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1. Introduction 

 

In recent years, the use of wind turbines has become 

widespread in both offshore and onshore structures and has 

a significant place among renewable energies and extensive 

studies have been done in recent decades (Anup et al. 2020, 

Liu et al. 2020, Malz et al. 2020, Schaffarczyk 2020, Yusof 

and Mohamed 2020). Wind turbines not only must have 

high resistance to static loading but also dynamic loading. 

The behavior of wind turbines under earthquake loads must 

be accurately determined for the wind turbines to continue 

their functions immediately after the earthquakes. It is 

important to determine dynamic parameters that determine 

the behavior of the wind turbine under earthquake loads and 

tornadoes (AbuGazia et al. 2020, Wang and Ishihara 2020). 

There are many studies in the literature on the dynamic 

behavior of wind turbines, which some of them are 

summarized below. 
Makarios and Baniotopoulos 2014, 2015 were studied 

the role of a fully and partially fixed foundation on modal 

analysis of a prototype wind energy tower by applying the 

continuous model method.  

Adhikari, Bhattacharya 2012 were proposed a simplified 

approach for the free vibration analysis of wind turbines on 

a flexible foundation. They derived a closed -form 

expression of the characteristic equation governing all the 

natural frequencies of the system based on Euler-Bernoulli  
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beam-column with elastic end supports. Manenti and Petrini 

(2010) introduced a finite element model for coupled wind-

waves analysis and the results of the dynamic behavior of a 

monopole-type support structure for offshore wind turbines 

were given. Wang et al. (2017) considered the nacelle as a 

mass with 2 degrees of freedom the tower as a beam with 

elastic end support. They used the Euler–Lagrangian 

approach and also applied interaction effects between the 

nacelle and the tower and the effects between the tower and 

the foundation during model formulation. 

The transfer matrix method (TMM) is another analytical 

method to analyses the buckling and vibration of turbine 

wind towers (Dong et al. 2012, Rezaei et al. 2012, Meng et 

al. 2013, Feyzollahzadeh and Mahmoodi 2016, Rui et al. 

2018). (Feyzollahzadeh and Mahmoodi, 2016) presented 

TMM for vibrations analysis of wind turbine towers. In 

another research, Feyzollahzadeh et al. (2016) used TMM 

to determine the wind load response of wind turbines. They 

modeled wind turbine foundation using CS, DS and AF 

models and axial force are modeled as a variable force 

along with the tower. They compared results with FM 

results in the literature. 

On the other hand, the differential transformation 

method (DTM) is an alternative method for solving 

differential equations. DTM was first introduced by Zhou 

(1986). A number of studies on the method have been 

presented in the literature (Abualnaja 2020, Adeleye et al. 

2020, Bekiryazici et al. 2020, Gireesha and Sowmya 2020, 

Hamada 2020, Sobamowo et al. 2020). Dado (2005) 

investigated prismatic as well as non-prismatic beams for 

large deformations under several loading conditions. It was 

based on representation of rotation angle by a polynomial of  
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the position along the deformed axis of beam. Mutyalarao et 

al. (2010) considered a uniform cantilever beam for large 

deformation, subjected to a concentrated load at tip and 

having an inclination normal to the deflected beam axis. 

Mawphlang et al. (2020) investigated the buckling behavior 

of nonuniform carbon nanotubes using the differential 

transformation method. The accuracy of the results revealed 

that differential transformation method is useful and 

convenient for studying the buckling behavior of 

nonuniform carbon nanotubes for various boundary 

conditions compared to other analytical methods.  

In this study, a formulation for the free vibration 

analysis of wind turbines is proposed by the differential 

transformation method. The following assumptions have 

been made in the derivation of the wind turbine formulation 

and its modelling as a variable cross-section bending beam: 

• The shear deformations are neglected. 

• The material is assumed to be linear elastic. 

• Geometric nonlinear effects are neglected. 

At the end of the study an example which taken from the 

literature was solved with the presented method and the 

results are compared by the literature and finite element 

modelling software, ABAQUS. Results of the finite element 

model and DTM are compared with each other and the 

results are in good agreement. 

 

 

2. Physical and mathematical modelling 
 

Multi-story buildings and tower-type buildings can be 

modeled as an equivalent beam under certain assumptions. 

This type of modelling can be used safely in the preliminary 

stage. At the same time, with this type of modelling, the 

structural behavior that is overlooked due to the high 

number of elements in the finite element method, can be 

easily understood with a few parameters. Wind turbine type 

structures can be represented as an equivalent cantilever 

beam under earthquake loads. Such structures can be 

modeled as an equivalent cantilever Timoshenko beam, 

including rotary inertia and shear displacements effects. 

However, such structures can be modeled as an equivalent 

Euler-Bernoulli beam, as the rotary inertia effects and shear 

displacements effects are negligible (Jahanghiry et al. 

2016). 

Fig. 1 shows a typical wind turbine built in Çanakkale 

Geyikli (Turkey). 

In this study, the wind turbine can be modeled as a 

continuous flexural beam with a variable cross-section. The 

wing weight is applied to the top of the tower as a point 

mass in the model. 

In this system, the lateral and the torsional vibration are 

uncoupled because the center of mass coincides with the 

shear center. 

a) Lateral Vibration 

The differential equation of the variable cross-section 

flexural beam shown in Fig. 1 in the case of lateral free 

vibration is written as follows (Makarios and Baniotopoulos 

2014, Makarios et al. 2016). 

 (1) 

where E is the modulus of elasticity, y(z) is the lateral 

displacement function. Moment of inertia, I(z), and 

distributed mass, ρA(z), variations along the height of the 

structure are considered parabolic as given below. 

 (2) 

 (3) 

The moment inertia function at the base of the wind 

turbine is written as follows. 

 (4) 

Similarly, the value of the mass distribution function on 

the wind turbine base is found as follows. 

 (5) 

If the Eqs. (2) and (3) are placed in (1), the differential 

Eq. (6) is obtained. 

 (6) 

After taking the necessary derivatives in the differential 

Eq. (6) and making the arrangement, the Eq. (7) is obtained. 

 (7) 

The boundary conditions of Eq. (7) are the displacement 

and slope at the base and the bending moment and shear 

force at the top of the wind turbine tower are zero which 

mathematically are shown below. 

 (8) 

 (9) 
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Fig. 1 Overview and schematic of the investigated wind 

turbine in analysis 
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 (10) 

 (11) 

The last term in Eq. (11) indicates the inertia force of the 

mass of the wings at the peak. The following transformation 

can be applied for the vertical axis set to make the equations 

dimensionless. 

 (12) 

The differential Eq. (7) was converted to the Eq. (13) 

using the transformation (12) for ease of calculations. 

 (13) 

The Eq. (14) is used to shorten the differential Eq. (13). 

So, Eq. (15) can be delivered. 

 (14) 

 
(15) 

If the transformation (12) is applied at the (8), (9), (10), 

(11) and boundary conditions, i.e., Eqs. (16)-(19), we have 

 (16) 

 (17) 

 (18) 

 
(19) 

b) Torsional vibration 

Free vibration in the state of torsion in the turbine can be 

written by the following differential equation 

 (20) 

where  is the torsional rotation function, GJ(z) is the 

torsion rigidity and I0 is the mass moment of inertia and 

calculated as follows: 

 (21) 

Using Eqs. (20) and (21) we obtained: 

 (22) 

Eq. (25) is obtained by accepting changes for J (z) and 

ρJ (z) shown in Eqs. (23) and (24). 

 (23) 

 (24) 

 (25) 

If necessary arrangements are made in Eq. (25), Eq. (26) 

is derived. 

 (26) 

The boundary conditions required for the solution of the 

second-order differential Eq. (26) are given below. 

 (27) 

 (28) 

Eq. (29) is obtained after applying transformation given 

by Eq. (12) in differential Eq. (28). 

 (29) 

After the abbreviations are made, Eq. (31) is obtained. 

 (30) 

 
(31) 

Similarly, if the transformation Eq. (12) is applied to 

(27) and (28) boundary condition Eqs. (32) and (33), we 

have 
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 (32) 

 (33) 

 

 

3. Solution with differential transform method 
 

Many numerical methods have been developed for the 

solution of partial and ordinary differential equations in 

engineering and mathematics (Ghaderi et al. 2015, Maleki, 

Mohammadi 2017, Atangana and Araz 2020, Bermúdez et 

al. 2020, Fryklund et al. 2020). One of these methods is the 

differential transform method, which can be described as a 

semi-analytical method. Differential transform method is a 

practical and easy to apply method. For this reason, in this 

study, the differential transform method was used for the 

dynamic analysis of wind turbines. 

In the differential transformation method, the function 

whose solution is sought is expressed as a power series and 

the coefficients of the power series are calculated 

recursively with an applied transformation.  

According to the differential transformation method a 

function y is written as (Rajasekaran 2009, Bervillier 2012); 

 (34) 

where the Y function is defined as follows: 

 (35) 

Derivative expressions can be written as follows 

according to the differential transformation method 

 (36) 

 

(37) 

If the differential transformation method is applied to 

the differential Eq. (15), the equation given below is 

obtained. 

 (38) 

R1, R2, R3, R4, and R5 are defined as below 

 (39) 

 

(40) 

 (41) 

 (42) 

 (43) 

If DTM is applied to the boundary conditions (16) and 

(17), Eqs. (44) and (45) are obtained. 

 (44) 

 (45) 

If DTM is applied to the boundary conditions (18) and 

(19), Eqs. (46) and (47) are obtained. 

 (46) 

 
(47) 

If Eq. (38) is applied recursively all unknowns written in 

Y[2] and Y[3] . If the coefficients Y[k] in the equations (46) 

and (47) are written in terms of Y[2] and Y[3], the matrix 

Eq. (48) is obtained. 

 (48) 

The 𝝎 values providing the matrix Eq. (48) give the 

lateral vibration frequencies of the wind turbine. After the 

natural frequency is found, the mode shape is found using 

the Eq. (38) and Eq. (34). 

In the torsional state, similarly, if DTM is applied in Eq. 

(31), 

 (49) 

Z1, Z2, Z3, and Z4 are defined as follows, respectively. 

 (50) 

 (51) 

 (52) 

 (53) 

Eq. (54) is derived by applying DTM to the boundary 

condition (32), 
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condition (33), equation (55) is obtained. 

 (55) 

Ф [1] is selected as unknown and all other unknowns are 

written in Ф [1] using Eq. (49). 

If DTM is applied to the boundary condition (55), the 

following transcendent equation is obtained. 

 (56) 

 

 

4. Wind turbine analysis in case of partial fixed 
foundation 
 

In the case of a partially rigid foundation, a rotation 

spring is added under the wind turbine to represent the 

foundation rotation. In the case of a partially fixed 

foundation, only the boundary conditions will change in the 

analysis.  

In this case, the boundary condition (9) will change as 

follows. 

 (57) 

This equation can be written in dimensionless form as 

below. 

 (58) 

If differential transformation is applied to equation (58), 

equation (59) is obtained. 

 (59) 

Eq. (59) can be written as follows. 

 (60) 

The delta in Eq. (60) is defined below 

 (61) 

 

 

5. Finite element modelling 
 

The finite element method is one of the numerical 

methods used to solve complex engineering problems. In 

recent years, due to significant developments in the field of 

finite element simulation software, this field has been able 

to easily simulate laboratory work in specialized software 

environments and even study the behaviour of structures 

Under different payloads without the need for laboratory 

models. ABAQUS software is one of the most powerful 

engineering analysis software in the field of finite element 

analysis.  
A finite element vibration analysis of wind turbine tower  

 

Fig. 2 geometrical properties and ABAQUS model of the 

wind turbine tower 

 

Table 1 Periods of the tower with different modes 

Mode DTM 
SAP2000  

(Makarios et al. 2016) 
Error (%) FEM 

1 2.69 s 2.59 s 3.86 2.59 s 

2 0.35 s 0.33 s 6.01 0.38 s 

3 0.13 s 0.13 s 0.0 0.14 s 

4 0.12 s 0.12 s 0.0 0.12 s 

 

 

is carried out using ABAQUS software. The tower is 

modelled by shell elements and S4 quadrangular element 

was employed in the analyses. The mesh of the shell models 

was refined until further refinement did not lead to 

significant variations in the results. Tower height is 80 m 

and the diameters of the tower are 4.3 m and 3 m and shell 

thickness is 30 mm and 12 mm at the bottom and top, 

respectively. The element size is considered as 0.5 m. 

Modulus of elasticity and density for steel is 210 GPa and 

7800 kg/m3. The self-weight of the tower is 1480 kN. The 

bottom of the tower is considered clamped as a boundary 

condition. The self-weight of the blade is applied 108.76 

tonnes and 241.78 tonnes in x and y axes as a point mass at 

the top of the tower, respectively. Fig. 2 shows that the 

geometrical properties and ABAQUS model of the wind 

turbine tower. 

 

 

6. Results and discussions 
 

To investigate the suitability of the method presented in 

this section, the wind turbine example taken from the 

literature is solved with the presented method and compared 

with the literature. Besides, the same example was modelled 

with the ABAQUS program and the results were compared. 

Mw wind turbine sample height is 80m and the total 

height of the wind turbine with rotor and blades is 125 m.  
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Fig. 3 Model of the prototype wind energy tower and the six 

first mode shapes 

 

 

Fig. 4 Effect of foundation stiffness on the values of the 

natural frequencies of the under study tower 

 

 

The diameter of the turbine is 4.3 m at the bottom and 

decreases linearly to 3 m at the top of the structures. The 

thickness of the turbine decreases linearly along with the 

construction height from 30 mm to 12 mm. The steel grade 

is S355 and the modulus of elasticity is E = 210 GPa. The 

blade weight is 1067 kN and is defined as 0.50 m below the 

peak of the turbine. The lateral and torsional periods 

calculated by DTM and finite element modelling are given 

in Table 1. The first, second and fourth modes are lateral 

vibration mode and the third mode is torsional vibration 

mode.  

It is seen from the table that the period values found by 

the method presented in this study are sufficiently 

converged with the results given in the literature and the 

results obtained from the ABAQUS program. The range of 

error is below 5% in four modes. 

 

 

7. Conclusions 
 

In this study, DTM is applied for free vibration analysis 

of variable section wind turbines. With the presented 

method, lateral and torsion frequency values can be 

determined quickly and practically. At the end of the study, 

it was observed that DTM method yielded sufficiently close 

results to the finite element solution. The presented method 

can be used easily in the preliminary stage. Also, the 

proposed method was found to be very useful in 

determining the vibration behavior of the wind turbine with 

few parameters. 

Mode shapes can also be found with the presented 

method. After the mode shapes are found, dynamic 

parameters such as modal participation factor effective 

mass ratio can also be found. The forces and displacements 

in the wind turbine can be calculated with the help of these 

dynamic characteristics. The results show that the torsional 

mode shapes has a significant effect on the mechanical 

behavior of this turbine and therefore in the design and 

construction of these turbines, the torsional strength of the 

structure should also be considered. 

The presented approach can also be developed 

according to the Timoshenko beam model. Also in the 

presented model, the effect of the foundation on the 

dynamic behavior of the wind turbine can be taken into 

account. For this, the rotational and translational effect of 

the foundation can be taken into account in boundary 

conditions by using spring stiffness. 
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