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1. Introduction 
 

Carbon nanotubes has many applications in different 

industries due to the high hardness-to-weight and strength-

to-weight ratios and other better properties compared with 

traditional isotropic ones. These structures can be used in 

aircraft, helicopters, missiles, launchers, satellites and etc. 

During the last 5 decades the application of sandwich 

structures with light core and two thin fasesheets have been 

extensively investigated. 

There are many works in the literature for instability 

induced by fluid flow on different structures. Ryu et al. 

(2004) studied vibration and dynamic stability of 

cantilevered pipes conveying fluid on elastic foundations. 

Amabili (2008) studied vibration and stability of cylindrical 

shell conveying fluid using different theories. The 

instability of simply supported pipes conveying fluid under 

thermal loads was studied by Qian et al. (2009). A 

relatively new semi-analytical method, called differential 

transformation method (DTM), was generalized by Ni et al. 

(2011) to analyze the free vibration problem of pipes 

conveying fluid with several typical boundary conditions. 

Instability of supported pipes conveying fluid subjected to 

distributed follower forces was investigated by Wang 

(2012) based on the Pflüger column model. Marzani et al. 

(2012) investigated the effect of a non-uniform Winkler-

type elastic foundation on the stability of pipes conveying 

fluid fixed at the upstream end only. The dynamics of fluid-

conveying cantilevered pipe consisting of two segments 

made of different materials was studied by Dai and Ni 

(2013), focusing on the effects induced by different length 

ratios between the two segments. An analytical study of the  
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velocity profile effects for a straight pipe was presented by 

Kutin and Bajsić (2014). A numerical simultaneous solution 

involving a linear elastic model was applied by Sun and Gu 

(2014) to study the fluid-structure interaction (FSI) of 

membrane structures under wind actions. The unsteady 

fluid-structure interaction (FSI) problems with large 

structural displacement were solved by He (2015) using 

partitioned solution approaches in the arbitrary Lagrangian-

Eulerian finite element framework. Rivero-Rodriguez and 

Pérez-Saborid (2015) carried out a numerical investigation 

of the three dimensional nonlinear dynamics of a 

cantilevered pipe conveying fluid in the presence of gravity. 

Texier and Dorbolo (2015) described the deformation of an 

elastic pipe submitted to gravity and to an internal fluid 

flow. Maalawi et al. (2016) enhanced the pipe overall 

stability level and avoid the occurrence of flow. Ghaitani 

and Majidian (2017) addressed vibration and instability of 

embedded functionally graded (FG)-carbon nanotubes 

(CNTs)-reinforced pipes conveying viscous fluid. Structural 

model for a slender and uniform pipe conveying fluid, with 

axially moving supports on both ends, immersed in an 

incompressible fluid, was formulated by Ni et al. (2017). A 

hybrid method which combines reverberation-ray matrix 

method and wave propagation method was developed by 

Deng et al. (2017) to investigate the stability of multi-span 

viscoelastic functionally graded material (FGM) pipes 

conveying fluid. 

Critical fluid velocity of the nanocomposite laminated 

pipes conveying fluid has not been investigated by any 

researcher. So in this research, for the first time, the critical 

fluid velocity response of the nanocomposite laminated pipe 

conveying turbulent fluid is studied based on classical 

theory of shell. Mixture method is used to evaluate the 

material properties of the nanocomposite. The viscosity and 

perturbation forces of the fluid are assumed by momentum 

equations. The critical fluid velocity of the structure is 

derived using DQM. In present study, effect of various  
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Fig. 1 Schematic of laminated nonocomposite pipe 

conveying fluid embedded in viscoelastic medium 

 

 

parameters like volume percent of CNTs, boundary 

conditions, geometrical parameters of pipe, internal fluid on 

the critical fluid velocity of the structure is presented. 

 

 

2. Formulation 
 

In Fig. 1, a laminated pipe conveying turbulent fluid 

flow embedded in viscoelastic medium is shown. Each 

layers of the pipe are reinforced by CNTs as functionally 

graded. The pipe has length of L, radius of R and thickness 

of h.  

Based on classical shell theory, the displacement fields 

of the pipe are (Amabili 2008) 
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where ( wvu ,, ) are the middle displacements. The strain-

displacement relations of the structure are 

0 1

0 1

0 1

,

xx xxxx

x x x

z  

  

 

  

  

    
    

      
     
     

 (4) 

Where 

,
2

1

2

1

2

2

0

0

0





















































































































R

w

x

w

R

u

x

v

R

w

R

w

R

v

x

w

x

u

x

xx

 

(5) 

21

2
1

2
1

2 2

1
2

1

,

2

xx

x

xz

z

w

x

w

R

w

R x
















 

  
   
  

  
   

   
   
   

    
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Based on Hook law, the stresses of the pipe are 
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(7) 

where the elastic constants of Eij can be obtained by 

Mixture rule as 
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where Er11, Er22 and Em are Young’s moduli of CNTs and 

matrix, respectively; Gr11 and Gm are shear modulus of 

CNTs and matrix, respectively; VCNT and Vm show the 

volume fractions of the CNTs and matrix, respectively; ηj 

(j= 1, 2, 3) is CNT efficiency parameter for considering the 

size-dependent material properties. Noted that this 

parameter may be calculated using molecular dynamic 

(MD). However, the CNT distribution for the mentioned 

patters obeys from the following relations 
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Noted that Poisson’s ratio is assumed as constant. The 

potential energy can be written as 
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By substituting strains into Eq. (10) yields 
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where the force and moment resultants are 
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where N in the number of layers. The kinetic energy may be 

expressed as 
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By substituting Eqs. (1) - (3) into (14) yields 
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The external work due to viscoelastic medium is 
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where kw, kg and cv are spring, shear and damp constants of 

viscoelastic foundation. In a fully developed turbulent pipe 

flow, the momentum equations are (Reddy 2004, Amabili 

2008) 
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where , ,r xv v v are the turbulent fluctuating velocity 

components in the r, θ and x directions, respectively; μe is 

the fluid viscosity. After lengthy mathematical 

manipulations, the pressure in the r and x directions can be 

expressed as 
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where Uτ is the shear velocity which can be given as 
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where τw is the fluid frictional force per unit area on the 

pipe and f is the Darcy friction factor which may be 

calculated using Colebrook's implicit expression as follows 
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where ε, D and Re are respectively, pipe surface roughness, 

pipe diameter and Reynolds number. The work done due to 

viscosity effect can be expressed as 
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Based on linear potential flow theory, the perturbation 

pressure induced by fluid can be given as fluid 
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Assuming that there is no cavitation at the fluid-pipe interface, 

the boundary condition between the pipe wall and the flow is 
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in which w is the transverse deflection of the structure. 

Using the method of variables separation, the potential 

function (2Φ) in conjunction with boundary condition of 

(26b) can be solved as 
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in which I’n is first derivative of In. Substituting Eq. (27a) 

into Eq. (26a) yields 
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The governing equations of the structure are derived using 

the Hamilton’s principle which is considered as follows 
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Now, by applying the Hamilton’s principle we have 
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By integrating the stress-strain relations we have 
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The boundary conditions are taken into account as below 
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3. Solution method 
 

Utilizing DQ method, we have (Madani et al. (2017), 

Motezaker and Kolahchi 2017) 
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where Nx and NƟ denote the number of points in x and θ 

directions, f (x, Ɵ) is the function, and Aik, Bjl are the 

weighting coefficients which are in Madani et al. (2017). 

Finally, the motion equations are 
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 (45) 

Where KL, KNL, C, M, db and dd represent the linear stiffness 

matrix, the nonlinear stiffness matrix, the damping matrix, 

the mass matrix, the boundary points and domain points, 

respectively. 

 

 

4. Numerical results and discussion 

 
For parametric study, a pipe made from Poly methyl 

methacrylate (PMMA) is selected with Poisson’s ratios of 

Vm=0.34, and Young moduli of  E_m=3.52GPa which is 

reinforced by CNTs with the density of  ρCNT=6700 kg/m3, 

elastic constants of 𝐸11
𝐶𝑁𝑇 =

5.6466(TPa) and 𝐺12
𝐶𝑁𝑇=1.9455(TPa).  

 
4.1 Validation 

 
For validation of our results, the laminated layers, fluid, 

CNTs and viscoelastic foundation are neglected and 

frequency of classical cylindrical shells is obtained based on 

DQM. The structure parameters of the classical shell 

assumed as h/R=0.01, L/R-20, E=210GPa, v=0.3, ρ=7840 

Kg/m3. As can be seen from Table 1, the obtained results are 

close to those expressed in Qu et al. (2013) and Tang et al. 

(2016), indicating validation of our work. 

 
 

Table 1 Validation of present work 

n Qu et al. (2013) Tang et al. (2016) Present 

1 0.016103 0.016101 0.016234 

2 0.009382 0.011225 0.011714 

3 0.022105 0.022310 0.024903 

4 0.042095 0.042139 0.044935 

5 0.068008 0.068024 0.070857 

6 0.099730 0.099738 0.102591 

7 0.137239 0.137240 0.140108 

8 0.180528 0.180530 0.183402 

9 0.229594 0.229596 0.232472 

10 0.284436 0.284439 0.287318 
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Fig. 2 Convergence of DQM for imaginary part of 

frequency 

 

 

Fig. 3 Convergence of DQM for real part of frequency 

 
 

4.2 The convergence of present method 

 
Figs. 2 and 3 show the convergence and accuracy of DQ 

method to obtain the imaginary and real part of the 
dimensionless eigenvalue ( /R E  ) against the 
dimensionless velocity of the fluid (

xf vCV 11/ ). 
Chebychev polynomial is used to choose the points in the 
network about which is explained in part 3. It is clearly seen 
that there is a fast convergence ratio for the solution method 
on the imaginary and real part of the dimensionless 
eigenvalue and the answers reach to a desirable 
convergence for 17 points. Therefore, the number of the 
points is considered 17 to extract the results in this research. 

 
4.3 Effect of various parameters 

 
Figs. 4 and 5 show the effect of the volume percent of 

the CNTs on the frequency (Im(Ω)) and system damping 

(Re(Ω)) according to the fluid velocity (V) in a 

dimensionless manner. As it can be seen, as the velocity of 

the fluid increases, the imaginary part of the eigenvalue 

decreases. There is an equal amount with an opposite sign 

for the real parts of the eigenvalue from this velocity on. Its 

positive root causes divergence instability in the system. 

The velocity in which the imaginary and real part of the 

eigenvalue get zero is called the critical velocity of the 

fluid. It is observed that the volumetric percent of carbon 

nanotubes greatly effects on the vibrations and instability of 

the system. As the volumetric percent of carbon nanotubes 

increases, frequency (the imaginary part of the eigenvalue)  

 

Fig. 4 The effect of volume percent of CNTs on the 

imaginary part of frequency 

 

 

Fig. 5 The effect of volume percent of CNTs on the real part 

of frequency 

 

 

Fig. 6 The effect of distribution of CNTs on the imaginary 

part of frequency 

 

 

and critical velocity of the fluid increase due to the increase 

of construct’s hardness by the increase in the volumetric 

percent of carbon nanotubes. 

The effect of distribution of CNTs on the frequency and 

damping is shown respectively in Figs. 6 and 7 versus the 

dimensionless fluid velocity. As it can be seen, FGX 

distribution has maximum frequency and critical fluid 

velocity. It is since, the distribution of CNTs is out of 

natural axis. 

Figs. 8 and 9 show the effect of lamina layer number on 

the frequency and damping of the construct based on the 

fluid velocity, respectively. As it can be seen, there is a 

direct relationship between the lamina layer number,  
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Fig. 7 The effect of distribution of CNTs on the real part of 

frequency 

 

 

Fig. 8 The effect of lamina layer number on the imaginary 

part of frequency 

 

 

Fig. 9 The effect of lamina layer number on the real part of 

frequency 

 

 

frequency changes and critical velocity of the fluid so that 

as the lamina layer number increases, the frequency and 

critical velocity of the fluid will increase too. 

The effect of length to radius ratio of the pipe on the 

imaginary and real part of the dimensionless eigenvalue is 

shown respectively in Figs. (10) and (11) based on the 

velocity of the dimensionless fluid. It can be understood 

that the increase in the length to radius ratio of the pipe 

decreases the frequency and critical velocity of the fluid 

which is due to the decreasing hardness of the system. 

 

Fig. 10 The effect of length to radius ratio of the pipe on the 

imaginary part of frequency 

 

 

Fig. 11 The effect of length to radius ratio of the pipe on the 

real part of frequency 
 

 

The effect of the viscoelastic area is considered as the 

vertical spring (Winkler), shear layer (Pasternak) and 

damping ratio. Four aspects are considered to show this 

effect 

• without viscoelastic area 

• Visco-Winkler  

• Winkler  

• Visco- Pasternak  

•Pasternak  

The effect of viscoelastic medium on the frequency and 

damping of the construct is shown respectively in Figs. 12 

and 13 against the dimensionless velocity of the fluid. It is 

observed that the bed in which the system is located 

considerable effects on its vibrations and instability of the 

system so that if the area is considered viscoelastic, the 

frequency and the critical velocity of the fluid will increase. 

The effect of Pasternak area is more than that of Winkler 

generally since it considers the effect of the shear layer 

besides the vertical springs.  

The imaginary and real parts of the frequency for the 

eigenvalue are shown in the Figs. (14) and (15) according to 

the velocity of the fluid for different boundary conditions, 

respectively. It is observed that the kind of the support 

severely effects on the instability of the system. As it can be 

seen, there is a less movement freedom for the system with 

the clamped support due to its two bounded ends and 

frequency and critical velocity of fluid is more in it than 

those in the other supports. Generally, the critical velocity 

of the fluid is based on the following order in the different  
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Fig. 12 The effect of viscoelastic medium on the imaginary 

part of frequency 
 

 

Fig. 13 The effect of viscoelastic medium on the real part of 

frequency 

 

 

Fig. 14 The effect of different boundary conditions on the 

imaginary part of frequency 

 

 

Fig. 15 The effect of different boundary conditions on the 

real part of frequency 

border conditions: 

clamped - clamped > clamped - Simple> Simple-Simple 
 

 

5. Conclusions 
 

This research analyzed the vibrations and instability in a 

nanocomposite laminate pipe reinforced by the carbon 

nanotube located in a viscoelastic medium with internal 

turbulent fluid. Mixture model was used to model and 

determine composite equivalent mechanical properties. 

Momentum and perturbation equations were applied to 

extract the force caused by the fluid in the pipe. The motion 

equations were extracted using nonliclassical theory and 

Hamilton’s principle. This research is aimed to analyze the 

effect of volumetric percent and distribution of CNTslamina 

layer number, viscoelastic area, fluid velocity and the 

geometric parameters of the pipe on the frequency and 

critical velocity of the fluid. The final results of this 

research are 

• Considering 17 network points leads to the 

convergence of the results 

• As the volumetric percent of CNTs increases, the 

frequency (the imaginary part of eigenvalue) and critical 

velocity of the fluid will increase too. 

• FGX distribution of CNTs has maximum frequency 

and critical fluid velocity. 

• The increase of length to radius ratio causes the 

decrease of the frequency and critical velocity of the 

fluid. 

• With enhancing the lamina layer number, the critical 

fluid velocity increase.  

• The effect of Pasternak area is more than that of 

Winkler since it considers the effect of the shear layer 

besides that of the vertical spring. 
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