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Nonlinear dynamic analysis for large-span single-layer 
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Abstract. Wind loading is very important in structural design of large-span single-layer reticulated shell
structures. In this paper, a geometrically nonlinear wind-induced vibration analysis strategy for large-span
single-layer reticulated shell structures based on the nonlinear finite element method is introduced.
According to this strategy, a computation program has been developed. With the information of the wind
pressure distribution measured simultaneously in the wind tunnel, nonlinear dynamic analysis, including
dynamic instability analysis, for the wind-induced vibration of a single-layer reticulated shell is conducted
as an example to investigate the efficiency of the strategy. Finally, suggestions are given for dynamic
wind-resistant analysis of single-layer reticulated shells.

Keywords: large-span single-layer reticulated shells; wind-induced vibration; nonlinear dynamic analysis;
dynamic stability.

1. Introduction

Single-layer reticulated shells are widely used as a spatial structural system with medium or large
spans. For such a structural system, stability is a serious, even dominant problem, and usually the
sensitivity of such shells to external load distribution is evident (Gioncu 1995). Considering the
random characteristics of wind load distribution, wind-resistant analysis of these shells should be
well considered in structural design, especially for the shells with large spans. In most cases, it
should be paid more attention to than earthquake action. A series of wind tunnel tests had been
conducted by Uematsu, et al. (1997) and (2001), to investigate the wind load distributions on the
spherical shell models supported on the cylinders with different heights, and the wind-induced
dynamic responses, including the displacements of joints and the internal force of elements, of the
corresponding single-layer reticulated domes were also analyzed based on the proper orthogonal
decomposition (POD) technique. However, non-linear behavior and stability problem of the domes
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under wind load were not concerned in these investigations. At present, usually equivalent static
methods are used in the structural design with wide discussions (Solari 1990, Xie, et al. 2000, Li
2002, Uematsu, et al. 2002). Unfortunately, it is difficult to estimate a suitable equivalent static
wind load so that the effect of the fluctuating component of wind on structural behavior, especially
on structural stability, can be well estimated. For some large-scale and important structures, an exact
dynamic analysis is still necessary, at least as a final investigation on the dynamic effect of wind
load in structural design process.

Up to now, although great progress has been made on the techniques for static stability analysis,
and many research studies have been done for nonlinear dynamic analysis, dynamic stability
analysis is still a challenge for the spatial structures, such as the definition and the criteria for
determining dynamic instability, the techniques for dynamic stability analysis, and even the natural
characteristics of such phenomenon (Li and Shen 2001, Abedi 2002, etc.). Further research is
necessary on this topic, especially on the analysis techniques for practical use.

In this paper, through an analogical analysis between the nonlinear dynamic analysis equations
and the nonlinear static formula considering the updating technique of large deformation, a practical
approach is introduced for geometrically nonlinear dynamic analysis considering stability problem,
and a program based on the approach has been developed. Based on the wind tunnel tests of a rigid
spherical model, wind pressure distribution was measured simultaneously, and expanded to the
whole surface of the shell using the proper orthogonal decomposition (POD) method. Then, wind
induced vibration analysis, including dynamic instability analysis, of a corresponding K6-12 type
single-layer reticulated shell is carried out as an example to investigate the efficiency of the theory
and the program. Finally, suggestions are given for the dynamic wind-resistant analysis of single
layer reticulated shells, especially for the stability problem.

2. Geometrically nonlinear dynamic analysis

Based on the theory of the nonlinear finite element (FEM) method, the nonlinear vibration
equations for single-layer reticulated shells subjected to wind load are expressed as follows:

(1)

where, [ M ] is the mass matrix; [C] is the damping matrix; [K ] is the structural nonlinear stiffness
matrix; {U},  and  are the displacement, the velocity and the acceleration vectors,
respectively; {FD} and {FL} are the dead load and the live load vectors; {FW(t)} is the external
dynamic load vector; and {Pt} is the total external time-series load vector.

Usually, a concentrated mass matrix is used in dynamic analysis of reticulated shell structures,
since it is much simple and the accuracy is acceptable in comparison with the consistent mass
matrix.

Regarding the damping matrix, it cannot be generated as the same as the mass or stiffness matrix
from the corresponding matrix of each element. Usually, a proportional damping matrix is assumed
to approximately reflect the energy dissipation in the actual structures, such as the widely used
Rayleigh damping:

(2)

where c0=2ω1ξ1−c1ω1
2  and c1={2(ω1ξ1−ω2ξ2)}/{ω2

1 −ω2
2 }. ωi and ξ i is the circular frequency

M[ ] U·· t{ } C[ ] U· t{ } K[ ] Ut{ }+ + FD{ } FL{ }+( ) FW t( ){ }+ Pt{ }= =

U·{ } U
··{ }

C[ ] c0 M[ ] c1 K[ ]+=
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and the critical damping ratio corresponding to the i-th vibration mode, respectively, i=1, 2.
It has been pointed out that the Rayleigh damping is just a theoretical assumption in many cases

with an obvious feature that the decline of the higher-order vibration modes will be much faster
than that of the lower-order vibration modes. So the values of c0 and c1 are usually based on the
low-order vibration modes. In fact, to a certain structural analysis, they could be determined suitably
based on the damping characteristics of a corresponding typical structure, since the Rayleigh
constants are dominantly depend on the energy dissipation characteristics of the materials.

For the stiffness matrix of each element, the Oran beam-column theory (Oran 1973) is suitable and
efficient for the nonlinear elements whose internal forces are axial force dominantly (Li, et al. 1997).

To solve Eq. (1), the Newmark β method are often used with the following assumptions as

(3)

(4)

where α and δ are the coefficients,  and .

At t +∆t, the equilibrium equations corresponding to Eq. (1) can be rewritten as: 

(1a)

Substituting Eq. (3) and Eq. (4) in Eq. (1a), it can be obtained that

(5)

where,

(6)

(7)

 is the equivalent stiffness matrix;  is the equivalent loading vector; and ,

, , , , and .

Here, Eq. (5) can be called “the nonlinear equivalent static equilibrium equations” for the
nonlinear dynamic analysis of single-layer reticulated shells.

On the other hand, the nonlinear equilibrium equations in static analysis are expressed as

(8)

With a proportional loading strategy, Eq. (8) can be rewritten as

(9)
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where ∆λ is the loading incremental parameter, and the limit value of the total loading increment
parameter λ , λcr, can be used to represent the limit load-carrying capacity of structures.

With a comparison of Eq. (5) to Eq. (8), it can be found that the nonlinear equivalent static
equilibrium equations at t +∆t are similar to the nonlinear static equilibrium equations. Thus, the
same methods, the arc-length method, to solve the nonlinear equivalent static equilibrium equations
of Eq. (8) can be used to solve the nonlinear equivalent static equilibrium equations of Eq. (5).

To each time interval ∆t, Eq. (5) can be written in a incremental form. This is, at the initial
iterative step of the i-th incremental step, it can be expressed as

(10)

where,

(11)

(12)

(∆λj ) i is the loading incremental parameter at the j-th iterative step of the i-th incremental step.
Since the equivalent loading reference vector  is different at each iterative step, (∆λj ) i

will be modified in each iterative step, which can be called “a dynamic loading incremental
parameter” (Li and Shen 2001).

A nonlinear analysis technique combining the Spherical Arc-Length method (or named as the
Arc-Length-Crisfield method) with Riks-Wempner Normal method has been proven efficient for
such structures with a steady ability (Li, et al. 1997). In this paper, this method was used.

In using the Spherical Arc-Length method combined with the Riks-Wempner Normal method, the
initial loading incremental parameter at each incremental step is calculated as

(13)

And the controlling equation for the arc-length increments is given by Li and Shen (1997):

(14)

where N1 is the number of the iterative steps for optimum, generally it equals 2. N2 is the number of
the iterative step in the last incremental step, but not bigger than 10.  is the pre-determined
increment of the current stiffness parameter, usually in a range of 0.05~0.1; β is selected from
0.5~0.1, with a higher value taken for greater nonlinear degree and vice versa, generally it equals
0.8. βε ={log10ε i−1}/{log10ε0}, and it will equals 0.1 if . ε i−1 is the convergent precision
in the last incremental step, and ε0 is the pre-determined convergent precision.

A new simple criterion for determining the sign of the initial loading incremental parameter
presented by Li and Shen (1997), is used in this paper as:
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(15)

where Sp is the current stiffness parameter of the structures, and n is the number of the snapping
back points before the current step in the equilibrium path.

3. Computational program and numerical example

According to the above strategy, a nonlinear dynamic analysis program considered the updating of
large deformation has been developed by the authors. As a classic numerical example in stability
analysis, William’s Toggle was analyzed in this paper to check the efficiency of the program, as
shown in Fig. 1. In the static stability analysis, totally four elements and two elements were used to
check the efficiency of the Oran beam-column element for reticulated shells. Fig. 2(a) and Fig. 2(b)
give the curves of the load P vs. the deformation at apex A, δA, and load P vs. the horizontal
pushing force H, respectively. These results are consistent with other researchers’ work
(Chrescielewski and Schmiot 1985, etc.). At the same time, the results obtained by using only two
elements is almost as the same as that by using four elements, which shows the efficiency of the
Oran beam-column element theory in nonlinear analysis for reticulated shell structures.

With a mass of 15.0 kg at the apex A, nonlinear dynamic analysis under a normalized El-Centro

δλ0( )i
   1–( )n sign Sp( ) δλ0( )i   Sp 0≠( )

sign– δλ0( )i 1–( ) δλ0( )i   Sp 0=( )






=

Fig. 1 William’s Toggle (0.5Ltgβ = 9.804 mm, unit: mm)

Fig. 2 Results from static stability analysis
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earthquake wave in Z direction, as shown in Fig. 3, was conducted. Considering the maximum of
the acceleration values of the normalized El-Centro earthquake wave as 1.5 g (without instability)
and 5.0 g (with instability), respectively, the time-series results of the vertical displacement at point
A are given in Fig. 4. Compared to the static instability curve in Fig. 2(b), it was found from Fig.
4(a) and Fig. 4(b) that, with a maximum acceleration of 1.5 g, no dynamic instability phenomenon
occurred, and it is a normal nonlinear dynamic analysis. However, if the maximum acceleration
increased up to 5.0 g, the dynamic instability occurred several times and led to a final diverge of the
computation. It should be pointed out that, in the nonlinear static analysis, downward displacement
is defined as the positive value, while in the nonlinear dynamic analysis, upward displacement is
defined as positive.

4. Wind-induced vibration analysis for single-layer reticulated shells

4.1. Analysis model

A Kiewitt-type K6-12 single-layer reticulated spherical shell was chosen as the analysis model in
this paper, as shown in Fig. 5. The span L = 120 m, and the rise f = 40 m. The sections of all
elements in the model were assumed to be 200 mm diameter tubes with 8 mm thickness
(φ200 ×8 mm). All the joints on the bottom of the shell model were assumed fixed for all the six
degree-of-freedoms.

Fig. 3 A segment of normalized El-Centro earthquake wave in Z direction

Fig. 4 Time series results of the vertical displacement at point A 
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4.2. Wind tunnel tests and results

In order to know the characteristics of the wind load distribution on the spherical analysis model,
wind tunnel tests on a scaled model of the spherical shell according to the length scale in the wind
tunnel, 1:400, had been conducted in the Boundary Layer Wind Tunnel (BLWT) of Wind
Engineering Research Center, Tokyo Polytechnic University (WERC, TPU). It is a new open-circuit,
low-speed boundary layer wind tunnel with a test section of 1.8 m high and 2.2 m wide. With the

Fig. 5 Analysis model: A k6-12 single-layer reticulated spherical shell

Fig. 6 Wind profiles Fig. 7 Longitudinal PSD



42 Yuan-Qi Li and Yukio Tamura

widely-used spire-roughness technique, the wind profile corresponding to Terrain type III (α = 0.20)
were simulated successfully (Li, et al. 2002), as shown in Fig. 6. In Fig. 6, the continuous lines
without marks are based on Architectural Institute of Japan, AIJ, Er = U(z)/ , which is the
vertical distribution coefficient of windspeed in the flat uniformly rough (FUR) terrain,  is the
windspeed at 10 m high above Terrain type II. Fig. 7 gives the longitudinal power spectral density
(PSD) distribution of wind speed measured in the wind tunnel, which shows a good consistency
with well-established Von Karman expression (1948). Fig. 8 shows a picture of the wind tunnel
tests. Fig. 9 gives the size of the spherical shell model and the distribution of the measuring taps on
its surface. As usual, wind speed and corresponding velocity pressure at the height of the apex of
the shell model are taken as the reference wind speed and the reference pressure for calculating wind
pressure coefficients. In addition, the test wind speed was about 10 m/s.

Fig. 10 gives the measured results of the mean and the fluctuating wind pressure coefficient

U10

Π

U10

Π

Fig. 8 Picture of the wind tunnel test

Fig. 9 The spherical shell model for wind tunnel tests and numbering of the measuring taps
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distributions. From Fig. 10 it was found that most area of the shell surface has suction pressure
except for a small part in the windward side with positive pressure.

4.3. Expanding time-series wind pressure data

For single-layer reticulated shells, it is necessary to expand the measured mean or fluctuating
wind pressure data of the limited measuring points to all the structural nodes on the surface of shell
in order to conduct a static or dynamic structural analysis, since the effect of load distribution is
very important, especially for static or dynamic stability analysis.

For the mean and the fluctuating wind pressure distribution, they can be expanded by numerical
interpolation simply. However, it is not acceptable to get the time-series data of wind pressure at
each node in the same way. Using the obtained orthonormal eigenvectors by the Proper
Orthogonal Decomposition (POD) method as a coordinate system of the measured wind pressure
field, expanding the wind pressure data to each point on the whole surface of the model based on
the results from the wind tunnel test can be carried out for a dynamic analysis of its corresponding
prototype structure conveniently within an acceptable error (Tamura, et al. 1999, Uematsu, et al. 1997
and 2001). By utilizing the orthogonality of the eigenvectors obtained by proper orthogonal
decomposition as the M deterministic coordinates, the expanded fluctuating wind pressure field can
be expressed as

(16)

where, {φm
e } is the m-th expanded orthonormal eigenvector with n dimension, m = 1, 2, ..., M, and

i = 1, 2, ..., n, and n is the number of nodes in the analysis model. am(t) is the m-th principal
coordinate given by

pi
e t( ) am

m 1=

M

∑ t( )φmi
e=

Fig. 10 Distribution of mean and fluctuating wind pressure coefficients
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Fig. 11 Comparison of the reconstructed fluctuating wind pressures with the measured results
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(17)

where, pi(t) is the measured wind pressure data at point i, i = 1, 2, ..., N, N is the number of
measuring points; {φmi} is the original m-th orthonormal eigenvector obtained from the proper
orthogonal decomposition of the correlation coefficients matrix of the measured wind pressure field;
∆si is the representative area at point i.

Fig. 11 gives a comparison of the reconstructed results of wind pressure using the first ten
modes and the first 80 modes, respectively, with the measured results in the wind tunnel.

From Fig. 11 it was found that, for the reconstructed data of the points near to the apex of the
spherical shell (e.g., Point 1), the results from the first teen modes and from the first 80 modes are
almost the same, while for the reconstructed data of the points near to the bottom of the shell
model, especially the points on the leeward side (e.g., Point 77), the results from the first ten
modes and from the first 80 modes are really different, in which the latter has a much better
consistency with the measured results. This also means that the first several modes are
representative of total distribution of wind pressure distribution on the surface, while the other
high-order modes are just helpful to the local distribution. In this case, in order to get acceptable
expanded results, more than the first 20 modes should be considered with a cumulative
contribution of the modes near 90%.

4.4. Nonlinear dynamic analysis

Using the nonlinear finite element program developed by the authors, nonlinear wind-induced
vibration time-history analysis for the single-layer reticulated spherical shell under the measured
wind load distribution was conducted. Fig. 12 gives a comparison between the nonlinear and the
linear dynamic analysis results when the total loading increment parameter λ = 6.0 under a
combination of wind load and dead load, in which the continuous lines are corresponding to the
nonlinear dynamic analysis using the program developed by the authors, and the dashed line are
corresponding to the linear dynamic analysis using a standard FEM software. Here, the design
basic wind pressure w0 = 0.5 kN/m2, which corresponds to a design wind speed Vh = 28.3 m/s2,
was assumed. At the same time, the distributed dead load was assumed to be 1.0 kN/m2.

As shown in Fig. 12, the nonlinear dynamic analysis results by the authors’ program are well
consistent in character with the results from linear dynamic analysis by the standard FEM
software, which indicates the correctness of the theory and the program used in this paper.
Moreover, the amplitude, or peak displacements obtained from the nonlinear dynamic time
history analysis are obviously larger than that from linear analysis, especially at the vertex of
shell in Z direction, which means that a nonlinear dynamic analysis considering large deformation
of structures needs to be carried out for such type of structural system with certain flexibility.

am t( )

pi

i 1=

N

∑ t( )φmi∆si 

φmi
2

i 1=

N

∑ ∆si

-------------------------------------=
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4.5. Dynamic instability analysis

With the above strategy and the corresponding program, dynamic stability can also be investigated
conveniently through the characteristics of the equivalent current tangent stiffness matrix, and/or the
divergence of the computation, and/or the maximum deformation during the nonlinear iterative
analysis at each time step compared with the results from static instability analysis (Li and Shen
2001). Fig. 13 gives the results from dynamic stability analysis based on a proportional loading
strategy, in which a dynamic instability has occurred at 250.5s when the total loading incremental
factor, λ , was near to 10.0, i.e., λcr = 10.0. Generally speaking, dynamic stability analysis is an
effective way to check the effect of wind load on the stability of single-layer reticulated shells.
However, this kind of numerical analysis is a very time-consuming job, and only suitable for final
analysis.

Fig. 13 Dynamic instability analysis

Fig. 12 Comparison between the nonlinear and the linear dynamic analysis results
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5. Conclusions

For single-layer reticulated shells, as well as other large-span spatial structural systems, nonlinear
dynamic analysis considering large deformation for wind-induced vibration is necessary to be
carried out in some cases. In this paper, based on a comparison between nonlinear static and
dynamic analysis strategies, a practical framework for nonlinear dynamic time-history analysis
considering dynamic stability problems for single-layer reticulated shells was introduced. On the
help of the information of the wind pressure distribution on the surface of shells obtained from the
wind tunnel tests, time-series data of the wind loads at each node of the structures were generated
based on the proper orthogonal decomposition (POD) method. Using A K6-12 single-layer
reticulated spherical shell as an example, nonlinear windinduced vibration analysis was conducted.
Compared with linear time-history analysis results, the efficiency of the strategy and the
corresponding program was established. Furthermore, the necessity of nonlinear analysis for wind
induced vibration of large-span single-layer reticulated shells has been shown. With the strategy and
the corresponding program, dynamic instability problem could be investigated conveniently,
although it is a time-consuming job, which means such kind of analysis is only suitable to be a final
analysis in practical structural design processes.
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