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Abstract. This paper deals with the flutter instability problem of flexible bridge decks in the
framework of bimodal-coupled aeroelastic bridge system analysis. Based on the analysis of coefficients of
the polynomials deduced from the singularity conditions of an integral wind-structure impedance matrix, a
set of simplified formulations for calculating the critical wind velocity and coupled frequency are
presented. Several case studies are discussed and comparisons with available approximated approaches are
made and presented, along with a conventional complex eigenvalue analysis and numerical results. From
the results, it is found that the formulas that are presented in this study are applicable to a variety of
bridge cross sections that are not only prone to coupled-mode but also to single-mode-dominated flutter.
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1. Introduction

Long-span bridges are slender, low damping and flexible large-scale line-like structures that are

very susceptible to wind loads. The excitation mechanisms for aeroelastic interaction between wind

flow and structures may be distinguished as follows: extraneous-flow-induced excitations, flow-

instability-induced excitations and movement-induced excitations. The latter excitation mechanism

is caused by fluctuating wind forces due to movements of the vibrating structural part. Small

deviations from the equilibrium position of the structure induce a re-distribution of impacting wind

forces, which further increase the initial disturbances. If these self-excited forces lead to a negative

damping threshold, the onset of flutter will occur and this directly induces structural failure, as was

the case in the collapse of the Tacoma Narrows Bridge in 1940. In streamlined bodies such as

airfoils, flutter occurs from a coupling of simultaneous vertical and torsional motion of which the

frequencies are in phase with one another. This type of flutter is a two degree-of-freedom or

coupled flutter, which was the cause of collapse of the Samuel Brown’s Brighton Chain Pier. For a

bluff body such as a plate girder, flutter occurs from a single degree-of-freedom, which is heaving-

mode aeroelastic instability or torsional flutter. Heaving-mode aeroelastic instability was the cause

of wild oscillation of the Deer Isle Bridge in 1942, while torsional flutter was the cause of the

damage that occurred in 1826 to Telford’s Menail Bridge (Scott 2001). 
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Since these events, the importance of flutter analysis of long-span bridges has been strongly

recognized and has led to many research works and investigations on bridge aerodynamics. Early

pioneering work on bridge flutter analysis was presented by Bleich (1949), where stiffness-driven

flutter was addressed using airfoil aerodynamics theory. However, a wind speed with a value higher

than that, which occurred for the Tacoma disasters, was given in this approach. While Selberg

(1961) and Rocard (1963) proposed simplified empirical formulas for estimating flutter onset

velocity, these formulas nevertheless are only rigorously applied for a flat plate section. 

From the point of view of aerodynamics, Scanlan and Tomko (1971) mathematically described the

self-excited forces in terms of flutter derivatives in the frequency-domain and offered an analysis on

bridge flutter. Recently, the aerodynamic instability problem of long-span bridges can be analyzed

by linear and nonlinear flutter approaches. Normally, the geometric nonlinearity of bridge structures

and effects of nonlinear wind-structure interaction are neglected in the linear flutter approach.

Nonlinear flutter analysis can be performed on the deformed configuration of bridge structures

under the static wind action as suggested by previous authors (e.g., Zhang 2006). 

In frequency domain, the linear flutter analysis methods can be grouped into two broad categories

as follows: the mode-by-mode and multimode-coupled approach. The multimode-coupled approach

is often performed by using aerodynamic coupling of fundamental vertical bending and torsional

modes with secondary contributions from other modes. Hence, bimodal-coupled flutter analysis

consisting of two fundamental modes remains a useful tool for an expeditious evaluation of bridge

flutter performance at the preliminary design stage.

In the framework of binary flutter analysis, Nakamura (1978) suggested a set of approximated

formulas based on theoretical assumptions about the unsteady aeroelastic behavior of bridge decks,

in order to provide the frequency and rate of growth of oscillation, the position of the equivalent

center of rotation and the phase difference between bending and torsion near the critical flutter point

in the case of a variety of deck sections. Subsequently, Matsumoto (1999) proposed a step-by-step

iterative method attempting to highlight the characteristics of the torsional and heaving branch at

flutter onset. Based on closed-form solutions while assuming low-level damping, Chen and Kareem

(2007) introduced an approximated formula of which only H3
*, A1

*, A2
* and A3

* flutter derivatives

are needed to estimate the critical wind speed. From a manipulated and simplified process of the

equation of the eigenvalue problem, Bartoli and Mannini (2008) presented analytical expressions for

calculating critical frequency and reduced wind speed of which only H1
*, A2

*and A3
* flutter

derivatives are used, and these were also applied in the case of a section prone to torsional flutter.

Accordingly, the approximated formulas can be successfully employed for capturing the physics of

flutter mechanisms such as stiffness-driven flutter or damping-driven mechanisms for the given

bridge deck section. Nevertheless, the limitation of these approaches is their inability to give

reasonable results when the frequency ratio tends to unity and even in zero-damping condition, as

well as in the case of cross sections that are prone to heaving-mode aeroelastic instability. 

In the present paper, using an analysis process for coefficients of the polynomials deduced from

singularity conditions of an integral wind-structure impedance matrix, a simplified formulation is

presented in terms of flutter derivatives for calculating the critical wind velocity and coupled

frequency. Because the uncoupled and coupled flutter derivatives remain in the simplified formulas,

this considered framework seems to give reasonable results even if the frequency ratio is very close

to unity in the case of low damping. Furthermore, if the coefficients of non-dimensional mass and

moment of inertia associated with flutter derivatives were considered small or negligible, the

simplified formulas, which only consist of fully uncoupled flutter derivatives (H1
*, H4

* and A2
*, A3

*)
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extracted from the experimental system of 1-DOF sectional models, would no longer be tedious.

However, the proposed simplified formulation is still able to be effectively applied for a bridge

section that is not only prone to coupled-mode flutter but also single-mode instability (either

dominated by torsion or heaving mode).

In the second section of this paper, a mechanical model is introduced to deal with the bimodal

flutter problem and its solution is reviewed. Subsequently, simplified strategies are introduced, as

the results of the approximated formulations consisting of the flutter derivatives are constructed in

the third section. Finally, some results of numerical examples showing good agreement with those

obtained via other approximated formulas as well as with the conventional complex eigenvalue

analysis (CEA).

2. Bimodal approach to flutter problem 

The natural circular frequencies of the first vertical bending and torsional modes in the aeroelastic

bridge system are denoted as ωz and , respectively. Only aerodynamic forces generally dominate

the aerodynamic performance of the bridge. The self-excited lift and pitching moment acting on the

bridge deck section per unit length are given by Simiu and Scanlan(1996)

(1)

(2)

where z and θ are the vertical and torsional displacements, V = mean wind speed, B = bridge deck

(Fig. 1), ρ = air density, the reduced frequency K = 2k = ωB/V, and = flutter

derivatives, which are functions of reduced frequency and can be extracted from a wind-tunnel test.

The governing equations of the combined bridge system in terms of the generalized modal

coordinates  under approaching crosswind flow are expressed as 
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Fig. 1 Sign convention for the displacements and self-excited forces
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where M, C, K are generalized modal mass, damping and stiffness matrices, respectively; Faeis the

generalized self-excited force vectors and the over-dot denotes partial differentiation with respect to

time. Taking the Fourier transform on both sides of Eq. (3) leads to Eq. (4), which is considered as

the modal equilibrium equation of motion in the frequency domain (Strømmen 2006),

(4)

 

where i2 = -1, matrices of Cae and Kae contain the coefficients that are required for the vertical and

torsional motions. These coefficients are normalized by ρΒ 2ω/2 and ρB4ω/2, wherein ω is the in-

wind frequency dependent on mean wind velocity (V)

, (5)

 The impedance matrix (Strømmen, 2006) can be obtained by,

(6)
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where  are modal integrals;  and  are the modal mass associated

with the vertical and torsional modes; L and Lexp are length and wind exposed lengths. The effects

of  and  change the damping and stiffness properties of the combined bridge

system, respectively.

Introducing the simplifications of Lexp = L and , any stability limit can be found by setting

the determinant of the coefficient matrix of Eq. (6) equal to zero, resulting in cubic or quartic

polynomials in the real or imaginary parts with respect to the in-wind frequency ratio Ω as follows,
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(8)

where  is the structural frequency ratio;  and  represent

the non-dimensional mass and the polar moment of inertia, respectively;  is the in-

wind frequency ratio for bridge sections prone to coupled flutter and is expressed as follows,

(9)

It can be seen that the solution of these equations requires searching for the lowest identical roots with

respect to Ω, which do not easily allow practical calculation by hand, from both the fourth and third degree

polynomial. Moreover, if this analysis is performed, it is rather difficult to identify in which branch the

coupled flutter instability occurs. This is because the formula to determine the in-wind frequency ratio, Ω for

a torsional and heaving branch is symmetric in terms of torsional and heaving motion. 

3. Approximated solutions to bimodal flutter problem 

3.1. Approximated 2-DOF flutter derivatives formulations

In order to simplify the bimodal flutter equation, let us set the coefficients of the fourth order

polynomial obtained by imposing the vanishing of the real part from the determinant of the

impedance matrix in Eq. (7) as follows
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(11d)

where 

Once the terms of  and  are introduced, Eqs. (7) and (8) can

be rewritten as follows

(12)

(13)

In the design of cable-supported bridges, three basic section configurations bluff girder,

streamlined box and slotted girder sections, are widely used in the design (Yang and Ge 2009).

Hence, it is important to analyze dynamic and aerodynamic parameters from existing bridges with

three sections to derive the approximated formulas. Table 1 summarizes the data of four Edge girder

bridge sections with dimensions and cross sections taken into account: Busan-Geoge Bridge (Lee et

al. 2004), Seohae Grand Bridge (KHC 1998), Kärkinen (Kiviluoma 2001), and Golden Gate (Simiu

and Scanlan 1996). Data of the streamline bridge sections is shown in the second part of the Table

1: Great Belt Bridge (Larsen 1993, Nissen et al. 2004), 2nd Geo-Germ Bridge (Larsen 2002), Hoga

Kusten Bridge (Livesey 1995), Tsurumi Fairway Bridge (Sarkar et al. 1992). At the end of the

table, three slotted girder bridge sections are considered: Messina Straits Bridge (D’Asdia and Sepe

1998), Xihoumen Bridge (Yang et al. 2007) and Shanghai Bridge (Zhou and Ge 2009). 

From the data gathered in the last three columns of Table 1, it can be seen that the value of non-

dimensional mass is smaller than that of the moment of inertia. Furthermore, the value of the free

term I4 in Eq. (12) is much smaller than unity. In addition to investigating the impact of terms in
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Table 1 Geometric and dynamics properties with coefficient of I4 of the different bridges

B (m) fz (Hz) γ ζz = ζθ I4

Edge girder bridge section

Busan-Geoge Grand 22.0 0.334 3.00 0.005 26,854 1,430,000 0.023 0.205 0.0400

Seohae Grand 34.0 0.250 1.84 0.005 28,789 2,756,000 0.050 0.606 0.0284

K rkinen 13.28 0.4646 1.51 0.0064 17,193 306,218 0.013 0.127 0.0321

Golden Gate 27.5 0.1638 1.17 0.005 5,208 3,680,000 0.182 0.194 0.0217

Streamline bridge section

Great Belt 31.0 0.099 2.75 0.005 22,700 2,470,000 0.053 0.467 0.0375

2nd Geo-Germ 16.9 0.185 2.99 0.003 11,699 295,250 0.031 0.345 0.0240

Hoga Kusten 22.0 0.1198 2.10 0.005 10,588 603,209 0.057 0.485 0.0310

Tsurumi 38.0 0.204 2.38 0.005 32,220 2,880,100 0.056 0.905 0.0338

Slotted box girder bridge section

Messina Straits 60.4 0.0605 1.32 0.01 55,000 28,000,000 0.083 0.594 0.0463

Xihoumen 36.0 0.1005 2.31 0.01 27,511 4,002,800 0.059 0.525 0.0662

Shanghai 51.5 0.2520 2.64 0.005 35,151 10,076,000 0.094 0.873 0.0364
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Eqs. (12) and (13) on their own, let us take into account the aerodynamic behavior of two groups of the

bridge deck section, one of these groups consists of two bridge deck sections that are quite different from

each other: the thin flat plate (Theodorsen 1934) and the rectangular sections with width to depth ratio of

B/D = 15, R15 (Matsumoto 1996); another of these groups consisting of two bridge deck sections are

often used in super long bridges: section of 2TF and 2TFGP (Matsumoto et al. 2004).

For several levels of reduced wind velocity of V/fB, these terms that are gathered in groups are

calculated in the case of low (ζz = ζz = 0.0025) and high level damping ratios (ζz = ζθ = 0.01).

Furthermore, this investigation is also performed on sets of structural frequency ratios with the case

of the fundamental vertical bending frequency close to torsional frequency (case of Golden Gate

bridge, ) and vice versa (case of Kärkinen bride, ), both of which are in the in-

wind frequency ratios of Ω = 0.95 ; other sets of in-wind frequency ratios around the flutter onset

(Ω = 0.80 and Ω = 0.85) that satisfied the inequality (9) for the section of 2TF, 2TFGP with theirs

structural frequency ratio assumed are 1.72 and 1.30, respectively.

Finally, the results obtained from the mentioned cases are presented in the form of graphs in order to

γ 1.17= γ 1.51=

Fig. 2 Variation in Ri, Ii of R15 with V/fB

(a) ζz = ζθ = 0.0025, γ = 1.17 , (b)ζz = ζθ = 0.0025, γ = 1.51,

(c) ζz = ζα = 0.01, γ = 1.17 and (d) ζz = ζα = 0.01, γ = 1.51
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facilitate comparisons. For example, Fig. 2 for the rectangular section of R15 (λz = 0.035, λθ = 0.174);

Fig. 3 for the theoretical thin Flat Plate section (λz = 0.027, λθ = 0.163) ; Fig. 4 for the 2TF section

λz = 0.023, λθ = 0.143; Fig. 5 for the 2TFGP section (λz = 0.027, λθ = 0.163). It is evident that the

term R2Ω3 is definitely negligible with respect to the other terms in Eq. (13). The results from

figures show that the value of Eq. (12) is dependent on the sum of the terms I1Ω3 and I3Ω in case

of the low damping ratios. Nevertheless, several linear differences were observed in the case of a

high damping ratio when the structural frequency ratio is close to unity. 

In practice, the hypothesis of low-level damping is generally implied in the modeling of self-

excited forces (Chen and Kareem 2007). In addition, much of the existing bridge is characterized by

frequency ratios far from the unity (Bartoli and Mannini 2008). Hence, Eqs. (12) and (13) were

rewritten as follows

(14)

and

0 I1Ω
3

I2Ω
2

I3Ω I4 I1Ω
3

I3Ω+≈+ + +=

Fig. 3 Variation in Ri, Ii of Flat Plate with V/fB: 

(a) ζz = ζα= 0.0025, γ = 1.17 , (b) ζz = ζα = 0.0025, γ = 1.51,

(c) ζz = ζα = 0.01, γ = 1.17 and (d) ζz = ζα = 0.01, γ = 1.51
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(15)

From these equations, Eqs. (21) and (22), an expression for the in-wind frequency ratio Ω2 can be

found
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Fig. 4 Variation in Ri, Ii of Flat Plate with V/fB: 

(a) ζz = ζα= 0.0025, Ω = 0.80, (b) ζz = ζα = 0.0025, Ω = 0.85,

(c) ζz = ζα = 0.01, Ω = 0.80 and (d) ζz = ζα = 0.01, Ω = 0.85
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The graphically approximated solution of bimodal flutter problems can easily be found by the

intersection point of the Ω2 root defined by Eq. (16) and Eq. 17(a) or Eq. 17(b) within the

respective range of interesting of reduced wind speed, V/fB . It is clear that the curve of Ω1
2 defined

the heaving branch coupled flutter, otherwise the curve of Ω2
2 defined the torsional branch coupled

flutter. In addition, the intersection point between the curve of  and the reduced

frequency axis V/fB with the lowest value of Vc / fcB defines the critical flutter wind speed. Fig. 6

illustrates the heaving and torsional branch coupled flutter characteristics of the slotted girder bridge

sections of 2TF and 2TFGP with an angle of attack of 30 (Matsumoto et al. 2004). It also showed

the frequency ratio effects on flutter instability that were obtained by changing the natural frequency

of the torsion mode.

On the other hand, it is easy to extract the value of Ω2 from Eq. (15), then substitute its value in

Eq. (16) and by the aid of Eqs. 10(a) and (c) and , after

rearranging some terms, leads to the following expression that could be used to determine the

Ω2 Ωi

2
–[ ] i 1 2,=( )

Ξi j Hi

*
Aj

*
Hj

*
Ai

*
–( ) i j, 1 2 3 4, , ,=( )=

Fig. 5 Variation in Ri, Ii of Flat Plate with V/fB: 

(a) ζz = ζα= 0.0025, Ω = 0.80 , (b) ζz = ζα = 0.0025, Ω = 0.85,

(c) ζz = ζα = 0.01, Ω = 0.80 and (d) ζz = ζα = 0.01, Ω = 0.85
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critical reduced wind speed

(18)

Eq. (18) consists of coupled and uncoupled flutter derivatives that are extracted from the

experimental system of 2-DOF sectional models and aerodynamic parameters of the given bridge

section. Within the range of interest of reduced velocity, approximated solutions for the critical

reduced wind speed and frequency can be found from Eqs. (16) and (18). The results for the four

section cases previously investigated are gathered in Table 2, which shows the accuracy of the

approximated formulas in estimating the flutter onset frequency and reduced wind speed in the case

of low, moderate and high structural damping ratios. The structural frequency ratio assumed for case

of the rectangular R15(λz = 0.035, λθ = 0.174) and Flat Plate (λz = 0.027, λθ = 0.163) are 1.51 and

1.17, respectively.

It is evident that the results from the approximated formulas are in good agreement in terms of

critical frequency solutions with those of the CEA approach. The degree of difference between these

proposed formulas and the CEA approach depends on the levels of damping ratio. When the

frequency ratio is small and the damping levels are high, as expected, the accuracy of the

approximation is inferior. Finally, these approximated formulas give under-predicted results in

critical wind speeds. 

3.2. Approximated 1-DOF flutter derivatives formulations

A simplified strategy was introduced based on investigating the influence of individual terms on
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Fig. 6 Coupled flutter analysis for slotted girder section: (a) 2TF and (b) 2TFGP
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both the imaginary and real parts at certain in-wind frequency ratios when using different damping

levels and within a large range of reduced velocities. This strategy leads to a presented

approximated method as a result of the previous part.

In this section, we investigate terms related to parameters I1 from the imaginary part and R1 from

the real part, where coupled and uncoupled flutter derivatives are combined with the ingredients of

0.25γ 2 βCI and 0.25γ 2 βCR. 

For the several reduced wind speeds V/fB, the terms appearing in the I1and, R1 are compared in

Table 3 for the Flat Plate section, and in Table 4 for the rectangular section R15. It is clear that the

coefficients of 0.25γ 2βCR combined with coupled and uncoupled flutter derivatives, are neglected 

with respect to . Hence, the value of term R1 in Eq. 10(a) becomes

(19)

γ
 2

1 0.5 λhH4
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Table 2 Comparison between the solution of the approximated 2-DOF flutter derivatives formulations and that
of CEA

Damping ratio
Onset flutter

Error

Flutter derivative set

Flat Plate R15 2TF 2TFGP

ζz = ζθ = 0.0025

15.38 40.81 47.38 33.31

0.0628 0.1166 0.0762 0.0560

16.06 41.78 47.69 34.35

0.0625 0.1159 0.0760 0.0558

(%) -4.45 -2.36 -0.66 -3.10

(%) 0.45 0.62 0.24 0.38

ζz = ζθ = 0.005

15.41 40.82 47.38 33.33

0.0627 0.1166 0.0762 0.0560

16.71 42.60 47.98 35.29

0.0622 0.1153 0.0759 0.0555

(%) -8.44 -4.36 -1.26 -5.88

(%) 0.82 1.12 0.46 0.81

ζz = ζθ = 0.010

15.50 40.87 47.41 33.40

0.0627 0.1166 0.0762 0.0560

17.96 44.02 48.55 36.92

0.0618 0.1144 0.0756 0.0550

(%) -15.81 -7.72 -2.41 -10.55

(%) 1.45 1.89 0.87 1.69
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It is also shown that the coefficients of 0.25γ2βCI combined with coupled and uncoupled flutter derivatives

are neglected with respect to . Hence, the value of term I1 in Eq. 11(a) becomes 

(20)

Therefore, Eq. (16) can be rewritten as 

(21)

Substituting Eq. (21) into Eq. (15) while taking into account Eqs. 10(c) and (19), and after

rearranging some terms, leads to the simple equation as follows
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Table 3 Variation of terms related to parameters I1, R1 with V / fB for Flat Plate ( γ = 1.17, λz = 0.027, λθ = 0.163 )

V / fB 0.25γ 2βCI Ι1 0.25γ2βCR R1

0 0.0000 0.000 0.000 0.0000 1.368 1.368

3 0.0001 -0.022 -0.022 -0.0004 1.377 1.377

5 0.0002 -0.041 -0.041 -0.0011 1.396 1.395

7 0.0005 -0.066 -0.065 -0.0020 1.428 1.426

9 0.0009 -0.095 -0.095 -0.0032 1.475 1.471

11 0.0012 -0.129 -0.128 -0.0046 1.537 1.532

13 0.0016 -0.167 -0.165 -0.0060 1.615 1.609

15 0.0019 -0.208 -0.206 -0.0073 1.711 1.703

17 0.0022 -0.252 -0.250 -0.0085 1.823 1.814

19 0.0024 -0.299 -0.296 -0.0095 1.953 1.943

21 0.0025 -0.348 -0.346 -0.0102 2.100 2.090

Table 4 Variation of terms related to parameters I1, R1, with V / fB for ( γ = 1.51, λz = 0.035, λθ = 0.174 )

V / fB 0.25γ 2βCI Ι1 0.25γ 2βCR R1

0 0.0000 0.000 0.000 0.0000 2.278 2.278

3 -0.0017 -0.094 -0.096 -0.0013 2.347 2.346

5 -0.0037 -0.172 -0.175 -0.0027 2.438 2.435

7 -0.0055 -0.261 -0.267 -0.0038 2.563 2.559

9 -0.0079 -0.361 -0.369 -0.0032 2.712 2.709

11 -0.0117 -0.470 -0.482 0.0002 2.888 2.888

13 -0.0013 -0.614 -0.615 0.0063 3.194 3.201

15 0.0229 -0.780 -0.757 0.0154 3.610 3.625

17 -0.0031 -0.952 -0.955 0.0411 4.168 4.209

19 -0.0147 -1.125 -1.139 0.0563 4.710 4.767

21 0.0078 -1.297 -1.289 0.0377 5.219 5.257
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(22)

Eqs. (21) and (22) can be used to estimate the approximated solutions of the critical frequency and

reduced wind speed of the combined bridge system. Eq. (21) is the same as the simplified formula for

critical frequency proposed by Bartoli and Mannini (2008), which is based on the assumption that the

damping ratio is neglected for both bending and torsional modes. These approximated formulas depend

on the dynamic parameters of structural bridge: damping ratios ζi(i = z, θ), structural frequency ratio γ,

non-dimensional mass, moment of inertia λz, λθ, and the aerodynamic parameters: uncoupled flutter

derivative Ai (i = 2,3) and Hi (i=1,4) of the given deck bridge section. 

The approximations of coefficients R1 and R2 are given by Eqs. (19) and (20), respectively. They

are considered as reasonable simplifications, if terms CR and CI are small amounts to neglect. It can

be obtained by utilizing four sets of inter-relationships between coupled flutter derivatives and

uncoupled flutter derivatives, which are validated throughout physical measurements for rectangular

cylinders as presented in Matsumoto (1996)

,                (23a, 23b)

,                (23c, 23d)

Scanlan et al. (1997) shown that the expressions in Eqs. 23(a)-(d) are approximate results for the

airfoil case, and some streamlined bridge decks if contribution of  is very small. Once reductions

of the coupled flutter derivative are made in terms R1 and R2, Eq. (22) can be derived by equivalent

substitutions in the previous simplified flutter equation of real part. 

From the aerodynamic point of view, it is noted that Eq. (22) can obtained consistently with the

physical phenomenon. Thus, it is not directly derived by setting to zero all the coupled flutter

derivatives. Although, all damping and stiffness flutter derivatives still remain in this equation, so it

can be concluded that the proposed approximate solutions of critical reduced wind speed for the

cross sections are prone to not only the coupled-mode, but also the single-mode flutter (either

dominated by torsion or heaving mode). 

4. Numerical validations 

In this section, numerical computations of the critical reduced wind speed and frequency are

performed for a variety of deck sections to validate the degree of approximation as well as to point

out the limitations of the approximated approaches that are based on the 1-DOF and 2-DOF flutter

derivatives for the combined bridge system. Subsequently, solutions of the CEA for flutter stability

are compared between the solutions from Eqs. (16) and (18) [Approx. 2-DOF forms] and Eqs. (21)

and (22) [Approx. 1-DOF forms].

4.1. Coupled-mode flutter simulations

Thin flat plate section and the rectangular section of R15 are prone to coupled-mode flutter. Sensitivity
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analyses of onset flutter are carried out at both sections for different damping levels and various

frequency ratios. Besides that, the results of critical wind speed given by the Selberg (1961) and Rocard

(1963) empirical formulas are regarded as reference solutions for case of thin flat plate section. 

Results of this analysis are illustrated in Fig. 7 for the rectangular section of R15 (λz = 0.027, λθ = 0.163) and

Fig. 8 for the classical Flat Plate (λz = 0.035, λθ= 0.174) section. The first conclusion drawn from

these graphs for both approximated formulas gives results, which are very close to those obtainable

from the solution of the traditional CEA for a wide range of frequency ratios both in the case of

structural zero-damping as well as moderate structural damping ( ζz = ζθ = 0.005). 

It also shows that when the structural torsional frequency reaches close to the vertical bending

frequency, both CEA and Approx. 2-DOF forms shows the critical reduced wind speeds, that tend

to become high (Fig. 7) even if approaching infinity (Fig. 8), depending on the type of cross section

and structural damping levels. These results are in good agreement with those reported by Dyrbye

and Hansen (1997) and Bartoli and Mannini (2008) for the flat plate and rectangular section.

Meanwhile, the Approx. 1-DOF forms give opposite results from those of the Approx. 2-DOF

forms and the CEA.

Finally, for a thin flat plate the results given by the proposed formula are very similar to those

calculated by the empirical Selberg (1961) and Rocard (1963) formulas, as can be seen in Fig. 8,

these empirical formulas do not give the infinity critical wind speed when the frequency ratio, γ is

very close to unity. However, when the structural torsional frequency is far from vertical bending

frequency, all formulas give the same results. 

In addition, to validate the accuracy and effectiveness of the proposed approximated approaches,

Nine case studies are taken into account, two of which that are reported in Table 5 originate from

the existing bridges: case study 3 for the 2nd Geo-Germ Bridge (Larsen 2002) and case study 8 for

the Busan-Geoge Grand Bridge (Lee et al. 2004). The other case studies show the dynamic

parameters of bridges listed in Table 1 and the flutter derivatives set measured from the cross

sections prone to the coupled-mode flutter. The geometric and aerodynamic properties of all case

studies are listed in Table 5. The solution of critical wind speeds and frequencies calculated from

approximated formulations are compared with those of CEA, while approximated results calculated

from the Chen and Kareem (2007) and Bartoli and Mannini (2008) formulas are regarded as

Fig. 7 Comparison of flutter onset of R15 for varying of the structural frequency ratio: 

(a) critical reduced wind speed and (b) critical frequency
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reference solutions. Finally, all results of these formulas are gathered in the Table 6.

From the results, it can be concluded that both proposed approximated formulations show

solutions that are close to those given by the complex eigenvalue analysis, particularly in the flutter

frequencies solution. However, when the frequency ratio is less than 1.3, not only the Approx. 1-

DOF forms, but also the Chen and Kareem (2007) and Bartoli (2008) formulas give inaccurate

results, as expected (Case 6, Case 7). Meanwhile, the Approx. 2-DOF forms show reasonable

results that are in good agreement with those of the CEA in all case studies.

4.2. Single modal flutter simulations

4.2.1. Torsional flutter
A non-streamlined cross section having values of  tends to change its sign from negative to

positive, causing negative aerodynamic damping which will lead to instability in pure torsion

(Strømmen 2006). To deal with torsional flutter a mode-by-mode approach is performed, since the

resonance frequency associated with this mode is  then  and the impedance

A2

*

ωθ  V( ) ω ωθ  Vcr( )=

Fig. 8 Comparison of flutter onset of Flat Plate for varying of the structural frequency ratio:

(a) critical reduced wind speed and (b) critical wind speed

Table 5 Case study of coupled-mode flutter simulations

Case study Flutter derivative set B(m) fz (Hz) γ ζ z (%) ζθ (%) λz λθ

1 2TF 51.5 0.252 2.64 0.50 0.50 0.0943 0.8727

2 2TF 36 0.232 2.31 1.00 1.00 0.0589 0.5245

3 2nd Geo-Germ 16.9 0.185 2.99 0.30 0.30 0.0305 0.3454

4 2nd Geo-Germ 31 0.099 2.75 0.50 0.50 0.0529 0.4674

5 Flat plate 38 0.204 2.38 0.50 0.50 0.0560 0.9050

6 Flat plate 60.4 0.080 1.32 1.00 1.00 0.0829 0.5942

7 Flat plate 27.5 0.164 1.17 0.20 0.20 0.1815 0.1943

8 Busan-Geoge Grand 22 0.334 3.00 0.50 0.50 0.0225 0.2048

9 R15 13.28 0.465 1.51 0.64 0.64 0.1815 0.1943
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matrix (Eq. (6)) is reduced as follows

(24)

Setting the real and imaginary parts of Eq. (24) equal to zero, a dynamic stability limit may then

be identified at an in-wind resonance frequency 

(25)

when the damping properties are 

(26)

Based on a cross section prone to torsional flutter, the sensitivity analyses are also performed to

validate the approximation degree of the proposed formulations and 1-DOF Torsion forms Eq. (25)

and Eq. (26) that was first presented by Scanlan (Simiu and Scanlan 1996) along with the CEA

approach. Let us consider that the previous rectangular section characterized by dynamic properties

includes the bridge deck width is B = 35.5 m; non-dimensional mass, moment of inertia are λz =

0.035, λθ = 0.174; fundamental torsional frequency fθ = 0.192(Hz) and the aerodynamics properties

of a rectangular cylinder R5 with width to depth ratios of 5 (Matsumoto 1996). 

In Fig. 9, the critical reduced wind speed and frequency are plotted against the frequency ratio in

the case of zero damping and moderate and high level damping ratios. It is concluded that for the 1-

DOF Torsion forms, conservative values of the critical reduced wind speeds are shown when
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Table 6 Results for coupled-mode flutter simulations

Analysis
methods

Onset 
flutter
error

Case study

1 2 3 4 5 6 7 8 9

Approx.
1-DOF
forms

274.47 82.57 130.22 106.91 124.65 24.63 19.08 55.39 114.61

0.4509 0.1623 0.4231 0.2008 0.3170 0.0723 0.1895 0.9888 0.5902

(%) -7.98 -6.71 -3.09 -0.18 -3.78 -22.35 -61.13 -8.41 -1.78

(%) -0.71 0.91 2.81 1.57 0.32 1.70 0.35 0.45 0.98

Approx.
2-DOF
forms

293.82 86.34 131.23 106.59 128.29 27.13 27.98 55.40 112.42

0.4566 0.1630 0.4206 0.1985 0.3188 0.0722 0.1893 0.9708 0.5949

(%) -0.87 -2.05 -2.30 -0.49 -0.84 -11.06 -9.85 -8.40 -3.77

(%) 0.54 1.35 2.22 0.43 0.90 1.63 0.2 -1.39 1.77

Chen’s 
forms

284.80 86.08 159.75 113.04 126.20 24.78 17.85 89.51 116.92

0.4504 0.1601 0.5540 0.2720 0.3139 0.0713 0.1890 1.0030 0.5848

Bartoli’s 
forms

286.48 86.97 134.64 109.96 126.22 24.74 17.69 60.90 119.51

0.4501 0.1608 0.4190 0.2029 0.3137 0.0713 0.1891 0.9858 0.5870

CEA
296.38 88.11 134.24 107.11 129.37 30.13 30.74 60.05 116.66

0.4541 0.1608 0.4112 0.1976 0.3160 0.0711 0.1889 0.9843 0.5844

Vc m s⁄( )
fc Hz( )
∆Vc

∆fc

Vc m s⁄( )
fc Hz( )
∆Vc

∆fc

Vc m s⁄( )
fc Hz( )

Vc m s⁄( )
fc Hz( )

Vc m s⁄( )
fc Hz( )
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structural frequency ratios are changed. Meanwhile, both the critical frequency and reduced velocity

curves defined by the Approximated 1-DOF and 2-DOF formulations show the same trend as that

of CEA. When the frequency ratios are close to unity, the Approx. 2-DOF forms show the peak

value of critical reduced velocity. Nevertheless, the errors between solution of the approximated

formulations and that of CEA are observed in case of high-level damping.

Further numerical validation of the case studies presented in Table 7 is provided at the end of this

section, where one case study is of the existing structure, the Seohae Grand bride (Case 5), and the

other case studies are of the Edge-girder bridge sections combined with the prototypes of the

geometric parameters of the existing bridges such as Busan-Geoge Grand (Case1, Case 3), Golden

Gate (Case 2, Case 6), Kärkinen (Case 4) and the aerodynamics parameters of the rectangular

section of R5, R10 with width to depth ratios of 5, 10 (Matsumoto 1996). 

From the results gathered in Table 8, it seems possible to conclude that both proposed

approximate formulas give results that agreed well with those of CEA as well as with those of the

Bartoli and Mannini (2008) and Chen and Kareem (2007) formulas. For the case of the Golden

Gate bridge, characterized by a very small frequency ratio (γ = 1.17), not only the Approx. 1-DOF

forms but also reference formulas show poor accuracy results when compared with the those of

CEA, while the Approx. 2-DOF forms still give accurate results (Case 2, Case 6).

4.2.2. Heaving-mode aeroelastic instability

A cross section having bluffness with values of  tends to change its sign from the negative to

positive causing negative aerodynamic damping which will lead to instability in pure bending

(Strømmen 2006). Since the resonance frequency associated with this mode is ωz(V) then ωr =

ωz(Vcr) and the impedance matrix (Eq. (6)) becomes

(27)

Setting the real and imaginary parts of this equation equal to zero, when the damping properties are 

H1

*

Sη ωr Vcr,( ) 1 κzz

ae
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ae
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Fig. 9 Comparison of flutter onset of R5 for varying of the structural frequency ratio

(a) critical reduced wind speed and (b) critical frequency
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(28)

a dynamic stability limit may then be identified at an in-wind resonance frequency 

(29)

As shown in Fig. 10, the critical reduced velocity and frequency of the previous rectangular

section (λz = 0.035, λθ = 0.174) with the fundamental vertical bending frequency f = 0.087(Hz) and

the aerodynamics properties of a rectangular cylinder with width to depth ratios of 1 (B/D = 1), R1

(Matsumoto 1996) obtained by the approximated approaches or CEA are compared for various

frequency ratios under different damping levels. It seems possible to conclude that the Approx. 2-
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Table 7 Case study of torsional flutter simulations

Case study Flutter derivative set B (m) fz (Hz) γ ζ z (%) ζθ (%) λ z λθ

1 R5 22 0.334 3.00 0.5 0.5 0.0225 0.2048

2 R5 27.5 0.164 1.17 0.5 0.5 0.1815 0.1943

3 R10 22 0.334 3.00 0.5 0.5 0.0225 0.2048

4 R10 13.28 0.465 1.51 0.64 0.64 0.0128 0.1270

5 Seohae Grand 34 0.250 1.84 0.5 0.5 0.0502 0.6061

6 Seohae Grand 27.5 0.164 1.17 0.5 0.5 0.1815 0.1943

Table 8 Results for torsional flutter simulations

Analysis
methods

Onset flutter
error

Case study

1 2 3 4 5 6

Approx.
1-DOF
forms

109.23 15.29 158.15 69.29 45.72 15.81

0.8674 0.1833 0.8247 0.6182 0.4165 0.1861

(%) -5.86 -28.85 -6.43 -10.48 -4.00 -21.09

(%) -6.46 1.83 -8.58 -5.24 -1.08 -0.05

Approx.
2-DOF
forms

110.37 20.10 160.57 70.33 46.57 17.72

0.9290 0.1800 0.9083 0.6579 0.4215 0.1869

(%) -4.87 -6.46 -4.99 -9.13 -5.26 -8.04

(%) 0.19 0.02 0.69 0.84 0.31 0.38

1-DOF
Torsion forms

118.95 28.62 179.84 85.19 52.52 18.68

0.9121 0.1752 0.8535 0.6327 0.4110 0.1851

Chen’s forms
117.70 20.15 169.56 77.61 51.88 15.46

0.9270 0.1802 0.8983 0.6520 0.4600 0.1916

Bartol’s 
forms

113.27 10.02 165.88 76.96 48.23 17.02

0.9306 0.1853 0.9069 0.6580 0.4275 0.1868

CEA
116.02 21.49 169.01 77.39 47.55 19.15

0.9273 0.1800 0.9021 0.6524 0.4210 0.1862

Vc m s⁄( )
fc Hz( )
∆Vc

∆fc

Vc m s⁄( )
fc Hz( )
∆Vc

∆fc

Vc m s⁄( )
fc Hz( )

Vc m s⁄( )
fc Hz( )

Vc m s⁄( )
fc Hz( )

Vc m s⁄( )
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DOF forms and 1-DOF Bending forms Eqs. (28) and (29) show results that agree fairly well with

those obtained by the CEA method. 

Table 9 shows that the case studies of the prototypes using the flutter derivative set of R1, R2 are

rectangular prisms with B/D = 1,2 and have heaving divergent type instability (Matsumoto 1996)

and the geometric parameters of the previous bridge are listed in Table 1. Table 10 summarizes the

results of the critical reduced velocity and frequency using the proposed formulas and the

conventional CEA and 1-DOF Bending forms. 

From the results, the differences in the critical flutter speed and frequency given by the proposed

Approx. 2-DOF forms and CEA are between three and five percent. Meanwhile, it seems that when

the frequency ratio is greater than 1.5, the approximate 1-DOF forms are sufficient to obtain an

acceptable accuracy. 

5. Conclusions

In this paper, a set of simplified formulations for estimating flutter critical and frequency has been

proposed. Firstly, a properly simplified strategy is used by neglecting some damping ratio terms in

coefficients of the real and imaginary equation part of flutter equation, as the results, approximated

formulas, consist of the uncoupled and coupled flutter derivatives are derived. These formulas are

able to show accurate results when compare with those obtain by CEA method, even if structural

close unity in case of low damping level. Furthermore, the characteristics of the torsional branch

(TB) and heaving branch (HB) are also highlighted in order to easily identify in which branch the

coupled flutter instability occurs because the frequency ratio, Ω for TB and HB is asymmetric in

terms of torsional and heaving motion. 

Next, when the non-dimensional mass and polar moment of inertia coefficients associated with

flutter derivatives are neglected, the simplified formulations are to be compacted of the uncoupled

flutter derivatives (  and ) . These uncoupled flutter derivatives could be extracted

from the one-degree-of freedom test set-up. This assumption is in agreement with the inter-

relationship among flutter derivatives (Matsumoto 1996), which seems to be suitable for the flutter

H1

*
H4

*, A2

*
A3

*,

Fig. 10 Comparison of flutter onset of R1 for varying of the structural frequency ratio

(a) critical reduced wind speed and (b) critical frequency
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derivatives of a wide range of cross-section geometries, hence the physical consistency is still

guaranteed in the approximate formulations. Besides that, its accuracy was verified for a variety of

bridge cross sections showing that the approximate solutions in onset flutter is acceptable when

structural frequency is larger than 1.5, wherein first torsion mode and vertical bending mode are

enough far from each other. 

Finally, the pragmatic feature of these approximate formulations is that they are able to capture all

aerodynamic instabilities such as coupled-mode flutter as well as single-mode-dominated flutter

cases where the previous empirical as well as approximate formulas are no longer applicable. 
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Table 9 Case study of heaving-mode aeroelastic instability simulations

Case study
Flutter 

derivative set
B(m) fz (Hz) γ ζ z (%) ζθ (%) λz λθ

1 R1 22 0.334 3.00 0.50 0.50 0.0225 0.2048

2 R1 13.28 0.465 1.51 0.64 0.64 0.0128 0.1270

3 R1 34 0.250 1.35 0.50 0.50 0.0502 0.6061

4 R2 22 0.334 3.00 0.50 0.50 0.0225 0.2048

5 R2 13.28 0.465 1.51 0.64 0.64 0.0128 0.1270

6 R2 27.5 0.164 1.17 0.50 0.50 0.1815 0.1943

Table 10 Results for heaving-mode aeroelastic instability simulations

Analysis
methods

Onset flutter
error

Case study

1 2 3 4 5 6

Approx.
1-DOF
forms

64.00 54.44 52.78 56.81 58.34 8.26

0.3137 0.4479 0.1973 0.2391 0.4048 0.1703

(%) -0.97 -2.77 -27.17 -7.74 -4.76 33.37

(%) -0.03 -0.29 -13.67 -11.43 -2.21 -3.11

Approx.
2-DOF
forms

64.20 55.25 72.14 60.51 59.05 6.18

0.3137 0.4489 0.2283 0.2726 0.4128 0.1671

(%) -0.66 -1.31 -0.46 -1.74 -3.59 -0.21

(%) -0.03 -0.08 -0.11 0.95 -0.27 -4.93

1-DOF
Bending forms

63.96 55.84 66.27 55.49 56.35 7.53

0.3105 0.4463 0.2087 0.2333 0.3911 0.1699

CEA
(%) 64.62 55.99 72.47 61.58 61.25 6.19

(%) 0.3138 0.4492 0.2285 0.2700 0.4139 0.1758

Vc m s⁄( )
fc Hz( )
∆Vc

∆fc

Vc m s⁄( )
fc Hz( )
∆Vc

∆fc

Vc m s⁄( )
fc Hz( )
Vc

fc
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