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Reliability of structures with tuned mass dampers under
wind-induced motion: a serviceability consideration
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Abstract. Excessive wind-induced motion in tall buildings can cause discomfort, affect health, and
disrupt the daily activities of the occupants of a building. Dynamic vibration absorbers such as the tuned
mass dampers (TMDs) can be used to reduce the wind-induced motion below a specified tolerable
serviceability limit state (SLS) criterion. This study investigates whether the same probability of not
exceeding specified wind-induced motion levels can be achieved by torsionally sensitive structures
without/with linear/nonlinear TMDs subjected to partially correlated wind forces, if they are designed to
just meet the same SLS criterion. For the analyses, different structures and the uncertainty in the response,
wind load and perception of motion is considered. Numerical results indicate that for structures that are
designed or retrofitted without or with optimum linear TMDs and satisfying the same SLS criterion, their
probability of exceeding the considered criterion is very consistent, if the inherent correlation between the
wind forces is considered in design. However, this consistency deteriorates if nonlinear TMDs are employed.
Furthermore, if the correlation is ignored in the design, in many cases a slightly unconservative design, as
compared to the designed by considering correlation, is achieved.

Keywords: tuned mass dampers; torsional response; probabilistic analysis; limit state function, service-
ability limit state.

1. Introduction

Buildings are designed for life safety and to sustain large horizontal loads, including those caused

by strong winds. The buildings could be susceptible to wind loading resulting in excessive vibrations,

which could cause discomfort, affect health and disrupt the daily activities of the occupants of a

building (Isyumov 1995, Mendis et al. 2007). Several authors have studied human perception to

vibrations and, proposed guidelines to aid the designers in modifying designs to reduce the wind-

induced responses of tall buildings below a serviceability limit state (SLS) (Vickery et al. 1983,

Isyumov 1995). More recently, studies on the effects of wind-induced building motion on occupant

comfort were reported by Tamura (2006), Burton (2006), Burton et al. (2006), and Kim and Kanda

(2008).

However, due to the complexity and economical constraints, in many cases an extensive structural

modification to the new or existing structures is not feasible, and use of active and passive energy
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dissipation devices, such as tuned mass dampers (TMDs), to reduce the amplitude of the wind-

induced vibration is desirable (Kareem et al. 1999). A successful application of the TMD system

can reduce the amplitude of the vibration below specified tolerable serviceability criteria.

The serviceability criteria are considered in the design to ensure the comfort, health, and

continuity of daily activities of the occupants of a building. The design codes and their commentaries

recommend sets of load and resistance factors to be used in ultimate and serviceability limit states.

The SLS is often focused on the deflections, plumbness and accelerations. Furthermore, the use of

energy dissipation devices helps to reduce the wind-induced response of the structure to acceptable

levels specified by the SLS. Since wind loading is a stochastic process, structural properties are

uncertain and perception levels of motions differ from person to person, it is desirable to study the

impact of these uncertainties on the structural responses and to assess whether structures without or

with TMDs that are designed to just meet a specified SLS criterion have the same reliability level

(i.e., the probability of not exceeding an adopted SLS criterion). 

The main objective of this study is to carry out parametric analyses of torsionally sensitive

structures without or with TMDs to determine their reliabilities, if the structures are designed to just

meet an adopted SLS criterion. Such a study is needed to substantiate whether consistent reliability

levels are achieved by structures designed or retrofitted without or with TMDs to just meet a SLS

criterion. For the analysis, the uncertainty in the wind characteristics, the perception levels of

motion and the peak structural acceleration is considered. The use of linear and nonlinear damping

mechanisms in the TMDs and correlation between wind forces are also considered. 

2. Wind-induced responses of torsionally sensitive structures without or with TMDs

2.1 Simplified structural modeling 

First, consider that the structure is modeled as a generalized two-degree-of-freedom (2DOF)

system (lateral displacement Y and rotational displacement θ) with mass MS, and mass moment of

inertia MS , as shown in Fig. 1(a). The equation of motion of the asymmetric structure under wind

loading can be written as (Hart and Wong 2000)

(1)

where ξ is the damping ratio which is assumed to be the same for the two vibration modes, ωs is

the natural frequency in the Y-direction; ηθ is the ratio between the natural frequency in the θ-

direction to that of the Y-direction; e is the eccentricity defined as the distance between the center of

mass and the center of rotation of the structure; rg is the radius of gyration; FYN (t) and FθN (t)

represent, respectively, the scaled horizontal force (i.e., force per unit mass) and the scaled torsional

moment (i.e., torsional moment per unit of MSrg) due to fluctuating wind loading that will be

discussed in the next section; and each overdot denotes one temporal differentiation.

Now, consider that the structure shown in Fig. 1(a) is fitted with two TMDs as shown in Fig.

1(b). The use of two eccentric TMDs is aimed at reducing the peak lateral and torsional responses

of the structure. Based on the dynamic equilibrium of the coupled structure and the TMDs system
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shown in Fig. 1(b), the equation of motion of the TMD-structure system can be established. By

simple algebraic manipulation and expressing the properties of the TMDs in terms of the main

structure, the equation can be expressed as

(2a)

where the (scaled) stiffness matrix [K '], the displacement vector {X(t)}, the (scaled) wind-induced

force vector {F '(t)}, and the velocity dependent force vector per unit mass  are

given by
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Fig. 1 TMD-structure interaction system
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(2e)

In the above equations, µ denotes the ratio of the mass of the TMDs to that of the structure; rf
denotes the ratio of the frequency of the TMDs to the modal frequency of the structure that reduces

the structural response to the maximum; FDi(vr), i = 1,2, represents the relative velocity dependent

damping force of the i-th mass damper; and a is defined as shown in Fig. 1(b). In this study, µ is

set equal to 1%, and the optimum value of rf is selected for design and installation of the TMDs in

all cases, where the “optimum” refers to the optimum tuning of the TMD parameters to effectively

reduce vibration (Den Hartog 1956, Warburton 1982). The optimum TMDs were obtained based on

grid search techniques; this technique is discussed in detail in Vanderplaats (1984) and is justified

since no closed form solution is available for the type of excitations and TMD-structure system

analyzed. In formulating Eq. (2), it is considered that the same type of dampers is to be installed in

the structure, and that one is interested in mitigating the vibration caused by the fluctuating wind

pressure (Simiu and Scanlan 1996). This assumption is in agreement with typical applications.

Two commonly used functional forms to represent the damping force in the TMDs system are

considered in this study. One is used to represent the viscous damping force which is considered to

be proportional to the relative velocity, vr, given by

(3)

where CL denotes viscous damping coefficient. The other is of the power law type which allows a

simple representation of a nonlinear damping force (Vickery et al. 2001) expressed as

(4)

where CPL is a power law damping coefficient;  denotes the absolute value of its argument and

β is a power law exponent which is set equal to 2 in this study.

2.2 Wind loading model

Temporally and spatially varying wind pressures acting on a structure could produce the along-

wind force and torsional moment, which could be modeled by the combination of two uncorrelated

stochastic processes. More specifically, it is considered that the scaled along-wind force FYN(t) and

the scaled wind-induced torsional moment FθN(t) can be modeled by the combination of two

uncorrelated stochastic processes F1(t) and F2(t) (see Fig. 1(a)) given by
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(5a)

and

(5b)

where c is a scaling factor that is explained below and takes into account the air density ρ, wind

drag coefficient CD, area of exposure Ae, mean wind speed v, turbulence intensity Iv, and the mass

of structure Ms; and R measures the distance from the torsional center to the line of the eccentric

force ( ). It can be shown that  in Eq. (5) represents the correlation coefficient

between FYN(t) and FθN(t). If the variance of F1(t) and F2(t) are normalized to be equal to one, the

standard deviations of FYN(t) and FθN(t), denoted by  and , are equal to c and (R/

rg) c, respectively, where c for a designed structure can be expressed as

(6a)

Use of the wind loading model shown in Eq. (5) for the parametric investigations is advantageous

since it can be used to cope with ranges of load eccentricities and correlation coefficients between

FYN(t) and FθN(t). 

The considered power spectral density (PSD) function of F1(t) and F2(t) for this study is given, as

a function of the frequency f, by S(f) which is proportional to  and to the power of v in the

frequency range of 0.05 to 0.5 (Hz) and equal to 0 outside this range, α is a model parameter set

equal to 1.5. The adoption of such a PSD function is justified since tests at the Boundary Layer

Wind Tunnel Laboratory of the University of Western Ontario indicate that such a PSD function

provides sufficient accurate characterization of the fluctuating wind force in the inertial subrange,

which is of interest in the present study. If the proportionality of S(f) to the power of v is lumped

into Eq. (6a)

(6b)

where γ ranges typically from 2.2 to 2.6 according to the approximation of the upper tail of the

PSD of the wind forces of interest, the PSD becomes , where A is a normalization

constant such that the integration of the PSD function equals one.

Samples of time-history of F1(t) and F2(t) can be obtained based on their PSD functions and using

simulation algorithms (Shinozuka 1972, Di Paola 1998, Kareem 2008). For simplicity, the approach

given by Shinozuka (1972) is adopted in the presented study. The simulated time series of F1(t) and

F2(t) can be substituted into Eq. (5) to obtain samples of FYN(t) and FθN(t), which can then be used

in Eqs. (1) or (2) to calculate the response time history of the structure without or with the TMD

system by using the Newmark method.

2.3 Peak responses

2.3.1 Structures without TMDs

Probabilistic characterization of the responses of the structure shown in Fig. 1(a) is needed to

estimate the probability that the wind-induced motion exceeds the SLS criterion that is recommended

by a design code or prescribed by building owner(s). For this characterization, it is considered that
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the structure satisfies the ultimate limit state (ULS) requirements and that the structure is also

designed to just meet a SLS criterion defined based on the wind-induced motion, which is to be

evaluated using 10-year return period value of the (mean) wind speed, v10, as specified by the

NBCC (2005).

The wind-induced response of interest is the mean of the total peak translational acceleration 

that is defined by

= = (7)

where Td is the duration of the time history of the responses which is set equal to 3600 s, and r is

the distance from the point of interest within the structural footprint to the torsional center. Note that

Eq. (7) considers the contribution of both the torsional acceleration and translational acceleration.

This consideration can be justified since the torsional acceleration experienced away from the

torsional center is felt by the inhabitants of a building as a translational motion (Burton 2006, ISO

2631-1 1997). 

The direct application of the gust factor approach (Davenport 1964) may not be feasible for

estimating the mean peak response defined in Eq. (7), which depends on both translational and

rotational responses. To overcome this, one could carry out time-history analyses mentioned earlier

to obtain enough samples of , which can be used to establish the probabilistic characterization of

 and to estimate the mean of .

Since the structure is modeled as a linear system, the response  is simply equal to c c=1 where

c=1 represents the response of the system  for when c shown in Eq. (5) is equal to 1.0. This is

advantageous for the parametric study, because c=1 is independent of the parameters of the

designed structure and the mean wind speed that is used to define c as shown in Eqs. (5) and (6),

and the statistics of the response for any given mean wind speed can be obtained by scaling c=1.

Furthermore, the correspondence between a structure that is designed to just meet the SLS criterion

under wind excitations, and the associated design wind loading (for SLS) can be established through

the parameter c.

Given values of , R/rg, S(f) and characteristics of the structure, the evaluation of a sample of

c=1 can be carried out by: simulating F1(t) and F2(t); evaluating FYN(t) and FθN(t) using Eq. (5);

solving Eq. (1) using the Newmark method; and finding c=1 using Eq. (7) and the response time history.

Samples of c=1 together with a value of c are used in assessing the mean of , , and the

standard deviation of , , or to fit the Gumbel probability model (Davenport 1964).

To define the probabilistic model of  by considering different mean wind speeds, let (v10)

denote the peak response evaluated based on 10-year return period (mean) wind speed v10. It can be

shown that if the design requires that the mean of (v10) for the designed structure equals a

specified value acr

( (v10)) (8a)

where E( ) denotes the expectation, the mean peak response conditioned on the mean wind speed v
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provided that the wind drag coefficient CD and the turbulence intensity Iv can be treated as

independent of the value of the mean wind speed v. Experience indicates that in many practical

applications the partial correlation between the along-wind force and the torsional moment are not

taken into account in evaluating the total mean peak response due to different vibration modes. It is

of interest to estimate the adequacy of a structure that is designed by ignoring this correlation. This

leads to that the mean of 0(v10) equals acr

( 0(v10)) (9a)

where 0(v10) denotes the peak response evaluated based on 10-year return period (mean) wind

speed v10 but ignoring any possible correlation between of FYN(t) and FθN(t). In such a case, Eq.

(8b) can be conveniently written as

( 0(v10)) (9b)

where Rγ = E( 0(v10))/E( 0(v10)) represents the ratio of the expected value of the peak acceleration

evaluated at v10 by considering the correlation to that by ignoring the correlation. Eq. (9b) effectively

relates E  to the design requirement shown in Eq. (9a) (i.e., E = (v/v10)
γRγacr).

To estimate the performance of the design under serviceability consideration, we define the normalized

mean wind speed, Vn, , where V denotes the annual maximum wind speed. By adopting

the Gumbel probability model (Davenport 1964) and using Eqs. (8) and (9), the probability density

function of  conditioned on the value of Vn, vn, is

, (10)

where  is the conditional probability density function,  denotes the coefficient of

variation (cov) of , , and , in which

RY = 1.0 if Eq. (8a) is considered for design and if Eq. (9a) is employed. Since the annual maximum

wind speed is commonly modeled as a Gumbel variate, Vn is a Gumbel variate as well with its cov

value equal to that of V, δv, and the probability distribution function given by

(11)

in which , , where  is given by

(12)

2.3.2 Structures with TMDs

If the structure is fitted with two optimum TMDs as shown in Fig. 1(b), and the design (with the

TMDs) is such that it just meets the SLS criterion, the probabilistic characterization of the response

 can also be carried out by using the same procedure as outlined in the previous section for the
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nonlinear damping force, and the response is not linearly related to the parameter c, the design

including the TMDs needs to be adjusted such that the specified SLS criterion is just met.

Alternatively, to simplify the reliability analysis and without loss of generality, for a designed

structure with optimum TMDs, one can adjust the c value iteratively such that the designed

structure just meets the SLS criterion. Since c is related to the structural characteristics as indicated

in Eq. (6), the adjustment of the value of c for the structure with or without TMDs effectively

changes the design to just meet the SLS. The latter is considered for the parametric studies in the

present work.

One more significant difference between structures without and with TMDs is that for a structure

with nonlinear TMDs, Eqs. (8b) and (9b) are no longer applicable and the cov of  must be

evaluated numerically for each given value of V, v. The obtained mean and cov are then used in Eq.

(10) to define the parameters of the probability distribution of .

3. Serviceability limit state and reliability analysis

One of the SLS that needs to be considered for the design of tall buildings under wind loading is

based on wind-induced motion: peak acceleration or standard deviation of acceleration. Several

studies on the human perception of motion have been reported in the literature (Reed 1971, Chen

and Robertson 1972, Goto 1975, 1983, Irwin 1979, Kanda et al. 1988, Melbourne and Cheung

1988, Kareem 1988, Isyumov 1993, 1995, Tamura 2003, Burton 2006, Burton et al. 2006, Tamura

et al. 2006, Kim and Kanda 2008). In all the mentioned studies, the discomfort level and disruption

of tasks of the inhabitants of buildings are related to the mean peak acceleration and/or standard

deviation of the acceleration for a given acceleration frequency. Criteria to limit the excessive wind-

induced motion were developed and adopted in design codes or their corresponding commentaries

as serviceability limit states (e.g., NBCC 2005, AIJ 2004, ISO10137 2007). The criterion in the

commentaries to the NBCC (2005) is based on the mean peak acceleration that is to be used to

compare the wind-induced motion for a 10-year return period value of the wind speed. This

criterion neglects the influence of the structural frequency on the perception threshold of the

occupants of the building. The criteria in the ISO10137 (2007) are similar to those suggested in the

AIJ (2004) which are based on the mean peak acceleration and are to be used to compare the mean

peak acceleration of the structure estimated for a 1-year return period value of wind speed. The

criteria in the AIJ (2004), which are considered in this study, depend on the selected probability of

perception level as shown in Fig. 2(a). It must be noted that the criteria are to be used to compare

the responses obtained based on 1-year return period value of 10-minutes mean wind speed, while

the responses calculated according the NBCC (2005) are based on 10-year return period value of

mean hourly wind speed. Therefore, to adopt these criteria for serviceability checking, they should

be scaled by taking into account the differences in the wind velocities evaluated based on different

averaging time, and the differences in the return periods (Pozos-Estrada et al. 2010). The scaling

from the 1-year return period value to 10-year return period value of hourly mean wind requires a

factor of 1.47, which is applicable to typical Canadian sites. The ratio of hourly mean wind speed to

10-minutes mean wind speed equals 0.9 according to the curve given by Durst (1960). These factors

lead to the corresponding criteria shown in Fig. 2(b).

It is noteworthy that the percentage of people that can perceive the vibration versus the logarithm

of the measured peak acceleration for a given frequency can be approximately fitted with a lognormal
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distribution function (Chen and Robertson 1972, Tamura et al. 2006, Burton 2006). Based on these

observations, the percentage of people that can perceive the vibration can be expressed as

(13)

where  is the probability of perception for a given peak acceleration level , Φ( ) is the

standard normal distribution function and c1 and c2 are model parameters that can be inferred from

Burton (2006) and are shown in Table 1 for a range of frequencies. Eq. (13) is used to define the

perception level of vibration of the inhabitants of a building in a reliability context in the next

section.

To determine the reliability of the structure without or with TMDs (i.e., the probability that the
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Fig. 2 Serviceability criteria considering 10%, 30%, 50%, 70% and 90% probability of perceiving the vibration
(denoted by H10, H30, H50, H70 and H90, respectively): (a) 1-year return period value of 10-minutes
mean wind speed (suggested by AIJ 2004); (b) 10-year return period value of 60-minutes mean wind
speed (mapped from Fig. 2(a))

Table 1 Parameters c1 and c2 for Eq. (13) inferred from Burton (2006)

f (Hz) c1 (milli-g)1 c2

0.1 4.577 0.792

0.2 3.421 0.773

0.3 2.901 0.782

0.4 2.435 0.826

0.5 2.171 0.861

Note: (1) c1 and c2 for f = 0.1 Hz were obtained by extrapolation.



122 A. Pozos-Estrada, H.P. Hong and J.K. Galsworthy

wind-induced structural motion is less than the adopted SLS criterion used in design), one must

consider the uncertainty in the wind-induced structural motion, the (mean) wind speed and the

probability of motion perception (See Eqs. (10), (11) and (13)). By taking these uncertainties into

account, the probability of perception of wind-induced motion by the inhabitants of a building, PfP,

can be expressed as

(14)

where the integration of Eq. (14) is over the domains of Vn and , and can be evaluated using a

simple simulation technique.

4. Numerical analysis and results

4.1 Reliability of structures without TMDs

For the parametric analyses, structures subjected to different combinations of wind loading

conditions and structural dynamic properties are considered. As explained in Section 2, the main

structure is idealized as a 2DOF system whose characteristics are defined by the generalized

properties of the actual structure. For the moment, consider that the structure shown in Fig. 1(a)

with ξ = 1%, ωY = 0.787 rad/s, ηθ = 0.5, and e/rg = 0 is subjected to the wind loads defined in Eq. (5)

with  and R/rg = 0.5, and that the design requires that E( (v10)) equals the H50 criterion,

proposed in AIJ (2004) shown in Fig. 2(b). This requirement results in acr = 0.0796 m/s2 (8.11 milli-

g), which is selected based on the greatest vibration frequency between those for sway and torsional

vibration modes. The above indicates that the structure is designed such that c equals acr/E( c=1),

where E( c=1) is evaluated for 10-year return period (mean hourly) wind speed, and that possible

correlation between wind forces is considered. Note that the same criterion used to select acr is used

to select the corresponding parameters c1 and c2 that are needed in defining Eq. (13).

The evaluation of E( c=1) is based on the simulation procedure discussed in Section 2 with a

simulation cycle of 100. Samples of c=1 are also used to estimate  that is needed to characterize

the distribution parameters  of as shown in Eq. (10). To verify that the number of simulation

cycles is sufficient, the analysis is repeated with a simulation cycle of 200, and the obtained values

of E( c=1) are almost identical to those obtained with a simulation cycle of 100 (with a difference

less than 2%). Therefore, a simulation cycle of 100 is adopted in the remaining part of this study

for estimating E( c=1) or  which is used to characterize Eq. (10). 

To estimate the probability of perception of wind-induced motion, a value of δv equal to 0.1 is

selected since it reflects the wind climate in many Canadian cities. Based on these considerations,

Eq. (14) is solved numerically and the calculated value of PfP is shown in Table 2 for γ equal to

2.2. It is observed that the estimated PfP differs from the probability of 50% considered in the H50

criterion. This is expected since the latter did not include the uncertainty in wind-induced

responses.

To assess the impact of the correlation between the along-wind and the torsional forces on PfP,

 is varied from 0 to 1.0 with an increment of 0.25 while maintaining the values of the

remaining parameters of the structure to be the same. The obtained PfP values are also depicted in
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Table 2, indicating that PfP is not sensitive to  for the considered structure if the design is

based on the mean peak response estimated by considering such a correlation (i.e., Eq. (8a)).

The above analysis was repeated but considering structures with different ωr and ηθ values. For each

structure, acr was taken from the H50 criterion shown in Fig. 2(b). The estimated PfP values are shown

in Table 2 as well. It is observed from the table that PfP is very consistent for the structures considered.

To see the effect of adopting Eq. (9a) for design on PfP, designs for the cases shown in Table 2 are

carried out according to Eq. (9a) rather than Eq. (8a), and the above analyses are repeated. The

obtained PfP values are compared with those obtained for designs based on Eq. (8a) in Table 2. The

comparison of the results suggests that, in general, an increase in the correlation between the along-

wind force and the torsional moment have the effect of increasing PfP, if the structure is designed to

satisfy Eq. (9a). This increase is more significant if the along-wind force and the torsional moment

are fully correlated. This implies that in most cases, a slightly unconservative design is achieved by

ignoring the correlation between the along-wind force and the torsional moment.

To investigate the impact of the parameters e/rg, R/rg, r/rg and δv on PfP, Structures 1 and 4

presented in Table 2 are re-analyzed, and the obtained values of PfP by considering the design

criterion shown in Eq. (8a) are depicted in Fig. 3. The figure shows that the use of 10-year return

period value of the wind speed and the same acr for limiting the wind-induced motions does not

ensure the same PfP for regions having different δv values. For regions with higher δv values, PfP is

decreased, which is expected since a larger Sv leads to a greater 10-year return period wind speed

for design. It is also observed from the figure that e/rg, R/rg and r/rg do not significantly impact PfP,

and that PfP is very consistent, which was already observed in Table 2.

ρF
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θ

Table 2 Estimated PfP for e/rg = 0, R/rg = 0.5, r/rg = 0.5,  = 0.1, and γ = 2.2

Structure No. ωY (rad/s) ηθ

0 0.25 0.5 0.75 1

1 0.785 0.5 0.684
0.684 0.683 0.681 0.684

(0.688) (0.714) (0.723) (0.747)

2 0.785 1 0.684
0.684 0.681 0.681 0.684

(0.688) (0.690) (0.722) (0.766)

3 0.785 1.5 0.681
0.680 0.679 0.677 0.682

(0.683) (0.684) (0.672) (0.709)

4 0.785 2 0.680
0.679 0.678 0.678 0.681

(0.693) (0.684) (0.688) (0.699)

5 1 0.5 0.681
0.681 0.680 0.680 0.681

(0.703) (0.708) (0.731) (0.749)

6 1 1 0.682
0.681 0.680 0.679 0.681

(0.691) (0.700) (0.716) (0.757)

7 1 1.5 0.628
0.629 0.627 0.627 0.629

(0.625) (0.631) (0.639) (0.655)

8 1 2 0.619
0.620 0.617 0.618 0.620

(0.616) (0.608) (0.620) (0.628)

Note: The values inside brackets were calculated with Eq. (9a).
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To investigate the influence of the adopted SLS criterion on PfP, the H90 criterion instead of the

H50 criterion is employed for the design checking (i.e., acr selected from the H90 is used for

design), and the above analyses are repeated. The results are shown in Fig. 4. Comparison of the

results shown in Figs. 3 and 4 indicates that similar conclusions to those drawn from Fig. 3 are

applicable to Fig. 4.

The above analyses were carried out again for the cases shown in Table 2, but considering γ equal

to 2.4 and 2.6, the estimated PfP values are similar to those for γ equal 2.2 and for that reason they

are not shown.

It is acknowledged that PfP is likely to be affected by the uncertainty in vibration frequency and

damping ratio of the structure. Consideration of these uncertainties that could be important is

outside of the scope of the present study.

Fig. 3 Calculated PfP considering the H50 criterion from AIJ ((a), (c) and (e) are for Structure 1, and (b), (d)
and (f) are for Structure 4)
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4.2 Reliability of structures with TMDs

4.2.1 Reliability of structures with linear TMDs
Consider that structures with different geometric shapes, located at different regions, and having

the same vibration frequencies and damping ratios to those considered in the previous section need

to be constructed or retrofitted with optimum TMDs to reduce wind-induced motions. 

First, consider that the main structure with ξ = 1%, ωY = 0.787 rad/s, ηθ = 0.5, and e/rg = 0 is

fitted with two optimum linear TMDs, as illustrated in Fig. 1(b), with mass ratio µ equal to 1% and

the optimum frequency ratio and coefficient of damping, as a function of the coefficient of damping

Fig. 4 Calculated values of PfP considering the H90 criterion from AIJ ((a), (c) and (e) are for Structure 1,
and (b), (d) and (f) are for Structure 4)
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of the main structure (i.e., Cs = 2ξωYMs), shown in Table 3, which were calculated based on a

grid search technique. The structures with TMDs are to be checked such that E( (v10)) equals acr

that is dictated by the H50 criterion (Fig. 2(b)). This checking or design criterion was expressed

in Eq. (8a).

If the main structure is subjected to the wind loads defined in Eq. (5) with δv = 0.1, R/rg = 0.5,

and a value of c that leads to Eq. (8a) to be satisfied, by using the characteristics of the TMD-

structure system and the parameters of the wind loading model, Eq. (2a) is solved numerically and

the total peak translational acceleration is calculated by using Eq. (7) for r/rg = 0.5. By considering

this information, and similar to the case of the structures without TMDs, Eq. (14) is solved

numerically and the calculated PfP values are shown in Table 4 for γ equal to 2.2. Furthermore,

results are calculated and presented in Table 4 for the same TMD-structure system but considering

different combinations of ωY, ηθ, and e/rg for the main structure,  and R/rg for the wind

loading, and r/rg. A comparison of results shown in Tables 2 and 4 indicates that the reliability of

structures without and with linear TMDs is almost identical for the cases considered. It implies that

the same safety level is achieved whether the design is without or with the installation of the

optimum linear TMDs if the same serviceability criterion to limit the wind-induced vibration is used

for checking. Therefore, identical serviceability criteria can be used for the design or retrofitting

structures without or with optimum linear TMDs to meet the same tolerable probability of motion

perception levels.

Again, if the design is carried out according to Eq. (9a) rather than Eq. (8a), by repeating the

above analysis, for the cases shown in Table 4, the obtained PfP values are shown in Table 4 as

well. A comparison of Tables 2 and 4 reveals that the calculated PfP values are different for

structures without or with linear TMDs if Eq. (9a) is used for design. This indicates that if the

correlation is ignored in design, its effect on the estimated PfP differs for structures without and with

TMDs. However, in general, the difference is small, and a slightly unconservative design is

achieved in most cases by ignoring the correlation between the along-wind force and torsional

moment.

A further analysis is carried out by considering Structures 1 and 4, which are fitted with optimum

linear TMDs. The obtained PfP values by considering the H50 criterion, and Eq. (9a) are shown in

Fig. 5 for several combinations of e/rg, R/rg, r/rg and δv. The figure indicates that PfP is not
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Table 3 Optimum parameters of the TMDs

Structure No. ωY (rad/s) ηθ

Linear TMDs Nonlinear TMDs

rfopt Copt/CS rfopt Copt/CS (m/s)-1

1 0.785 0.5 0.5 0.03 0.5 0.075

2 0.785 1 1 0.06 1 0.11

3 0.785 1.5 1.05 0.158 1 0.15

4 0.785 2 1 0.07 1 0.15

5 1 0.5 0.5 0.025 0.5 0.075

6 1 1 1 0.06 1 0.12

7 1 1.5 1 0.08 1 0.15

8 1 2 1 0.06 1 0.15
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sensitively affected by  as long as such a consideration is taken into account in design, and

that changes in e/rg, R/rg and r/rg do not impact the calculated PfP values. Results by using H90

instead of H50 are also calculated. As the trends that can be observed from these results are similar

to those observed from Fig. 5, the results for H90 are not shown.

The above analyses were repeated but considering γ equal to 2.4 and 2.6. Again, the results

indicate that PfP is not very sensitive to the considered γ values.

4.2.2 Reliability of structures with nonlinear TMDs
To investigate possible effects of the use of optimum nonlinear TMDs on PfP, analyses are carried

out for a subset of TMD-structure systems considered in the previous section. The parameters of the

nonlinear TMDs with µ equal to 1% are shown in Table 3. Similar to the case of structures with

linear TMDs, the structures with nonlinear TMDs are to be checked using Eq. (8a) and the

corresponding acr values, which is dictated by the H50 criterion. By following the same procedure

used in the previous section, the obtained PfP values are shown in Table 5, and Fig. 6 for selected

values of e/rg, R/rg, r/rg, δv and . The conclusions and observations that can be drawn from the

table and figures are similar to those for structures with linear TMDs. However, PfP for structures

with nonlinear TMDs is greater than those obtained for structures without or with optimum linear

TMDs. This implies that more stringent serviceability criterion is required to limit the wind-induced

vibration if the optimum nonlinear TMDs with the considered nonlinear behaviour is used in design.

This observation needs to be investigated further by considering nonlinear TMDs with different

ρF
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θ
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Table 4 Estimated PfP for e/rg = 0, R/rg = 0.5, r/rg = 0.5,  = 0.1, and γ = 2.2 for the structure with linear TMDs

Structure No. ωY (rad/s) ηθ

 

0 0.25 0.5 0.75 1

1 0.785 0.5 0.684
0.684 0.684 0.683 0.685

(0.697) (0.709) (0.720) (0.759)

2 0.785 1 0.684
0.683 0.680 0.681 0.684

(0.691) (0.708) (0.725) (0.776)

3 0.785 1.5 0.681
0.680 0.679 0.679 0.681

(0.686) (0.673) (0.672) (0.709)

4 0.785 2 0.682
0.680 0.679 0.678 0.681

(0.693) (0.692) (0.684) (0.707)

5 1 0.5 0.682
0.682 0.679 0.681 0.682

(0.692) (0.702) (0.716) (0.747)

6 1 1 0.682
0.682 0.680 0.680 0.682

(0.696) (0.705) (0.744) (0.777)

7 1 1.5 0.629
0.628 0.628 0.627 0.629

(0.633) (0.638) (0.641) (0.660)

8 1 2 0.620
0.620 0.618 0.619 0.620

(0.615) (0.618) (0.611) (0.645)

Note: The values inside brackets were calculated with Eq. (9a).
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nonlinear characteristics. Again, as in the case of structures fitted with optimum linear TMDs, the

results by using H90 instead of H50 are also calculated. The conclusions that can be drawn from

the results are similar to those drawn from Fig. 6, and for that reason the results for H90 are not

shown.

If Eq. (9a) is employed for design, the estimated PfP values with optimum nonlinear TMDs are

shown in Table 5. Again, the observations from this table are similar to those from Tables 2 and 4,

and that unconservative design is achieved in all the considered cases if the correlation between the

wind forces is ignored for SLS design checking. Furthermore, analysis results showed that these PfP

values are insensitive to γ ranging from 2.2 to 2.6.

Fig. 5 Calculated values of PfP considering the H50 criterion from AIJ ((a), (c) and (e) are for Structure 1
fitted with linear TMDs, and (b), (d) and (f) are for Structure 4 fitted with linear TMDs)
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5. Conclusions

A parametric study was carried out to assess whether consistent reliability levels can be achieved

for structures designed or retrofitted without or with TMDs to just meet SLS criteria under wind-

induced motion. For the analysis, translation and torsional motion and, linear and nonlinear TMDs

are considered. Numerical results suggest that for structures that are designed or retrofitted without

Table 5 Estimated PfP for e/rg = 0, R/rg = 0.5, r/rg = 0.5,  = 0.1, and γ = 2.2 for the structure with nonlinear TMDs

Structure No. ωY (rad/s) ηθ

 

0 0.5 1

1 0.785 0.5 0.845 
0.839 0.796

(0.843) (0.834)

2 0.785 1 0.863
0.851 0.803

(0.860) (0.852)

3 0.785 1.5 0.819
0.808 0.799

(0.817) (0.815)

4 0.785 2 0.813
0.809 0.793

(0.812) (0.808)

Note: The values inside brackets were calculated with Eq. (9a).
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Fig. 6 Calculated values of PfP considering the H50 criterion from AIJ ((a), (c) and (e) are for Structure 1
fitted with nonlinear TMDs, and (b), (d) and (f) are for Structure 4 fitted with nonlinear TMDs)
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or with optimum linear TMDs and satisfying the same serviceability limit state (SLS) criterion, their

probability of exceeding the criterion, PfP, is very consistent, if the inherent correlation between

wind forces is taking into account in design. This consistency is advantageous since the same SLS

criterion can be adopted in designing or checking the structures without or with TMDs. However, if

the optimum tuned nonlinear TMDs with the considered nonlinear behaviour are used, more

stringent serviceability criterion than that used for structures without TMDs is required to limit the

wind-induced vibration and to achieve a consistent reliability level (i.e., 1-PfP). Other observations

that can be drawn from the results include:

1) Uncertainties in peak acceleration  and time-averaged velocity V need to be incorporated in

evaluating PfP for wind-induced motion since the estimated probability is significantly different if

these uncertainties are considered or ignored; and 

2) A slightly unconservative design is achieved in most cases if the correlation between the along-

wind force and torsional moment is ignored in SLS design checking.
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