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Exact solutions of the piezoelectric transducer
under multi loads
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Abstract. Under the external shearing stress, the external radial stress and the electric potential
simultaneously, the piezoelectric hollow cylinder transducer is studied. With the Airy stress function method,
the analytical solutions of this transducer are obtained based on the theory of piezo-elasticity. The solutions are
compared with the finite element results of Ansys and a good agreement is found. Inherent properties of this
piezoelectric cylinder transducer are presented and discussed. It is very helpful for the design of the bearing
controllers.
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1. Introduction

The discovery of the piezoelectric effect in 1880 have enabled wide application of the piezoelectric
composites in the design of adaptive or smart structures, including aeronautical structures, automotive
structures, miniature positioning devices and so on (Bboudi 1991, Muralt e al. 1986, Hagood and Von
1991, Rao and Sunar 1994, Loewy 1997, Yoon and Washington 1998). Multi-morph piezoelectric
actuator was investigated and its behavior was predicted (Hauke e al. 2000). A micro multi-layered
piezoelectric actuator containing a stack of piezoelectric crystals in a thin-layered compact structure
was also proposed and its suitability as a stimulator in middle ear hearing implants was evaluated
(Wang et al. 2002) and is capable of predicting the stress field and out-of-plane displacement of
laminated piezoelectric layers. By using the solid element, the actuation performance of a multi-layered
piezoceramic composite actuator was analyzed (Lee er al. 2002). A modified classical lamination
theory (CLT) was developed to account for the piezoelectric coupling terms under applied electric
field (Almajid er al. 2001). As opposed to traditional investigations based on the elementary theory
of elasticity, one of the author (Shi) and his group have found the exact solutions of the
piezoelectric composite cantilevers by introducing the recurrence techniques (Shi et al. 2006), as
well as the exact solutions for a kind of functionally gradient piezo-thermo-elastic cantilever under
certain coupled loads (Chen and Shi 2005). Furthermore, we studied the bending behavior of several
piezoelectric curved actuators, including bi-morph actuators, functionally gradient actuators and 2-2
multi-layered actuators (Shi 2005, Zhang and Shi 2006, Zhang and Shi 2007). Recently, the analytical
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solutions of two kinds of actuators, one is the expansion actuator and the other is the contraction
actuator, were obtained based on the theory of piezo-elasticity (Han and Shi 2008). Actuators were
under the external potential.

Among various symmetric and antisymmetric structures which play important roles in engineering,
cylindrical structures received extensive attentions, such as the elastic cylinders (Olesiak and Pyryev
Yu 1995, Xiang 2006) piezoelectric tubes (Ting 1999, Chen er al. 2000), hollow piezoelectric
sphere/cylinder (Ding et al. 2003, Hou et al. 2003), piezo-thermo-elastic cylindrical panel (Sharma
et al. 2004), antisymmetric laminated plates (Aldraihem and Khdeir 2006) and so on. A power
series method was proposed for the solution of the static equilibrium equations of an axisymmetric
composite cylinder under loadings due to surface mounted or embedded piezoelectric laminae
(Mitchell and Reddy 1995). An exact solution of finitely long, simply supported, orthotropic, functionally
graded piezoelectric, cylindrical shell was obtained by separation of variables under pressure and
electrostatic excitation (Sedighi and Shakeri 2009). A mechanical impedance approach was employed
for dynamically modeling distributed PZT actuator-driven thin cylindrical shells (Zhou et al. 1994).
And new actuating method using piezoelectric (PZT) impact force coupled with differential pressure
for the pneumatic positioning device was also reported (Liu and Higuchi 2001, Liu and Jiang 2007).
However, investigations on the analytical solutions of piezoelectric composites under shearing load
in the mechanic and electric field have not been found in the literatures.

The present paper is to study the properties of the piezoelectric hollow cylinder transducer under
the external shearing stress, the external radial stress and the external potential simultaneously. That
is to say this transducer can be treated as both sensors and actuators. When the external potential is
not supplied, this transducer becomes a sensor; otherwise, this transducer can be treated as an
actuator. Furthermore, this paper takes the external shearing stress into account and the shearing
deformation of the actuators can be considered, which is very helpful for the design of the bearing
controllers. The remainder of this paper is organized as follows. In Section 2, we listed the basic
equations which will be utilized in Section 3. With the Airy stress function method, the analytical
solutions of this transducer are obtained based on the theory of piezo-elasticity (Section 3). The
solutions are then found to be well consistent with the finite element results of Ansys (Section 4).
Furthermore, the inherent properties of this transducer are discussed and the conclusions are given
in Section 5.

2. Basic equations

The interaction of expansion transducer and the target to be controlled can be simulated by Fig.
1(a). This transducer consists of two elastic layers (#1 and #2) and one piezoelectric layer. A gap
with the size J is between the actuator’s elastic layer and the target layer (#3) to be controlled. The
thickness of each layer can be determined by the radii Ry, R, R,, R3;, R4, and Rs. Between the inner
and outer surfaces of the piezoelectric layer, an external electrical potential V; is applied. Besides,
the shearing stress 7, and the radial stress oy are acting on the outer surface of the elastic layer 3.
Let 7y = uoy, u is the friction coefficient of the elastic layer 3.

With the polar coordinate system (r-O-6), symbols S,, Sy S,¢ denote the strain, 7,, Ty, T,9 the
stress, E,, Eg the electric field, D, the induction along the direction indicated by their respective
subscripts. Without consideration of body force and body charge, the constitutive equations for
transversely isotropic elastic materials and piezoelectric materials undergoing a plane deformation
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Fig. 1 Schematic of the expansion actuator (model A)

can be written as follows according to the IEEE standard

S =S1eTy +S3:T,
S, =831, + Sy T, (for elastic layer 1, 2, 3) (1a)
S0 =SurTo
Sy = SILIPTB + SlDaPTr +8uD,
S, = S@PTB + S3D31>Tr +8yD,
S,=8Sn.T,+gsD, (for piezoelectric layer) (1b)
E,=-gT,+ :31T1D0
E =-g,T,-g,T + :53T3Dr
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where Sy and S,ﬁa (k=1,4; [=1,3,4) are the coefficients of the effective elastic compliance for the
elastic layers and piezoelectric layers, respectively. The superscript D denotes S/, is measured under
the open circuit. The subscript “£” and “P” denote the corresponding variables and parameters in the
elastic layers and piezoelectric layer, respectively. The coefficients of the piezoelectric and dielectric
impermeability for the piezoelectric layers are denoted by gz, g33, g15 and ﬂlf, ,833T, respectively. The
strain components for both elastic and piezoelectric materials can be expressed by means of the
displacement components (u, and u,) as

s, =1y 1%
r r o0
au 2
S, =—*+ (2a)
Jar
s, =Ly Uy
ro8 or r

For piezoelectric materials, there is another set of geometrical equations between the electric field and
the electrical potential ¢ as

__log
o 20
or

On the other hand, without consideration of body force, the equilibrium equations for both elastic and
piezoelectric materials are given by

oT. 10T, T -T,

H:O
or r 26 r (3a)
9_7_;.'?_4_192"_4__2_229_:0
or r do r

Moreover, without consideration of body charge, the induction components in the piezoelectric
materials should satisfy the following equilibrium equation

19D, D, 9D _ (3b)
rof r or

Besides, in order to ensure that displacement can be found by integrating the strain field, strains must
satisfy the following compatibility equation

> 20 1 0> 10 10 1 9
ST B NP N N K] S “
(arz-l-rar} 6-{1’2 06° rar] " (rz 89+rar89j 0

Solutions of the above equations for the piezoelectric transducer under shearing stress, radial
stress and electrical potential simultaneously will be discussed in the following sections.
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3. Exact analysis for the piezoelectric transducer
3.1 General solution of the basic equations for piezoelectric layer

The solution of the expansion transducer as shown in Fig. 1(a) can be found by correctly
assembling the above solutions of the elastic layers and piezoelectric layer. The performance of the
actuator is different before and after contact between the two elastic layers 2 and 3. So, the two
cases should be considered separately as shown in Figs. 1(b) and 1(c), respectively.

3.1.1 Case 1: Before contact

For case 1, when the elastic layer 2 and 3 are not contacted, the transducer shown in Fig. 1(b)
may suffer no shearing stress on the outer surface of the elastic layer 2. The expressions for the i-th
elastic layer (i =1, 2, 3) and the piezoelectric layer under the external potential are solved to be (see
appendix for the detail procedure)

Ty = =CspSpr +C4EIS e
T, =Cypr 7 +C, % (for elastic layer 1, 2,3,i=1, 2, 3) (5a)
T,.=0

rOEi

-Sp-1 Sp—1
==C,,S,r " +C,,S,pr”

T,= C3Pr_SP_’ "'C4P’"SP_1 - SPr_l
for pi lectric 1 5b
. _dg(r) . S C., (for piezoelectric layer) (5b)
: dr : gl
E,=0, D,=0, T,=0
=eCypr ™ +6,Cypr™ (for elastic layer 1, 2, 3) (6a)
uﬁEl = 0
Up = p1C3Pr_SP +p2C4PrSP + p;Csp
=0 (for piezoelectric layer) (6b)
¢ p4C3Pr + p5C4Pr = pCspInr+C,
in which n
Sisp @)
IIE S1D1P
e S R 33E ,
13E SE 13E S
Ay Ay 2455
P =S §3P . Py=Sipt S, —28, py=-S, ®)
» 83
g g L BeSs
Py =8y —-53% Ps =g +§3-3-, Do =8 00
P P 833
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Where Cig and Cip, Csp, Cop (i=1, 2, 3; k=3, 4) are constants of the i-th elastic layer and the
piezoelectric layer, which can be determined by using geometrical and electrical boundary conditions.

The boundary conditions of stresses and displacements at the outer and inner surfaces satisfy the
following three equations:

Urpr|, _p =0 9)
gy

— =0 (10)
0 |, ¢

Tr153|r:R3 =0 (mn

Here, Eq. (10) satisfies Eq. (6a) automatically. The other two equations can be expanded as

7SE SE
e,Cip Ry " +e,Cyp Ry =0 (12)

—S,—1 Sp-1
Cip3Rs + Cyp3R; =0 (13)

The boundary conditions for the electrical potentials (¢|,_, = V, and ¢| _, = 0) are equivalent to
the following two equations, respectively i

-S, Sp
PsCspRy +psCipRy —psCspInRy + Cop =V (14)
-Sp Sp
PaCspRy "+ psCypRy —peCspInRy + Cop = 0 (15)
Now consider the connecting conditions between any two adjacent layers, the mechanical continuous

conditions at the interfaces (7| s 7,5 & Up| R Uy o /=L 2) can be rewritten as
r= j r= ' r= j r= v

Se~ Sk

_ 1 —-S.—1 -Sp—1 Sp—1

=S, Sp -S, S,
eIC3EjRj +e2C4EjRj :p1C3PRj +P2C4PR;‘ +p3Csp (17)

The above independent Egs. (12)-(17) can be used to determine the unknown constants Cyg;, Cip,
and Csp as well as Crp (i = 1, 2; k = 3, 4), which have the form

—

C,., = . _ (18)
e Py (Rz 5 — RI S )/13;; + Ds (R;P - Rlsp )/14;» ~ Ds 1“(R2 /Rl )’15p
Gy = %1C452 » Cop = j'41C4132
Cips = 4,Cops (19)

Cp = i}PC4E2’ Cip =/14PC4529 Cp = /15PC452
Cop =Vy — p4C3PR1_SP - p5C4PRISP + psCspIn R,

and the following notations are introduced
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e i s,
/131 =_6_2R§Sk/141’ /141 =774}1[/qu "'7731’141” ﬂn = R32g

2

2 1 2 1

A= Ya, — 14, A = 1a; — 1,4 (20)
P 1 2 _ 212 AP T 2 1 1.2
a,a; —asa, a;a, —a,a;

j'5P = R;SF/??P + R;Pﬂ"w _(RESL/%Z + RZSL)

"=D0; (‘“R3ZSE Rz_SE + RQSE )= elR32SE Rz_SE + eszsE 21
¥V, =—R™ R + R,
1 T Sp
a;=(p+ PR, a,=(p, + PR,

a§ — (__e_z_ROZSpRI—SF. + RISF )77‘1“ + RZ_SP _RI_SP (22)

€

e -
a; = (=R R + R+ Ry — R
|

771 _ (p, +p3)R1_SP
! (—e,ps /e )ROZSE Rt_SE + psRISE te, (Rozs,) RI_SE + R1SE ) (23)
2 (Pz + P, )Rls,,

7741 -

(—e,py /)R R™* + p,R +e,(R,* R + R*)

Now, all the mechanical and electrical solutions of the transducer under the electrical potential on
the surface of the piezoelectric layer have been obtained based on the theory of piezo-elasticity.

3.1.2 Case 2: After contact

When the elastic layer 2 and 3 are contacted, the transducer shown in Fig. 1(c) may suffer the
shearing stress and the radial stress on the outer surface of the elastic layer 3 and the electrical
potential on the surface of the piezoelectric layer simultaneously. In the same manner as case 1, the
expressions for the i-th elastic layer (i = 1, 2, 3) and the piezoelectric layer are solved to be

— -Sp-1 Sp-1
THEi - C3EiSEr +C4EISEr

T, = C}E.r_SE_l + C4E.rSE_1 (for elastic layer, =1, 2, 3) (24a)
Top =Cop /¥ ’

-Sp-1 Sp-1
T, ==C,pSpr " +C, . S,r”

_ —Sp-1 Sp-1 -1
T,=Cypr +Cypr Cspr

E = _do(r) D = S53pCsp (for piezoelectric layer) (24b)
! dr ’ Togar
85Csp Cep
E,=0, D,==2-2 T  =—%
4 4 ;llrz OP 7"2
Uy =€ Cypr ™ +6,Cypr™
(for elastic layer, i=1, 2, 3) (25a)

_ S445Cosi

Upg; = Dy,
2r
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_s s
Uyp = pCypr ™" + pCopr™ + piCs,

2
o =7Dyp —(Sp, + g—lTs) Cor (for piezoelectric layer) (25b)
B 2r
¢= p4C3Pr'SP + p5C4PrSF = psCspInr+C,

where the subscript “£” and “P” in Egs. (5) and (6) also denote the corresponding variables and constants
in the elastic layers and piezoelectric layer, respectively. Ciz;, Csg; and Cyp, Csp, Csp as well as Cop (i =
1, 2, 3; k=3, 4, 6) are constants of the i-th elastic layer and the piezoelectric layer, which can be
determined by using geometrical and electrical boundary conditions.. And notations e;-e,, p1-ps are
same with Eq. (8).

Here, considering the elastic layer 2 is different from the elastic layer 3, the follow notations are
used for the elastic layer 3

4 ’ S/
€ =S85~ ng
£
/’ 74 S,
€ =S85, + 53,3,E (26)
£
5y = [
Stz

where, S,z Si3m S33 Saap are the elastic compliance for elastic layer 3.
The boundary conditions of the stresses and displacements at the outer and inner surfaces satisfy
the following equations

urEllr:Ro = u9E1|,,:RO =0 27
U, g
ArEL = 2
o6 =R, 0 (28)
Tz~153|,,=R5 = —0 (29)
Tr€E3|r=R5 =7 (30)

where, Eq. (28) satisfies automatically. The other three equations can be expanded as

e Cp Ry + e,Cup Ry = 0 31)
RyD;p _&425_;)6151 =0 (32)
C3E3R;S'Ei1 + C4AE3Rif1 = =0y (33)
Cens/R: = 74 (34)

The boundary conditions of the electrical potentials (¢| _, =Vo and ¢| _ R 0) are equivalent
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to the following two equations, respectively
P4C3PRISP +ps C4PRfP —psCspInR +Cop =V, (35)
P4C3PR;SP +Ds C4PR§P —PsCspInRy + Cop = 0 (36)

Now considering the connecting conditions between any two adjacent layers, the mechanical continuous

conditions at the interfaces (7 =T .. T =T o5 u =U.p u =
( rP|r:R/- rE-1|r:R]-’ r3P|r:Rj r¢9Ej|r:Rj9 rP|r:R]- rEJ|r:R]_5 9P|r:R/-

uHEj’r:R_> TrE2‘r:R:TrE3|r:R9 Tr&EZ’r:R:Tr9E3|r:R > urEz!,:R~—5= urE3‘r:R ) ”9E2|r:R:
' 4 4 4 4 3 4 4
Upps ]r:R4, j=1,2) can be rewritten as

—S5,-1 —S5,-1 —S5,—-1 Sp—1
2 2
C6Ej/Rj = CGP/RJ- (38)
-8 S -Sp S,
eIC3EjRj +32C4EjRj = p1C3PRj +p2C4PRj +p3Csp (39
SupCopr 25| C
R.D,, — =258 = RD —(SD +-1-5J_2£ (40)
3 E 3 p 44p
2Rj ﬂlrl 2Rj
—Sp—1 —Sp—1 —Sp—1 —Sp—1
CipRy + CypRy = Cyp3Ry + eupsRy (41)
C6E2/R421 = C6E3/R421 (42)
—Sg S . -Sp Sk
e CipRy "+ e,CypaRy — 6 = €\Cyp3Ry "+ e5Cyp3Ry (43)
e SuxC
}341)3152_%46152 = R4D3E3—%46E3 (44)

The above independent Eqs. (31)-(44) can be used to determine the unknown constants Cyg;, Cip,
Dsg;, Dsp and Csp as well as Cop (i = 1, 2, 3; k= 3, 4, 6), which have the form
_ “Vo—p, (Rz_sp - Rl—SP )53‘0 - ps(RZSP - RlsP )54p + ps In(R, /Rl)é‘Sp

= (45)
" PRy =R, + ps(Ry” = R Ay, = pIn(R, / R)A;,

Cipy =4Cops + 055 Cypy =4, Cyps + 6,

Cipy =A5Cops + 0y, Copy =A4pCops + 6,

Cipy = A3Chpy + 0y, (46)
Cip =ApCips +03ps Cip = ApCopy + 8,5, Cip =ApCops + 65

Cop =Vy = DiCsp R - p,CpRY + pCipIn R,

Cor1 = Copp = Copz = Cop = ToRg 47)
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_ S44ETOR52
3E1 2R§
2 2
&5 7,R

Dyp =Dy + (S4D41> + ,3_11;1 - S44E)20_Rl§

b & 7, R;
15 0

Dy =Dy = Dsp = (Syup + ﬁ_lTl = Sur) Z)sz
, T.R?

Dypy =Dy = (Syur — Suar) ZORZ;

in which the following notations are introduced

€, s,
ﬂ'}l z__ZR(%g'/lw 531 =

&

3'41 = 77:1&1/131’ + 77:1/14[’:

e , ,
_% pos, __p2s; _ Sp+1
e R, 541’ Aas =-R™, 533 ==0,R;

2
‘541 = 77};15317 + ’7:15@
_ (e; R:; — Rszg; R;gf el, ) Rfln — ( R;/’ — RSZSI,: R;gll ) R}S/: e,

SR + R, R0, (Rire, — Ri¥e))

A,

j'42

=Sg PSE , _ PSE P~S
R;"R) e, — R;* R, e,
' DSt p2Sk p-Sk A\ RSt _ ( pSE _ p2Sk p-Sk Y\ p-Sc
_(@R" —R;" R, "¢)R, (Ry* —R*R, )R e
- s

5 =
? 32 =Sg PSE , _ PSE PS5k
R Rfe, — R R;%e,

_ SR + R RS0, (R e — R, e))

Se p=Se , _ RSE RPSE
Ry*R, e, =Ry R)* ¢

542

Sg p=Sk — RSt RSk
R R, e, — R;*:Ri*e,
2 _ 1 2 _ 1
Ay = ha, —Y,a, _ ha, —n,a,
PT 12 2 1 3P T 1 2 21
a,a, —a,a, a,a; —a,a,
2 1 2 1
A = Na; — 1,0 5 = Tha; —1ha,
4P T 2 1 1 22 4P T 2 1 1 2
a;a, —a,a, a;a, —a,a,

’151’ = szspﬂap + R;P 1’4P - (R;SE /132 + Rﬁ% 142)
55P = R;SPé;P + ijé‘zsp - (R;SE 632 + R5E§4z)

=g +p, )RzisA Ay +(e, + ps )RQSL‘ Ag
m=(e+ PR, 0, +(e; + p)R, ™0,
Y, =R A, +R*A,, n,=R*5,+R*F,
a=(p + IR, a,=(p, + PR

2 _ 7 6 pos, p-s, Sy Nyl - S
ay =(——=R TR +R1L)7741+R2 TR
|

af = (‘% R()ZSP R1WSE + R1SE )7751 + RQSP - R1SP
1
(p, + ps )R]—S,,
—e,(1+ p; 1 e)R "R + (e, + p,)R*
(P, + PR
—e,(1+ py /&)R R + (e, + py)R™*

I
Ny =

2 _
N =

(43)

(49)

(50)

D

(52)

Now, all the mechanical and electrical solutions of the transducer under shearing stress, radial
stress and electrical potential simultaneously have been obtained based on the theory of piezo-
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elasticity. From Egs. (25), (47) and (48), it can be readily found that the displacement u, and the
shear stress 7,4 in case 2 are not equal to zero and influenced only by the external shearing stress.
In other words, the magnitude of the external shearing stress 7, has no influence on the magnitude
of the displacement #, and the normal stresses 7,., Tj.

4. Numerical results and comparisons

In the previous sections, the piezoelectric hollow cylinder transducer was theoretically analyzed,
and the exact solutions were obtained. In order to compare the analytical solutions with the finite
element results to verify the correctness of the analytical solutions, the following geometrical
parameters are taken: R;=0.08 m, R;=0.01m, R,=0.016 m, R;=0.018 m, R,=(0.018+5)m, Rs=0.024 m.
The size of the gap is taken as 6= 2x10" m unless otherwise mentioned. Besides, it is assumed that
the piezoelectric layer is made of PZT-4, and its material parameters are listed in Table 1. The
elastic layer 1 and 2 are made of aluminum; the elastic layer 2 is made of copper, and their material
parameters as shown in Table 1 and Table 2. Moreover, the external radial stress oy and the friction
coefficient x are taken as 100 KN/m? and 0.2, respectively.

Letting the gap between the two elastic layers be zero, the critical voltages V, are found to be
367.4 V in this transducer. When the applied voltage is below the critical value, case 1 as shown in
Fig. 1(b) should be considered; otherwise, case 2 in Fig. 1(c) should be considered. The normal
stresses (7., Tp), displacement u, and electrical potential ¢ are plotted versus the radius r in Figs. 2-
5. For this transducer, from Figs. 2-4, it can be found that the elastic layer 1 and 3 is compressed,
while the elastic layer 2 is stretched, which will be discussed later in detail. Furthermore, the results
of the finite element analysis by using Ansys 9.0 and 2D element (such as plane223 element for
piezoelectric layer and plane42 element for elastic layers) are drawn in the Fig. 4 too. It can be
found that the analytical solutions are consistent with the finite element results of Ansys, which
verifies the correctness of the analytical solutions obtained in Section 3. Besides, it can be found
that, after contact, the radial stress 7, in the third elastic layer is almost same with the external
radial stress oy, while the displacement u, has a mutation because of the gap J. Fig. 5 shows the
electrical potential ¢ changes almost linearly in the radius direction in the piezoelectric layer under

Table 1 Material parameters of PZT-4 (for model-g constitutive relations)

Elastic compliance Piezoelectric constant Dielectric impermeability constant
(102 m*N) (102 C/N) (10° m/F)
Sk SB S3 Si 831 833 815 cu(Bin) ¢(Bx)
7.95 -3.03 791 17.91 -17.77 2391 40.36 76.87 99.65

Table 2 Material properties and thickness of the layers (for model A and model B)

Layer Material Thickness (m) Elastic modulus E; (GPa) Poisson’s ratio v;
1 Aluminum 0.002 70 0.34
Piezoelectric PZT-4 0.006 — —
2 Aluminum 0.002 70 0.34
Gap(9) — 2x10% — —

3 Copper 0.006 110 0.33
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Fig. 4 The displacement . changing with the radius »  Fig. 5 The electrical potential ¢ changing with the radius »

the corresponding stress conditions. The displacement uy and the shearing stress 7,4 in case 2 are
plotted versus the friction coefficient x in Figs. 6 and 7, respectively. It is found that 7,4 decreases
with 7 and increases with the friction coefficient z, which means 7,4 decreases with » and increases
with the external shearing stress 7y; while the u, increases with » and the external shearing stress 7.
Furthermore, Fig. 8 to Fig. 10 show the relationship between the normal stresses (7,, Tp),
displacement u, and the external radial stress oy under the 7, =100 N/m, V,=500 V. Figs. 8 and 9
denote the influence of the change of the external radial stress o, for the normal stresses (7,, Tp) is
not proportional to the change of the external radial stress op. From Fig. 10, it can be found the
elastic layer 3 can be compressed or stretched with different value of oy. Moreover, in Figs. 11 and
12 u, at the interface (»=R;) is plotted versus the applied voltage V, and the piezoelectric
parameters gs;, respectively. It can be found that the u, at » = R; increases with the applied voltage
V, and the increasing rate before contact is faster than that after contact. Besides, Fig, 12 shows that
the piezoelectric parameters gs; greatly influences the u,; the larger the gs;, the larger the u,. In other
words, if one chooses the piezoelectric material with large g3;, the small critical voltage can be
obtained for both actuators. Furthermore, Fig. 13 gives the relationship between the external radial
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Fig. 6 The displacement u, changing with the radius
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Fig. 12 The displacement u, at = R; changing with ~ Fig. 13 The external radial stress oy at 3], -, =0
the piezoelectric parameter g33 and #,z3],_, =0 changing with the external
potential Vj

stress oy and the external potential V; considering u,,E3‘r: R 0 and ”rE3|r R T 0 which mean the
radial displacement u,;; of the target layer (elastic layer 3) keeps as zero on the inner and outer
surface, respectively. It can be found the external radial stress oy changes almost linearly with the
external potential ¥, for this transducer.

5. Conclusions

An analytical study on the piezoelectric hollow cylinder transducer under shearing stress, radial
stress and electrical potential simultaneously is presented based on the theory of piezo-elasticity.
The exact solutions for this transducer are obtained by combining all the equations and boundary
conditions, which is very helpful for the design of the bearing controllers. Moreover, the exact solutions
can be used under plane strain or plane stress. The difference of the exact solutions under plane
strain and plane stress reflects on the different values of the elastic coefficients Sy and Syp. It is
found that: 1) the elastic layer 3 can be compressed or stretched with different value of o;. 2) the
external radial stress o, changes almost linearly with the external potential V, for this transducer
considering u,E3|, R, T 0 and ur53|, —Ry 0. 3) the displacement uy and the shear stress 7,4 in case
2 are not equal to zero and influenced only by the external shearing stress. 4) the magnitude of the
external shearing stress z; has no influence on the magnitude of the displacement #, and the normal
stresses 7,, Ty. 5). the extrusion stress 7, increases with the increase of the piezoelectric parameter
233 in the expansion actuator. 6). the external radial stress o, changes almost linearly with the
external potential V, for this transducer considering u,E3|r: R~ 0 and u,E3]r: R 0. 7). Ty
decreases with » and increases with the external shearing stress ,; while the u, increases with » and
the external shearing stress z,. 8). It is very helpful for the design of the bearing controllers.
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Appendix

In the following equations, the variables 7, S, E, ¢, D and the unknown constants C are same with
those in Section 2 and 3; the subscript “E” and “P” also denote the corresponding variables and
parameters in the elastic layers and piezoelectric layer, respectively.

A.1 before contact
For elastic layer i (=1, 2, 3):
Introducing Airy stress function Wg(r) for the elastic layer i, one has:

_ W ei(r)

T s Topi = LPE;(F): Tope: = 0 (A1)

Using Egs. (1a), (2a), (3a) and (4), 4iry stress function ¥(r) can be obtained as follows

(=Sg+1) Sp+1

Wp(r) = Cipi+ Cogr” + Cypir + Capt (A2)

where Cig; (j = 1~4) are undetermined constants. Based on the theory of elasticity, it can be easily
understood that Cz; needs not to be considered because it has no influence on the elastic field.
Substituting Eq. (A2) into Eq. (A1), the stress components can then be calculated by

Tpr =¥ "(r)=2C,;, = Cy, Sy (=S, + Dr%e + CipSp(Sp + D!

P! ’ —S,- ’ -
T =D =2, 4 Cly (=55 + D75 4 i (S, + D

in which ¢
S = F (A4)
Sh

Finally, the displacement and electrical potential components can be obtained by using Eqs. (2a) and (3a)
U = Slb;[zCinr + C;Ei (=S; + Dr + C;EI(SE +1)r%]
+ S3ES[2CZEI'V - C;Ei _S; e r‘SE + C‘:Ei SE +l

E E

(A3)

r* 1+ D, cos@+ D, ,, sin@ (A5)

Uy, =2C, (SIE1 - Sf3 )0+ D, cos@—D,, sin@+rD,,,

in which Dz, Dag;, and D;g; are constants to be determined.
Furthermore, the above equations can be simplified as follows according to the symmetrical
characteristic and the boundary condition of the fixed end at the inner surface

T = =CogSer™ " +Cyp Sy (A6)
T = Caf:f’”_sr1 + C4E’_r5r1
E S3E3 =Sg E S:;Ej; Sg -8y Sy
Uy, = (Sis _S_)CSEir “+ (S +S_)C4Eir =Gy Gy (A7)

E E

Upg; =0
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where
Cigi = Copi(=Sg+1),Cup; = Cyp(Sp+ 1)

Egs. (A6) and (A7) are same with Egs. (5a) and (6a).

For piezoelectric layer:
Introducing Airy stress function Wp(r) for the piezoelectric layer is introduced and one has

W)

Top s Top=¥p(r), Top = 0 (A8)

Furthermore, the electrical potential is assumed to be a function of the radius » only, i.e. ¢=@(r).
Keeping the third expression in Eq. (A8) in mind, the following electrical field can be obtained from
Egs. (1b)-(3b):

E,=0, Dy=0, E, = §(r), D, = &
-

(A9)
where Cs is a constant to be determined. Using Egs. (1b)-(3b) and (4), Airy stress function Wp(r) can be
obtained as follows:

=Sp+1) Sp+1

Wp(r) = Cyp+ Copr” + Cipr + Cypr" = Copr (A10)
where C; (i=1~4) are undetermined constants. Based on the theory of elasticity, it can be easily
understood that C; needs not to be considered because it has no influence on the elastic field.

Substituting Eq. (A10) into Eq. (A8), the stress components can then be calculated by

Tpp =¥, "(r)=2C,p = C5pS,p (=S, + Dr 7 + CJ,S (S, + Dr™ ™
. (A1)
= @ =2C,, +C (=S, +Dr 5+ C (S, + D = Cy o1 ™!

in which P
Sp = F (A12)

5P

11

Finally, the displacement and electrical potential components can be obtained by using Egs. (2b) and (3b):

T

rP

D
U, =SA[2C,,r+C (=S, +D)r™ + C; (S, +)r’ ]+ (LS”P S [

33

+83[2C,,r = C5, Sy +1 ro +C2§£—ﬂrs”]+D,Pcosl9+D2P sind
P P
Uy =2C,,(S; —S2)r0+ D,, cos@—D,, sin@+rD;,, (A13)
D
¢=g,[2C,,r +Cip(=S, +)r ™" + C;,. (S, + )r* - AL, S C,,Inr+C,,

33
=S, +1 s +Cf;p S, +1r5”]
P SP

+83,[~Csp Inr +2C,,r = C5,
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in which D,p, D,p, D;p and Cg are constants to be determined.

431

Furthermore, for a piezoelectric hollow cylinder, the above equations can be simplified as follows

according to the symmetrical characteristic

~Sp-1 Sp-1
Top ==CypSpr" " +CypSpr™”

T,= C3PV_SP_1 "'CM””SP_l - spr_l
E =—— do(r) D = S33pCsp
! dr ° T gt

E, =0, D,=0, T,,=0

Up = plcy”’_sp + p2C4prSP + p:Csp
Upp =0
= p4C3Pr_SP + p5C4PrSP —pCspInr+C,p

where
Cip = Cip(=Sp+ 1), Cup = Cyp(Spt 1)
S S.
e =S5~ 53,3; s =8+ ;,3;
D D D
p =52, - Sip , py=S2,+ Sip , Py = 831553p -S2,
SP SP g33
g g PS5
p4=g31_i’ DPs =8y +22, po=gy+ 220
Sp Sp &3

Egs. (A14) and (A15) are same with Egs. (5b) and (6b).
A.2 After contact

For elastic layer i (=1, 2, 3):
Airy stress function We(r, 6) for the elastic layer i can be obtained as follows

Wpi(r, 0) = Cip + Cin’”Z + C3’Eir(_SE+ Y + Cz;Ei’”SEH + Copi0
And one has
oV . (r,0) 0°¥,.(r,0) 0°Y . (r,60) d oY, (r,0)
T — E E T — E T - E
rP rar + rZaez > opr arz s ropP ai" ( ral9 )

For piezoelectric layer:
Airy stress function Wp(r, 6) for the piezoelectric layer can be obtained as follows

Wp(r, )= Cp+ Czp’”z + CéP’”(isPH) + CA;PFSPH — Cspr+ Cepl
And one has
_ B‘Pp(r,6)+82‘I‘P(r,6’) T = O°Y ,.(r,0) T =_i(a‘I’P(r,H))
" ror r9> or? >Tror or ro@

With the same procedure in above section, we can get the expressions in Egs. (24) and (25).

(A14)

(A15)

(A16)

(A17)

(A18)

(A19)





