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Abstract. An energy-based variational approach is used for structural dynamic modeling of the IPMC (Ionic
Polymer Metal Composites) flapping wing. Dynamic characteristics of the wing are analyzed using numerical
simulations. Starting with the initial design, critical parameters which have influence on the performance of the
wing are identified through parametric studies. An optimization study is performed to obtain improved flapping
actuation of the IPMC wing. It is shown that the optimization algorithm leads to a flapping wing with dimensions
similar to the dragonfly Aeshna Multicolor wing. An unsteady aerodynamic model based on modified strip theory
is used to obtain the aerodynamic forces. It is found that the IPMC wing generates sufficient lift to support its own
weight and carry a small payload. It is therefore a potential candidate for flapping wing of micro air vehicles.

Keywords: ionic polymer metal composites; dynamics; flapping wing; optimization; unsteady aerodynam-
ics; micro air vehicles.

1. Introduction

 

Research interest on micro air vehicles (MAVs) has been growing because they have a large number

of potential military and commercial applications (Pines and Bohorquez 2006). Many researchers have

focused on fixed wings to provide lift for these tiny aircraft (Grasmeyer and Keennon 2001, Cosyn and

Vierendeels 2007). The potential applications of current fixed wing MAVs are limited due to maneuver

constraints, incapability to hover and stall at low speeds. Rotary wing MAVs have significant advantage

over fixed wing vehicles in several aspects such as reliable operation over a wide range of operating

conditions including the hovering and maneuvering capabilities required to remain stationary or in

motion constrained environments (Nelson and Koratkar 2005, Bohorquez et al. 2003, Hein and Chopra

2007, Sirohi et al. 2007, Kim and Koratkar 2005). However, the rotary wing MAV configurations suffer

from low figure of merit, high power consumption and significant noise signatures. Nature provides

flapping flyers such as birds and insects which represent a very successful design for intelligent MAVs

with much better performance than conventional wings and rotors in terms of hovering capability,

maneuverability, acoustic signature, specific power requirement etc. (Shyy et al. 1999). Lightweight,

flexible and adaptive/morphing wing structures make an important contribution to the overall

performance of a flapping wing MAV. Thus, MAV flapping wing design represents one of the major

challenges to efficient flight in the low Reynolds-number regime.
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Biomimetic flapping wing mechanisms are used for a deeper understanding of flapping flight (Taracio

et al. 2005, Okamoto and Azuma 2005, Ramasamy and Leishman 2006). Yamamoto and Isogai (2005)

developed a mechanical flapping wing apparatus that dynamically simulates the tandem wing

configuration of a dragonfly in hovering flight. The flapping and feathering motion are induced by

electric sliders and stepping motors, respectively. Their investigations showed that, in hovering flight,

there is only a small interaction between the flows over the fore- and hindwings. In another study,

McIntosh et al. (2006) designed a flapping wing mechanism, inspired from the wing motion of the

hummingbird and hovering insects, is driven by a small DC motor. Here, flapping motion of the wing

was generated by a simple four-bar mechanism and feathering motion was generated by cam-follower

system. In a recent study, Singh and Chopra (2008) have investigated the aeroelastic effects associated

with the lightweight and highly flexible wing using a biomimetic flapping mechanism. The desired

flapping and pitching motion was generated by a brushless motor, the speed of which was controlled by

a sensorless speed controller in combination with a precision pulse generator. Currently, flapping wing

mechanisms rely on pneumatic and motor-driven flapping actuators which lead to high weight and

system-complexity (Park et al. 2005a). Moreover, natural flapping flyers generate lift and thrust using

complex wingbeat kinematics which can not be easily mimicked with these conventional actuators.

Smart materials are being considered for various engineering applications (Carrion and Spencer 2008,

Casciati and van der Eijk 2008, Liu 2008, Ying et al. 2009). Piezoelectric materials are widely used in

smart structures as sensors and actuators (Manna et al. 2009, Park et al. 2005b). Several researchers

have suggested piezoceramics for actuating the motion of flapping wings (Cox et al. 2002). However,

such concepts suffer from high weight penalty, high voltage demand and low actuation authority problems.

Ionic polymer metal composites (IPMCs) are a relatively new type of smart material that belongs to

the family of Electroactive Polymers (EAP) (Tiwari et al. 2008). The similarity in behavior of these

materials to biological muscles acquired them the moniker “artificial muscles” (Bar-Cohen 2004).

Interesting properties, such as softness, lightness (1-2.5 g cm-3), fast reaction speed (µs to s), large

bending displacement (>10%), and low activation voltage (1-7 volt), make IPMCs promising candidates

for the design of a flapping wing (Shahinpoor et al. 1998). Park et al. (2005a) designed a flapping wing

actuated by IPMC but they used static modeling method for the simulation of the wing. Lee et al.

(2006) improved the performance of the IPMC flapping actuator in terms of solvent loss characteristics

and actuation force. They transferred the bending motion created by IPMC to a flapping motion

through a rack and pinion system. However, their experimental investigation indicates that the actuator

is useful at low frequency. In recent years, the modeling of IPMC actuators has reached a higher level

of maturity. Buechler and Leo (2007) presented an energy-based method for modeling IPMC structures

at high frequency range (0.1-500 Hz) which includes the typical flapping frequency of the natural

flyers. With the availability of such models, feasibility and design optimization studies for an IPMC

flapping wing actuator have become possible.

In order to analyze the feasibility of IPMC flapping wing configurations, both the structural modeling

and aerodynamic modeling aspects are necessary. Aerodynamic models used for the flapping wing

flight can be broadly classified into quasi-steady models and unsteady models. The quasi-steady models

assume low flapping frequencies so that shed wake effects are negligible (Betteridge and Archer 1974).

In the unsteady models, unsteady aerodynamic characteristics are accounted for by the unsteady wake

effects (DeLaurier 1993). Selected researchers have used computational fluid dynamics (CFD) to

simulate the flapping flight (Wang 2000, Wu and Sun 2004). CFD methods provide a clear picture of

the flow by solving the incompressible form of the Navier-Stokes equations. However, CFD simulations

are computationally intensive. DeLaurier (1993) proposed an unsteady aerodynamic model based on
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modified strip theory. The aerodynamic model makes it possible to estimate the aerodynamic performances

of harmonically flapping wings in the phase of preliminary design and development (Ke et al. 2008).

Various aerodynamic effects can be considered in this model such as camber effect, partial leading edge

suction effect, viscous effect, unsteady wake effect and dynamic stall model of pitching motion.

Therefore, the DeLaurier model is useful for estimating the lift generated by a flapping wing.

In this paper, structural modeling of an IPMC flapping wing is done using variational principle.

Dynamic analysis of the wing is performed using numerical simulations. Parametric studies are done to

identify the key design variables and their effect on the performance of the wing. An optimization study

is performed to achieve improved performance of the IPMC flapping wing. Finally, aerodynamic forces

generated by the flapping wing are obtained and feasibility of the IPMC flapping wing concept is

shown.

2. Structural model

 

Schematic diagram of the wing geometry used for the structural modeling is shown in Fig. 1. The

flapping wing is fixed at the root and has a rectangular cross-section.

Governing equations are derived using Hamilton's principle, which states

(1)

Here, δT is the variation in kinetic energy, δV is the variation in potential energy and δW ext is the

variation in work done by external force. The variation in kinetic energy, potential energy and external

work done can be expressed as (Buechler and Leo 2007)
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Fig. 1 IPMC flapping wing geometry used for modeling (Buechler and Leo 2007)
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The following fundamental assumptions are made for the analysis:

a) Displacements are only in X3 (flapping) direction,

b) Dielectric permittivity ε33 is considered in the analysis, the flapping wing is long and slender

therefore Euler-Bernoulli small deflection assumptions are valid,

c) Mode shapes of an uncoupled beam are assumed to be good approximations for the shape functions,

d) One electrode is assumed on each side,

e) Electric displacement is assumed to be constant, and

f) All the charge is assumed to be present on the surface. 

Considering all the assumptions and applying Hamilton’s principle, the resulting second order differential

equations in the frequency domain can be written in a matrix form (Buechler and Leo 2007)

(7)

Mathematical expressions of the above mentioned elements pertaining to the IPMC flapping wing

structure, as shown in Fig. 1, are given as

(8)

Eq. (7) is solved for the generalized coordinates through matrix inversion. In turn, deflection shape of

the flapping wing can be determined due to a voltage input. The full details of the IPMC structural

model are given in the paper by Buechler and Leo (2007).

3. Aerodynamic model

The aerodynamic model is based on the modified strip theory as proposed by DeLaurier (1993), in

which the aerodynamic forces of the flapping wing are obtained by integrating the sectional aerodynamic

forces calculated in each section. In this unsteady aerodynamic model, the kinematics for a section of

the wing is represented by a plunging velocity  and a pitch angle of the chord  relative to the free

stream velocity, as shown in Fig. 2. 
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The local parameters determining the forces includes the section’s geometry, relative angle of attack

at the ¾-chord location, pitch rates and the dynamic pressure at the ¼-chord location. The aerodynamic

forces acting on each section of the wing are divided into the normal force dN, and the chordwise force,

dFX. The components of the normal force are: (i) dNc, a circulatory force normal to the chord at the ¼-

chord location and (ii) dNa, an apparent-mass force normal to the chord at the ½-chord location. The

expressions for the normal force components are as follows

(9)

(10)

Therefore, the section’s total attached flow normal force is

(11)

The components of the chordwise force are: (i) dTs, a chordwise leading edge suction force, (ii)

dDcamber, a chordwise drag due to camber, and (iii) dDf, a chordwise drag due to skin friction. The

expressions for the chordwise force components are as follows

(12)

(13)

(14)

Thus, the total chordwise force is

(15)

The equations for the segment’s instantaneous lift dL and thrust dT are
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Fig. 2 Aerodynamic forces and motion variables of a wing section (DeLaurier 1993)
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These may be integrated along the span to give the whole wing’s instantaneous lift and thrust

(18)

(19)

where γ (t) is the section’s dihedral angle at that instant in the flapping cycle.

The wing’s average lift and thrust are obtained by integrating L(t) and T(t) over the cycle. Integrating

with respect to cycle angle, φ, instead of time, t, where

(20)

so that the average lift and thrust are expressed as

(21)

(22)

The complete details of the aerodynamic model are given by DeLaurier (1993).

4. Dynamic analysis of the baseline flapping wing

Dragonfly wing size shows substantial variations among the different species. The dragonfly wingspan

may vary from 2.63 cm to 6.70 cm due to demographical reasons (Azuma et al. 1985, Wakeling and

Ellington 1997). The length and width of the flapping wing is taken as 5 cm and 1.2 cm, respectively,

which represent typical values for the dragonfly wing. Akle et al. (2006) showed that the average

thickness of the IPMCs which were manufactured was 0.02 cm. However, thickness of an IPMC can be

increased by increasing the thickness of its constituent layers such as ionic polymer membrane layer,

upper and lower electrode layers. In this case, thickness of the wing is taken as 0.02 cm in order to keep

the mass of the wing as low as possible. Density of the IPMC wing is considered to be 2 g cm-3

(Shahinpoor et al. 1998). Results in this section are for the 5 cm × 1.2 cm × 0.02 cm IPMC flapping

wing, which is called the baseline configuration.

Here the forcing function is assumed to be harmonic, which will essentially flap the wing. Material

properties of IPMCs exhibit strong frequency dependence. Fig. 3 shows the frequency dependence of

the strain coefficient which can be mathematically expressed as

(23)

It can be seen from Fig. 3 that the strain coefficient is in good agreement with the results presented by

Buechler and Leo (2007), thus verifying the implementation of IPMC model. The magnitude of the

strain coefficient decreases as frequency increases. However, even with this decrease, the strain coefficients
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Therefore, the dynamic response of a flapping wing varies at different frequencies. Fig. 4 shows the tip

deflection variations of the flapping wing when different voltages at different frequencies are applied. It
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can be seen from Fig. 4 that tip deflection decreases with the increase of actuation frequency. This

occurs because the magnitude of the strain coefficient decreases with increasing frequency. The strain

coefficient represents the electromechanical coupling in terms of the strain induced at the wing surface

when an electric field is applied perpendicular to the wing.

Wingbeat flapping frequency of larger insects, such as the hawkmoth Manduca Sexta, is 26 Hz,

which is very low as compared to the smaller insects, such as blow fly Calliphora, which flap their

wings at 150 Hz (Deng et al. 2006, Willmott and Ellington 1997). Therefore, insects show a scaling

effect of the wingbeat frequency with their size of the body. Flapping frequency of dragonfly wing is 32

Hz (Zeng et al. 1996) but tip deflection of the IPMC flapping wing is very low at this particular

frequency. In order to trade-off between the tip deflection and flapping frequency, tip deflection at 15

Hz is considered for the IPMC flapping wing. Deflected wing shapes for different applied voltages, but

at a particular frequency of 15 Hz, which is close to half of the dragonfly wingbeat frequency, is shown

in Fig. 5. A flapping angle of 1.270 is obtained at 7 volt. However, we will show later in this paper that

Fig. 3 Dependence of strain coefficient on frequency

Fig. 4 Tip deflection of IPMC flapping wing due to application of different voltages
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much higher flapping angles are possible by appropriate tailoring of the IPMC wing using mathematical

optimization methods.

5. Parametric studies

A particular combination of geometric parameters, such as length, width and thickness, defines the

wing geometry. The effects of the variation of geometric parameters on the performance of the IPMC

flapping wing are studied in this section. This parametric study is important because critical design

variables can be identified for improving the performance of the flapping wing.

5.1 Effect of length

The effects of the variation of length and frequency on the flapping wing performance are shown in

Fig. 6 at different voltages. For any given voltage, peak value of tip deflection of a wing geometry is

dictated by its length and occurs at a particular frequency. It can be seen from Fig. 7 that the peak value

of tip deflections increases with increase of the wing length at different input voltages. Fig. 8 shows that

flapping frequency decreases with the increase of the wing length at different input voltages. Flapping

frequency at which maximum tip deflection occurs is the same for a wing geometry for all input

voltages. However, mass of the flapping wing increases with an increase of the wing length.

5.2 Effect of width

The effects of the variation of width on the flapping wing performance are shown in Fig. 9 at different

voltages. Fig. 10 shows that variation of wing width has no effect on maximum tip deflection for a

particular input voltage where as magnitude of maximum tip deflection varies when different voltages

are applied. Moreover, flapping frequency at which the maximum tip deflection occurs does not change

with the variation of wing width at different input voltages as shown in Fig. 11. The only effect in this

case is the increase of mass with the increase of the wing width.

Fig. 5 Deflection shape of the IPMC flapping wing due to application of different voltages
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Fig. 6 Effects of the variation of length on the IPMC flapping wing performance at different applied voltages

Fig. 7 Effect of the flapping wing length variation on
maximum tip deflections at different applied
voltages

Fig. 8 Effect of the flapping wing length variation on
flapping frequencies at different applied voltages
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Fig. 9 Effects of the variation of width on the IPMC flapping wing performance at different applied voltges

Fig. 10 Effect of the flapping wing width variation on
maximum tip deflections at different applied
voltages

Fig. 11 Effect of the flapping wing width variation on
flapping frequencies at different voltages
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5.3 Effect of thickness

Finally, the effects of the variation of thickness on the flapping wing performance are shown in Fig.

12 at different voltages. In this case, peak value of tip deflections decreases with increase of the wing

thickness at different input voltages as shown in Fig. 13. However, mass of the wing increases with the

Fig. 12 Effects of the variation of thickness on the IPMC flapping wing performance at different applied voltages

Fig. 13 Effect of the flapping wing thickness variation on maximum tip deflections at different applied voltages
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increase of the wing thickness. On the other hand, Fig. 14 shows that flapping frequency increases with

the increase of the wing thickness at different input voltages. Flapping frequency at which maximum

tip deflection occurs is same for a flapping wing geometry for all input voltages.

To summarize, the effects of the variation of length and thickness are opposite to each other while

variation of width has no direct effect on the flapping wing performance. However, all three variables

affect the mass. The average flapping angle of dragonfly wing is 340 as measured by Zeng et al. (1996),

while the flapping angle obtained with the baseline IPMC flapping wing is less than 20 for 7 volt.

Therefore, an optimization study is performed to obtain improved flapping wing performance. We seek

to maximize the actuation authority of the IPMC flapping wing.

6. Optimization

To perform the optimization study, the problem of maximizing actuation authority is defined in a

standard form of the general optimization problem as shown in Eq. (23) 

Maximize wtip (x)

where x={Lt, b, ht}

subject to:

(24)

Here, constraint on the mass of the flapping wing is imposed and mass of the baseline wing, as shown

in Table 1, has been set as upper limit. There should be no mass penalty to maximize the actuation

authority and therefore we pose the problem as a constrained nonlinear optimization problem with

appropriate move limits. The numerical results are obtained at 7 volt.

0 mass( )actuator mass( )baseline≤ ≤

Lt( )l Lt Lt( )u≤ ≤

b( )l b b( )u≤ ≤

ht( )l ht ht( )u≤ ≤

Fig. 14 Effect of the flapping wing thickness variation on flapping frequencies at different applied voltages
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The sequential quadratic programming (SQP) algorithm is used to perform the design optimization

(Arora 2004). SQP is a gradient based optimization method for nonlinear constrained optimization

problem. The gradients are calculated using the finite difference method. Fig. 15 shows the iteration

history of the design variables. It can be seen from the Fig. 15 that iteration starts with the baseline

values for the length, width and thickness of the wing and optimal values are obtained after seven

iterations. The optimizer reduces the length and the width and increases the thickness of the wing. The

baseline and optimal values of the IPMC wing are given in Table 1. We see a large increase in

maximum tip deflection for the optimal flapping wing.

7. Optimal flapping wing

The optimum values for the length, width and the thickness of the IPMC flapping wing were found to

be 40 mm, 10 mm and 0.3 mm, respectively. After searching the literature we found that the optimum

length and width of the IPMC wing are typical average values for the wing of the dragonfly Aeshna

Multicolor as reported by Combes and Daniel (2003). They measured the flexural stiffness variation of

the dragonfly Aeshna Multicolor wings and approximated the variation by an exponential decline as

shown in Fig. 16 and which can be written as

(25)

EI X1( ) c.exp
aX

1

=

EI
1

L
--- EI

0

L

∫ X1( )dx=

Table 1 Baseline and optimal values for design optimization

Parameter 
Length
(mm)

Width
(mm)

Thickness
(mm)

Maximum tip 
deflections (mm)

Mass
(mg)

Baseline values 50 12 0.2  0.93 240

Optimal values 40 10 0.3 6.84 240

Fig. 15 Iteration history of design variables
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Average flexural stiffness is calculated, using Eq. (24), and subsequently used to obtain the static tip

deflection of the Aeshna Multicolor wing using the beam equation

(26)

An equivalent beam model proposed by Lee et al. (2005) is used to calculate static tip deflection of

the uniform IPMC flapping wing. This model is a grey box model and occupies a position between a

physics based model and a black box model. Fig. 17 shows the comparison of the tip deflections of both

wings due to a point force of 0.003 N applied at the tip (Combes and Daniel 2003). Average flexural

stiffness of the dragonfly wing is 4.46 × 10-5 Nm2 where as flexural stiffness of the uniform IPMC

flapping wing is 3.37 × 10-6 Nm2. Therefore, it can be seen from Fig. 17 that the IPMC flapping wing is

structurally more flexible than the actual dragonfly wing. We should also note that the dragonfly wing

is a passive structure because flight muscles are restricted to the wing base. Therefore, wing does not

deflect much but is actuated from the root of the wing to generate flapping motion (Dudley 2000).

EI
d
2
w

dX1

2
--------- M=

Fig. 16 Spanwise flexural stiffness distribution of dragonfly wing (Combes and Daniel 2003)

Fig. 17 Static tip deflection of dragonfly and IPMC wing
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Fig. 18 Tip deflection of IPMC wing due to application of different voltages

Fig. 19 Variation of the flapping angle of IPMC wing

Fig. 20 Average lift at different pitch angle
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However, IPMC wing creates the flapping motion through deflection. Fig. 18 shows the tip deflection

of the IPMC flapping wing at different applied voltages. It can be seen from the Fig. 18 that maximum

tip deflections of 6.84 mm is obtained when 7 volt is applied at 21 Hz. Variation of the flapping angle

during the beating motion is shown in Fig. 19. Flapping angle of 120 is obtained at 7 volt.

For aerodynamic modeling, kinematics pertaining to the wing section located at 75% of the wing

span is considered for calculation of the aerodynamic forces. Flapping angles of the wing section at that

location are 3.60, 60 and 80 when actuated at 3 volt, 5 volt and 7 volt, respectively. Selection of the pitch

angle of the flapping axis  is important for the performance of the flapping wing. Average lift

pertaining to single wing at different pitch angle is shown in Fig. 20 when different voltages are

applied. Fig. 21 shows the average thrust at different pitch angle and at different applied voltages. It can

be seen from the Fig. 20 that the lift is maximum at the pitch angle of 7.50. However, at the pitch angle

of 7.50, thrust which is same for all the three applied voltages has a negative value. Since average thrust

force must be positive to satisfy the condition for cruise flight, therefore the value of  is selected as

6.50. Fig. 22 shows the average lift produced by the IPMC flapping wing at different flight speeds. It

can be seen from the Fig. 22 that maximum lift force of 0.0063 N is obtained at 5 volt. It can also be

θa

θa

Fig. 21 Average thrust at different pitch angle

Fig. 22 Average lift at different flight speed
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seen that the maximum lift force can reach up to 0.0115 N at 7 volt. In both the cases, maximum lift

force occur at the flight speed of 7.1 m/s. Average thrust force at different flight speeds is shown in Fig.

23. The average thrust force is found to be 0.0122 N at the flight speed of 7.1 m/s when 7 volt is

applied. Fig. 24 shows the net lift force, obtained by subtracting the total wing weight from the total lift

force, when two IPMC flapping wings are used. It can be seen from the Fig. 24 that flapping wings can

carry a payload of 1.87 g at 7 volt. We note that flapping performance of IPMCs in air degrades as the

input voltage increases. However, substantial amount of research to obtain high performance IPMCs is

going on (Kim and Kim 2008). It is expected that with further progress in IPMCs technology, it will

become possible to obtain an IPMC flapping wing which may be actuated at a voltage higher than 7

volt. In order to be capable of autonomous flight, the flapping wing MAV requires several sub-systems

such as power supply unit, control unit, sensory systems etc. These sub-systems can be made of light

weight components such as thin sheet of solar cell, which can generate up to 20 mW.cm-1, may be used

for power supply unit (Deng et al. 2006, Tanaka et al. 2009). The net lift force generated by the IPMC

flapping wing may be used to carry one or more of these sub-systems.

Fig. 23 Average thrust at different flight speed

Fig. 24 Net lift at different flight speed
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8. Conclusions

In this study, variational principle is used for dynamic modeling of the IPMC flapping wing. Dynamic

characteristics of the wing are analyzed using numerical simulations. Design optimization is used to

obtain improved performance of the flapping wing. The flapping angle of 120 is obtained at an input

voltage of 7 volt at 21 Hz. An unsteady aerodynamic model is used to obtain the aerodynamic forces.

The IPMC flapping wing can generate 0.0115 N average lift force at the flight speed of 7.1 m/s when 7

volt is applied. The average thrust force is found to be 0.0122 N at the same flight conditions.

Moreover, it is possible to carry a payload of 1.87 g by using two IPMC flapping wings actuated at 7

volt, 21 Hz and flying at 7.1 m/s. The IPMC flapping wing may be considered as a potential candidate

for use in MAV applications.
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Notations

a : Co-efficient of exponential equation
: Generalized coordinate of mechanical displacements

b : Width of IPMC flapping actuator
c : Airfoil chord
cn : Normal force coefficient
cD : Stiffness matrix at constant electric displacement
C : Coefficient of exponential equation
(Cd)f : Drag coefficient due to skin friction
C-1 : Inverse of capacitance
d : Strain coefficient

: Electric displacement vector
EI : Flexural stiffness

: Average flexural stiffness of Aeshna Multicolor wing
: Force vector

ht : Thickness of IPMC flapping wing
h : Electromechanical coupling matrix
j : Square root of -1
Ks : Diagonal stiffness matrix
L : Wingspan of Aeshna Multicolor
Lf : Unsupported length of IPMC flapping wing
Lt : Total length of IPMC flapping wing
Lu : Differential operator
M : Bending moment
Ms : Diagonal mass matrix

: Generalized coordinate of electric displacements
s : Laplace variables
 : Stress vector

T : Kinetic energy
U : Flight speed
v : Electric potential applied on each electrode
V : Relative velocity
Vx : Flow speed tangential to the section
V : Potential energy
Vse : Strain energy
Vcouple : Coupling potential energy
Vdielectric : Dielectric potential energy
w : Deflection in X3 direction
wtip : Tip deflection of IPMC flapping wing
W

ext : Work done by external force
Xi : Cartesian axes (i=1,2,3)
y : Coordinate along the semispan
α0 : Angle of section’s zero lift line
α' : The flows relative angle of attack at the ¾ chord location
βn : Eigenvalues
δ : Variation 
ε
T : Dielectric permittivity matrix at constant stress
ηs : Leading edge suction efficiency
θ : Pitch angle of chord with respect to U

: Pitch angle of flapping axis with respect to U
: Mean pitch angle of chord with respect to flapping axis

A

D

EI
 f

q

T

θa

θw
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ρ : Density of IPMCs
ρair : Atmospheric density
σn : Constant 
υ2 : Mid-chord normal velocity component due to the wing’s motion

: Mechanical shape functions
: Electrical shape functions
: Coupling vector

ω : Frequency 
( ),xx : Second derivative with respect to space
( )u : Upper bound for design optimization
( )l : Lower bound for design optimization

Φu

ΦD

Ψ




