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Vibration analysis of a cracked beam with axial force
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Abstract. A composite element method (CEM) is presented to analyze the free and forced vibrations of a
cracked Euler-Bernoulli beam with axial force. The cracks are introduced by using Christides and Barr crack
model with an adjustment on one crack parameter. The effects of the cracks and axial force on the reduction of
natural frequencies and the dynamic responses of the beam are investigated. The time response sensitivities
with respect to the crack parameters (i.e., crack location, crack depth) and the axial force are calculated. The
natural frequencies obtained from the proposed method are compared with the analytical results in the
literature, and good agreement is found. This study shows that the cracks in the beam may have significant
effects on the dynamic responses of the beam. In the inverse problem, a response sensitivity-based model
updating method is proposed to identify both a single crack and multiple cracks from measured dynamic
responses. The cracks can be identified successfully even using simulated noisy acceleration responses.
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1. Introduction

The presence of cracks in a structure may have a significant influence on the dynamic responses
of the structure; it can even lead to the catastrophic failure of the structure. To predict the failure,
vibration monitoring can be used to detect changes in the dynamic responses and/or dynamic
characteristics of the structure. To this end, the knowledge of the effects of cracks on the vibrations
of the structure is very important to engineers. To detect cracks as accurately as possible, it is
necessary to consider the key factors that can affect the vibration responses and characteristics. It is
known that the effect of axial force on dynamic responses and natural frequencies can be notable
for structural components subjected to axial loads, such as bridge piers and building columns.
Therefore, in order to predict the cracks accurately, it is very significant to develop efficient techniques
for the vibration analysis of cracked beams with axial force.

Vibration analysis of cracked structures has been widely investigated in the last three decades.
Dimarogonas (1996) and Ostachowicz and Krawczuk (2001) gave comprehensive reviews of the
problems to the vibration of cracked structures and the crack models, respectively. Investigation
of dynamic behaviour of cracked structures has attracted the attention of many researchers
(Christides and Barr 1984, Kwon and Christy 1994, Ruotolo et al. 1996, Kisa and Brandon 2000,
Chaudhari and Maiti 2000, Zhu et al. 2009, He and Lu 2010, Ayatollahi er al. 2010, Oz 2010).
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Several methods (Narkis 1994, Gounaris et al. 1996, Shifrin and Ruotolo 1999, Kisa and
Brandon 2000) to determine the natural frequency changes due to a single crack and multiple
cracks have been proposed.

The effects of axial forces on the dynamic response of the beam with or without cracks were not
considered in the literatures mentioned above. Krawczuk and Ostachowicz (1993) obtained the
natural frequencies of a cracked beam with constant axial force by finite element analysis; the effect
of axial force was taken into account by use of the geometric stiffness matrix. Bokaian (1988)
studied the effect of a constant axial compression load on the natural frequencies and mode shapes
of a uniform single-span beam with different combinations of end conditions. Farghaly (1992)
presented exact frequency and mode shape solutions for a uniform cantilever Euler-Bernoulli beam
under axial load. The same problem but for the Timoshenko beam has been studied by Farghaly and
Shebl (1995). Binici (2005) proposed an analytical method to obtain the eigen frequencies and mode
shapes of beams with multiple cracks subjected to axial force. Lee (1995) examined the dynamic
response of a rotating subject to an axial force and a moving load. The vibration analysis of axially
loaded stepped beams was investigated in Refs. (Rosa 1996, Naguleswaran 1994, Kukla and Zamojska
2007). Da Silva et al. (2004) studied the behaviour of flush end-plate beam-to-column joints under
bending and axial force. Yesilce and Catal (2009) investigated the free vibration analysis of Reddy-
Bickford beams on elastic soil with/without axial force effect using the Differential Transform
Method (DTM). Li et al. (2010) formulated the dynamic stiffness matrix for an axially loaded slender
double-beam element. The Bernoulli-Euler beam theory is used to define the dynamic behaviors of
the beams and the effects of the mass of springs and axial force are taken into account in the
formulation.

There are also many studies that deal with the stability of cracked and uncracked structures. Chen
and Chen (1988) investigated the stability of a rotating shaft with a single crack. Li (2001) used a
transfer matrix approach to determine the buckling loads of multi-stepped beam-columns. Naguleswaran
(2003) investigated the stability and vibration of a beam-column up to three step changes. Zhou and
Huang (2006) studied the crack effect on the elastic buckling behavior of axially and eccentrically
loaded columns.

The objective of this study is to introduce a new method for free and forced vibration analysis of
axially loaded beams containing crack(s) by means of a composite element method and to identify
the cracks using the measured structural dynamic responses. The finite beam element is
formulated using the composite element method. The crack is introduced by using Christides and
Barr (1984) crack model with an adjustment on the crack parameter. The natural frequency
results obtained from the proposed method are compared against the results predicted by the
analytical method and good agreement is found. The forced vibration analysis is conducted and
the response sensitivities with respect to the crack parameters (i.e., crack location and crack
depth) and with respect to the axial force are also calculated. Studies show that the natural
frequencies and forced vibration responses of the beam are affected significantly by the cracks
and the axial force. It is also found that the responses with respect to different parameters have
different sensitivities. The inverse problem, i.e., to identify the location and severity of cracks
from measured dynamic responses of the cracked beam is investigated using a response-based
model updating method. A response sensitivity-based approach of crack identification is then
presented in the identification of single and multiple crack damages. The parameters of the cracks
can be identified successfully and it is found that the presented method is not sensitive to
simulated measurement noise.
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2. Forward analysis theory

Fig. 1 shows a simply supported cracked beam with a constant axial force. The cracks are assumed
to be always open, and they do not change the mass of the beam. The differential equation for free
vibration of the intact beam can be expressed as (Meirovitch 1975)
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where E is the Young’s modulus, / the moment of inertia of the beam, P the axial force acting on the
beam, p the mass density, 4 area of the cross-section of the beam.

2.1 Crack model

According to Christides and Barr (1984), the variation of bending stiffness E/ along the beam
length takes up the form of

El,

El(x) = 1+(m— ])exp(—2a|x—xL|/d)

2)

where E is the Young’s modulus of the beam, [, = wd'/12 is the second moment of area of the intact
beam, m = 1/(1- Cr)3 , C.=d. /d is the crack depth ratio and d, and d are the depth of crack and the
beam, respectively, x; is the location of the crack. « is a constant which governs the rate of decay and it
is estimated by Christides and Barr(1984) from experiments to be 0.667. However, according to the
study by Lu and Law (2009), this constant needs to be adjusted to be 1.426 in the CEM and it is adopted
in this paper.

2.2 Composite element incorporating a crack

2.2.1 The displacement field of the CEM

Composite element (Zeng 1998) is basically a combination of the conventional finite element
method (FEM) and the classical theory (CT) of vibration. In the composite element method, the
displacement field is written as the sum of the finite element displacement and the shape functions
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Fig. 1 A simply supported cracked beam with a constant axial force
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from the classical theory. The displacement field of the CEM can be expressed as

UcpaX, 1) = Uppp (X, 1) T ucy(x, 1) (3)

where upg)(x,t) and uq.(x,7) are the two parts of the CEM displacement field with the subscripts
defining those of the FEM and CT, respectively.

Taking a planar beam element as an example, the first part of the CEM displacement field is
expressed as the product of the shape function vector N(x) and the nodal displacement vector ¢

Uppr(x, 1) = N(x)q(1) 4)

where q(t) = [v,(1), 6,(1),v,(?), 6,(1)] " and ‘v’ and ‘@’ represent the transverse and rotational displacements,
respectively, and

o[58 £ .0
= [N1(x), Ny(x), N5(x), Ny(x)] (5)

The second part ucy(x,f) is obtained by the multiplication of analytical eigen function with a
vector of coefficient ¢ (also called the ¢ degrees-of-freedom or c-coordinates)

ucr(x,1) = w(x)c(?) (6)

where w(x) = [@1, D5, ..., dy] and c(?) = [c,(2),c,(2), ..., cp()] @ (r=1,2,...N) is the eigen function of
the beam.

Like the FEM, the CEM can be refined using /-refinement technique by increasing the number of
finite elements. Moreover, it can also be refined through the c-refinement method, by increasing the
number of analytical functions in the shape functions. As we can make use of the advantage of the
c-refinement from the CEM, the beam only needs to be divided into a small number of finite
elements. This will reduce the total number of degree-of-freedom in the finite element model.

The displacement field of the CEM for a uniform Euler-Bernoulli beam element can be written
from Egs. (3) to (6) as

ucpu(x,1) = S(x)Q(7) (M

where S(x) = [N, (x), N,(x), N5(x), Ny(x), ¢,(x), $(x), ..., @y(x)] is the generalized shape function of the
CEM, O(x)=[v,(1), 6,(2),v,(2), O,(t),c (1), cy(2), ..., cN(t)]T is the vector of generalized displacements,
and N is the number of eigen functions used. These functions are chosen according to different
boundary conditions of the beam. For instance, for simply-supported beam, they are selected as ¢(x)
=sin’Z, (i=1,2,.. .N). In the case of other boundary conditions, they can be chosen from the classical
theorylfor transversal vibration of beam. The number of terms N is determined by a frequency convergence
test (Lu and Law 2009). The frequency convergence criterion is defined as ;M2 ‘Aa)iv/ a)ﬂ , where "
is the estimation of the ith frequency with N-terms in the CT. Aw) = &Y — "1 is the difference of the
ith frequency obtained with the N-terms and (V-/)-terms. It is found that when more than 33 terms are

selected, the natural frequencies are converged (Lu and Law 2009). In this paper, 50 terms are chosen to
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ensure the requirement being satisfied. It should be pointed out that if more terms are used in the
calculation, the natural frequencies of the beam are then more accurate.

2.2.2 The elemental stiffness, geometric and mass matrices
The elemental stiffness matrix of the cracked beam can be obtained from the following equation

T
K= dz—iEl(x)dz—fdx
dx dx

— |:[qu] [klIcT| (8)

where the submatrix [k,,] corresponds to the elemental stiffness matrix from the FEM for the cracked
beam; the submatrix [k,.] corresponds to the coupling terms of the g-dofs and the c-dofs; submatrix
[kcq] 1s a transpose matrix of [k,], and the submatrix [k.] corresponds to the c-dofs and is a diagonal
matrix, E£I(x) is shown in Eq. (2).

The elemental geometric stiffness matrix due to a constant axial force P is expressed as

_ ds'ds
“eJo dx dx

— |:[qu(]] [qucT| (9)
[chq] [chc]

where the submatrix [kg,,] corresponds to the elemental geometric stiffness matrix from the FEM for
the beam; the submatrix [kg,] corresponds to the coupling terms of the g-dofs and the c-dofs;
submatrix [kg.,] is a transpose matrix of [kg,.], and the submatrix [kg..] corresponds to the c-dofs and is
a diagonal matrix.

The elemental mass matrix is expressed as

K, = ng(x)TpAS(x)dx

— |:[mqq] [mQCT| (10)

[meg] [me]

The submatrix [m,,] corresponds to the elemental mass matrix from the FEM for the cracked beam; the
submatrix [m,.] corresponds to the coupling terms of the g-dofs and the c-dofs; submatrix [m,,] is the
transpose matrix of [m,.], and the submatrix [m,.] corresponds to the c-dofs and is a diagonal matrix.

2.3 Free vibration analysis

After introducing the boundary conditions, the governing equation for free vibration of the cracked
beam can be expressed as

(K—K,— o' M)V =0 (11)
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where K and M are system stiffness and mass matrix, respectively, K is the system geometric stiffness.
o is the circular frequency, from which the natural frequencies are identified. The ith normalized mode
shapes of the stepped beam can be expressed as

4 N
D, = zNiViJ'_z¢iVi+4 (12)

i=1 i=1

2.4 Forced vibration analysis

The equation of motion of the forced vibration of a cracked beam with » cracks subjected to axial
force when expressed in terms of the composite element method is

MQ+ CQ+ [K(xL]) dcla .. 'axL,J dc,) .. '7an7 dcn) _KG]Q :f(t) (13)
where C is the damping matrix which represents a Rayleigh damping model in this work as
C = a1M+ aZ[K(xLla dcla .. 'axLl.a dcia .. '7an7 dcn)_KG] (14)

where a; and a, are constants to be determined from two modal damping ratios. f{(¥) is the generalized
force vector. For an external force F(f) acting at the location xz from the left support, f(#) can be
expressed as

SO = [Ni(xp) Nao(xp) N3(xp) Ny(xp) éi(xp) .. ¢n(xF)]TF(x) (15)

The generalized acceleration O, velocity O and displacement O of the cracked beam can be
obtained from Eq. (13) using direct integration method. The physical displacement, velocity and
acceleration #i(x,#) can be obtained from

u(x,1) = [S(x)]'0 (16a)
i(x,1) = [S(x)]'0 (16b)
ii(x,1) = [S(x)]'O (16¢)

2.5 Dynamic response sensitivities with respect to the axial force and crack parameters

Taking partial derivative of Eq. (13) with respect to the axial force, we have
%Q + a_KQQ

5 ac a
Mg—]Q)-l- Ca—]Q)-i-[K(xL,,dc,, s Xy ey ey Xp S d ) — KG] Q - an
where
OKg _ ads'ds
oP jo dx dx (18)
Let R = 20 , Eq. (17) can rewritten as

oP’
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MR+CR+[K(x,,d,,....x,d.,....x, ,d, )~ K;]R = =0+ (17a)

Since the dynamic response and the partial differential 8_];(_; has been obtained from Egs. (13) and
(18), respectively, the right-hand-side of Eq. (17a) is known and can be treated as ‘input force’.
Note that Eq. (17a) is similar to Eq. (13), and the dynamic response sensitivity (i.e., the generalized
acceleration response sensitivity, velocity response sensitivity and displacement response sensitivity)
with respect to the axial force can be obtained by direct integration again. The physical acceleration
response sensitivity with respect to axial force 0i(X,1) i obtained from

au(x 1 — [S(x )]T 8Q (19)

Similarly, the generalized dynamic response sensitivity with respect to the depth and the location
of the ith crack can be obtained from the following equations

M(%%+ C%%+K(xL" Aypy v Xp o,y Xy dcn)%i = —azaK(xL" ey ;C;Cd oLy dc")Q
B oK(x, ,d., ,;c;, de,-.Xp, dcn)Q 20)

M%%-F CﬁaTQLi+K(xL" Aopy o Xp ooy Xy d”")aaTQLi = —azaK(xL" ey g;dc oy dc”)Q'
oK(x,,d., ...,;c;,dcl, X, dvn)Q @1
The physical acceleration response sensitivity with respect to crack parameters M and

a”é(x’:’) can be obtained from Egs. (22) and (23), respectively. od,,

8%(55,0 [Se)]" 8QI (22)
atg(xL D _s(x )]T 8Q (23)

3. Inverse problem

In the identiﬁcation, the vector of parameter to be updated is 8= [X dC]T, where X'= [x; ,x; ,...,x; ]
and d. = [d, ,d,_,...,d. ] are the vectors of locations and the crack depths of the n cracks, respectively.
The acceleration responses at several different locations of the beam can be used to identify the
crack parameters. The ‘measured’ response is simulated by adding different levels of artificial normally
distributed random noise into the one calculated from Eq. (16(c)).
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Zfi = ﬁcal—’_Ep*No[se*Var(ﬁcal) (24)

where i is the vectors of polluted acceleration; E, is the noise level; N, is a standard normal
distribution vector with zero mean and unit standard deviation; var(e) is the variance of the time
history; ii,,, is the vector of calculated acceleration.

The sensitivity-based approach (Lu and Law 2007) is adopted for the updating of the vector of
parameters 6.

it = 256 (25)

where 06 is the vector of perturbations in the updating parameters, Jii = ji—ii is the differences in the
vector of polluted generalized acceleration z;i and the vector of calculated acceleration i . Matrix Z
consists of the response sensitivity, which is the first derivative of the dynamic response with respect to
the updating parameters. These derivatives are calculated from Egs. (20) and (21). For example, if the
acceleration of ith degree-of-freedom is used, the detailed sensitivity matrix is shown as

i’ (1) Gii'(t) gil' (1) ail' (1))  dii' (1)) aii'(1,) |
&, ox, oy, od,  od,  od,
Ji'(ty) Bi'(t,)  di'(n) ail'() Gi()  dil(t,)
z=| o, o,  ox, od_ od,  ad, (26)
Gii'(t,) il (¢,) di'(t,) ail(t,) aii(t,) dii'(t,)
o, o, oy,  od od,  ad,

where #, is the beginning of the time history and #is the end of the time history. Eq. (25) can be solved
from the damped least-squares method (DLS) (Lu and Law 2007)

50=(Z"z+ 1) ' 7' Sii 7)

where A is the non-negative damping coefficient governing the participation of least-squares error in the
solution. When the parameter A approaches zero, the estimated vector 63 approaches to the solution
obtained from the simple least-squares method from Eq. (25). L-curve method (Hansen 1994) is used in
this paper to obtain the optimal regularization parameter A.

The updated crack parameter is written as

6.1 = 6+ (8)

where subscript ‘7 indicates the iteration number during the computation.

4. Applications

4.1 Validation of free vibration analysis for a beam with cracks from the proposed
method in comparison with existing result

A free-free steel beam studied by Sinha er al. (2002) is used to verify the correctness of the
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Table 1 Comparison of natural frequencies (Hz) of the steel free-free beam with one crack

d,; =4 mm at x; =430 mm d,; =8 mm at x; =430 mm d,; =12 mm at x; =430 mm

Mode  Experi- Sinha et al. Proposed Experi- Sinha et al. Experi- Sinha et al.
ment (2002) p ment (2002) ment (2002)

74.688 74.406 74735 74.063  73.628  74.216  72.813  72.958  73.302
205.625  204.183  205.619 202.500 201.283  203.233  197.188 198.928 197.355
405.625  405.368  405.845 404.688  404.557 404.561 403.125 403916 403.361
666.250  668.429  668.821 662.813 665356 664.266 655938  662.874 662.513

Proposed Proposed

AW N =

proposed method. Sinha et al. obtained the natural frequencies of beam using finite element method
with experimental verification. The material properties of the beam are: Young’s modulus 203.91
Gpa, mass density 7800 kg/m®, The width, height and length of the beam are 25.3 mm, 25.3 mm
and 1330 mm, respectively. The location of the crack is 430 mm from the left end and the depth of
the crack varies from 4 mm to 12 mm. In the establishment of composite element model of the
beam, the beam is treated as one Euler beam element and fifty shape functions are used for the free
vibration of the beam. It is accomplished using the MATLAB software (2002). The modal frequencies of
the beam obtained from the proposed method are compared with those in the existing literatures as
shown in Table 1. One can find that results from the proposed method are better than those from
Sinha et al. (2002) except in the last modal frequency for the first crack state and the fundamental
modal frequency for the third crack state. The natural frequencies predicted from the proposed
method agree satisfactorily with the experimental values.

4.2 Validation of free vibration analysis for a cracked beam with axial force from the
proposed method in comparison with existing result

A simply supported beam with a single crack is studied to check the correctness of the proposed
method. The material properties and dimensions of the beam are: Young’s modulus £ =200 GPa,
mass density p= 7850 kg/m?, width w =20 mm, depth d =20 mm, total length L = 2000 mm. Again,
the whole beam is treated as one Euler beam element and fifty shape functions are used in the
composite element model of the beam. The crack depth in the beam varies in two stages of 2 mm
and 6 7Ir}1EHll The axial force has three different magnitude, natural f namely, -0.3P,,, 0, 0.3P,,, where
P, = === is the critical load for buckling. In Table 2, the requencies of the beam obtained from the
proposed model are compared with those by Binici (2005), in which the natural frequencies of the
cracked beam with axial force are obtained analytically in a close form. The results show that the CEM

approach is effective and accurate for free vibration analysis of a cracked beam with axial force.

4.3 Further validation of free vibration analysis for a beam with multiple cracks and with
axial force

The proposed method is further verified by a free vibration analysis of a beam with two cracks
and with axial force. A simply supported beam with multiple cracks and subjected to axial force is
studied for further validation of the proposed method (Binici 2005). The results from the proposed
method and those by Binici (2005) are listed in Table 3. From this table, one can see the natural
frequencies from the proposed method agree very well with those by Binici (2005).
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Table 2 Comparison of the first two non-dimension natural frequencies of a simply supported beam for
different crack locations with different relative crack depth and different magnitude of axial forces

P=-03P, P=0 P=03P,

01L 02L 03L 04L O5SL 0.1L o02L 03L 04L OSL 0.1L 02L 03L 04L 05L

Present 11402 1.1396 1.1389 1.1383 1.1381 0.9998 0.9992 0.9984 0.99780.9976 0.8361 0.8355 0.8347 0.8340 0.8338
Binici
@/ o005
Error  0.0008 0.0002 -0.0005 0.0004 0.0017 -0.0032-0.0023 0.0029 0.0023 0.0037-0.0003 0.0007 0.0029 0.0026 0.0036
Present  1.0334 1.0290 1.0290 1.0334 1.0369 0.9970 0.9935 0.9935 0.99701.0000 0.9593 0.9545 0.9545 0.9593 0.9617

1.1394 1.1394 1.1394 1.1379 1.1364 1.0030 1.0015 0.9955 0.99550.9939 0.8364 0.8348 0.8318 0.8314 0.8302

de/d=0.1

oo (]3310121) 1.0333 1.0288 1.0288 1.0330 1.0364 0.9970 0.9924 0.9924 0.9964 1.0000 0.9591 0.9545 0.9545 0.9591 0.9621

Error  0.0001 0.0002 0.0002 0.0004 0.0005 0.0 0.0011 0.0011 0.0006 0.0 0.0002 0.0 0.0 0.0003 -0.0004

Present 11381 1.1320 1.1010 1.1010 1.0800 0.9971 09796 0.9603 0.94980.9411 0.8293 0.8100 0.7698 0.7646 0.7602
Binici
@/ o005
Error  -0.0004 0.0012 0.001 0.0077-0.0046 0.0048 0.0027 -0.0012 0.00360.0026 0.0062 0.0023 -0.0067 0.0031 -0.0006
Present  1.0104 0.9721 0.9800 1.0110 1.0305 09713 09323 0.9404 0.97171.0000 0.9306 0.900 0.9009 0.9302 0.9617

1.1385 1.1308 1.100 1.0923 1.0846 0.9923 0.9769 0.9615 0.94620.9385 0.8231 0.8077 0.7769 0.7615 0.7608

dc/d=0.3

oo (%gl(;gl) 1.0045 09712 0.9773 1.0076 1.0258 0.9688 0.9348 0.9397 0.97120.9924 0.9318 0.8979 0.8985 0.9348 0.9591

Error  0.0059 0.0009 0.0027 0.0024 0.0047 0.0025 -0.0025 0.0017 0.0005 0.0076-0.0008 0.0021 0.0024 -0.0046 0.0026

Table 3 Comparisons of results with Binici (2005) for the simply supported beam with two cracks

Parameters Results from the proposed method Results from Binici (2005)
x /L xp/L d./L d./L P/P,, o/ g y/ g o/ wy /@
0.1 0.4 0.3 0.5 0.1 0.7939 0.9210 0.7917 0.9223
0.1 0.4 0.3 0.5 0.2 0.7252 0.9071 0.7244 0.9085
0.1 0.4 0.3 0.5 0.3 0.6475 0.8926 0.6501 0.8944
0.1 0.4 0.2 0.4 0.1 0.8327 0.9436 0.8331 0.9420
0.1 0.4 0.2 0.4 0.2 0.7716 0.9302 0.7700 0.9285
0.1 0.4 0.2 0.4 0.3 0.7002 0.9162 0.7012 0.9148
0.2 0.3 0.3 0.5 0.1 0.8131 0.8394 0.8105 0.8371
0.2 0.3 0.3 0.5 0.2 0.7469 0.8236 0.7442 0.8217
0.2 0.3 0.3 0.5 0.3 0.6738 0.8079 0.6713 0.8060
0.2 0.3 0.2 0.4 0.1 0.8552 0.8791 0.8528 0.8773
0.2 0.3 0.2 0.4 0.2 0.7928 0.8645 0.7910 0.8627

0.2 0.3 0.2 0. 0.3 0.7250 0.8488 0.7239 0.8479

4

2 2
Note: P =112, on=(2)* [EL =(22) [P
pA L/ NpAd

4.4 Dynamic response and response sensitivity with respect axial force

The forced vibration analysis for the cracked beam with axial force is conducted in this section. The
effects of the presence of crack on the dynamic response of the beam is investigated and the axial force
as well. The parameters of the simply supported beam under study are taken as: £=28 GPa, w =200 mm,
d =200 mm, L = 8.0 m, mass density p= 2500 kg/m’, Three cases are investigated in the following.
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4.4.1 Effect of crack on the dynamic response

An impulsive force is assumed to act at mid-span of the beam with a magnitude of 100V, the
force starts to act on the beam from the beginning and lasts for 0.1 second. The time step is 0.002 s
in calculating the dynamic response, the time duration in the calculation of dynamic response is 8
seconds. Rayleigh damping model is used to obtain the system damping matrix and the two damping
constant are taken as 0.01 and 0.02, respectively.

The acceleration responses at the 1/4 span of the beam for different crack depths are shown in
Figs. 2(a) and (b). The crack is assumed to be fixed at the mid-span of the beam. From these figures, one

0.2 ‘ . ‘
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o15- || L e dc/d=0.2 | |
‘ — —dc/d=0.5
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0.05H
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-0.15 - —
0.2 L \ ! L ! \ \
7 8
T T
0.15 dc/d=0 | |
dc/d=0.2
—— —dc/d=0.5

0.1

0.05

0.2 | | | | | | | | | 4

Time(sec.)

Fig. 2 (a) Comparison on the dynamic responses for different crack depths and (b) a close view
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Fig. 3 (a) Comparison on the dynamic responses for different crack locations and (b) a close view

can see that when the crack depth increases, the natural frequencies of the beam decrease, so there
is a shift in the acceleration response for different crack depths.

The acceleration response at the 1/4 span of the beam for different crack locations with a fixed
crack depth d./d=0.3 are shown in Fig. 3(a) and (b). The crack is assumed to be at the 0.1 L, 0.3L
and 0.5L of the beam, respectively. From these figures, one also can see that there is a shift on the
acceleration response. This reveals that the difference of crack location may have different effect on
the natural frequencies.

4.4.2 Effect of axial force on the dynamic response
The effect of axial force on the dynamic response of the beam is investigated in this section. The
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Fig. 4 (a) Comparison on the dynamic responses for different axial forces and (b) a close view

same impulsive force as the Case above is used. Figs. 4(a) and (b) show the comparison on the
acceleration response at the 1/4 span of the beam for different axial force levels with P=0.1P,,. N,
P=03P.,N, P=0.5P,. N, respectively. From these figures, one can find with the increase in the
magnitude of the axial force, the effect of axial force on the dynamic response of the beam becomes
significant.

4.4.3 Dynamic response sensitivities with respect to different parameters

For a given excitation force F(¢) acting at the location xx from the left support of the beam, the
generalized force vector f{f) can be obtained from Eq. (15), and the generalized acceleration O,
velocity O and displacement Q of the cracked beam can be obtained from Eq. (13) by direct
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Fig. 5 Dynamic response sensitivity with respect to different parameters ((a) with respect to crack location, (b)
with respect to crack depth, and (c) with respect to axial force)

integration method. The physical acceleration ii(x,7) is obtained from Eq. (16). As the dynamic
responses O, O and O have been obtained from Eq. (13), the response sensitivities with respect to
crack depth, crack location and axial force can be calculated, respectively, according to Egs. (17),
(22) and (23). Figs. 5(a), (b) and (c) show the sensitivities of acceleration at the mid-span with
respect to the crack location of and the crack depth and axial force, respectively. It is noted that the
magnitude of the response sensitivity of the crack depth is almost 100 times of that of the crack
location and is almost 1000 times of that of the axial force.

4.5 Crack identification from response sensitivity-based updating method

The simply supported beam in the first example is used for identifying the cracks in the beam. In
the inverse problem, the measured acceleration time histories from an impulsive external force at
three different locations, namely, L/4, L/2 and 3L/4 of the beam are used to identify the crack
parameters. Five and ten percent artificial random noises are added to the calculated acceleration
separately to simulate the ‘measured’ response. Convergence of computation is considered achieved
when the norm of relative difference between two sets of successively identified parameters equals
1.0x10°. Two cases are studied. The first case deals with a single crack identification. The crack is
assumed to locate at 700 mm from the left support of the beam with a depth of 3 mm. The second
case deals with identification of multiple cracks. Besides the first crack, another crack is assumed to
locate at 1200 mm from the left support of the beam with a depth of 5 mm.
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Table 4 The identified results

Identified values

True Noise free 5% noise 10% noise
Single Crack (initial guess: x; = 1000 mm, d, = 0)
Crack location x; (mm) 700 700.4 705.3 706.4
Crack depth d, (mm) 3 2.99 2.98 2.95
No. of iteration required N/A 21 23 27
Optimal regularization parameter N/A 3.22x10° 3.53x10° 3.74x10°
Two Cracks (initial guess: x;; = x;, = 1000 mm, d,; = d,, = 0)
Crack locations x;,/x;, (mm) 700/1200 700.9/1202.4 705.8/1205.1 707.6/1209.7
Crack depths d.,/d,, (mm) 3/5 3.02/4.97 2.95/4.94 2.93/4.88
No. of iteration required N/A 25 28 30
Optimal regularization parameter N/A 4.32x10° 4.49x107 5.68x10°

4.5.1 Identification of single crack

The identified results shown in Table 4 indicate that the parameters of the crack can be identified
with very good accuracy under different noise levels. This indicates the identified results are not
sensitive to the artificial noise.

4.5.2 Identification of two cracks

Table 4 also shows the identified results for the two cracks. Although the results are not as good
as those for the single crack, the identified parameters of the two cracks are still satisfactory under
different noise levels with a maximum relative error or around1.1% in the crack location and 2.3%
in the crack depth.

5. Conclusions

In the present study, a composite element method is proposed to determine the natural frequencies
of axially loaded beams and to calculate forced vibration responses. The time response sensitivities
with respect to the crack parameters, i.e., crack location, crack depth and the axial force, are conducted.
The results obtained from the proposed method are in great agreement with those in the literature.
The results from forced vibration analysis show that different crack parameters may have different
effects on the dynamic responses of the beam. With the increase in the magnitude of the axial force,
the effect of the axial force on the dynamic response of the beam becomes significant. It is found
that the magnitude of the response sensitivity varies differently for different parameters, such as the
crack location, crack depth and axial force. A response sensitivity-based crack identification method
is presented and verified by two numerical simulations. Very good identified results can be obtained
even using noisy acceleration measurements.

Acknowledgements

This work is supported in part by the NSFC (11172333, 10972241), the Guangdong Province



370 ZR. Lu and JK. Liu

Science and Technology Program (2011A030200012, 2010A030200008), Doctoral Program Foundation
of Ministry of Education of China (20090171110042), and the Fundamental Research Funds for the
Central Universities (091gpy08).

References

Ayatollahi, M.R., Hashemi, R. and Rokhi, H. (2010), “New formulation for vibration analysis of Timoshenko
beam with double-sided cracks”, Struct. Eng. Mech., 34(4), 475-490.

Binici, B. (2005), “Vibration of beams with multiple open cracks subjected to axial force”, J.Sound Vib., 287(1-
2), 277-295.

Bokaian, H. (1988), “Natural frequencies of beams under axial compressive loads”, J. Sound Vib., 126(1), 49-65.

Chen, L.W. and Chen, C.U. (1988), “Vibration and stability of cracked thick rotating blades”, Comput. Struct.,
28(1), 67-74.

Chaudhari, T.D. and Maiti, S.K. (2000), “A study of vibration geometrically segmented beams with and without
crack”, Int. J. Solids Struct., 37(5), 761-779.

Christides, A. and Barr, A.D.S. (1984), “One dimensional theory of cracked Bernoulli-Euler beams”, Int. J.
Mech. Sci., 26(11-12), 639-648.

Da Silva, L.S., De Lima L.R.O. and Da S. Vellasco, P.C.G. (2004), “Behaviour of flush end-plate beam-to-
column joints under bending and axial force”, Steel Compos. Struct., 4(2), 77-94.

Dimarogonas, A.D. (1996), “Vibration of cracked structures: a state of the art review”, Eng. Fract. Mech., 55(5),
831-857.

Farghaly, S.H. (1992), “Bending vibrations of an axially cantilever beam with an elastically mounted end mass
of finite length”, J. Sound Vib., 156(2), 373-380.

Farghaly, S.H. and Shebl, M.G. (1995), “Exact frequency and mode shape formulae for studying vibration and
stability of Timoshenko beam system”, J. Sound Vib., 180(2), 205-227.

Gounaris, GD., Papadopoulos C.A. and Dimarogonas, A.D. (1996), “Crack identification in beams by coupled
response measurement”, Comput. Struct., 58(2), 299-305.

Hansen, P.C. (1994), “Regularization tools: A Matlab package for analysis and solution of discrete ill-posed
problems”, Numer. Algorithms, 6(1), 1-35.

He, Z.Y. and Lu, Z.R. (2010), “Time domain identification of multiple cracks in a beam”, Struct. Eng. Mech.,
35(6), 773-789.

Kisa, M. and Brandon, J.A. (2000a), “The effects of closure of cracks on the dynamics of a cracked cantilever
beam”, J. Sound Vib., 238(1), 1-18.

Kisa, M. and Brandon, J.A. (2000b), “Free vibration analysis of multiple open edge cracked beams by component
mode synthesis”, Struct. Eng. Mech., 10(1), 81-92.

Krawczuk, M. and Ostachowicz, W.M. (1993), “Transverse natural vibrations of a cracked beam loaded with a
constant axial force”, J. Vib. Acoust., 115(4), 524-528.

Kukla, S. and Zamojska, 1. (2007), “Frequency analysis of axially loaded stepped beams by Green’s function
method”, J. Sound Vib., 300(3-5), 1034-1041.

Kwon,Y.W. and Christy, C. (1994), “An efficient finite element modeling of dynamic crack propagation using a
moving node element”, Struct. Eng. Mech., 2(2), 173-184.

Lee, H.P. (1995), “Dynamic response of a rotating Timoshenko shaft subject to axial forces and moving loads”,
J. Sound Vib., 181(1), 169-177.

Li, Q.S. (2001), “Buckling of multi-step cracked columns with shear deformation”, Eng. Struct., 23(4), 356-364.

Li, J, Hua, HX. and Li, X.B. (2010), “Dynamic stiffness matrix of an axially loaded slender double-beam
element”, Struct. Eng. Mech., 35(6), 717-733.

Lu, ZR. and Law, S.S. (2007), “Features of dynamic response sensitivity and its application in damage detection”,
J. Sound Vib., 303(1-2), 305-329.

Lu, Z.R. and Law, S.S. (2009), “Dynamic condition assessment of a cracked beam with the composite element
model”, Mech. Syst.Signal Pr., 23(2), 415-431.



Vibration analysis of a cracked beam with axial force and crack identification 371

MATLAB 6.5, The MathWorks, Inc. Release 13 User’s Manual, 2002.

Meirovitch, L. (1975), Elements of Vibration Analysis, McGraw-Hill, New York.

Naguleswaran, S. (1994), “Transverse vibration and stability of an Euler-Bernoulli beam with step change in
cross-section and in axial force”, J. Sound Vib., 270(4-5), 1045-1055.

Naguleswaran, S. (2003), “Vibration and stability of an Euler-Bernoulli beam with up to three-step changes in
cross-section and axial force”, Int. J. Mech. Sci., 45(9), 1563-1579.

Narkis, Y. (1994), “Identification of crack location in vibrating simply supported beams”, J. Sound Vib., 172(4),
549-558.

Ostachowicz, W. and Krawczuk, M. (2001), “On modelling of structural stiffness loss due to damage”, Proceedings
of 4th International Conference on Damage Assessment of Structures, DAMAS, Cardiff.

Oz, H.R. (2010), “In-plane vibrations of cracked slightly curved beams”, Struct. Eng. Mech., 36(6), 679-695.

Rosa, M.A. De. (1996), “Free vibration of stepped beams with flexible ends in the presence of follower forces at
step”, J. Sound Vib., 194(4), 631-635.

Ruotolo, R., Surace, C., Crespo, P. and Storer, D (1996), “Harmonic analysis of the vibrations of a cantilevered
beam with a closing crack”, Comput. Struct., 61(6), 1057-1074.

Shifrin, E.I. and Ruotolo, R. (1999), ‘“Natural frequencies of a beam with an arbitrary number of cracks”, J.
Sound Vib., 222(3), 409-423.

Yesilce, Y. and Catal, S. (2010), “Free vibration of axially loaded Reddy-Bickford beam on elastic soil using the
differential transform method”, Struct. Eng. Mech., 31(4), 453-474.

Zeng, P. (1998), “Composite element method for vibration analysis of structure, part II: Clelement (beam)”, J.
Sound Vib., 218(4), 619-696.

Zhou, L. and Huang, Y. (2006), “Crack effect on the elastic buckling behavior of axially and eccentrically loaded
columns”, Struct. Eng. Mech., 22(2), 169-184.

Zhu, X.Q., Law, S.S. and Hao, H. (2009), “Damage assessment of reinforced concrete beams including the load
environment”, Struct. Eng. Mech., 33(6), 765-779.

cc




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




