௫௫(௞)𝛿𝜀௫௫ + 𝜎௬௬(௞)𝛿𝜀௬௬ + 𝜎௫௬(௞)𝛿𝛾௫௬ + 𝜎௬௭(௞)𝛿𝛾௬௭ + 𝜎௫௭(௞)𝛿𝛾௫௭൯d𝑉௏  (26)

In addition, the kinetic energy of the multilayer CNTRC laminated plate is given by 𝛿𝑇 = 12 න න 𝜌(𝑢ሶ 𝛿𝑢ሶ + 𝑣ሶ𝛿𝑣ሶ + 𝑤ሶ 𝛿𝑤ሶ )஺ 𝑑𝐴𝑑𝑥௅
଴  (27)

The governing equations of motion are derived through the application of Hamilton’s principle 
as follows 𝜕𝑁௫𝜕𝑥 + 𝜕𝑁௫௬𝜕𝑦 − 𝐼଴ 𝜕ଶ𝑢଴𝜕𝑡ଶ + 𝐼ଵ 𝜕ଷ𝑤଴𝜕𝑥𝜕𝑡ଶ − 𝐼ଶ 𝜕ଶ𝜑௫𝜕𝑡ଶ = 0𝜕𝑁௫௬𝜕𝑥 + 𝜕𝑁௬𝜕𝑦 − 𝐼଴ 𝜕ଶ𝑣଴𝜕𝑡ଶ + 𝐼ଵ 𝜕ଷ𝑤଴𝜕𝑦𝜕𝑡ଶ − 𝐼ଶ 𝜕ଶ𝜑௬𝜕𝑡ଶ = 0𝜕ଶ𝑀௫𝜕𝑥ଶ + 2 𝜕ଶ𝑀௫௬𝜕𝑥𝜕𝑦 + 𝜕ଶ𝑀௬𝜕𝑦ଶ − 𝐼଴ 𝜕ଶ𝑤଴𝜕𝑡ଶ−𝐼ଵ ቆ 𝜕ଷ𝑢଴𝜕𝑥𝜕𝑡ଶ + 𝜕ଷ𝑣଴𝜕𝑦𝜕𝑡ଶቇ + 𝐼ଷ ቆ 𝜕ସ𝑤଴𝜕𝑥ଶ𝜕𝑡ଶ + 𝜕ସ𝑤଴𝜕𝑦ଶ𝜕𝑡ଶቇ − 𝐼ସ ቆ 𝜕ଷ𝜑௫𝜕𝑥𝜕𝑡ଶ + 𝜕ଷ𝜑௬𝜕𝑦𝜕𝑡ଶቇ = 0𝜕𝑃௫𝜕𝑥 + 𝜕𝑃௫௬𝜕𝑦 − 𝑅௫௭ − 𝐼ଶ 𝜕ଶ𝑢଴𝜕𝑡ଶ + 𝐼ସ 𝜕ଷ𝑤଴𝜕𝑥𝜕𝑡ଶ − 𝐼ହ 𝜕ଶ𝜑௫𝜕𝑡ଶ = 0𝜕𝑃௫௬𝜕𝑥 + 𝜕𝑃௬𝜕𝑦 − 𝑅௬௭ − 𝐼ଶ 𝜕ଶ𝑣଴𝜕𝑡ଶ + 𝐼ସ 𝜕ଷ𝑤଴𝜕𝑦𝜕𝑡ଶ − 𝐼ହ 𝜕ଶ𝜑௬𝜕𝑡ଶ = 0

 (28)

 
 

4. Temperature-dependent materials properties 
 

A multilayered CNTRC plate assumes a uniform temperature across its surface in a high-
temperature environment. The bottom and top surfaces of the plate are maintained at temperatures Tୠand T୲, respectively. Reinforcements include (10,10) single-walled carbon nanotubes (SWCNTs) 
with an adequate wall thickness h = 0.067 nm, satisfying the Vodenitcharova-Zhang criterion 
Vodenitcharova and Zhang [31], characterized by a radius R = 0.68 nm and length L = 9.26 nm. 
Table 2 presents typical results for these parameters. 

 
 

Table 2. Thermomechanical properties of (10, 10) SWCNT [32] T(K) 𝐸ଵଵ௖௡௧(TPa) 𝐸ଶଶ௖௡௧(TPa) Gଵଶୡ୬୲(TPa) νଵଵୡ୬୲ 𝛼ଵଵ௖௡௧(10ି଺/𝐾) αଶଶୡ୬୲(10ି଺/𝐾)300 5.6466 7.0800 1.9445 0.175 3.4584 5.1682 400 5.5679 6.9814 1.9703 0.175 4.1496 5.0905 500 5.5308 6.9348 1.9643 0.175 4.5361 5.0189 
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Table 3.Thermomechanical properties of (10, 10) SWCNT [32] 
 P0 P-1 P1 P2 P3 𝐸ଵଵ௖௡௧(𝑇𝑃𝑎) 6.3998 0 -6.77898×1e-4 1.16097×1e-6 -6.96636×1e-10𝐸ଶଶ௖௡௧(𝑇𝑃𝑎) 8.02155 0 -6.75726×1e-4 1.15626×1e-6 -6.93444×1e-10𝐺ଵଶ௖௡௧(𝑇𝑃𝑎) 1.40755 0 2.46968×1e-3 -4.94831×1e-6 3.18224×1e-9 𝛼ଵଵ[10ି଺/𝐾] -1.12515 0 -2.03678×1e-2 2.56588×1e-5 -1.00986×1e-8 𝛼ଶଶ[10ି଺/𝐾] 5.43715 0 -1.81092×1e-4 5.33367×1e-8 2.29899×1e-12 𝜈ଵଶ௖௡௧ 0.175 0 0 0 0 

 
 
To analyze the temperature effect on the dynamics of multilayered CNTRC plates, it is 

essential to determine the mechanical properties of carbon nanotubes as a function of temperature. 
Therefore, temperature-dependent material properties are derived using the Touloukian principle 
Touloukian [33], expressed as follows 𝑃(௞) = 𝑃଴ ቀ𝑃 ଵ𝑇(௞)ିଵ + 1 + 𝑃ଵ𝑇(௞) + 𝑃ଶ𝑇(௞)ଶ + 𝑃ଷ𝑇(௞)ଷቁ (29)𝑃଴, 𝑃ଵ, Pଶ, and 𝑃ଷ are coefficients of temperature (Table 3). T(୩) presents the linear distributed 
temperature along the plate thickness, where 𝑇(௞) = 𝑇௕ + (𝑇௧ − 𝑇௕) 𝑘 − 1𝑁 − 1 (30)

The elastic material properties of the polymeric matrix (PmPV) vary with temperature and are 
specified as 𝐸௠ = (3.51 − 0.0047 𝑇) 𝐺𝑃𝑎 (31)𝛼௠ = 45(1 + 0.0005∆𝑇) 10ି଺/𝐾 (32)

Poisson ratio and the mass density are 𝑣௠ = 0.34 and 𝜌௠ = 1150 kg/mଷ, respectively 
 
 

5. Exact solutions for simply supported plates 
 
Rectangular multilayered CNTRC plates are commonly classified according to their support 

conditions. This study focuses on cross-ply multilayered CNTRC plates with simply-supported 
edges. The Navier solution for antisymmetric cross-ply laminates can be derived using the HSDT. 
Specifically, the following stiffnesses are zero 𝐴ଵ଺ = 𝐴ଶ଺ = 𝐴ସହ = 𝐵ଵ଺ = 𝐵ଶ଺ = 𝐷ଵ଺ = 𝐷ଶ଺ = 𝐼ଵ = 0𝐶ଵ଺ = 𝐶ଶ଺ = 𝐹ଵ଺ = 𝐹ଶ଺ = 𝐻ଵ଺ = 𝐻ଶ଺ = 𝐷ସହ = 𝐹ସହ = 𝐼ଷ = 𝐼ହ = 𝐼଻ = 0 (33)

The simply-supported boundary conditions for the HSDT are given as 𝑤଴(𝑥, 0) = 𝑤଴(𝑥, 𝑏) = 𝑤଴(0, 𝑦) = 𝑤଴(𝑎, 𝑦)𝑃௬௬(𝑥, 0) = 𝑃௬௬(𝑥, 𝑏) = 𝑃௫௫(0, 𝑦) = 𝑃௫௫(𝑎, 𝑦)𝑀௬௬(𝑥, 0) = 𝑀௬௬(𝑥, 𝑏) = 𝑀௫௫(0, 𝑦) = 𝑀௫௫(𝑎, 𝑦)𝜑௫(𝑥, 0) = 𝜑௫(𝑥, 𝑏) = 𝜑௬(0, 𝑦) = 𝜑௬(𝑎, 𝑦)  (34)
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The functions of the displacements field that satisfy the used boundary conditions are 
developed as Fourier series for cross-ply laminates as follows ሼ𝑢଴, 𝜑௫ሽ = ෍ ෍ሼ𝑈௠௡, 𝑋௠௡ሽ cos(𝜆𝑥) sin(𝛽𝑦)𝑒௜ఠ௧ஶ

௡ୀଵ
ஶ

௠ୀଵ൛𝑣଴, 𝜑௬ൟ = ෍ ෍ሼ𝑉௠௡, 𝑌௠௡ሽ sin(𝜆𝑥) cos(𝛽𝑦)𝑒௜ఠ௧ஶ
௡ୀଵ

ஶ
௠ୀଵ𝑤଴ = ෍ ෍ 𝑊௠௡ sin(𝜆𝑥) sin(𝛽𝑦)𝑒௜ఠ௧ஶ

௡ୀଵ
ஶ

௠ୀଵ
 (35)

𝑈௠௡, 𝑉௠௡, 𝑊௠௡, 𝑋௠௡and 𝑌௠௡ are arbitrary parameters and 𝜆 = 𝑚𝜋/𝐿 et 𝛽 = 𝑛𝜋/𝐿. The global 
formulated system can be expressed as 

([𝐾] − 𝜔ଶ[𝑀]) ⎩⎪⎨
⎪⎧𝑈௠௡𝑉௠௡𝑊௠௡𝑋௠௡𝑌௠௡ ⎭⎪⎬

⎪⎫ = ⎩⎪⎨
⎪⎧𝐹ଵ𝐹ଶ𝐹ଷ𝐹ସ𝐹ହ⎭⎪⎬

⎪⎫
 (36)

[𝐾] and [𝑀] are the rigidity matrix and mass matrix, respectively 

[𝐿] = ⎣⎢⎢
⎢⎡𝐾ଵଵ 𝐾ଵଶ 𝐾ଵଷ 𝐾ଵସ 𝐾ଵହ𝐾ଵଶ 𝐾ଶଶ 𝐾ଶଷ 𝐾ଶସ 𝐾ଶହ𝐾ଵଷ 𝐾ଶଷ 𝐾ଷଷ 𝐾ଷସ 𝐾ଷହ𝐾ଵସ 𝐾ଶସ 𝐾ଷସ 𝐾ସସ 𝐾ସହ𝐾ଵହ 𝐾ଶହ 𝐾ଷହ 𝐾ସହ 𝐾ହହ⎦⎥⎥

⎥⎤ , [𝑀] = ⎣⎢⎢
⎢⎡𝑀ଵଵ 𝑀ଵଶ 𝑀ଵଷ 𝑀ଵସ 𝑀ଵହ𝑀ଶଵ 𝑀ଶଶ 𝑀ଶଷ 𝑀ଶସ 𝑀ଶହ𝑀ଵଷ 𝑀ଶଷ 𝑀ଷଷ 𝑀ଷସ 𝑀ଷହ𝑀ଵସ 𝑀ଶସ 𝑀ଷସ 𝑀ସସ 𝑀ସହ𝑀ଵହ 𝑀ଶହ 𝑀ଷହ 𝑀ସହ 𝑀ହହ⎦⎥⎥

⎥⎤
 (37)

The elements of the matrix [𝐾] are 𝐾ଵଵ = 𝐴ଵଵ𝛼ଶ + 𝐴଺଺𝛽ଶ,𝐾ଵଷ = −𝐵ଵଵ𝛼ଷ − 𝛼𝛽ଶ(𝐵ଵଶ + 2𝐵଺଺),𝐾ଵହ = 𝛼𝛽(𝐶ଵଶ + 𝐶଺଺),𝐾ଶହ = 𝐶଺଺𝛼ଶ + 𝐶ଶଶ𝛽ଶ,𝐾ଶସ = 𝐾ଵହ,𝐾ଷଷ = 𝐷ଵଵ𝛼ସ + (2𝐷ଵଶ + 4𝐷଺଺)𝛼ଶ𝛽ଶ + 𝐷ଶଶ𝛽ସ,𝐾ଷହ = −𝐹ଶଶ𝛽ଷ − 𝛽𝛼ଶ(𝐹ଵଶ + 2𝐹଺଺),𝐾ସହ = 𝛼𝛽(𝐻ଵଶ + 𝐻଺଺),

𝐾ଵଶ = 𝛼𝛽(𝐴ଵଶ + 𝐴଺଺)𝐾ଵସ = 𝐶ଵଵ𝛼ଶ + 𝐶଺଺𝛽ଶ𝐾ଶଶ = 𝐴଺଺𝛼ଶ + 𝐴ଶଶ𝛽ଶ𝐾ଶଷ = −𝐵ଶଶ𝛽ଷ − 𝛽𝛼ଶ(𝐵ଵଶ + 2𝐵଺଺)𝐾ଶହ = 𝐶଺଺𝛼ଶ + 𝐶ଶଶ𝛽ଶ𝐾ଷସ = −𝐹ଵଵ𝛼ଷ − 𝛼𝛽ଶ(𝐹ଵଶ + 2𝐹଺଺)𝐾ସସ = 𝐽ସସ + 𝐻ଵଵ𝛼ଶ + 𝐻଺଺𝛽ଶ𝐾ହହ = 𝐽ହହ + (𝐻଺଺)𝛼ଶ + (𝐻ଶଶ)𝛽ଶ
 (38)

The elements mass matrix [𝑀] are 𝑀ଵଵ = 𝐼଴, 𝑀ଵଷ = −𝜆𝐼ଵ, 𝑀ଵସ = 𝐼ଷ𝑀ଶଶ = 𝐼଴, 𝑀ଶଷ = −𝛽𝐼ଵ, 𝑀ଵହ = 𝐼ଷ𝑀ଷଷ = 𝐼଴ − 𝐼ଶ(𝜆ଶ + 𝛽ଶ), 𝑀ଷସ = −𝜆𝐼ସ 𝑀ଷହ = −𝛽𝐼ସ𝑀ସସ = 𝐼ହ 𝑀ହହ = 𝐼ହ
 (39)

Where  𝑀ଵଶ = 𝑀ଵସ = 𝑀ଵହ = 𝑀ସହ = 0. 
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The components of the generalized force vector are given as 

⎩⎪⎨
⎪⎧𝐹ଵ𝐹ଶ𝐹ଷ𝐹ସ𝐹ହ⎭⎪⎬

⎪⎫ =
⎩⎪⎨
⎪⎧ 𝛼𝐴ଵଵ்𝛽𝐴ଶଶ்𝛼ଶ𝐴ଵଵ் + 𝛽ଶ𝐴ଶଶ்𝛼𝐶ଵଵ்𝛽𝐶ଶଶ் ⎭⎪⎬

⎪⎫
 (40)

Where 

൛𝐴௜௜் , 𝐵௜௜் , 𝐶௜௜் ൟ = − ෍ න 𝛼(௞)(𝑧, 𝑇)𝐸(௞)(𝑧, 𝑇)Δ𝑇(௞)(𝑧)1 − 𝜐 ሼ1, 𝑧, 𝑓(𝑧)ሽd𝑧௛ೖశభ
௛ೖ ,   (𝑖 = 1,2)ே

௞ୀଵ  (41)

and Δ𝑇(௞)(𝑧) = 𝑇(௞)(𝑧) − 𝑇଴ (42)𝑇଴ present the ambiant temperature (𝑇଴ = 300 K).   
6. Results 

 
A detailed analysis of a multilayered CNTRC plate reinforced with armchair (10,10) SWCNTs 

and using PmPV (Polymer) as the matrix under thermal loading is undertaken. Material properties 
are modeled as temperature-dependent to improve accuracy in response predictions. For 
simplicity, numerical results are presented using dimensionless central deflection: 𝑤ഥ = 10ିଶ 𝑤. 𝐷௣𝑎ସ  (43)

Where 𝐷௣ = 𝐸௣଴. ℎଷ/൫12(1 − 𝜈ଶ)൯ . 𝐸௣଴ is the polymer Young’s modulus in a thermal 
environment 𝑇 = 300K. 

Fig. 2 plots the dimensionless central deflection “wഥ” of [0,90]ହ of CNTRC laminated plates 
over time “t”, showcasing various CNT distribution patterns and their influence. Notably, the                 
X-CNT laminated plates exhibit greater rigidity compared to other patterns, resulting in the lowest 
deflection values observed. 

The dimensionless central deflection “wഥ” of [0,90]5 CNTRC plates over time “t” is plotted 
against various CNTs volume fractions, showcasing their impact on plate stiffness Fig. 3. The 
results demonstrate that increasing the volume fraction enhances plate stiffness, leading to reduced 
dimensionless deflections. 

In Fig. 4, the dimensionless central deflection “wഥ” of CNTRC [0,90]5 laminated plates over 
time is plotted against different temperature difference values “ΔT”, specifically, 50 K, 100 K, 150 
K, and 200 K. It is observed that as the temperature difference increases, the stiffness of the plates 
decreases progressively, resulting in an increase in dimensionless deflection. This trend 
underscores the sensitivity of plate stiffness to temperature variations. 

Fig. 5 illustrates the impact of the number of layers “N” on the dimensionless central deflection 
“wഥ” of CNTRC laminated plates, considering various CNT distribution patterns. The temperature  
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Figure 2. Impact of time “𝑡” on the dimensionless central deflection “wഥ” of [0, 90]5 CNTRC laminated 
plates for different CNTs distribution patterns (ΔT = 150 K, ω = 2, Vୡ୬୲∗ = 17%) 

 

 
Figure 3. Impact of time “𝑡” on the dimensionless central deflection “𝑤ഥ” of [0, 90]5 CNTRC laminated 
plates for different CNTs volume fractions (X − CNT, 𝛥𝑇 = 100 K, 𝜔 = 2)

 
 

difference is maintained at 100 K, and the CNTs volume fraction is set at 17%. From the 
observations in this figure, it is evident that increasing the number of layers enhances the stiffness 
of CNTRC plates, regardless of the CNTs distribution pattern. 

Fig. 6 depicts the impact of the number of layers on the dimensionless central deflection “wഥ” of 
uniformly distributed CNTRC laminated plates with a CNT proportion of 17%, for different 
temperature differences ΔT. As previously mentioned, the stiffness of the plates is enhanced by 
increasing the number of layers and by decreasing the temperature. 

For a deeper exploration of the impact of temperature and composite materials, Fig. 7 plots the 
relationship between the temperature differences ΔT and the CNTs volume fractions on the  
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Figure 4. Impact of time “𝑡” on the dimensionless central deflection “𝑤ഥ” of [0, 90]5 CNTRC laminated 
plates for different temperatures difference (X − CNT, 𝜔 = 2, 𝑉௖௡௧∗ = 17%) 

 

 
Figure 5. Impact of number of layers “N” on the dimensionless central deflection “wഥ ” of CNTRC 
laminated plates for different CNTs distribution patterns (ΔT = 100 K, ω = 2, Vୡ୬୲∗ = 17%) 

 
 

dimensionless central deflection of [0,90]5 CNTRC laminated plates. The impact of increasing the 
CNTs volume fraction is observed alongside an increase in temperature difference. 

 
 

7. Conclusions 
 
In this study, an analytical model has been developed to investigate the thermodynamic 

bending behavior of multilayered functionally graded carbon nanotube reinforced composite (FG-
CNTRC) plates subjected to thermal loading. The formulation is based on the higher-order shear  
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Figure 6. Impact of number of layers “𝑁” on the dimensionless central deflection “𝑤ഥ ” of CNTRC 
laminated plates for different temperatures difference (𝑈𝐷, 𝜔 = 2, 𝑉௖௡௧∗ = 17%)

 

 
Figure 7. Impact of temperature differences ΔT on the dimensionless central deflection “wഥ” of [0, 90]5 
CNTRC laminated plates for different CNTs volume fractions (UD, ω = 2) 

 
 

deformation theory (HSDT) and Navier's solution method. It simultaneously considers 
multilayered configurations, different CNT distribution patterns (UD, FG-X, FG-O, FG-V, and 
FG-A), and temperature-dependent material properties based on the Touloukian principle. This 
combination of features makes the present model a useful tool for studying the thermodynamic 
behavior of FG-CNTRC plates. 

The numerical results reveal that the CNT distribution pattern and the temperature difference 
are the most influential parameters affecting the bending response. Among the considered 
distributions, the FG-X pattern provides the highest stiffness and the lowest deflection due to the 
higher concentration of CNTs near the upper and lower surfaces, where bending stresses are 
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maximum. Moreover, increasing the CNT volume fraction improves the bending stiffness and 
reduces the transverse deflection, whereas increasing the temperature difference leads to the 
opposite effect. The number of layers also plays an important role, as an appropriate multilayer 
configuration can enhance the bending resistance and improve the overall thermomechanical 
performance. 

From an engineering point of view, the proposed model can provide useful guidelines for the 
design of lightweight and thermally resistant structures used in aerospace, mechanical, civil, and 
nano-engineering applications. Furthermore, the present formulation can be extended to advanced 
multifunctional composites, such as functionally graded graphene platelet/fiber composite beams 
investigated by Garg et al. [16, 17] bio-inspired nacre and helicoidal composites with enhanced 
mechanical performance proposed by Sharma et al. [34] and machine learning-assisted predictive 
frameworks for functionally graded materials and nano-FGMs recently reviewed by Garg et al. 
[35]. Finally, the integration of the present thermodynamic model with multiscale and data-driven 
approaches may open new perspectives for the design and optimization of next-generation smart 
composite structures. 

Nevertheless, the present study is limited to perfectly bonded multilayered plates with simply 
supported boundary conditions and linear thermomechanical behavior. Future work may extend 
the proposed model to more general boundary conditions, nonlinear analyses, imperfect interfaces, 
and coupled thermo-mechanical loading environments. 
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