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Abstract. Theoretical analysis is performed on a multi-mode energy harvester design with focus on the first
two vibration modes. Based on the analysis, a modification is proposed for designing a novel adaptive multi-
mode energy harvester. The device comprises a simply supported beam with distributed mass and piezoelectric
elements, and an adaptive damper that provides a 180 degree phase shift for the motions of two supports only
at the second vibration mode. Theoretical analysis and numerical simulations show that the new design can
efficiently scavenge energy at the first two vibration modes. The energy harvesting capability of the multi-
mode energy harvester is also compared with that of a cantilever-based energy harvester for single-mode
vibration. The results show that the energy harvesting capacity is affected by the damping ratios of different
designs. For fixed damping ratio and design dimensions, the multi-mode design has higher energy harvesting
capacity than the cantilever-based design.
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1. Introduction

Ambient energy harvesting has been investigated to extend the lifetime of wireless sensor networks

for a broad range of applications. Potential ambient energy sources include mechanical vibration

(Roundy et al. 2003, Glynne-Jones et al. 2004, Mitcheson et al. 2004, Shu and Lien 2006, Tiwari et

al. 2008), light (Yu et al. 1995, Yu and Heeger 1995, Bach et al. 1998, Neugebauer et al. 2000,

Paradiso and Starner 2005, MacNeil and Sargent 2006), thermal gradient (Venkatasubramanian et al.

2001, Snyder et al. 2003), strain (Lysne and Percival 1975, Xu et al. 1997, Engel et al. 2000,

Keawboonchuay and Engel 2003, Gao et al. 2004) and wind (Burton et al. 2001, Munteanu et al.

2006). The most mature and commercially available method to scavenge energy is based on solar

cells. While solar cells are attractive for some outdoor applications, they are not useful for

sensors that are not accessible to the direct sunlight and the harvested power is too low on a

cloudy day. Mechanical vibrations, existing almost everywhere, have been investigated as a

promising energy source for wireless sensors in some applications, such as machine condition

monitoring and indoor environmental monitoring (Roundy et al. 2003, Roundy and Wright 2004,

James et al. 2004, Leland et al. 2004, Roundy 2005). Energy harvesting devices pick up

vibrations on a vibrating source, and then convert vibration energy to electrical energy using

piezoelectric materials (Shu and Lien 2006, Sodano et al. 2004, Anton and Sodano 2007),
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electromagnetic induction (Glynne-Jones et al. 2004, James et al. 2004, Cullen et al. 1997, El-

hami et al. 2001, Yang et al. 2009), or electrostatic methods (Sterken et al. 2003, Yen and Lang

2006). Since electrostatic transducers require a separate voltage source (such as a battery) to

begin the conversion cycle and electromagnetic transducers typically output AC voltages well

below one volt in magnitude (extra electronics might be needed to boost the output voltage)

(Shahruz 2006), piezoelectric generators are of primary interest.

Most piezoelectric vibration energy harvesters studied so far are based on simple cantilever-based

design with resonant frequency matching the environmental resonant frequency (Sodano et al. 2004,

Anton and Sodano 2007). The simple cantilever-based energy harvester is efficient only when its

resonant frequency is tuned to match the environmental resonant frequency. If the resonant frequency is

mismatched, the energy conversion efficiency drops dramatically. This type of vibration energy

harvester will fail to collect sufficient power for wireless sensors if used in an environment with

vibration frequencies far away from the resonant frequency of the device.

Piezoelectric vibration energy harvesters with an array of cantilevers have been investigated to

provide broadband energy harvesters (Shahruz 2006, 2008, Qi et al. 2010). The array of cantilevers

had a band of closely spaced mechanical resonance peaks, which provided a wide band response for

the device. Of course, if the resonant peaks of all cantilever-mass systems are designed to be far

away from each other and each cantilever has piezoelectric materials mounted upon it, the design

can also provide a multi-mode energy harvester that scavenges energy at different frequencies.

However, the device efficiency is low since only one cantilever is vibrating and generating electrical

energy at a fixed vibration frequency. Leland and Wright (2006) investigated an energy harvester

device with a simply supported piezoelectric bimorph as its active element and a proof mass

mounted at the bimorph’s center. They demonstrated that a variable compressive axial preload

applied to the bimorph can adjust the resonance frequency of the device. Morris et al. (2008) also

used a mechanism that adjusts pre-tensions of piezoelectric sheets in an extensional mode resonator

to tune the frequency of the device. Although these devices have tunable frequencies, it still can

only work efficiently at one frequency once deployed. Some recent research attempted to achieve

vibration energy harvesting at multiple frequencies through modifying cantilever-based design either

by segmenting the cantilever beam (Lee et al. 2009) or by adding a dynamic magnifier to the

harvesting beam (Zhou et al. 2012). 

This paper presents preliminary work in the development of novel multi-mode energy harvesters

with distributed stiffness and mass and has multiple resonant frequencies that can be designed to

match the multiple environmental vibration modes. Both analytical and numerical simulation approaches

are used to investigate the feasibility of such multi-mode energy harvester using a design with two

interested resonant modes as an example. The results show an adaptive multi-mode energy harvester

has potential to efficiently scavenge vibration energy at two vibration modes. Even for single vibration

mode, the new design may have advantages over the cantilever-based design in terms of energy

harvesting capacity.

2. Analysis of the single-mode energy harvester

A piezoelectric vibration energy harvester (Fig. 1(a)) may be modeled as a mass-spring-damper-

piezo structure (Fig. 1(b)) (Ottman et al. 2002, Richard et al. 2004, Lefeuvre et al. 2005). The

dynamic equations governing such system are given by (Lefeuvre et al. 2005).



Analysis and simulation of multi-mode piezoelectric energy harvesters 551

(1)

(2)

(3)

where m is the mass of the vibrating block shown in Fig. 1, u is the relative displacement of the mass m

with respect to the base, Ke is the equivalent stiffness of the structure, α is the force factor which also

represents the measure of the conversion from mechanical energy to electric energy, C is the damping

coefficient, C0 is the clamped capacitance of the piezoelectric element, IC and V are the outgoing current

and the voltage on the piezoelectric element. F is the effective force applied to the mass. If the motion

of the base is harmonic of the form ub = Bsin(ωt), where B is the amplitude of the base motion, the

equivalent load applied to the mass is F = sin(ωt) if resonance occurs.

Considering a load resistor, R, connected directly to the output of the rectifier of the harvester, the

voltage on the piezoelectric element can be expressed in the frequency domain as a function of the

displacement (Lesieutre et al. 2004).

  (4)

where ω is the angular velocity of F. 

The frequency domain representation of (1) are given by

 (5)

It follows from the vibration theory that the resonance occurs when ω is close to the resonance

frequency of the structure ωn, and in this case the phase of  always takes π/2 phase lead compared

to . This gives

(6)
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Fig. 1 (a) A common piezoelectric vibration energy harvester and (b) equivalent model for a piezoelectric vibration
energy harvester with standard energy harvesting circuit
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(8)

For weakly electromechanically coupled structure, the variable α is close to zero, which leads to

simplified expression of ωn.

 (9)

Where E is the elastic modulus of the beam material, I is the area moment of inertia of the beam cross-

section, and L is the length of the cantilever beam. Note that an assumption we make here is that the

structure is with low viscous losses, namely, the damping coefficient C is small. For this reason, we are

justified to approximate the resonance frequency ωr with the natural frequency ωn. 

The harvested power can be expressed as 

(10)

where um is the displacement amplitude. 

A maximum Pmax is reached when an optimal load Ropt is set, namely

(11)

(12)

The force factor, α, is the coupling factor between the force directly applied to the piezoelectric

material and the outgoing voltage (Eq. (13)). Its value depends on material properties and dimensions

of the piezoelectric material.

  (13)

Where Fp is the force directly applied to the piezoelectric material, KPE and up are the stiffness and the

displacement of the piezoelectric material. V is the outgoing voltage on the piezoelectric material. 

The overall coupling factor between the external force and the outgoing voltage will differ from

that of the underlying materials. It is more convenient to relate the force factor to the external force

F in order to compare energy conversion efficiency of different designs. For the design in Fig. 1,

thin piezoelectric layers are attached on the top and bottom of a metal layer that behaves like a

spring. External force is applied to the mass attached to the spring. The force directly applied to the

piezoelectric material is proportional to the surface axial stress at the location. For the comparison

purpose, it is appropriate to assume that the force factor α is proportional to the average axial stress

, where , namely

(14)
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Positive constant γ depends on the physical property of the beam and the piezoelectric parameter.

Then for the cantilever vibration energy harvester

 (15)

where d is the thickness of the beam and torque M is given by 

(16)

Where x is the distance from the support, and FI is the inertial force applied to the mass, which can be

calculated from

(17)

Plugging Eq. (15) into Eq. (14) gives 

(18)

Plugging Eq. (18) into Eq. (12), we can represent the maximum power in terms of material parameters,

design dimensions, and the displacement amplitude of the mass. For weakly electromechanically

coupled structure, the mass displacement at resonance can be solved from Eq. (1).

(19)

Where Fm is the amplitude of the sinusoid external excitation force applied to the mass, ϕ is the phase

shift, Rdn is the dynamic magnification factor at resonance, and ξn is the damping ratio.

(20)

(21)

3. Analysis of a multi-mode energy harvester

The simple cantilever-based energy harvester is efficient only when its resonant frequency is tuned

to match the environmental resonant frequency. This type of vibration energy harvester is inefficient

if used in environments with multiple dominant modes or with a dominant mode that changes with

time. Different design concepts have been proposed to design multi-mode energy harvesters (Shahruz

2006, 2008, Qi et al. 2010, Zhang and He 2008). One potential approach is to use distributed mass-

spring-damper-piezo structures with multiple modes that are adapted to the environmental resonant

frequencies to efficiently harvest vibration energy on these structures (Zhang and He 2008). A

simple design example is shown in Fig. 2. The dimensions shown in the figure, which are

adjustable for different applications, will be used for the theoretical and numerical analysis in this

paper. The piezoelectric layer is not shown in Fig. 2. Based on the vibration modes the harvester is

designed to use, distributed piezoelectric layer needs to be applied to the top and bottom of the
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beam to prevent elimination of opposite charges generated from different segments where one

segment experiences tension and the other experiences compression. For weakly electromechanically

coupled structure, we can first focus on mechanical analysis of the design without piezoelectric

layers, and then use Eqs. (14) and (12) to calculate the force factor and the maximum power that

can be harvested at different modes. 

For the design in Fig. 2, the relative-response equations of motion subjecting to acceleration at the

supports can be written as

(22)

Where M, K and C are the mass matrix, the stiffness matrix and the damping matrix respectively. u is

the displacement vector of two masses, and f is the effective load vector applied to two masses. For a

piezoelectric energy harvester, both supports are often attached to the same base and therefore subjected

to the same acceleration. If the motion of the base is harmonic of the form , the effective

load vector is

(23)

in which {1} represents a column of ones.

To use the analysis results of the single-mode energy harvester in section 2, we transform the

coupled Eq. (22) to a system of normal (modal) coordinates due to the orthogonality property of the

mode shapes for a linear system. 

(24)

Where Mi, Ki, Ci, and fi are the modal-coordinate generalized mass, generalized stiffness, generalized

damping coefficient, and generalized load for mode i. 

(25)

Where φi is the mode-shape vector for mode i. The required mode shapes φi (i = 1,2,...) and

corresponding frequencies  can be found by solving the eigenvalue problem.
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Fig. 2 A simple multi-mode energy harvester with pinned-pinned support
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(26)

Yi is the modal amplitude. For any modal component ui, the displacements are calculated from

(27)

As the support motions tend to excite strongly only the lowest modes of vibration (Clough and

Penzien 1993), the energy harvester should be designed to work at the low vibration modes. Our

mechanical analysis in this paper will focus on the first two dominant modes and assume two equal

masses, i.e., m1=m2. For a design with two equal masses in Fig. 2, the mass matrix, the stiffness

matrix and the damping matrix are

(28)

(29)

(30)

The first two mode shapes and the corresponding resonant frequencies are

(31)

(32)

Plugging Eqs. (28)-(30) into Eqs. (24) and (25), we can get two uncoupled dynamic equations for

the first two modes. Each equation is similar to the dynamic equation of the single-mode energy

harvester. The modal amplitudes of the first two modes can be calculated from Eqs. (19), (23), (25)

and (31). 
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zero since the mode shape vector is [1 −1]T and motions of two bases are same. This results in a modal

amplitude of zero for mode 2.

The relative displacements of two mass blocks from the support can be calculated from Eq. (27).

(34)

The equivalent stiffness of the beam at two mass block locations in Fig. 2 is

(35)

The inertial force applied to each mass in the first mode is

(36)

The torque distribution along the beam is

(37)

Using Eqs. (14) and (15), we can calculate the force factor of the design in Fig. 2 in the first

mode.

(38)

The second mode of the multi-mode design can not be excited if both supports experience the

same motion since the generalized load for the second mode is zero.

Based on the theoretical analysis results, we propose a design adding an adaptive damper to one

or both supports so that the motions of two supports have a 180° phase shift close to the second

mode, as shown in Fig. 3. Since it is difficult to perform the dynamic analysis for the adaptive

multi-mode energy harvester, we use a finite element analysis software, Abaqus, to analyze the

dynamic characteristics of the new design.
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Fig. 3 Adaptive multi-mode energy harvester
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4. Simulation of adaptive multi-mode energy harvester

The material properties and design dimensions for the simulation are listed in Table 1.

The first two modes of the adaptive multi-mode energy harvester are shown in Figs. 4 and 5 from

modal analysis. The frequency responses of the displacement of each mass are shown in Figs. 6 and

7 with in-phase and out-of-phase base excitations, respectively. For Figs. 4 and 6, the same harmonic

motion is applied to both supports with a magnitude of 1 mm. For Figs. 5 and 7, the harmonic

motions applied to two supports have the same magnitude (1 mm) and 180 degree phase difference.

In the first mode, the motions of both supports are same. The theoretical analysis in section 3

should apply to the adaptive multi-mode design in the first mode. Numerical simulation verifies that

the maximum mass displacement, which is 24.2 mm at 8.2 Hz in the first mode, is very close to the

analytical result (25 mm at 8.2 Hz) calculated from Eq. (34). The inertial force (Fn1) applied to each

mass in the first mode can be calculated from the equivalent stiffness of the beam (K1) and the

displacement of the mass in the first mode (un1) based on Eqs. (35) and (36).

(39)

Using Eqs. (14), (15) and (37), the force factor in the first mode is

(40)

In the second mode, the motions of both supports have a 180 degree phase shift. The maximum
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Table 1 Material properties and design dimensions of the adaptive multi-mode energy harvester

Length (mm) Width (mm) Thickness (mm) Young’s Modulus (MPa) Poisson’s ratio Mass (kg) ξ

200 12 1 69e3 0.3 0.100 0.02

Fig. 4 Modal analysis of the adaptive multi-mode energy harvester in the first mode
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mass displacement for the adaptive multi-mode energy harvester is 7.6 mm at 33.9 Hz. The inertial

force (Fn2) applied to each mass and the torque (Mn2) distribution along the beam are

(41)Fn2 K2un2

3EI

0.105L( )2
L( )

-------------------------------un2= =

Fig. 5 Modal analysis of the adaptive multi-mode energy harvester in the second mode

Fig. 6 Frequency response of the displacement of each mass when base excitations are in-phase

Fig. 7 Frequency response of the displacement of each mass when base excitations are out-of-phase
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(42)

Then the force factor at the second mode can be calculated from Eqs. (14) and (15).

(43)

5. Discussion

5.1 Comparison between single-mode and multi-mode energy harvesters under the first

resonant frequency

Assuming harmonic excitation with the same amplitude is applied to the bases of both multi-mode

and single mode energy harvesters and two designs have the same beam dimensions, the amplitude

ratio between the force factors of a multi-mode energy harvester in Fig. 2 or 3 and a single-mode

energy harvester under the first resonant frequency can be calculated from Eqs. (18), (19), (29),

(36), and (38). 

(44)

Where  and αm are the amplitudes of the force factors of the multi-mode energy harvester under

the first resonant frequency and the single-mode energy harvester, respectively. As the multi-mode

energy harvester is analyzed under the first resonant frequency, ξn refers to the damping ratio in the first

mode. 

From Eq. (12), the ratio between the maximum harvested power is

(45)

Where P1,max and Pmax are the maximum power harvested by the multi-mode and single-mode energy

harvesters under the first resonant frequency, Y1,m is the modal amplitude of the first mode for the multi-

mode energy harvester, and um is the amplitude of the mass displacement at resonance for the single-

mode energy harvester.

Based on Eqs. (9), (19), (32), (33), (43) and (44), the comparison between the multi-mode and

single-mode energy harvesters, subject to the base harmonic motion at the first resonant frequencies,

is shown in Table 2 for different mass ratios. For a fixed mass ratio (m1/m), the maximum power

ratio between the multi-mode and single-mode energy harvesters is affected by the ratio between

damping ratios of the single-mode and multi-mode energy harvesters. If both designs have the same

damping ratio, the multi-mode energy harvester can scavenge higher electrical power compared with

the single-mode energy harvester. However, with a fixed design dimension, the multi-mode energy

harvester requires much larger mass to achieve the same resonant frequency as that of the
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cantilever-based energy harvester. No matter what masses both designs have, the ratio between the

force factor amplitudes of two designs is only proportional to the ratio between damping ratios of

the single-mode and multi-mode energy harvesters if other design parameters are same.

5.2 Comparison between the first two modes of the adaptive multi-mode energy harvester

The numerical results in section 4 are used for comparison between the first two modes of the

adaptive multi-mode energy harvester. From Eqs. (39), (40), (41) and (43), the force factor amplitude

ratio between the first and second modes can be calculated.

(46)

As the ratio between the maximum mass displacement from numerical simulation represents the

ratio between the modal amplitudes in the first two modes, the ratio between maximum power

harvested at the first two modes can be calculated from Eq. (12).

(47)

The maximum power harvested at the second vibration mode is about 67% of that harvested at

the first vibration mode if the amplitudes of harmonic motions applied to the base at both

frequencies are same.

6. Conclusions

Theoretical analysis is performed on a sample multi-mode energy harvester design with a simply

supported beam and distributed mass and piezoelectric elements to investigate the feasibility of

harvesting energy at two different resonant modes. The analysis shows that the second mode of the

multi-mode design can not be excited if both supports experience the same harmonic motion. Based

on the results, an adaptive multi-mode energy harvester concept is proposed. The adaptive multi-

mode energy harvester adds an adaptive damper to one or both supports so that the motions of the

two supports are synchronized at the first resonant frequency, but have a 180 degree phase shift at
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the second mode. The numerical simulation demonstrates that the adaptive multi-mode design can

efficiently harvest energy at the first two resonant modes.

The energy harvesting capability of the multi-mode energy harvester is compared with that of the

cantilever-based single-mode energy harvester. Results show that the multi-mode design has higher

energy harvesting capacity compared with that of the single-mode energy harvester if both designs

have similar damping ratios, even for an environment with a single vibration frequency.

As the energy harvesting capacity is related to the damping ratio, further work will concentrate on

studying the damping characteristics of different harvester designs. In addition, design of adaptive

dampers will be investigated to effectively adjust the phase shift between motions of two supports at

the second resonant frequency for the adaptive multi-mode energy harvester. The design concept of

a tuned mass damper traditionally used for vibration mitigation may be borrowed to create out-of-

phase resonance at a desired frequency (Den Hartog 1947, Zuo 2009). 
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