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Abstract. The thermodynamic bending behavior of multilayered functionally graded carbon nanotube reinforced
composite (FG-CNTRC) plates has received limited attention in the existing literature, despite their promising
applications in advanced aerospace, mechanical, and nano-engineering structures. To address this gap, the present
study develops, for the first time, an analytical model to investigate the thermodynamic bending response of
multilayered FG-CNTRC plates subjected to thermal loading. The formulation is based on the higher-order shear
deformation theory (HSDT), while the governing equations and boundary conditions are derived using Hamilton’s
principle. An analytical solution for simply supported plates is obtained by employing Navier’s method. The material
properties are assumed to be temperature-dependent and are evaluated according to the Touloukian principle. In
addition, the volume fraction of carbon nanotubes (CNTs) is considered to vary through the thickness according to
several distribution patterns, namely uniform distribution (UD) and four functionally graded distributions (FG-X,
FG-O, FG-V, and FG-A). A comprehensive parametric investigation is performed to examine the effects of CNT
distribution patterns, CNT volume fraction, temperature difference, and number of layers on the bending response of
the plates. The numerical results reveal that the FG-X distribution exhibits the highest stiffness and consequently the
lowest deflection among all the considered distributions. Furthermore, increasing the CNT volume fraction and the
number of layers enhances the structural stiffness, whereas increasing the temperature difference leads to a significant
reduction in stiffness and an increase in deflection. The proposed model provides new insights into the
thermodynamic bending behavior of multilayered FG-CNTRC plates and may serve as an efficient analytical tool for
the design and optimization of advanced nanocomposite structures.
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1. Introduction

Functionally graded materials (FGMs) incorporating carbon nanotubes (CNTs) have garnered
significant interest due to their tailored mechanical, thermal, and electrical properties across
varying compositions. By strategically distributing CNTs along the material matrix, FGMs offer
enhanced performance in aerospace and biomedical engineering applications. This approach
leverages the unique properties of CNTs to achieve gradients in material characteristics,
optimizing structural integrity and functionality in diverse environments.

Studying the dynamic behavior of functionally graded materials (FGMs) reinforced with
carbon nanotubes (CNTs) is crucial for assessing their performance under dynamic loading
conditions. Understanding their response to vibrations, impacts, and transient forces is essential for
designing resilient and reliable structures in advanced engineering applications. Such
investigations provide insights into how FGMs with CNTs can mitigate fatigue, enhance durability,
and maintain structural integrity over prolonged operational lifetimes, thereby advancing the
frontier of materials science and engineering. FG-CNTRC plates are among the critical structures
scrutinized by researchers Daikh et al. [1]; Daikh et al. [2]; Merzouki et al. [3]. For instance, Zhu
et al. [4] investigated the static and vibration characteristics of functionally graded carbon
nanotube-reinforced composite (FG-CNTRC) plates using the finite element method incorporating
the first-order shear deformation plate theory. Bhardwaj et al. [5] examined the nonlinear bending
and dynamic behaviors of laminated composite plates reinforced with CNTs, where a novel
polymer matrix reinforced with CNTs was subsequently reinforced orthotropically with glass
fibers. Alibeigloo [6] developed a three-dimensional thermoelasticity solution for an FG-CNTRC
plate that was integrated within layers of piezoelectric sensors and actuators. Singh et al. [7]
proposed a semi-analytical approach to analyze the dynamic instability of functionally graded
CNT-reinforced composite plates subjected to uniform and non-uniform in-plane loads. Phung-
Van et al. [8] investigated the size-dependent impact of nonlinear transient dynamic response in
FG-CNTRC plates under a transverse uniform load within thermal environments. Wang and Shen
[9] studied the dynamic behavior of CNTRC plates supported on elastic foundations, examining
both a single-layer nanocomposite plate and a three-layer configuration consisting of a
homogeneous core sandwiched between two CNT-reinforced composite sheets. Rafiee et al. [10]
analyzed the nonlinear dynamic stability of piezoelectric FG-CNTRC plates under external
resonance, deriving their governing equations based on first-order plate theory and the von
Karman hypothesis. Daikh et al. [11] studied the effect of thickness stretching on the mechanical
behavior of FG-CNTRC plates using the nonlocal strain gradient theory. Fu et al. [12] conducted a
study on the nonlinear dynamic instability analysis of FG-CNTRC plates supported on elastic
foundations, employing classic plate theory. They developed a Mathieu-type equation using a two-
step perturbation technique and investigated the influence of different factors on the dynamic
unstable regions using the incremental harmonic balance method. Karamanli and Aydogdu [13]
analyzed the dynamic behavior of functionally graded carbon nanotube-reinforced composite
plates in two directions, examining the influence of different boundary conditions. Rasool et al.
[14] discussed the impact of varying CNT percentages and aspect ratios on the dynamic response
of nanocomposite plates. They also analyzed the dynamic behavior of nanocomposite cylinders
reinforced with CNTs under impact loads. Garg et al. [15] presented a detailed literature review
regarding the material properties predictions of single-walled CNTs. Garg et al. [16, 17].
investigated the bending and free vibration of CNT-reinforced functionally graded sandwich
beams using a higher-order zigzag finite element theory. Their analysis revealed that core
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thickness and nanotube gradation law significantly affect the mechanical behavior and vibration
response of these advanced composite structures. Rostami and Mohammadimehr [18] investigated
the dynamic stability and bifurcation of a FG-CNTRC plate subjected to lateral stochastic loads
using the classical plate theory. Lei et al. [19] explored the dynamic stability of functionally
graded cylindrical panels and plates reinforced with CNTs under static and periodic axial forces,
where the cylindrical plates were reinforced with single-walled CNTs distributed uniformly or
functionally graded along the thickness direction of the plate. Duc and Minh [20] utilized the
phase field theory and finite element method to predict the free vibration behavior of cracked FG-
CNTRC plates. Sayer et al. [21] examined the impact behavior of hybrid glass-carbon composite
plates, employing the energy profiling method alongside load—deflection curves to establish the
impact thresholds of these hybrid composites. Adhikari and Singh [22] demonstrated the
geometrically nonlinear dynamic response of FG-CNTRC plates using a novel shear strain
function implemented within the isogeometric finite element framework. Chalak et al. [23]
presented a detailed review on the application of different theories and methodologies for
quantifying the mechanical behavior of nanocomposite structures.

Recent studies have highlighted the importance of thermomechanical analyses of advanced
nanostructures under thermal environments. Esen et al. [24] investigated the forced vibration of
composite beams reinforced by SWCNTSs under the influence of a moving mass. Based on a third-
order shear deformation theory, the governing equations were solved by the finite element method
for three different beam models (uniform, A and X-CNT). Abdelrahman et al. [25] investigated the
vibration behavior of functionally graded carbon nanotube (FGCNT) nanoplates subjected to
moving loads and demonstrated the significant effects of CNT distribution, volume fraction, and
nonlocal parameters on the dynamic response. Likewise, Tran et al. [26] examined the dynamic
behavior of inclined FG-CNTRC sandwich beams under a moving mass, highlighting the
important influence of CNT distribution patterns and structural parameters on the system dynamics.
Yildiz [27] investigated the thermal buckling behavior of FG nano-sandwich plates with auxetic
butterfly cores using HSDT and nonlocal strain gradient elasticity, demonstrating enhanced
thermal stability due to the auxetic core. Similarly, Kabave Kilincarslan et al. [28] analyzed the
thermomechanical vibration response of GPL-reinforced sandwich nanobeams with foam cores
under thermal and magnetic fields, revealing the significant effects of foam distribution and
graphene reinforcement on thermal resistance. Despite these advances, the thermodynamic
bending behavior of multilayered FG-CNTRC plates remains largely unexplored.

Based on the existing literature, the thermodynamic bending behavior of multilayered carbon
nanotube reinforced composite (CNTRC) plates has received very limited attention, despite its
significant potential for advanced engineering applications. This gap in the literature motivates the
present work. The main novelty of this study is the development, for the first time, of an analytical
model for investigating the thermodynamic bending response of multilayered functionally graded
carbon nanotube reinforced composite (FG-CNTRC) plates subjected to thermal loading. In
contrast to previous studies, the proposed formulation simultaneously incorporates: (i)
multilayered FG-CNTRC configurations, (ii) several CNT distribution patterns, namely uniform
(UD), FG-X, FG-0, FG-V, and FG-A, (iii) temperature-dependent material properties based on the
Touloukian principle, and (iv) an analytical solution based on the higher-order shear deformation
theory (HSDT) coupled with Navier's solution technique. Therefore, the present study provides a
comprehensive framework that considerably extends the existing literature and offers new insights
into the thermodynamic bending behavior of multilayered FG-CNTRC plates. The remainder of
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this paper is organized as follows. First, the material and geometrical models are presented,
followed by the derivation of the governing equations and the analytical solution procedure.

Finally, extensive parametric studies are carried out to investigate the effects of CNT
distribution patterns, volume fraction, temperature variation, and the number of layers on the
bending response of the proposed structures.

2. Modeling of multilayered CNTRC plates
2.1 Geometry and CNT distributions

As depicted in Fig. 1, a rectangular multilayer CNTRC plate with dimensions length a, width b,
and thickness / is under consideration. Each layer of the plate is reinforced with single-walled
carbon nanotubes (SWCNTs) distributed either uniformly (UD) along the thickness direction or
according to a functionally graded (FG) distribution. The distribution of CNTs is characterized by
the volume fraction V. ¢, which varies mathematically across the layers as follows:

Multilayers FG-X CNTRC plate

2|Z|_|Z(k—1)+z(k)||
1% =2 | ]I* (1)
cnt Z(k)—Z(k—1) cnt»

Multilayers FG-O CNTRC plate
|2|Z| = |zge-1y + Z(k)|| .

Vene =211 - V, 2
cnt ZG0) — Z(k—1) cnt (2)

Multilayers FG-V CNTRC plate

2Z = Z(k) = Z(k=1) \ |,
Vene =1 = < — Vent (3a)
Z(k) — Z(k-1)

Multilayers FG-A CNTRC plate

2z — z() — Z(k—1)> .

Ve = 1+ (3b)
cnt < 200 — Z(e-1) cnt

Multilayers UD CNTRC plate
Vene = Vene (4)

Where 7y and zg_1) denote the vertical positions of the bottom surface and the top surface,

respectively, of the kth layer of the multilayer CNTRC plate. The total volume fraction V,,; can be
computed from the following equation

x cht
ent cht + (pcnt/pm)(l - cht)

where Wept, Pent and py, are the CNTs mass fraction, CNTs mass density and polymer matrix
mass density, respectively.

)
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Figure 1. Geometry and cross-sections of multilayered CNTRC plate

2.2 Effective material properties

The material properties and effective parameters of CNTRC plates, consisting of an isotropic
polymer matrix and SWCNTs, are determined using the extended rule of mixture and molecular
dynamics simulations. The effective Young’s modulus (E) and shear modulus (G) of a CNTRC
sheet can be expressed as

Efl = U1Vc'§1tEf7ft + VpkEp

Mo _ Ve W
EX, Es3'  Ep (6)

M3 Vc’%t +Vi(

k — rent
G12 GlZ Gp

It should be emphasized that EX and EX, denote Young’s moduli in the (x,z) plane directions,
while Glfz represents the shear modulus of the CNTRC plate. The superscripts p and cnt refer to
the properties of the polymer and the SWCNTs, respectively. The parameters n; (i = 1,2,3) are
efficiency parameters specific to the CNTs (Table 1).

The volume fraction of the polymer constituents Vllf is related to the CNT volume fraction by
the following relation

Ve +VE =1 (7

The Poisson’s ratio vll‘z, mass density pX, and the longitudinal and transverse thermal expansion
coefficients oX; and af, for the kth layer are given by
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Table 1. CNTs efficiency parameters, Zhu et al. [4]

ent M M2 N3
11 % 0.149 0.934 0.934
14% 0.150 0.941 0.941
17% 0.149 1.381 1.381
V{{Z = Vcliltvlcgt + Vpkvp )
pk = Vclgltpcnt + Vpkpp )
afi = Vclgltalc?t + Vpkap (10)
aé"z =1+ Vlcgt)vc’;waggt + (1 + Vp)Vpk“p - sz“fl (11)

2.3 Basic assumptions

To simplify the formulation while retaining the essential physical characteristics of the problem,
the following assumptions are adopted in the present study: (i) the multilayered FG-CNTRC plate
is composed of perfectly bonded layers without interfacial slip or delamination; (ii) each layer is
homogeneous through its thickness, whereas the CNT volume fraction varies from one layer to
another according to the prescribed distribution pattern (UD, FG-X, FG-O, FG-V, and FG-A); (iii)
the CNTs are assumed to be straight, uniformly dispersed, and perfectly aligned within each layer;
(iv) the material properties are temperature-dependent and are evaluated according to the
Touloukian principle; (v) the displacement field is described by the higher-order shear deformation
theory (HSDT), which accounts for the transverse shear deformation without requiring shear
correction factors; and (vi) the plate is assumed to be simply supported along all edges and
subjected to a thermal loading varying through the thickness direction.

3. Mathematical formulations

For a rectangular multilayer CNTRC plate consisting of kth layers, the displacement
components, formulated using Reddy’s theory, are given as

adw
ux,y,z) = ug = 2—>+ f(Dpx

aw 12
v(x,y,z)=v0—za—yo+f(z)(py (12)

w(x,y,2) = w,

where uy, v, and wy represent the displacement components, and ¢y and @y, denote rotations of
the transverse normal around the x and y axes, respectively. The shape function f(z) from Reddy
[29] governs the distribution of transverse shear strains and stresses across the thickness direction
of the plate.
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() =z[1 4z° 13
flz) =z 32 (13)
The nonzero strains corresponding to the aforementioned displacements are derived as follows
Exx £ Exx Exx
Eyy ¢ =&y ¢ + 2 &y + f(2){ &5y
Vo) Wy Vay Viy (14)
. o {Vyz} _4@ {Vy"z}
wo dz (yo )’
y}CZ YXZ
where
dug [ 0%wg
0 Ox 1 dx?
3l O ALY GO il B
o O N ay? [
Vxy vy  Oug 1£3% 92w,
- Tt 2
\dx  0Jy \ 0x0y/
(15)
991
e 0x
XX
R A S
2 oy Vaz by
Yoy dp, 0,
\ 0x dy

Assuming each layer has a plane of elastic symmetry parallel to the (x —y) plane, the
constitutive equations for a layer can be expressed as

G \® [0y O 0 0 01™ (g — aP@TM(2)

O-yy Q12 QZZ 0 0 0 £ —a ) z T(n) z

gzt =0 0 Q4 0 O Y Zy(z) @ (16)
Oxz 0 0 0 QSS 0 Viz

Oxy 0 0 0 0 Qes! | Yxy

Considering the CNTRC laminate composed of k-th layers, the constitutive stress—strain
relations are formulated as

G\ ® [ B 0 0 0](em-al@T@)"
?[-yy Q{CZ Q§2 _0 8 8 - azz)(Z)T(Z) (17)
‘L'y z -10 0 Q}fél Ak 0 Yyz
Xz 0 0 0 Q55 ~k Vxz
Txy 0 0 0 0 66 Yxy

The constants Qlﬁ are given as
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Q¥ = Q1c05*0; + 2(Q13 + 2Q46)5in%0,c05%6), + Q455in*6,
QY = (Q11 + Qa2 — 4Qe4)sin?6;.cos20), + Q15 (sin*6y, + cos*6;)
Q%, = Qu15in*0, + 2(Q12 + 2Qg6)sin?6,c05%6 + Qy,c05*6;

_ 18
Qs = (Qu1 + Q22 — 2Q12 — 2Q66)sin*0 c0520) + Qg6 (sin*6 + cos*6y) (1%)
Qs = Q44c0520) + Qs55in*6;
Qs = Qs5c05%0) + Qua5in*0,
and
a™ = a,,c05%0, + ay,sin?0
11 11 k 22 k (19)
‘752) = @115in%0 + a,,c05%0)
where ), is the lamination angle of the kth layer, and
Byrepresents the CNTs orientation angle of of each layer, and
_ Eqyq _ E;; _ viEy
@1 = 1—=v12vs Qa2 = 1—vipvyy Ci2 = 1=viov2 (20)
Qa4 = G23,Qs5 = G13,Q66 = G12
The stress resultants of the multilayered CNTRC plate are related to the strains as follows
{N}) [lA]l (Bl [c]] (€%
{M}p=|[B] [D] [F]|{{e"} 1)
{Py) Llcl [F1 [H]] {3
{Ryz _ B44 ]45] yJ(/)Z 22)
Ry, a5 Jssl(yf,
where
{N} = (Nxx Ny Ny}t (M} ={Mxx My, My}, {P}={Px By Py}" (23)
{80} = {ng 5393/ V)?y}T: {51} = {ga%x gjlzy y)?y}T: {52} = {EJ%x gjzzy y)?y}T
The coefficients A;;, B;j, D;j, C;;, Fij and H;; are calculated by
N Zk+1
Uy By Dy o Py b} = 3 [ ot 5@ @702, = 1,26
s (24)
df(z
2] [f() dz, (i = 4,5)
=12,

Hamilton’s principle is utilized to derive the equations of motion for the multilayer CNTRC
plate Bakoura et al. [30]
21

§| s(U-T)dt =0 (25)

t;
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where U and T are the strain energy and the kinetic energy.
The change in strain energy of the multilayer CNTRC plate can be written as

1
sU, = Ef (022 8exy + 0, W8y, + 0, B8y, + 6,08y, + 0,8y, )dV  (26)
v

In addition, the kinetic energy of the multilayer CNTRC laminated plate is given by
1 L
6T = Ef f p(udu + vév + wéw) dAdx 27
0 Ja

The governing equations of motion are derived through the application of Hamilton’s principle
as follows
dN, ON 0%u 3w 92
x L xy_IO 20_|_I1 02_2 (l;x
0x dy at dx0t at
ON,, ON 0% 23w, 02
Xy y_IO 0+11 o_l2 <Py:0
ox oy ot? dyot? ot?
0*M, _0*My, N o*M, p 9%wq
dx2 axdy = dy? ° ot?

=0

28
; a3u, N d3v, o *wy N *wy ! 3¢, N 3, “o (28)
Y\oxae2 " ayatz) " 3\ox2at?2 " oy20t2) *\oxat?  dyoat?)

0P, 0Py, 0%u, d3wq 0%,
= — Ry, — 1 I —1 =0
ax dy xz "2 g T gz T s o
0Py 0P, 2 02%v, 3wy I 2%, _ 0

= —1 I
ax dy Y2 % 2 * * dyot? at?

4. Temperature-dependent materials properties

A multilayered CNTRC plate assumes a uniform temperature across its surface in a high-
temperature environment. The bottom and top surfaces of the plate are maintained at temperatures
Tpand T;, respectively. Reinforcements include (10,10) single-walled carbon nanotubes (SWCNTs)
with an adequate wall thickness h = 0.067 nm, satisfying the Vodenitcharova-Zhang criterion
Vodenitcharova and Zhang [31], characterized by a radius R = 0.68 nm and length L. = 9.26 nm.
Table 2 presents typical results for these parameters.

Table 2. Thermomechanical properties of (10, 10) SWCNT [32]

T(K) Ei1"(TPa) Eg;'(TPa) Gy'(TPa) Vit afff(107°/K) a3 "(107°/K)
300 56466 7.0800  1.9445 0.175 3.4584 5.1682
400 55679 69814 19703 0.175 4.1496 5.0905

500 5.5308 6.9348 1.9643 0.175 4.5361 5.0189
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Table 3.Thermomechanical properties of (10, 10) SWCNT [32]

Py P P; P> Ps
Ef(TPa) 6.3998 0 -6.77898x1e-4 1.16097%x1e-6 -6.96636x1e-10
ESH(TPa) 8.02155 0 -6.75726x1e-4 1.15626x1e-6 -6.93444x1e-10
G (TPa) 1.40755 0 2.46968%1e-3 -4.94831x1e-6 3.18224x1e-9
a;1[107%/K] -1.12515 0 -2.03678x1e-2 2.56588x%1e-5 -1.00986x1e-8
a,,[107% /K] 5.43715 0 -1.81092x1e-4 5.33367%1e-8 2.29899x1e-12
ynt 0.175 0 0 0 0

To analyze the temperature effect on the dynamics of multilayered CNTRC plates, it is
essential to determine the mechanical properties of carbon nanotubes as a function of temperature.
Therefore, temperature-dependent material properties are derived using the Touloukian principle
Touloukian [33], expressed as follows

PO = Py (PLTO™ + 14 PT® + p,TE 4+ pT®7) (29)
Py, Py, P,, and P, are coefficients of temperature (Table 3). T® presents the linear distributed
temperature along the plate thickness, where
k-1
N-1

The elastic material properties of the polymeric matrix (PmPV) vary with temperature and are
specified as

T®O =Ty + (T, = T},) (30)

E,, = (3.51 — 0.0047 T) GPa 31)

am = 45(1 + 0.0005AT) 1076 /K (32)

Poisson ratio and the mass density are v,,, = 0.34 and p,, = 1150 kg/m?3, respectively

5. Exact solutions for simply supported plates

Rectangular multilayered CNTRC plates are commonly classified according to their support
conditions. This study focuses on cross-ply multilayered CNTRC plates with simply-supported
edges. The Navier solution for antisymmetric cross-ply laminates can be derived using the HSDT.
Specifically, the following stiffnesses are zero

A1 = Aye = Ays = B1g = Byg = D16 =Dy =11 =0

33
Ci6 = C6 = Fi16 = F =Hig = Hye = Dys = Fays = I3 =I5 =1; =0 (33)
The simply-supported boundary conditions for the HSDT are given as
wo(x,0) = wo(x,b) = we(0,y) = we(a,y)
Pyy(x’ 0) = PJ/y(va) = Px(0,y) = Px(a,y) (34)

Myy(x) 0) = Myy(xl b) = MXX(O' y) = Mxx(a; y)
@5 (x,0) = @, (x,b) = ¢,(0,y) = ¢, (a,y)
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The functions of the displacements field that satisfy the used boundary conditions are
developed as Fourier series for cross-ply laminates as follows

(U003 = D ) U Xonnd cOS(X) sin(By)e"

m=1n=1
{0003} = D" D Whn, Yun} sin(A2) cos(By)e" (35)
m=1n=1
wo = 2 2 Wi sin(Ax) sin(By)ei®t

Unmn» Vi Wnno Xmnand Yy, are arbitrary parameters and A = mm/L et § = nm/L. The global
formulated system can be expressed as

Umn F1
an FZ
([K] = @?[M]) { Winn p = { F3 (36)
Xmn Fy
Ymn FS
[K] and [M] are the rigidity matrix and mass matrix, respectively
Ki1 Kz Kiz Kia Kis My My, Miz My, My
Kiz Kz Koz Kap Kis My My, Mpz My, My
[L] =|Ki3 K3 K3z Kszs Kzs|,[M]=|My3 My3 Mszz M3y Mss (37
Kia Ky Kza Kaa Kiys My, My, Mzs Mgy Mys
Kis Kas Kzs Kis Kss Mys Mys Mzs Mus Mss
The elements of the matrix [K] are
Ki1 = Aj1a? + AggfS?, Ky = af (A1 + Age)
Ki3 = =By a3 — aBf?(B;, + 2Bgg), K14 = C11a® + Coef8?
Kis = af(Cyy + Cge), Kpp = Age@® + Apaf?
Kys = Coe® + Cy 82, Ky3 = —B3,8° — Ba® (B, + 2Bge) (38)
Kzs = Kis, K5 = Ceea® + Cpp 3
K33 = Dy1a* + (2D1; + 4Dgg)a?B? + Dopf8*, Ky = —Fi1a® — aB?(Fy; + 2Fs)
K35 = —Fp,8° — Ba®(Fi; + 2Fge), Kag = Jas + Hy1a? + HgeB?
Kys = aB(Hiz + Hee), Kss = Jss + (Hgg)a? + (Hyp)B?
The elements mass matrix [M] are
My = Iy, M3 = =21, My, =13
My, = Iy, Mp3 = —pBl;, Mis =15 (39)

M3z =1y — L(A* + %), Msy=—-A, Mszs=—PI,
Myy =15 Mss =I5

Where MlZ = M14 = M15 = M4_5 = 0.
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The components of the generalized force vector are given as

Fl (ZA’{l
Fz .BAEZ
F3 ¢ =1{a?A7; + B2A%, (40)
Fy aCly
s Bk,

Where

{ALUBT ¢ = Z f a(k)(z T)E(k)(z T)AT(R‘)(Z)

i ~ii
-V

{1,z f(2)}dz, (i=1,2) 41

=1p,
and
AT® (2) = T (2) — T, (42)
T, present the ambiant temperature (T, = 300 K).

6. Results

A detailed analysis of a multilayered CNTRC plate reinforced with armchair (10,10) SWCNTs
and using PmPV (Polymer) as the matrix under thermal loading is undertaken. Material properties
are modeled as temperature-dependent to improve accuracy in response predictions. For
simplicity, numerical results are presented using dimensionless central deflection:
w. D,

a*

Where D, = Eg.h3/(12(1 —v?)) . EJ is the polymer Young’s modulus in a thermal
environment T = 300K.

Fig. 2 plots the dimensionless central deflection “W” of [0,90]5 of CNTRC laminated plates
over time “t”, showcasing various CNT distribution patterns and their influence. Notably, the
X-CNT laminated plates exhibit greater rigidity compared to other patterns, resulting in the lowest
deflection values observed.

The dimensionless central deflection “W” of [0,90]s CNTRC plates over time “t” is plotted
against various CNTs volume fractions, showcasing their impact on plate stiffness Fig. 3. The
results demonstrate that increasing the volume fraction enhances plate stiffness, leading to reduced
dimensionless deflections.

In Fig. 4, the dimensionless central deflection “Ww” of CNTRC [0,90]s laminated plates over
time is plotted against different temperature difference values “AT”, specifically, 50 K, 100 K, 150
K, and 200 K. It is observed that as the temperature difference increases, the stiffness of the plates
decreases progressively, resulting in an increase in dimensionless deflection. This trend
underscores the sensitivity of plate stiffness to temperature variations.

Fig. 5 illustrates the impact of the number of layers “N” on the dimensionless central deflection
“w” of CNTRC laminated plates, considering various CNT distribution patterns. The temperature

w =102 (43)
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difference is maintained at 100 K, and the CNTs volume fraction is set at 17%. From the
observations in this figure, it is evident that increasing the number of layers enhances the stiffness
of CNTRC plates, regardless of the CNTs distribution pattern.

Fig. 6 depicts the impact of the number of layers on the dimensionless central deflection “w” of
uniformly distributed CNTRC laminated plates with a CNT proportion of 17%, for different
temperature differences AT. As previously mentioned, the stiffness of the plates is enhanced by
increasing the number of layers and by decreasing the temperature.

For a deeper exploration of the impact of temperature and composite materials, Fig. 7 plots the
relationship between the temperature differences AT and the CNTs volume fractions on the
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dimensionless central deflection of [0,90]s CNTRC laminated plates. The impact of increasing the
CNTs volume fraction is observed alongside an increase in temperature difference.

7. Conclusions

In this study, an analytical model has been developed to investigate the thermodynamic
bending behavior of multilayered functionally graded carbon nanotube reinforced composite (FG-
CNTRC) plates subjected to thermal loading. The formulation is based on the higher-order shear
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deformation theory (HSDT) and Navier's solution method. It simultaneously considers
multilayered configurations, different CNT distribution patterns (UD, FG-X, FG-O, FG-V, and
FG-A), and temperature-dependent material properties based on the Touloukian principle. This
combination of features makes the present model a useful tool for studying the thermodynamic
behavior of FG-CNTRC plates.

The numerical results reveal that the CNT distribution pattern and the temperature difference
are the most influential parameters affecting the bending response. Among the considered
distributions, the FG-X pattern provides the highest stiffness and the lowest deflection due to the
higher concentration of CNTs near the upper and lower surfaces, where bending stresses are
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maximum. Moreover, increasing the CNT volume fraction improves the bending stiffness and
reduces the transverse deflection, whereas increasing the temperature difference leads to the
opposite effect. The number of layers also plays an important role, as an appropriate multilayer
configuration can enhance the bending resistance and improve the overall thermomechanical
performance.

From an engineering point of view, the proposed model can provide useful guidelines for the
design of lightweight and thermally resistant structures used in aerospace, mechanical, civil, and
nano-engineering applications. Furthermore, the present formulation can be extended to advanced
multifunctional composites, such as functionally graded graphene platelet/fiber composite beams
investigated by Garg et al. [16, 17] bio-inspired nacre and helicoidal composites with enhanced
mechanical performance proposed by Sharma et al. [34] and machine learning-assisted predictive
frameworks for functionally graded materials and nano-FGMs recently reviewed by Garg et al.
[35]. Finally, the integration of the present thermodynamic model with multiscale and data-driven
approaches may open new perspectives for the design and optimization of next-generation smart
composite structures.

Nevertheless, the present study is limited to perfectly bonded multilayered plates with simply
supported boundary conditions and linear thermomechanical behavior. Future work may extend
the proposed model to more general boundary conditions, nonlinear analyses, imperfect interfaces,
and coupled thermo-mechanical loading environments.
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