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Modelling the Leipzig Wind Profile with a (k-£) model
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Abstract. The Leipzig Wind Profile is generally known as a typical neutral planetary boundary layer
flow. But it became clear from the present research that it was not completely neutral but weakly stable.
We examined whether we could simulate the Leipzig Wind Profile by usikg)atyrbulence model including

the equation of potential temperature. By solving analytically the Second Moment Closure Model under
the assumption of local equilibrium and under the condition of a stratified flow, we expressed the
turbulent diffusion coefficients (both momentum and thermal) as functions of flux Richardson number. Our
(k-€) turbulence model which included the equation of potential temperature and the turbulent diffusion
coefficients varying with flux Richardson number reproduced the Leipzig Wind Profile.

Key words: a weakly stable atmospheric boundary layer; Mellor-Yamada moklel) (hodel; Second
Moment Closure Model.

1. Introduction

Our final objective on this theme is to make up a numerical model which estimates a change in an
urban climate caused by urbanization. A model for an atmospheric boundary layer flevessary
as one of the preliminary stages for the achievement of our objective. In simulating an atmospheric
boundary layer flow, most meteorologists use models which include either an algebraic turbulence
length scale or an equation of the length scale. On the other hand, in the field of engineegng, the
equation (the equation of viscous energy dissipation rate) is mostly used instead of the length scale
equation. From the standpoint of engineering, it is desirable to use some model in which the
equation is used in place of the length scale equation. One of the purposes of this research is t
verify the possibility of estimating numerically a neutral (actually weakly stable) atmospheric boundary
layer flow by means of aK-¢) turbulence model. The other purpose is to investigate whether the
Mellor-Yamada model (level 2.5), which is popularly used in the field of atmospheric boundary
layer meteorology, is able to estimate an atmospheric boundary layer flow or not. The validity of
this model has not yet been made sure except the case of a surface layer flow in a stable atmospher
boundary layer.

The Leipzig Wind Profile is generally known as a typical neutral planetary boundary layer flow. If
we numerically estimate the wind profile by usingke) turbulence model under the condition of
equi-potential temperature, thik-§) model does not reproduce the measured wind profile as shown
in Fig. 1. The result from the Mellor-Yamada model (level 2.5) also deviates largely from the wind
profile. On the other hand, when we calculate the wind profile under the condition of equi-potential
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Fig. 1 Estimations of Leipzig Wind Profile by turbulence models without the equation of potential temperature

temperature by combining the turbulent energy equation with the Blackadar length scale (1962), the
result accords with the measured profile.

From the above facts, many researchers have been inferred that some modification gfor the
equation is necessary so as to estimate a neutral atmospheric boundary layer bykesirigraulence
model. There are several researches for modifications of dwiation, for example, Detering and
Etling (1985), Duynkerke (1988), Andren (1991), Apsley and Castro (1997), Xu and Taylor (1997,
a,b). When we reread in detail the papers on the Leipzig Wind Profile (Lettau 1950, 1962), it is,
however, mentioned in the papers that there was an increase in potential temperature of 0.35 degre
100 m during the wind profile measurement. This fact makes us infer that the Leipzig Wind Profile
was not completely neutral but weakly stable.

Noticing this fact, we examined whether we could simulate the Leipzig Wind Profile by using a
(k-€) turbulence model which included the equation of potential ¢eatpre and the modified
turbulent coefficients. The turbulent diffusion coefficients of dug)(turbulence model are derived
from the Second Moment Closure Model by Launder (1975). By solving analytically the Second
Moment Closure Model under the assumption of local equilibrium and under the condition of a
stratified flow, we express the turbulent diffusion coefficients (both momentum and thermal) as
functions of flux Richardson number.

We investigate in this research whether it is possible to reproduce the Leipzig Wind Profile by
means of the presenk-§) turbulence model without any modification of thequation. Moreover,
we compare ourkfe) turbulence model with the Mellor-Yamada model (level 2.5).

2. (k-g€) model and turbulent diffusion coefficients in this research

Table 1 shows the equations of mean wind velocities, mean potential temperature, turbulent energy
and viscous energy dissipation rate used in this research. We took the potential temperature
difference between the altitude 3000 m and the ground to be 10.5 degreasd the increase in
potential temperature of 0.35 degree/100 m was described in Lettau’s papers. We pick up the following
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Table 1 k-¢) model used in this research

(k-£) model in this research

du Jd . oug ov 2.9V
V-V + S o= —f(U-U)+ 2%
00 _ d 900 ok _ AL
- = = = =P+G—-c+———
ot = 920920 €3 & ™ 920,920 (Eq. 4)
de _ (&[] 9 [ 0¢[] - %{&ﬁ Vo E
> Cls(P+G)_C25£} T 5 P - VY + D
ot EkD{ 0z[b, 9z (Eq. 5) ozO ~ UpzO O (Eq. 6)
20 :
G = —pgv.5; v, = CD(Rf)g‘—E
z (Eq. 7) ¢ (Eq. 8)
: G
Vo = Ce(Rf)El(_E R = _E
€ (Eq. 9) (Eq.10)
parameters : Coriolis parametefr= 1.142-4 (1/s), roughnessz = 0.3 (m)
boundary conditions :
(1) at altitude 3000 m
U=Ug=17.51 (m/s), V=Vg=0, ©=293.5 K), dk/dz=0, de/dz=0
(2) at altitude 10 m
©=283.035K), &=ul/lg (Ig: Blackadar’s length-scale)
(3) at ground
U, V:logarithmic law, k= uEIJED (u. : friction velocity)
Table 2 Several kinds of turbulent diffusion coefficients
Type | Mellor-Yamada model level 2.5 (Yamada 1983)
Type Il Turbulent diffusion coefficients converted from those of Mellor-Yamada model (level 2.5) for
use in k-g€) model
Type llI Turbulent diffusion coefficients analytically derived from IP model, where the values of

coefficients are those of IP model. $%,(0) =0.115, Prt = 0.644.
casel £, =1.44
case2 ;.= 1.56, adjusted so asf=Cy—{k2/ 0:4/Co(0) }

Type IV Turbulent diffusion coefficients analytically derived from IP model, adjusted $o,@&3 =
0.09 andCy(0) =Cp(0) / Prt.
casel : Prt=0.644 (original IP model)
case2 : Prt=0.74 (Garrat 1992)
case3 : Prt=0.83 (Uedd al 1981)

Type V Turbulent diffusion coefficients analytically derived from IP model, adjusted €&,(@3=
0.09 andR= 0.25 (Sorbjan 1989). Parameters are PrtRand
casel : Prt=0.6R=0.5 case2 : Prt=0.6&8=0.8
case3 : Prt=0.7R=0.5 case4 : Prt=0.78=0.8
case5 : Prt=1.0,R=0.5

Type VI  Turbulent diffusion coefficients measured by Uetial (1981)
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three kinds of turbulent diffusion coefficient as shown in Table 2.

(a) coefficients converted from the turbulent diffusion coefficients by Yamada (1983) for use in
(k-€) model

(b) coefficients derived analytically from Isotropization of Production model (hereafter IP model)
by Launder (1975)

(c) coefficients measured by Uedgaal. (1981)

Cp(R) andCy(R) in case of (a) are expressed as follows,

g {0.1912- R)(0.2341- R))

0 0.449 for R<0.16
Co(R) = O (1-R)(0.2231-Ry) f (1)
H0.019 for R>0.16
EOSQlM for Ri<0.16
Co(R) =0 (1-R) T 2
E 0.0218 for Ri>0.16
O
R = E 0.658§R; +0.1776- ,/R?2—0.3221R, + 0.0315@;) for R;<0.195 (3)
5 0.191 for R =0.195

Eqg. (1) and Eqg. (2) are adjusted so t63{0) = 0.09 andP. =0.796.P, =0.796 is according to
Yamada (1983).

In case of (b), the analytical solutions of IP model can be obtained according to the method of
Yamada (1975). The coefficients in the bullent diffusion coefficients are expressed by the
following equationsSee Appendix on the detail of the derivation.

1R —R) (R, — Ry)

©R) = g, 0 1-R)(Ra—R) @
R.,—R
Co(R) = 3¢ (5)
2
R = (R + CRcl)—«/(Riz‘c':‘ CR:1)"—4CR;R ©6)

Re is a critical flux Richardson number at the turbulent diffusion coefficients desciitoee. Ve
investigate which kind of turbulent diffusion coefficients among those of the three types in Table 2
(Type I, IV and V) is the most suitable to reproduce the Leipzig Wind Profile.

The turbulent diffusion coefficients by Uedaal (1981) are
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0
Co(R) _ O(1+28R)" for R20 (7)
Co(0) 5(1_25&)“3 for R <0
Co(R) _ Co(R)(1-10R) (8)
Co(0)  Co(0) (1-Ry?
_ P4R(1-R)’
R = (1-10Ry) ©

whereP, = Cp(0) / Co(0) = 0.833.

3. Result and discussion

The model in Table 1 was computed by the finite difference method (forward difference in time and
central difference in space). A time step was decided by the stability analysis of the following equation

99 _ 9 1
Y vd22 (20)
The stability analysis of the following simultaneous equations was not done,
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Richardson number
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temperature and toulent kinetic energy.

We used the results from the isathal (-£) model (refer to Fig. 1) as the initial conditions for
U, V, k, ande. Concerning the potential temperature, we used the following initial condi@(z):
=10.465(¢—10) / 299097 + 283.035.

Figs. 2a,b show coefficientS, andCy in the turbulent diffusion coefficients used in this ssh.

In the following, we show and discuss the results.

3.1. Results with turbulent diffusion coefficients from the IP model
3.1.1. Type V in Table 2

In the case of Type V, we sélp(0) =0.09, R.=0.25(Sorbjan 1989) and todR; andR as
parameters. We deciddth (R) and Cy¢(R;) by estimating the values @, @p and @ using the
above parameters. Five cases (casel to case 5 in Type V) were calculated. The results were not |
accord with the measured wind profile ®wn in Fig. 8).

3.1.2. Type Il in Table 2

Fig. 3(b) shows how the adjustment of the coefficgptaccording to a change & (0) value
had an effect on the result. Though the adjustment had very little effect on the result, it brought a
better result than no adjustment. The both results were in accord witietteeired data.

3.1.3. Type 1V in Table 2

We investigated in Type IV how the results changed accordiRg talue. The results did not depend
on the change d?; as is shown in Fig. 3(c). The results were in accord with the measured data.

In consideration of the results from the subsections 3.1.1 to 3.1.3., weG#@%¢ andCy(Ry) of
Table IV (case2) as the best analytical solutions of the IP model, though its critical Richardson
number (0.33) was larger than the measured values (0.2~0.25).

3.2. Comparison between Type I, Type ll, Type IV(case2) and Type VI in Table 2

Fig. 4(a), (b)shows the results from Type I, Type I, Type(¢"se2) and Type VI in Table 2.

Type | is the result from the Mellor-Yamada model (level 2.5), Type Il from a conversion on
turbulent diffusion coefficients of the Melloravhada model (level 2.5) for use k&) model, Type

IV (case2) from the most suitable analytical solutions of IP model, and Type VI from the measured
data by Uedaet al (1981). Though the data by Ue@h al received no effect of the ground
reflection, the calculation result of Type VI did not accord with the measurement. (See Note). Type
Il and Type IV (case2) were in accord with the measurement. Type | (the Mellor-Yamada model
level 2.5) was a little inferior in accuracy to Type Il and Type IV (case2).

We decided the time step from the stability analysis of Eq. (10). We did not carry out the stability
analysis of the simultaneous Egs. (11) and (12). It was not always possible to decide a stable time
step from the stability analysis of these equations. We assume that this fact produced the
oscillations of the mean velocitiedd and V. However, the oscillations did not occur in the
atmospheric boundary layer to which we paid the attention. In practical computationpataibomal



Modelling the Leipzig Wind Profile with a €&-model 475

Vg Examination of Type V Ug Vg Examination of Type ill U’
3000 — e o 3000 S A e T ; T
[ ®  U(measurement) ', 1 g 5> C0)=0.115, Pri=0.644 §
2500 i ¢ V(measurement) ! 1 2500 L casel 16 =1.44 3
[ ~ U(case1) : ] [ = 1 3
[ >5 — V(casel) N k case2:c, =156
2000 ] -~ U(case2) 2000 s .
£ t / . xgg;::g)) E <> ®  U(measurement) g 1
g 1500 - — - V(case3) 1 8 1500 | = *  V(measurement) ; 2 .
£ 3 — — -U(cased) £ pss Ucase1) d ]
© [ — — -V(case4) © s <L —— V(casel) ]
R i TR U(caseS) S 1000 | ¥ U(case2) 7]
[ TeeN . V(case5) A V(case2) A
500 | %<5 ] 500 by T ///{‘ ]
L,
[ b - ]
[ ] { . v e ]
oo M L [ J E—— L PR L
10 15 20 0 10 15 20
wind velocity (m/s} wind velocity {m/s)
(@ (b)
v Examination of Type 1V u
3000 o r— : e
: ; ¢ U(measurement) % ]
o P +  V(measurement) -
2500 - R B U(casel) ]
S R IR V(casel)
_ 2000 Sy ——— U(case?2) 1
E - S — V(case2) ]
® F o —---U(case3) p
5 1500 o - ~—-V(case3) - < 1
“ 1000 ; <k casel : Pri=0.644 ]
F ) case2 : Prt=0.74 b
F cased: Pit=0.83 ]
0 b i A.,’/u/\'/‘/{./“ . .
s} s 10 15 20
wind velocity (m/s)
(©)
Fig. 3 (a) Examination of Type V (b) Examination of Type Ill (c) Examination of Type IV
Leipzig Wind Profile (U component) Leipzig Wind Profile (V component)
3000 ———— T . T — 3000 — T B L A R
&  U(measurement) : - | 1
2500 - -U(Type ) 2500 *  V(measurement) | —
: - U(Type I E - xgvpe ;3)
r | — U(Type IV case2) T ype | —
2000 F1 Ly itype Vi) 2000 —— V(Type IV case2) |~
E [ E — - V(type Vi) !
§ 1500 — g 1500 -
= A £ :
1000 [ ol 1000
500 f B ] 500 |
0 5 10 15 20 -1 0 1 2 3 4 5 6
U (m/s) V (m/s)
(a) (b)

Fig. 4 (a) Comparison on wind velocity between Type I, Type Il, Type IV (case 2), and Type VI in Table 2.
(U component) (b) Comparison on wind velocity between Type |, Type Il, Type IV (case 2), and Type
VI in Table 2. (V component)



476 H. Hiraoka

Leipzig Wind Profile (potential temperature)

Leipzig Wind Profile (flux Richardson number)
3000 ————

I — ] 3000 (o —~
t Type IV case2 / ‘ [ Type IV case2
2500 ~ 1 2500 r
2000 | ] 2000 |
e | e
§1500; /, 1 §1500: I
£ : 1S E
© —
1000 F // 1 1000 .
500 | : 500 1
i d ] i ]
0 L M N s o a1 0
282 284 286 288 290 292 294 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
potential temperature (K) Rf
Fig. 5 Computation of potential temperature Fig. 6 Estimation of flux Richardson number

domain is three dimensional. In such a case, the time step is decided by the stability analysis of
convection-diffusion equation. The time step decided by such a way prevents the oscillations for
z>1000 m. From the above reasons, we left the oscillations of velocities> @00 m.

3.3. Potential temperature

Fig. 5 shows the calculation result of potential temperature in the case of Type IV (case2) in
Table 2. The potential temperature calculated by the present model increases almost linearly with
altitude. The rate of increase is 0.35 ey per 100 meters. This is in accord with the
measurement. This accordance makes us presume that the effect of radiation was negligible
during the measurement.

3.4. Flux Richardson number

Fig. 6 shows the calculation result of the flux Richardson number in the case of Type IV (case2)
in Table 2. Flux Richardson number reaches the critical state at an altitude of about 300 meters. Fig
6 displays that the atmospheric boundary layer flow becomes strongly stable above this height. The
fact indicates that any neutral atmospheric boundary layer does not exit actually and that a so-callec
neutral boundary layer becomes more stable at higher altitude, even if the lower layer is neutral. It
also makes us infer that the length scale of Blackadar is not acceptable to a neutral boundary laye
but to a weakly stable one. This is discussed by é¢@d (1981) also.

4. Conclusions

1. The Leipzig Wind profile was not neutral but weakly stable. We indicated that for an estimation of
such wind profile it was necessary not to modify éheguation but to incorporate the equation
of potential temperature into the turbulence model.

2. We showed that the turbulent diffusion coefficients (both momentum and thermal) for a stably
stratified flow could be derived analytically from the IP model by Launder (1975).
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3. The turbulent diffusion coefficients converted from those of Yamada (1983) for ukes)n (
model also were effective to estimate accurately the Leipzig Wind Profile.

4. We clarified that the preserit-§¢) model was possible to estimate a neutral (actually weakly
stable) atmospheric boundary layer flow.

5. The Mellor-Yamada model (level 2.5) also was able to estimate a weakly stable atmospheric
boundary layer, though it was inferior to the pres&sg)(model in accuracy.

Note

Uedaet al (1981) measured ndfp(R)/Cp(0) but v(R)/w(0). They assumed:(0) = ku-z,
where k is von Karman constant (0.4 friction velocity, andz altitude. Though this difference
might be one of the causes leading to the discord with the wind profile, they utilized the following
empirical equation by Ellison and Turner (1960).

Co(Rr)/Cp(R) = (1-R/Re)/{P(1-R)}’ (13)

whereP,=0.833 andR.= 0.1 (Uedaet al 1981). When we found out the optimum valueggfin
the analytical solution of the IP model which best satisfied Eq. (13), the reGg{)(/ Cp(0) and
Co(Ry) / C¢(0)) were similar tor(Ry) / v(0) andve(R) / ve(0) by Uedaet al (1981). The results also
did not reproduce the Leipzig Wind Profile. This fact makes us assume the data bytUsda
(1981) are unfit for an estimation of an atmospheric boundary layer flow.
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Appendix : Analytical solution of IP model

In case of a stratified flow under the condition of local equilibrium, IP model is expressed as follows,

ot = ¢ffH - aug, + podu. (ap.1)
0T, = g ST, + 5PO0 |+ 5k (@2
6u, = gg{— (pw@g?j—f — 0,(2R) %Epge_w?j—i (@p-3)
6u, = —%H(pwlm?j—(} (nge_m?j—ﬂ (ap.4)
£ = —GUS + Bodu, = U o (1-R) (ap.5)

where = (1-c,) / ¢1, @o=1/Ci and@= (1-Cog) o= (1-Cog)/ C1o- The coefficientg;, c,, ¢;g andc,g are those
in IP model. See Launder (1989).
The above five equations can be solved according to the method of Yamada (1975).

2 2
Assumingu,u, = —v‘?j—LZJ, v, = CD(Rf)k; andu, = —vgdd—(i , Vo= Cg(Rf)k; , then the coefficieds

andCg are expressed as follows,

I—alazl_(Rcl _ Rf)(Rcz —_ Rf)
“Da, O(1-R)(R,—R)

Co(R) = (ap.6)
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Co(R) = ame= 7
(R) = ai— (ap.7)
- al(Rcl _ Rf) Rf
R =@, R.-R @p-8)
R+cR,)—./(R—cR)*—4cR R
R = (R¥CR) [ ) 0.9)
2c
where

a,

c = (pa— (ap.10)
2

a, = 3(1+29) + g, (ap.11)
_ 2

a = é(ple(l + Z(P) + (pze(zR) (ap12)
2

& = 30,(1+9) +¢,(2R) (ap.13)
_ 2

R, = 5(1—(p)/a1 (ap.14)
_2

Rcz - 3([)19(1—([))/8.2 (ap.15)
-2

Rc3 - 3([)19(1—([))/8.3 (ap.16)

When Cp(0) = 0.09 andC4(0) =Cp(0) / P, thengp=0.161 andpe=0.161P,.

Notation

U,V  :mean velocity

Uy, Vy : geostrophic wind

©] : mean potential temperature

k : turbulent energy

€ : viscous energy dissipation rate
Us : friction velocity

f : Coriolis parameter

2 : roughness length

B : coefficient of cubical expansion
K :von Karman constant

R : gradient Richardson number
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: flux Richardson number

: critical R

: turbulent Prandtl number &=0

1 ((87(2€,)) (k! €): time ratio(We tookR as 0.5.)
: variance of turbulent potential temperature

: a(06/ ox)’

: thermal diffusivity.
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