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Abstract.  In this study, a free-vibration- analysis of sandwich beams featuring functionally graded face sheets and a 
functionally graded porosity- (FGP) core (either ceramic for Type A- or metal for Type B-)is presented using high-
order- beam theory. In this study, three different porosity distributions (PDs) were employed, assuming that the elastic 
moduli and mass density of the material varied with thickness. This study analyzed the effects of the slenderness ratio 
and porosity volume fraction on the natural frequency of porous sandwich beams, considering two different 
boundary conditions and a fixed set of parameters. The governing equations are derived using Hamilton’s principle. 
The effects of varying porosity distributions (PD) on the structural properties have also been highlighted to showcase 
the impact of porosity design on free vibration.  The numerical results of the natural frequency obtained using the 
present theory are compared with those obtained using higher-order shear deformation beam theories in 2D and 3D. 
This study presents the effects of the power-law factor, boundary conditions, aspect ratio, and lamination schemes on 
the dynamic response of FGM sandwich beams. 
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1. Introduction 
 

Vibration pervades our manufactured environment, from the oscillation frequency of a 
towering skyscraper in the wind to the vibrational efficacy of a minuscule sensor, encompassing 
all intermediate phenomena between them. Functionally graded porous sandwich structures 
exemplify a novel domain of dynamic phenomena that challenges the conventional understanding 
of vibrational behavior.  Functionally graded porous sandwich structures possess spatially varied 
material distributions and tailored porosity configurations that impart distinctive dynamic 
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behaviors, attracting the attention of researchers across various disciplines [1-4]. This study is 
timely, as the investigation of free-vibration characteristics aligns with the aerospace, automotive, 
and biomedical sectors' demand for lightweight and durable materials across many applications.  
Recent research has demonstrated a correlation among porosity distribution patterns, material 
grading profiles, geometry, and alterations in natural frequencies, mode shapes, and damping 
properties, necessitating advanced analytical and/or computational techniques [5-8]. 

A comprehensive analysis of the different interacting components is essential for a thorough 
understanding of free vibrations in these intricate systems.  Material composition can be a decisive 
factor, as demonstrated by Ashid et al. [9] in their investigation of variable-thickness sandwich 
beams with functionally graded (FG) cellular cores and carbon nanotube-reinforced composite 
(CNT-RC) patches. This demonstrated substantial variations in the vibrational responses, 
particularly as a function of temperature, underscoring the importance of environmental conditions 
in the dynamic response. Chen et al. [10] have provided substantial insights into the massive 
deformation vibrations of graphene platelet reinforced composite plates on elastic foundations, 
highlighting considerable alterations in vibrations due to geometric nonlinearities. This 
information is corroborated by the research of Si et al. [11], who utilized modified porous materials 
as the foundation of their study on small-scale flexoelectric multilayer plates, demonstrating that 
microscale effects can significantly influence vibrational performance, particularly in miniaturized 
systems. 

A specialized mathematical theory has been developed to address the complex challenges 
associated with free-vibration analysis of these structures. Quasi-3D models and higher-order 
shear deformation theories (HSDT) have been particularly beneficial, as demonstrated by Givi et 
al. [12] in their investigation of a sandwich cylindrical shell with a CNT-reinforced honeycomb 
core.  Using semi-analytical methods and the Hamilton principle, they demonstrated that more 
robust cores do not inherently provide greater aeroelastic stability, yielding a surprising outcome 
with significant implications for aircraft design. Recognizing the critical relationship between the 
characteristics of graphene platelets (GPL) (weight fraction, distribution pattern, and geometric 
features) and the resulting vibrational performance of nanocomposite bridges, Kitipornchai et al. 
[13] conducted a seminal study.  Additional contributions to these insights were made by Meliani 
et al. [14], who suggested a quasi-3D hyperbolic shear deformation theory for porous FG plates, 
resulting in closed-form solutions for the fundamental frequencies related to porosity distributions. 

The computational revolution has significantly transformed free-vibration analysis, enabling 
researchers to tackle increasingly complex problems. Chintalapudi et al. [15] pioneered the 
utilization of the Vogel Approximation Method algorithms in conjunction with Random Forest 
algorithms to investigate two-directional FG taper porous beams as a unique hybrid approach for 
evaluating complex structural elements. Similarly, Felleh et al. [16] demonstrated the exceptional 
capabilities of physics-informed neural networks (PINNs) in modeling the free-vibration response 
of 3D FG porous beams, highlighting their advantage in accurately predicting free-vibration 
energy comparable to traditional numerical methods, but with significantly reduced computational 
time.  The Ritz method, as applied by Patil et al. [17], proved particularly effective in analyzing the 
buckling and vibration characteristics of beams composed of axially functionally graded graphene 
platelet composites, demonstrating that slight variations in the material grading patterns can 
significantly influence the mode shapes and natural frequencies. 

Vibrational analysis has served as a fertile domain for the advancement of nature-inspired 
innovation. Garg et al. [18] have significantly contributed to the study of helicoidal laminated 
composite plates by demonstrating how a biomimetic design can improve natural frequency 
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responses.  Song et al. [19] expanded this bio-inspired design to foam-filled fiber composite beetle 
elytron plates (BEPs), demonstrating that the length-to-width ratio is the most significant 
geometric characteristic affecting frequency modulation.  Eltaher et al. [20] Subsequently, these 
biological insights were employed in finite-element modeling of Bouligand composite plates, 
proposing valuable data for assessing bending and vibration characteristics applicable in the 
construction of impact-resistant structures. 

Parametric studies, particularly when conducted thoroughly, have significantly advanced our 
understanding of the relationship between the structure and properties by examining free 
vibrations. Belabed et al. [21] constructed a sophisticated finite element model tailored explicitly 
for functionally graded (FG) sandwich beams with varying cross-sections and rigorously validated 
the model accuracy against existing theoretical and experimental results.  The series of studies by 
[22, 23] introduced substantial contributions through the application of strain-based finite element 
formulations and higher-order shear deformation theories to functionally graded plates, 
establishing a credible standard for both static and dynamic responses. Qin et al. [24] have 
presented a comprehensive analytical solution for functionally graded porous sandwich plates that 
accommodates arbitrary boundary conditions and various elastic foundation models.  Wang et al. 
[25] demonstrated that minor adjustments to the interlayer angles of stacked rotational cores can 
alter natural frequencies by over 10 percent, significantly impacting tunable vibration control 
applications. 

Arshid et al. [26] developed a mathematical vibration model for shear- and normal-deformable 
metal foam cellular microbeams treated with nanocomposite actuators, and derived analytical 
expressions for natural frequencies that capture full kinematics and actuator effects, thereby 
demonstrating how advanced graded and smart materials influence the dynamic behavior of 
structurally compliant systems. In the same year, Arshid et al. [27] conducted a dynamic analysis 
of prismatic rotating auxetic blades integrated with graphene nanoplatelet (GNP) reinforced layers, 
highlighting the role of auxetic core geometry and Nano reinforcement in tuning vibration 
characteristics of rotating structural elements. Maraghi et al. [28] investigated the poro-elastic 
buckling performance of tapered higher-order- functionally graded cellular beams encased in 
nanocomposite layers, demonstrating how porosity, tapering, and surface reinforcement affect the 
critical load and stability in advanced beam configurations. Mohammadimehr et al. [29] analyzed 
the magneto-electro-mechanical vibration of moderately thick double-curved- sandwich panels 
with porous cores and graphene platelet reinforced composite (GPLRC) faces using the FSDT, 
providing insights into the multi-field coupling effects on the dynamic responses of complex 
layered systems. In addition, Arshid et al. [30] examined the asymmetric free vibration of first-
order- shear deformable functionally graded magneto-electro-thermo-elastic circular plates, 
integrating multiphysics influences in FG plate dynamics, while Mousavi et al. [31] offered an 
analytical solution for the vibrational behavior of beams with initial curvature and functionally 
graded polymer layers based on trigonometric theories. Finally, Zavari et al. [32] proposed a 
quasi-3D hyperbolic formulation for the buckling of metal foam microplates with graphene 
nanoplatelet–embedded patches under thermal loads, demonstrating improved buckling 
predictions for heterogeneous plates with thermal effects, collectively illustrating the progression 
of advanced theoretical and computational tools for graded, porous, and nano-reinforced structural 
elements. 

FGMs are selected for facesheets because of their continuous property gradation, which 
reduces interfacial stress concentrations and enhances bending stiffness and thermal resistance. 
Porous cores offer tunable porosity distributions that optimize the stiffness and shear performance. 
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The combination of FGM facesheets and porous cores yields superior structural efficiency, 
achieving high stiffness, reduced weight, and improved durability, as widely reported in the recent 
literature [33-37]. 

The quasi-3D shear deformation theory is adopted to model sandwich plates with functionally 
graded facesheets and porous cores, as it captures both the transverse shear deformation and 
thickness stretching effects. It does not require shear correction factors, satisfies traction-free 
boundary conditions, and incorporates the through-thickness normal strain, improving the 
predictions of deflections, stresses, and buckling behavior for thick heterogeneous plates. It 
achieves 3D elasticity-level accuracy with fewer unknowns, ensuring computational efficiency, as 
confirmed by recent [38, 39, 40, 41], confirming the suitability of quasi-3D theories for advanced 
sandwich structures. 

The quasi-3D formulation surpasses classical and first-order theories by capturing both the 
transverse shear deformation and thickness stretching effects, satisfying the traction-free boundary 
conditions without shear correction factors. Compared to higher-order and layerwise theories, it 
achieves 3D elasticity-level accuracy with fewer unknowns, thereby ensuring computational 
efficiency. However, as an equivalent single-layer theory, it cannot fully resolve interlaminar 
stress discontinuities, and its accuracy depends on the assumed displacement fields. Despite these 
limitations, it provides an optimal balance between accuracy and efficiency, as confirmed in recent 
studies [42, 43, 44]. 

Mohamed et al. [45] presented a Ritz-type quasi-3D analytical solution for the free vibration 
and buckling analysis of functionally graded sandwich beams with porous cores resting on a two-
parameter elastic foundation, demonstrating the significant influence of porosity distribution, 
material gradation, and foundation parameters on natural frequencies and critical loads. In a 
complementary study, the same authors [46] developed a finite element formulation based on 
quasi-3D theory to investigate the static behavior of such beams, confirming that porosity patterns, 
elastic foundation stiffness, and geometric parameters play crucial roles in deflection and stress 
responses. Furthermore, Mohamed et al. [47] proposed an Ansys APDL-based computational 
modeling approach for functionally graded sandwich beams with porous cores, incorporating 
detailed three-dimensional representations and various porosity distributions, and validated the 
numerical results against quasi-3D and existing solutions, showing excellent agreement and 
reliability of the proposed approach. Collectively, these studies provide a comprehensive 
framework combining analytical, finite element, and computational approaches to accurately 
analyze the mechanical behavior of FG sandwich beams with porous cores under different loading 
and foundation conditions. 

Advancements in computer techniques have expanded the domain of free-vibration analysis.  
Karamanlı et al. [48] made significant contributions employing third-order shear deformation 
theory (TSDT) for bi-directional FG beams, incorporating concepts that will influence subsequent 
computational methodologies in their research. Alzawari et al. [49] presented a comprehensive 
mathematical model for the analysis of laminated composite beams under various axial loads. In 
contrast, Mohamed et al. [50] enhanced the understanding of the relationship between the 
mechanical response and fiber reorientation in helicoid structures. Paruthi et al. [51] conducted a 
temperature-focused study on bio-inspired laminated plates.  

Unlike many existing formulations that assume either fully dense FG cores or isotropic faces, 
the present model incorporates a through-thickness gradation of both stiffness and porosity, 
allowing a more realistic representation of advanced lightweight structural members. The quasi-3D 
kinematics account for normal stretching and higher-order shear effects without requiring shear 
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correction factors, thereby improving the accuracy for moderately thick and thick beams, where 
classical and first-order theories become unreliable. 

Earlier studies on FG sandwich beams have largely relied on numerical schemes, such as finite 
element or meshfree methods, which can be computationally expensive, geometry-specific, and 
less transparent for parametric design. Other analytical models for porous or FG cores are typically 
limited to simplified shear theories, non-graded porosity, and isotropic faces, which restrict their 
applicability. The closed-form solutions obtained here enable the efficient evaluation of 
fundamental frequency characteristics under various boundary conditions and gradation patterns, 
providing practical design guidelines for aerospace, defense, and high-performance civil 
components, where weight reduction, vibration control, and tailored stiffness–mass distribution are 
critical. 

A review of the existing literature reveals that while significant efforts have been devoted to the 
analysis of sandwich beams with either functionally graded materials (FGMs) or porous cores, the 
dynamic behavior of sandwich beams combining functionally graded face sheets with an isotropic 
core incorporating functionally graded porosity (FGP) has not yet been reported. In particular, the 
influence of different porosity distribution patterns within the core, coupled with material 
gradation in the face sheets, remains largely unexplored, especially within the framework of quasi-
3D beam theory. 

To fill this gap, this study develops an analytical model for the free vibration analysis of such 
sandwich beams using quasi-3D shear deformation theory. The governing equations were derived 
based on Hamilton’s principle and solved using Navier’s method. Unlike previous studies, the 
proposed formulation simultaneously accounts for the thickness stretching effects, multiple 
porosity distribution patterns, and material gradation in both the core and face sheets. Furthermore, 
a comprehensive parametric study was conducted to examine the effects of the material gradient 
index, porosity volume fraction, slenderness ratio, sandwich configuration, and core type on the 
natural frequencies of the structure. The accuracy of the proposed model was verified by 
comparing it with the available results in the literature. 

 
 

2. Theoretical formulation  
 

2.1 FG sandwich beams 
 
An FGM sandwich beam with length L and a rectangular cross-section of b × h (where h is the 

height and b is the width of the beam) is considered, as shown in Fig. 1. The structure is composed 
of a mixture of isotropic ceramics and metal. The properties of these materials vary steadily with 
the volume fraction of the components in the thickness direction. For simplicity, the Poisson's ratio 
ν is assumed to be constant. Two different types of FGM sandwich beams, namely FGM‐faces 
ceramic‐core (model A) and FGM‐faces metal‐core (type B), were considered, as shown in Fig. 2. 
Using the Voigt model material property in FGM, the material property of elasticity modulus of 
the FG layers can be expressed in terms of the volume fractions of the ceramic and metal phases as 
follows 

( ) ( )( ) ( )n n
cE z Ec Em V Em= − +  (1)
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Figure 1. Geometry and coordinates of FGM sandwich beams 
 

 
Where Ec and Em are the properties of the ceramic and metal, respectively. Vc represents the 

volume fraction of the ceramic part, expressed as 
Type A: sandwich beams with FG faces and ceramic core 
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2.2 The mechanical properties of porous core 

 
In this study, three typical porosity distribution Models of FGM sandwich beams, namely, 

uniform (D1), distribution stiffer at the surface of the core (D2), and distribution softer at the 
surface of the core (D3), were considered [52]. 

Model 1 (D1): Uniform porosity distribution type, Fig. 2(a). 
22 2( ) 1 1coreE z E ζ

π π
 = − − + 
   

(4a)

2 2( ) 1 1corezρ ρ ζ
π π
 = − − + 
 

(4b)
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(a) Model 1 (D1) (b) Model 2 (D2) (c) Model 3 (D3) 

 

   

(a) Model 1 (D1) (b) Model 2 (D2) (c) Model 3 (D3) 

 
 
Model 2 (D2): The porosity distribution is stiffer at the surface beams, as shown in Fig. 2(b). 

( ) 1 coscore
zE z E
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(5a)
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zz

h
πρ ρ ζ  = −  
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(5b)

Model 3 (D3): The porosity distribution is softer at the surface beams, as shown in Fig. 2(c). 

( ) 1 cos
2core

zE z E
h

π πζ
  = − −  

    
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( ) 1 cos
2core m

zE z E
h

π πζ
  = − −  

  
(6b)

 
2.3 The mechanical properties of porous core 

 
The stress-strain relations for the FGP beams are as follows 

Figure 2. (a) Different porosity distributions in the porous core of type-A beams (FG‐faces, ceramic‐core)

Figure 2. (b) Different porosity distributions in the porous core of type-B beams (FG‐faces, metal‐core) 
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If the thickness stretching effect is omitted (z = 0), the elastic constants ( )n
ijQ  are reduced as 
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2.4 Kinematics 
 
The beam displacement field is given as follows, with the condition that the transverse shear 

stresses are zero at the top and bottom surfaces of the beams (z = ± h/2) 

( )0( , ) ( ) ( ) ( )0 1
( , ) ( ) ( ) ( )0

w x
u x z u x z K f z x dx

x
w x z w x g z xz

θ

ϕ

∂
= − + ∂
= +

(10)

Where 𝑢0, 𝑤0, 𝜃, and 𝜑𝑧 are unknown displacements of the mid-plane of the FG beam. The 
integral '∫ 𝜃𝑑𝑥' used in Eq. (9) must be solved using the Navier procedure and is given as follows 

( ) ( )x dx A x xθ δθ δ= (11)

Where the coefficients 𝐴 and K1 are expressed as 

12, ,1 2K Aλ
λ

= = − (12)

Alternatively 

m
a
πλ = (13)

The new shape function (𝑧) is assumed as [53] 

( )( )3( ) (3 / 25) 0.135 cosh /f z z z hπ π π= − (14)

Based on the small-strain elasticity theory, the strain expressions derived from the displacement 
field are given in Eq. (10) is presented as follows 
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where 0 1 2 0, , ,xx xx xx zzε ε ε ε  and 0
Xzγ  are related to the displacements u, w, θx, and 𝜑z as follows 
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2.5 Variational formulation 
 
Using the principle of virtual work, the governing stability equations for FG sandwich beams 

are obtained as follows [54] 

u vΠ = + (17)

where u and v are the strain energy and work done, respectively. 
The variation of the strain energy can be stated as 
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Also, the variation of potential energy of the applied external loads (𝑁0) is expressed as 
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Where Nxx; Nzz, Mxx; Pxx, and Sxz are the stress resultants, defined as 
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By substituting Eqs. (7) and (15) into Eq. (20), the stress resultants can be expressed in terms of 
the displacements as follows 
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2.6 Governing equations  
 
By integrating Eq. (18) and (19) by parts and collecting the coefficients of δu, δw, δθx, and δ𝜑z, 

the governing equations of equilibrium can be further written as 
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: 00 02 2

2
: 01 12

: 0

Nxxu
x

M wxxw N
x x

P Sxx xzK A K A
xx

SxzNz zz x

δ

δ

δθ

δϕ

∂
− =

∂

∂ ∂− + =
∂ ∂

∂ ∂− =
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∂− =
∂

(23)
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Table 1. The admissible functions Xm, Yn 

boundary conditions 
The functions   Xm and Yn 

Xm Yn 
simply-supported (S-S) Sin(λx) Sin(λx) 
clamped-clamped (C-C) Sin(λx) Cos(λx) Sin(λx) 

 
 
Substituting Eqs. (16), (20) and (21) into Eq. (23), the governing equations of equilibrium are 

defined by 
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(24)

The exact solution of Eqs. (24) For FG beams under various boundary conditions, the 
corresponding equations can be derived. The functions corresponding to the different boundary 
conditions (supported-SS and clamped edge-CC) are listed in Table 1. 

The displacement functions that satisfy the boundary condition equations are developed as a 
Fourier series as follows 

0

0

( )( ) ( )
( )

( ) ( )
( ) ( ) ( )
( ) ( ) ( )

m
m m

i t
m m m

m m m

z m m m

X xu x U Y x
xw x

eW X x Y x
x X x Y x
x X x Y x

ω

θ θ
ϕ ψ

∂  
   ∂   =   

   
      

(25)

Um, Wm, 𝜃m, and 𝜓m denote arbitrary parameters. Substituting Eq. (25) into the governing 
Eq. (24), one obtains, after some mathematical manipulations, the following equations 

[ ]{ } { }0S Δ = (26)

Where  

{ } { }, , , T
m m m mU W θ ψΔ = (27)
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Where the components of the stiffness matrix [S] are defined by 

[ ]
11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

S S S S
S S S S

S
S S S S
S S S S
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(28)

in which 

(29)
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0 0

6 12
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9 11 13
0 0
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( , ,
( , , ) ,
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b l

m m m m
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b l
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X Y X Y dxdy

X Y X Y X Y dxdy b

X Y X Y
X Y X Y dxdy

α

α α

α α α

=

′ ′′′ ′= =

′′ ′′ ′′
=

′′′′

 

 

 

(30)

 
 
3. Numerical results and discussion 
 

The analysis focuses on the buckling behavior response of FG beams under various boundary 
conditions, encompassing different types of sandwich beams and porosity models. Multiple 
parametric studies were conducted, and the obtained solutions were compared with existing data 
from the literature. The FGM beams investigated in this study consisted of a composite blend 
comprising alumina (Al2O3) as the ceramic phase and aluminum (Al) as the metal phase. The 
mechanical properties, including the Young's modulus and Poisson's ratio, are listed in Table 2. To 
facilitate the analysis, all the results were expressed in non-dimensional terms. This allows for a 
more convenient comparison and understanding of the results. 

 
3.1 Validation study 

 
The present validation was performed exclusively through comparisons with existing analytical 

and semi-analytical solutions available in the literature, including CPT, HSDT, quasi-3D 
formulations, and beam finite element models reported by other researchers. This strategy is 
consistent with the objective of providing closed-form benchmark solutions for simply supported 
FGM and porous sandwich beams within a specific quasi-3D kinematic framework, 

Table 3 shows that the non-dimensional fundamental frequencies of T1 and T2 beams predicted 
by the present quasi-3D model are consistently a few percent lower than those reported by Nguyen  
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Table 2. Material properties used in the FG Beams 
Properties Alumina (Al2O3) Aluminum (Al) 

Young's modulus E (GPa) 380 70 
Poisson's ratio ν 0.3 0.3 

 
Table 3. Non-dimensional fundamental frequency of T1 and T2-beams (e0 = 0.5) with different BCs and L/h 
ratio 

 
 

et al. [55], Chen et al. [56], Gao et al. [57], and Wattanasakulpong et al. [58], which is attributedto 
theemore complete representation of thee  transverssheath thickness-stretchingng effects,s and thus 
ta slightly more compliant physical realistici, structural response. The systematic decrease of 
frequency with increasing 𝑙/ℎ is consistent with classical beam theory, since slender beams are 
more flexible in bending, whereas the higher frequencies obtained for Imperfect II relative to 
Imperfect I for all 𝑙/ℎ indicate that the Imperfect II interface pattern preserves a larger effective 
stiffness and leads to less severe degradation of the dynamic rigidity. 

Table 4 highlights how porosity and interface imperfections interact to control the vibration 
characteristics of the FGM beams. The results demonstrate that, for Imperfect I and Imperfect III, 
increasing the porosity coefficient 𝜁  produces a monotonic reduction in non-dimensional 
fundamental frequency, which directly reflects the loss of effective stiffness and continuity caused 
by pores acting as voids within the load-carrying cross-section. This trend supports the physical 
soundness of the proposed porous FGM model. The exceptional behavior observed for Imperfect 
II, where frequency may increase with 𝜁  for certain 𝑙/ℎ  ratios, indicates that a specific 
combination of porosity distribution and interface condition can redistribute stiffness in such a 
way that key regions of the section become effectively stiffer, suggesting that porosity can also be 
exploited as a tuning parameter for dynamic performance rather than only as a source of 
degradation. 

Table 5 presents a comparative analysis of the non-dimensional fundamental frequencies of (SS) 
functionally graded material (FGM) sandwich beams with a Type A configuration. At 𝐿/𝐻 = 5, 
all theories (two quasi-3D models [59, 60], a finite element formulation [61], and the present 
approach) recover virtually identical frequencies at 𝑘 = 0, confirming the correctness of the 
homogeneous reference state, while for graded materials (𝑘 > 0) the various lay-up sequences 
exhibit clearly distinct dynamic behaviors. In particular, the symmetric 1-1-1 configuration yielded 
the lowest frequencies, indicating that a symmetric distribution of softer material through the 
thickness maximizes compliance, whereas asymmetric sequences, such as 1-2-1 and 2-2-1, which 
position stiffer material closer to one or both faces, provide higher fundamental frequencies and  

Theory 
Imperfect I Imperfect II 

l/h 
10 20 50 10 20 50 

Nguyen et al. [55] (CPT) 0.2559 0.1284 0.0514 0.2846 0.1428 0.0572
Nguyen et al. [55] (HSDT) 0.2523 0.1279 0.0514 0.2791 0.1421 0.0571

Chen et al. [56] / / / 0.2798 0.1422 0.0571
Gao et al. [57] / / / 0.2798 0.1422 0.0571

Wattanasakulpong et al. [58] 0.2523 / / 0.2791 / / 
Present 0.2387 0.1207 0.0485 0.2681 0.1358 0.0545
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Table 4. Nondimensional fundamental frequency of beams with different BCs, porosity coefficients, and L/h 
ratios 

 
Table 5. Comparison of the non-dimensional fundamental frequency 𝜔̄ of S-S FGM sandwich beams 
(L/H=5, Type A) 

 
 

l/h Theory 
ζ 

20 0.2 0.4 0.6 0.8 

5 

Nguyen et al. [55] 
Imperfect I 

0.514 0.492 0.466 0.428 
Present 0.491 0.470 0.445 0.409 

Nguyen et al. [55] 
Imperfect II 

0.528 0.524 0.524 0.529 
Present 0.505 0.505 0.508 0.520 

Nguyen et al. [55] 
Imperfect III 

0.502 0.467 0.424 0.368 
Present 0.485 0.450 0.408 0.353 

20 

Nguyen et al. [55] 
Imperfect I 

0.137 0.131 0.124 0.114 
Present 0.131 0.125 0.119 0.109 

Nguyen et al. [55] 
Imperfect II 

0.141 0.142 0.143 0.148 
Present 0.135 0.135 0.137 0.142 

Nguyen et al. [55] 
Imperfect III 

0.133 0.123 0.111 0.096 
Present 0.127 0.118 0.106 0.091 

K Theory 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 

0 

Vo et al. [59] 5.1618 5.1618 5.1618 5.1618 5.1618 
Nguyen et al. [60] 5.162 5.162 5.162 5.162 5.162 

Liu et al. [61] 5.1614 5.1614 5.1614 5.1614 5.1614 
Present 5.1655 5.1655 5.1655 5.1655 5.1655 

0.5 

Vo et al. [59] 4.2429 4.3041 4.3383 4.4146 4.4881 
Nguyen et al. [60] 4.2417 4.3037 4.3373 4.4143 4.4874 

Liu et al. [61] 4.2346 4.2940 4.3315 4.4069 4.4830 
Present 4.2460 4.3060 4.3416 4.4168 4.4918 

1 

Vo et al. [59] 3.7369 3.8301 3.883 4.0005 4.1185 
Nguyen et al. [60] 3.7369 3.8318 3.883 4.0018 4.1185 

Liu et al. [61] 3.7369 3.8261 3.8831 3.9978 4.1183 
Present 3.7396 3.8302 3.8861 4.0015 4.1222 

2 

Vo et al. [59] 3.2427 3.3656 3.4257 3.5825 3.741 
Nguyen et al. [60] 3.2428 3.3685 3.4258 3.5848 3.741 

Liu et al. [61] 3.2416 3.3574 3.4257 3.5776 3.741 
Present 3.2452 3.3636 3.4288 3.5817 3.7448 

5 

Vo et al. [59] 2.8489 2.9912 3.0238 3.2087 3.384 
Nguyen et al. [60] 2.8491 2.9955 3.0239 3.2122 3.384 

Liu et al. [61] 2.8392 2.9700 3.0195 3.1968 3.3829 
Present 2.8508 2.9870 3.0267 3.2058 3.3878 

10 

Vo et al. [59] 2.74 2.8839 2.886 3.0757 3.2422 
Nguyen et al. [60] 2.7402 2.8886 2.8862 3.0797 3.2423 

Liu et al. [61] 2.7213 2.8513 2.8767 3.0575 3.24 
Present 2.7411 2.8788 2.8885 3.0716 3.2460 
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Table 6 Comparison of the non-dimensional fundamental frequency 𝜔̄ of S-S FGM sandwich beams 
(L/H=20, Type A) 

 
 
thus higher effective bending stiffness. The small deviations (generally within 1–2%) between the 
present predictions and reference solutions further confirm that the proposed quasi-3D formulation 
accurately captures the shear-sensitive response of thick FGM sandwich beams. 

Table 6 improves to more clearly articulate the physical response of thin FGM sandwich beams 
with 𝐿/𝐻 = 20. The higher base frequency at 𝑘 = 0 compared with Table 5 reflects the greater 
bending rigidity of slender beams for a fixed thickness and mass per unit length, and the excellent 
agreement between the present results and those of Voet al. [59], Nguyen et al. [60], and Liu et al. 
[61] (with discrepancies typically of order 10ିଶ) demonstrates the robustness of the proposed 
quasi-3D model in the bending-dominated regime. As the power-law index 𝑘  increases, the 
relative separation between the different lay-up configurations becomes more pronounced than in 
the thick-beam case: the symmetric 1-1-1 sequence systematically provides the lowest frequencies, 
while the 1-2-1 sequence attains the highest values, confirming that an appropriate placement of 
stiff phases near the outer faces is particularly effective for tailoring the dynamic stiffness of 
slender FGM sandwich members. 

 
3.2 Parametrical study 
 
Fig. 3 highlights how the through-thickness material gradation and lay-up sequence jointly 

control the dynamic stiffness of imperfect FGM sandwich beams, rather than merely illustrating  

k Theory 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 

0 

Vo et al. [59] 5.461 5.461 5.461 5.461 5.461 
Nguyen et al. [60] 5.4611 5.4611 5.4611 5.4611 5.4611 

Liu et al. [61] 5.461 5.461 5.461 5.461 5.461 
Present 5.4665 5.4665 5.4665 5.4665 5.4665 

0.5 

Vo et al. [59] 4.4296 4.4992 4.533 4.619 4.6985 
Nguyen et al. [60] 4.4284 4.4983 4.5321 4.6182 4.6979 

Liu et al. [61] 4.4228 4.4907 4.5275 4.6123 4.6945 
Present 4.4342 4.5038 4.5378 4.6238 4.7034 

1 

Vo et al. [59] 3.8773 3.9822 4.0333 4.1641 4.2895 
Nguyen et al. [60] 3.8774 3.9824 4.0334 4.1643 4.2896 

Liu et al. [61] 3.878 3.9783 4.0338 4.1609 4.2898 
Present 3.8818 3.9859 4.0378 4.1683 4.2940 

2 

Vo et al. [59] 3.3469 3.4838 3.5394 3.7118 3.8774 
Nguyen et al. [60] 3.3471 3.4842 3.5395 3.7121 3.8775 

Liu et al. [61] 3.3482 3.4769 3.5404 3.7063 3.8782 
Present 3.3514 3.4862 3.5440 3.7153 3.8820 

5 

Vo et al. [59] 2.9314 3.0891 3.1115 3.3133 3.4926 
Nguyen et al. [60] 2.9315 3.0899 3.1116 3.3138 3.4927 

Liu et al. [61] 2.9318 3.0781 3.1124 3.3041 3.4936 
Present 2.9354 3.0895 3.1161 3.3151 3.4973 

10 

Vo et al. [59] 2.8191 2.9786 2.9665 3.1732 3.3411 
Nguyen et al. [60] 2.8192 2.9797 2.9666 3.1739 3.3412 

Liu et al. [61] 2.8188 2.9662 2.9674 3.1626 3.3426 
Present 2.8229 2.9779 2.9710 3.1742 3.3460 
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Figure 3. Non-dimensional frequency versus length-to-thickness ratio for different porosity distributions 
and types of sandwich beams 

 
 

numerical trends. As the power-law index 𝑘 increases, ceramic content decreases and metal 
content increases, which reduces the effective bending stiffness and thus leads to systematically 
lower non-dimensional natural frequencies for all modes and all stacking sequences; this reflects a 
softer global response of the beam. For Type A beams, placing a stiffer material near both faces 
(1-2-1) maximizes the bending rigidity and yields the highest frequencies, whereas concentrating a 
softer material at the outer layers (2-1-2) minimizes the stiffness and yields the lowest frequencies, 
showing that the faces dominate the flexural behavior. Type B configurations invert this hierarchy 
because the redistribution of material across the core and faces modifies the coupling between  
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Figure 4. Non-dimensional frequency versus material index for different modes and types of sandwich 
beam 

 
 
bending and shear, such that the 2-1-2 lay-up becomes dynamically more efficient and can deliver 
15–25% higher frequencies than its Type A counterpart. Physically, this means that by 
appropriately grading the FGM and choosing the lay-up, designers can tune the vibration response 
for stiffness-critical (high-frequency, vibration-resistant) or flexibility-critical (low-frequency, 
compliant-structure) applications without changing the overall geometry of the structure. 

Fig. 4 illustrates how the combined effects of material gradation and stacking sequence control 
the dynamic stiffness of imperfect FGM sandwich beams through the first three vibration modes. 
Increasing the power-law index 𝑘 reduces the ceramic fraction and increases the metallic (softer) 

0 2 4 6 8 10
0

10

20

30

40

50

Imperfect model (D1)

N
on

-d
im

en
sio

na
l f

un
da

m
en

ta
l f

re
qu

en
cy

  ϖ
 

k
Type-A  (1-1-1) 

 mode 1
 mode 2
 mode 3

ζ=0.5,   l/h=20 

0 2 4 6 8 10
0

10

20

30

40

50
Imperfect model (D1)

N
on

-d
im

en
sio

na
l f

un
da

m
en

ta
l f

re
qu

en
cy

  ϖ
 

k
Type-B  (1-1-1) 

 mode 1
 mode 2
 mode 3

ζ=0.5,   l/h=20 

0 2 4 6 8 10
0

10

20

30

40

50

Imperfect model (D1)

N
on

-d
im

en
sio

na
l f

un
da

m
en

ta
l f

re
qu

en
cy

  ϖ
 

k
Type-A  (1-2-1) 

 mode 1
 mode 2
 mode 3

ζ=0.5,   l/h=20 

0 2 4 6 8 10
0

10

20

30

40

50
Imperfect model (D1)

N
on

-d
im

en
sio

na
l f

un
da

m
en

ta
l f

re
qu

en
cy

  ϖ
 

k
Type-B  (1-2-1) 

 mode 1
 mode 2
 mode 3

ζ=0.5,   l/h=20 

0 2 4 6 8 10
0

10

20

30

40

50

Imperfect model (D1)

N
on

-d
im

en
sio

na
l f

un
da

m
en

ta
l f

re
qu

en
cy

  ϖ
 

k
Type-A  (2-1-2) 

 mode 1
 mode 2
 mode 3

ζ=0.5,   l/h=20 

0 2 4 6 8 10
0

10

20

30

40

50
Imperfect model (D1)

N
on

-d
im

en
sio

na
l f

un
da

m
en

ta
l f

re
qu

en
cy

  ϖ
 

k
Type-B  (2-1-2) 

 mode 1
 mode 2
 mode 3

ζ=0.5,   l/h=20 

149



 
 
 
 
 
 

Messaoud Baazouzi et al. 

content, so the effective bending stiffness decreases and all three non-dimensional frequencies 
drop, which is clearly seen for every lay-up and mode. For Type A beams, the 1-2-1 configuration, 
with a stiffer material located near the faces, exhibited the highest frequencies, the symmetric 1-1-
1 arrangement showed intermediate stiffness, and the 2-1-2 configuration with softer outer layers 
led to the lowest frequencies. This ordering reflects the dominant role of the outer faces in the 
bending-dominated modes. In contrast, Type B beams redistribute the graded layers between the 
core and faces such that the 2-1-2 pattern becomes the stiffest configuration, completely reversing 
the Type A hierarchy and yielding frequencies that are 15–25% higher than those of the 
corresponding Type A designs in the three modes. Physically, Fig. 4 therefore demonstrates that, 
for a fixed geometry and degree of interface imperfection (D1 model, 𝜁 = 0.5 , 𝑙/ℎ = 20 ), 
designers can tune the global vibration response either maximizing or minimizing natural 
frequencies simply by tailoring the gradation index and the sequence in which stiff and compliant 
FGM sub-layers are arranged. 

 
 

4. Conclusions 
 
This study explored the dynamic response of sandwich beams featuring functionally graded 

polymer (FGP) cores and functionally graded material (FGM) face sheets. Using Hamilton’s 
principle, we derived the equations of motion and solved them using the Navier solution for 
simply supported boundary conditions. The validity of our analytical model was confirmed by 
comparing numerical results with existing literature 
Key findings include: 

- Global stiffness is dominated by geometry, whereas material composition critically 
influences the dynamic behavior. 

- The natural frequencies increased with increasing side-to-thickness-- ratios across all 
configurations. 

- As the material grading index increased, the natural frequencies consistently decreased, 
reflecting the reduced stiffness of more graded structures. 

- Increasing porosity leads to higher natural frequencies owing to the reduced effective 
mass. 

- Among the tested layouts, the 1–2–1 configuration exhibited the highest frequency 
(4.4687), suggesting an optimal balance of stiffness and mass. 

- By contrast, the 2–1–2 configuration exhibited the lowest dynamic efficiency because its 
softer outer layers reduced the overall stiffness. 

- Type B configurations differ significantly from Type A configurations, highlighting the 
importance of layer sequencing. 

- Mode 3 consistently exhibits the highest natural frequency in all cases, indicating its 
dominance in the dynamic response. 

Implications and Recommendations: 
- Design Optimization: To maximize the stiffness and frequency, a high side-to-thickness 

ratio and minimal material gradation were selected--. 
- Configuration Selection: Use 1–2–1 arrangement for structural efficiency; avoid softer-

faced designs such as 2–1–2 when high dynamic performance is required. 
- Tailored Grading and Porosity: Adjust the grading index and porosity based on specific 

modal or frequency requirements. 
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- Application-Specific Layering: Distinguishing between Types A and B highlights the need 
for tailored layering strategies for target performance. 

This comprehensive understanding provides clear guidelines for the engineering of sandwich 
beams with precision-tuned dynamic characteristics. 
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