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Static analysis of a multilayer piezoelectric actuator
with bonding layers and electrodes
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Abstract. Based on the theory of piezoelasticity, an analytical solution for a typical multilayer piezoelectric
composite cantilever is obtained by the Airy function method. The piezoelectric cantilever may consist of any
number of layers. Moreover, the material and thickness for different layers may be different. The solution obtained
in the present paper is concise and can be easily applied for the bending analysis of multilayer piezoelectric
actuators considering the effect of bonding layers and electrodes. At last, a comprehensive parametric study is
conducted to show the influence of electromechanical coupling (EMC), the number of piezoelectric layers, the
elastic modulus of elastic layer and the thickness ratio on the bending behavior of actuators. Some interesting
results for the design of multilayer piezoelectric actuators are presented.
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1. Introduction

Due to their excellent electro-mechanical properties, easy fabrication, design flexibility, and efficiency

in transforming electrical energy to mechanical energy via the inverse piezoelectric effect, piezoelectric

actuators have been extensively used in a variety of applications such as micro-electro-mechanical

systems (MEMS), active vibration control, compact electronic equipment, precision position control,

loudspeakers, etc. Typical piezoelectric bending actuators involve multilayer stacks which have a greater

sensitivity compared with single-layer element (Desmare 1999). If they are made of piezoelectric polymeric

materials, these devices can also offer some advantages over piezoelectric ceramic transducers, such as

flexibility, ease of preparing large sheets and the ability to undergo large deflections without damage

(Marcus 1984).

Because of its advantages and wide applications, multi-layered piezoelectric structures have attracted

much attention in recent years. For example, the constitutive equations for piezoelectric device are

simplified as one-dimensional constitutive equations with the assumptions that the shear effects are

negligible, beam thickness is much less than the piezoelectric-induced curvature, second order effects

such as electrostriction are negligible, and xy-plane strain and xz-plane stress are enforced. Based on the

one-dimensional constitutive equations, some simple behaviors of symmetric or non-symmetric

piezoelectric cantilever bimorphs were studied (Smits, et al. 1991, Smits and Ballato 1994, Brissaud, et

al. 2003, Brissaud 2004, Ballas, et al. 2006). Using the same constitutive equations, impedance and
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admittance matrices were proposed for the analysis of the beam-type piezoelectric multi-morph devices

(Ha and Kim 2002). By neglecting the effect of transverse shear on the deformation of the beam, a

simple closed-form solution for the bending of piezoelectric multimorphs was obtained (Weinberg 1999)

based on the Bernoulli–Euler beam theory. The fundamental assumptions in this theory are that cross

sections remain plane and normal to the deformed beam axis, appropriately giving the slender geometry

of some multimorphs. Moreover, in the above solution, equilibrium is imposed in a weak sense using

integrals over the beam thickness. The resulting formulation is expressed in terms of effective cross

section properties. With the help of the expedient coupling coefficient, Weinberg’s solution (1999) was

extended to arbitrary electromechanical coupling (EMC) by using a simple correction to the moment of

inertia of the piezoelectric layers (Tadmor and Kósa 2003). Also based on the Bernoulli–Euler beam

theory, the natural frequencies, maximum displacement and resultant force of a symmetric multi-morph

cantilever were obtained (Lee, et al. 2005). Similar as Timoshenke’s well-known derivation for thermal

bimorph deflections, DeVoe and Pisano (1997) extended the approach to a cantilever multimorph, which

consists of several layers of elastic or piezoelectric, but all piezoelectric layers are made of the same

material. The tip deflection of the mutilayered structure was analyzed by Huang, et al. (2004) using a

similar model in the reference (DeVoe and Pisano 1997). A lot of previous studies took the electric field

in each layer of the multimorphs as a constant. As is well-known to all, in the case of bending or

transverse shear, the strains through the thickness of the piezoelectric layer are usually nonuniform. If a

constant electric field is assumed, the electric displacement through the thickness should not be constant.

In order to improve the accuracy, a new approach for laminated plates with piezoelectric layers was

proposed based on a refinement improvement of the electric potential as a function of the thickness

coordinate (Fernandes and Pouget 2002). By using Timoshenko theory, the static bending, free vibration,

and dynamic response of monomorph, bimorph, and multimorph actuators were investigated (Yang

and Xiang 2007, Zhou, et al. 2005). For an intelligent beam with single elastic layer and two

piezoelectric layers, a static analysis with a voltage applying on these two piezoelectric layers was

performed by using Airy stress function method (Lin, et al. 2001). On the other hand, based on the

Fourier series, an exact analysis for a multilayer composite with the simply supported boundary

conditions was conducted (Heyliger and Brooks 1996). Most recently, the third-order displacement

theory was employed and a set of cubic functions was proposed to describe the distribution of the

electric potential field for a composite smart beam. And then, the problem was solved by finite

element method (Wang, et al. 2007). It is worth to mention that Pan and his co-worker presented

some exact solutions for a multilayered rectangular plate made of anisotropic and functionally

graded magneto-electro-elastic materials by the pseudo-Stroh formalism and the propagator matrix

method (Pan 2001, Pan and Han 2005). The method is very convenient for studying multilayered

structures of which the boundary condition is simply supported.

Though there are considerable papers dealing with multilayered actuators, most of the investigations

were following Timoshenko’s approach or based on the elementary theory of elasticity. Moreover, it is

noted that the effects of bonding layers can not be ignored in some cases. The design theory for a

piezoelectric actuator was presented considering the effect of bonding layers (Marcus 1984), but the

electric field was assumed as a constant. So, the objective of the present research is to give a precise

analysis of the multilayer piezoelectric actuator considering the bonding layers and electrodes based on

the theory of piezoelasticity. As the continuation of our previous studies where all layers of the actuator

were connected in series (Xiang and Shi 2008) or only the piezoelectric coefficient g31 is different from

layer to layer (Shi, et al. 2006), the present paper investigates another typical multilayer piezoelectric

actuator of which all piezoelectric layers are connected in parallel. In addition, the material and thickness
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for different layers may be different. An exact solution for the multimorph is given, which exactly

satisfies all the equilibrium conditions and continuous conditions for the stress, displacement and

induction as well as electric potential on the interfaces between adjacency layers. The organization of the

rest of this paper is as follows. The basic equations for piezoelectric materials are summarized in Section

2. The exact solutions for the multilayer piezoelectric composite cantilevers are obtained in Section 3. In

Section 4, a comprehensive parametric study is conducted to show the influence of electromechanical

coupling, the number of piezoelectric layers, the elastic modulus of elastic layer and the thickness ratio

on the bending behavior of actuators.

2. Basic equations 

Among the piezoelectric devices, the cantilevers are the most frequently investigated structures (Liu, et

al. 2006, DeVoe and Pisano 1997, Smits, et al. 1991). As shown in Fig. 1, a multilayer piezoelectric

cantilever is investigated as a structure of multimorph actuators, of which the piezoelectric layer and the

elastic layer are placed alternately. There are n+1 elastic layers (electrodes or bonding layers) and n

piezoelectric layers. In one implementation of these devices, all interfaces between neighboring

piezoelectric layers are dielectric. Between the opposite surfaces of every piezoelectric layer there is

an external electrical potential V0. In addition, the actuator is subjected to a moment M0 and a

longitudinal force N0 at the free end. The thickness of either elastic or piezoelectric layers may be

different. Obviously, the thickness of the elastic layer k is determined by  and the

thickness of the piezoelectric layer k is determined by  as shown in Fig. 1. Referring

to a Cartesian coordinate system (x-0-z) and denoting  and Ei as the components of strain,

stress, induction and electric field, respectively, the constitutive equations for transversely isotropic

elastic materials and piezoelectric materials under the condition of plane deformation can be written

as follows

   (in elastic layer k) (1)

he k, h2k 1– h2k 2––=

hp k, h2k h2k 1––=

εij σij Di, ,

εx S11Ekσx S13Ekσz+=

εz S13Ekσx S33Ekσz+=

γxz S44Ekτxz=⎩
⎪
⎨
⎪
⎧

Fig. 1 Schematic of a multi-layer piezoelectric composite cantilever
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(in piezoelectric layer k) (2)

where SijEk and SijPk are the coefficients of the effective elastic compliance for elastic layers and

piezoelectric layers, respectively. The coefficients of the piezoelectric and dielectric impermeability for

the piezoelectric layers are denoted by gij and βij, respectively. The subscript k is added in the

coefficients to distinguish different layers. It should be mentioned that the above material coefficients

SijE, SijP, gij and βij in the plane stress condition are the same as those in 3D case. However these

coefficients should be changed in the plane strain case, which is detailed in the reference (Xiang 2007).

The strain components for both elastic and piezoelectric materials can be expressed by means of the

displacement components (u and w) as

(3)

For piezoelectric materials, there is another set of equations between the electric field and the electrical

potential ϕ as

(4)

Without consideration of body force the static equilibrium equations for both elastic and piezoelectric

materials can be given as

(5)

On the other hand, without consideration of body charge, the induction components in the piezoelectric

materials should satisfy the following Maxwell’s equation

(6)

To ensure that the displacement and electric potential can be obtained by integrating Eqs. (3) and (4), the

components of strain and electric field must satisfy the following equations 

(7)

Under the consideration of some detailed boundary conditions, these basic equations will be solved in

the following sections.

εx S11Pkσx S13Pkσz g31kDz+ +=

εz S13Pkσx S33Pkσz g33kDz+ +=

γxz S44Pkτxz g15kDx+=

Ex g15kτxz– β11kDx+=

Ez g31k– σx g33k– σz β33kDz+=⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

εx
∂u

∂ x
------ εz

∂w

∂ z
-------= γxz

∂u

∂ z
------

∂w

∂ x
-------+=, ,=

Ex

∂φ

∂x
------= Ez,

∂ ϕ

∂ z
------–=

∂ σx

∂ x
--------

∂ τxz

∂ z
---------+ 0

∂ τxz
∂ x
---------

∂ σz

∂ z
--------+ 0=,=

∂Dx

∂ x
---------

∂Dz

∂ z
---------+ 0=

∂
2
εx

∂ z
2

---------
∂
2
εz

∂ x
2

---------+
∂
2
γxz

∂x∂ z
-----------

∂Ex

∂ z
--------

∂Ez

∂ x
--------– 0=,=
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3. Exact solution based on the Airy stress function method

To find the solution of the basic equations, the Airy stress function method is used in the present

paper. As is easily checked, Eqs. (5) and (6) are satisfied by introducing a stress function  and an

induction function ψ and putting the following expressions for stress components and induction

components

(8)

In this manner we can get a variety of solutions of the equation of equilibrium Eq. (5) and the

Maxwell’s Eq. (6). The true solution of the problem is that which satisfies also the compatibility Eq. (7)

and all boundary conditions. It is noted that this paper just considers the plane problem of an anisotropic

beam which the material composition varies continuously in the direction of the thickness, so the stress

functions  and the induction function ψk of layer k are assumed as:

    (for elastic layer k) (9)

 (for piezoelectric layer k) (10)

where aEk, bEk, aPk, bPk and lk are constants to be determined by boundary conditions. The stress function

 (or ) is taken as assumed to be a third-order polynomial function of z instead of a high order

polynomial function. The reason is that the third-order polynomial stress function is enough to give a

solution which all boundary conditions can be satisfied as what we can see as follows. If some new

unknown constants, such as c and d (or more), are added in the Airy stress function (-az3 + bz2 + cz4 +

dz5) to obtain a high order polynomial function, we will find that these constants c and d must be zero

once the boundary conditions are satisfied. By using of the stress functions ,  and the induction

function ψk, the components of stress and induction in the layer k can be obtained as

       (in elastic layer k) (11)

(in piezoelectric layer k) (12)

From Eqs. (1), (2) (11) and (12), it is easily verified that Eq. (7) is satisfied. Further, by the use of Eqs.

(1), (2), (3) and (4) the displacement and electrical potential in layer k can be derived as follows

(in elastic layer k) (13)

ϕ̃

σx

∂
2
ϕ̃

∂ z
2

--------= σz

∂
2
ϕ̃

∂x
2

--------= τxz

∂
2
ϕ̃

∂ x∂ z
-----------–=, ,

Dx

∂ ψ

∂ z
-------= Dz

∂ ψ

∂ x
-------–=,

⎩
⎪
⎪
⎨
⎪
⎪
⎧

ϕ̃Ek ϕ̃Pk,

ϕ̃Ek aEkz
3

– bEkz
2

+=

ϕ̃Pk aPkz
3

– bPkz
2

ψk lkx=,+=

ϕ̃Ek ϕ̃Pk

ϕ̃Ek ϕ̃Pk

σx 6aEkz– 2bEk+=

σz τxz 0= =⎩
⎨
⎧

σx 6aPkz– 2bPk σz τxz 0= =,+=

Dx 0 Dz lk–=,=⎩
⎨
⎧

u 6aEkS11Ekxz– 2bEkS11Ekx ωEkz uEk+ + +=

w 3aEkS13Ekz
2

– 2bEkS13Ekz 3aEkS11Ekx
2

ωEkx wEk+–+ +=⎩
⎨
⎧
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 (in piezoelectric layer k)(14)

where aPk, aEk, bPk, bEk, lPk, ωPk, ωEk, uPk, uEk, wPk, wEk, ϕk are constants to be determined by using

geometrical and electrical boundary conditions. To find the exact solution of the multi-layered

piezoelectric cantilever, the solutions expressed by Eqs. (11)-(14) should be correctly assembled by

considering some boundary conditions and continuous conditions at the interfaces. It is obvious that the

following boundary conditions are satisfied automatically

at (15)

at (16)

, at z = 0 and z = h2n+1 (17)

Besides, the continuous conditions for the stresses at the interfaces are also satisfied automatically. On

the other hand, the displacements at the interfaces should be continuous, i.e.

, (18)

which leads to the following equations

(19)

for k from 1 to n. From Eq. (19), the following relationships can be obtained

(20)

(21)

(22)

Here u0 and ω0 are constants to be determined. We also obtain the following 2n equations, which can be

used to determine wP1, wP2,..., wPn and wE1, wE2,..., wE,n+1 once one of them is known

u 6aPkS11Pkxz– 2bPkS11Pkx g31klPkx– ωPkz uPk+ + +=

w 3aPkS13Pkz
2

– 2bPkS13Pkz g33klPkz– 3aPkS11Pkx
2

ωPkx wPk+–+ +=

ϕ 3aPkg31kz
2

– 2bPkg31kz β33klPkz ϕk+ + +=⎩
⎪
⎨
⎪
⎧

Dx 0= x 0 L,=

τxz 0= x L=

σz 0= τxz 0=

u x hi−,( ) u x hi+,( )=

w x hi−,( ) w x hi+,( )=⎩
⎨
⎧

1 i 2n≤ ≤

u x h2k 1–,( ) 6aEkS11Ekxh2k 1–– 2bEkS11Ekx ωEkh2k 1– uEk+ + +=

                 6aPkS11Pkxh2k 1–– 2bPkS11Pkx g31klkx– ωPkh2k 1– uPk,+ + +=

u x h2k,( ) 6aE k 1+, S11E k 1+, xh2k– 2bE k 1+, S11E k 1+, x ωE k 1+, h2k uE k 1+,+ + +=

             6aPkS11Pkxh2k– 2bPkS11Pkx g31klkx– ωPkh2k uPk,+ + +=

w x h2k 1–,( ) 3aEkS13Ekh2k 1–

2
– 2bEkS13Ekh2k 1– 3aEkS11Ekx

2
ωEk– x wEk+ + +=

              3aPkS13Pkh2k 1–

2
– 2bPkS13Pkh2k 1– g33klkh2k 1–– 3aPkS11Pkx

2
ω– Pkx wPk,+ + +=

w x h2k,( ) 3aE k 1+, S13E k 1+, h2k

2
– 2bE k 1+, S13E k 1+, h2k 3aE k 1+, S11E k 1+, x

2
ωE k 1+,– x wE k 1+,+ + +=

          3aPkS13Pkh2k
2

– 2bPkS13Pkh2k g33klkh2k– 3aPkS11Pkx
2

ω– Pkx wPk.+ + +=⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎧

ωEk ωPk ω0 uEk, uPk u0= = = =

aPkS11Pk aEkS11Ek aP1S11P1= =

2bEkS11Ek 2bPkS11Pk g31klk– 2bP1S11P1 g311l1–= =
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(23)

The electrical boundary conditions are

(24)

which lead to

(25)

(26)

From Eqs. (21), (22) and (26), the constants (aEk, bEk) and (aPk, bPk, lk) can be expressed in terms of

(aP1, bP1, l1) as follows

(27)

(28)

where vectors with superscript ‘T’ denote the transpose of the vector. The matrix 

which is a 3×3 matrix and the matrixes A(k) and  are listed in Appendix. Introducing a matrix B(k)

and a vector C(k) as

(29)

where rij
(k)  are the elements of matrix R(k), the following relationships can be obtained

(30)

(31)

From Eqs. (25), (27), (30) and (31), it is found that the constants aPk, bPk, aEk, bEk, lk and ϕk will be

determined if the constants aP1, bP1 and l1 are given. In order to find the constants aP1, bP1 and l1, the

Saint-Venant’s principle is considered as the following mechanical boundary conditions at the free end

(x = L) of the cantilever

(32)

3aEkS13Ekh2k 1–

2
– 2bEkS13Ekh2k 1– wEk+ +

   3aPkS13Pkh2k 1–

2
– 2bPkS13Pkh2k 1– g33klkh2k 1–– wPk+ +=

3aE k 1+, S13E k 1+, h2k

2
– 2bE k 1+, S13E k 1+, h2k wE k 1+,+ +

   3aPkS13Pkh2k
2

– 2bPkS13Pkh2k g33klkh2k– wPk+ +=⎩
⎪
⎪
⎨
⎪
⎪
⎧

ϕ x h2k 1–,( ) 0 ϕ x h2k,( ) V0= 1 k n≤ ≤( ), ,=

ϕk 3apkg31kh2k 1–

2
2bPkg31kh2k 1–– β33klkh2k 1––=

V0 3aPk– g31k h2k
2

h2k 1–

2
–( ) 2bPkg31k h2k h2k 1––( ) β33klk h2k h2k 1––( )+ +=

 3aP1– g311 h2
2

h1
2

–( ) 2bP1g311 h2 h1–( ) β331l1 h2 h1–( )+ +=

aEk bEk,( )T A
k( )
aP1 bP1 l1, ,( )T=

aPk bPk lk, ,( )T R̃
k( )

( )
1–

R̃
1( )
aP1 bP1 l1, ,( )T R

k( )
aP1 bP1 l1, ,( )T= =

R
k( )

R̃
k( )

( )
1–

R̃
1( )

=

R̃
k( )

B
k( ) r11

k( )
r12

k( )
r13

k( )

r21
k( )
r22

k( )
r23

k( )

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎛ ⎞

C
k( )

r31
k( )
 r32

k( )
 r33

k( )( )=,=

aPk bPk,( ) B
k( )
aP1 bP1 l1, ,( )T=

lk C
k( )
aP1 bP1 l1, ,( )T=

6aPkz– 2bPk+( )
h
2k 1–

h
2k

∫
k 1=

n

∑ dz 6aEkz– 2bEk+( )
h
2k 2–

h
2k 1–

∫
k 1=

n 1+

∑ dz+ N0=

6aPkz– 2bPk+( )
h
2k 1–

h
2k

∫
k 1=

n

∑ zdz 6aEkz– 2bEk+( )
h
2k 2–

h
2k 1–

∫
k 1=

n 1+

∑ zdz+ M0=
⎩
⎪
⎪
⎨
⎪
⎪
⎧
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For simplicity, denote η = (aP1, bP1, l1)
T. Keeping Eqs. (27) and (30) in mind, Eqs. (26) and (32) can be

written in matrix form as

(33)

and thus

(34)

where K = [kij]3×3 whose elements are listed in Appendix. Then we can obtain the exact solutions for

stress and induction in the layer k from Eqs. (11) and (12) as follows

(in elastic layer k) (35)

(in piezoelectric layer k) (36)

In order to determine the parameters u0, ω0, wEk and wPk, the displacement boundary conditions at the

clamp end (x = 0) of the cantilever are considered as

. ( ) (37)

which leads to

(38)

From Eq. (23), it is easy found that the relationship between wE,i+1 and wE,i

(39)

for i=1, 2,…, n and the matrixes G(i) are given in Appendix. From Eq. (39), the constants wEk are

obtained

(40)

From Eqs. (23) and (40), the parameters wPk can be found as

(41)

Kη N0 M0 V0, ,( )T=

η K
1–
N0 M0 V0, ,( )T=

σx 6z– 2,[ ]A k( )
η=

σz τxz 0= =⎩
⎨
⎧

σx 6z– 2,[ ]B k( )
η=

σz τxz 0= =

Dx 0= Dz C
k( )

η–=,⎩
⎪
⎨
⎪
⎧

u 0 h2I 1–,( ) 0 w 0 h2I 1–,( ) 0
∂w 0 h2I 1–,( )

∂w
-----------------------------,=, 0= = I 1 2 3 … n, , , ,{ }∈

u0 0= ω0, 0=

wEI S13EIh2I 1– 3h2I 1– 2–,[ ]A I( )
η=⎩

⎨
⎧

wE i, 1+ wE i,– G
i( )
η=

wEk

wEI G
i( )

i k=

I 1–

∑ η–   k I<,

          wEI         k 1=,

wEI G
i( )
η

i I=

k 1–

∑+   k 1>,
⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

=

wPk Q
k( )

η wEk+=
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where . Till now all the unknown

parameters introduced in this section have been determined. For simplicity, we define some coefficients

as , , , and . From Eqs. (13) and

(14), the displacements and voltage in each layer of the actuator can be expressed as

(42)

for elastic layer k and

(43)

for piezoelectric layer k. From Eq. (42), the tip deflection of the actuator can be developed as

(44)

Till now, the solution of the multilayer actuator is obtained. Note that the polarization of piezoelectric

layer is assumed parallel to the axis z+ in the above solution. When the polarization of a piezoelectric

layer is not parallel to the axis z+, but anti-parallel to the axis z+, the piezoelectric coefficients gij should

be multiplied by a minus sign (-1), while all other coefficients remain the same (Smith, et al. 1991,

Cheng, et al. 2005). In the next section, a comprehensive parametric study will be conducted to highlight

the influence of bonding layers or electrodes on the static behavior of the actuator by using the above

solution.

4. Static behavior of multimorphs

Commonly, d31<0 and d33>0, that is if the electric field is applied in parallel with the polarization of the

piezoelectric layer, by convention along the z-axis, the layer will tend to contract in the planes

perpendicular to the applied field, that is the x and y planes, and expand along the field axis, z.

Conversely, if the electric field is applied in the direction anti-parallel with the polarization of the

piezoelectric layer, it will tend to expand along the planes perpendicular to the field, and contract along

the direction of the field. That some layers are contracted and some layers are expanded along x-axis

leads to the bending of multimorphs. There are a lot of factors influencing the bending behavior of

multimorphs. Effect of electromechanical coupling (EMC), the number of piezoelectric layers, the

elastic modulus of elastic layer and the thickness ratio on the bending behavior of multimorphs will be

studied. In this section, discussions will be focused on the deflection or tip deflection of an actuator. In

what follows, we only consider the plane strain case where the actuator is subjected to 100V voltage, i.e.

N0 = 0, M0 = 0 and V0 = 100 V as shown in Fig. 1. As a special case, for simplicity, the thickness of each

elastic layer takes the same thickness as he and the thicknesses of all piezoelectric layers are equal to hp in

the following examples.

Q
k( )

S13Ekh2k 1– 3h2k 1– 2,–[ ]A k( )
h2k 1– 3S13Pkh2k 1–– 2S13Pk g33k–, ,[ ]R k( )

–=

λE k, S11Ek/S13Ek= λP k, S11Pk/S13Pk= γ1 k, g31k/S11Pk= γ2 k, g33k/S13Pk=

u S11Ekx 6z– 2,[ ]A k( )
η=

w S13Ek 3 λE k, x
2
z
2

–( ) 2z,[ ]A k( )
η wEk+=⎩

⎨
⎧

u S11Pkx 6z– 2 γ1 k,–, ,[ ]R k( )
η=

w S13Pk 3 λP k, x
2
z
2

–( ) 2z γ2 k, z–,,[ ]R k( )
η wPk+=

ϕ 3– g31k z
2

h2k 1–

2
–( ) 2g31k z h2k 1––( ) β33k z h2k 1––( ), ,[ ]R k( )

η=⎩
⎪
⎨
⎪
⎧
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4.1. Effect of electromechanical coupling (EMC)

In the above solution procedure, the elastic layer and the piezoelectric layer are arranged layer wise.

Note that the stress function Eq. (9) and the induction function Eq. (10) can be applied to the case that the

elastic layer and the piezoelectric layer are arranged arbitrarily. The solution procedure is similar to the

method used in this paper. Of course, the present solution can be used for the above-mentioned case, but

it needs some modifications. For example, one piezoelectric layer will become an elastic layer when the

piezoelectric coefficient of the layer is zero. On the other hand, assuming the thickness of an elastic layer

to be zero, the elastic layer will be vanished and then, as a special case, the above solution can be used for

a ‘pure’ piezoelectric multilayer beam, of which all layers are piezoelectric materials. Keeping this rule

in mind and considering a parallel bimorph (Smits, et al. 1991) whose two piezoelectric layers are made

of the same material and have the same thickness hp as shown in Fig. 2, the tip deflection of the bimorph

subjected to a voltage only is obtained from Eq. (44)

(45)

As indicated by Eq. (43), the electric field Ez = -∂ϕ/∂ z in each piezoelectric layer is a linear function of

z, instead of a constant. However, for simplicity, one of the assumptions in most of the previous studies is

that the electric field in each piezoelectric layer is constant. This approximation is valid for the materials

with small electromechanical coupling coefficients. Many piezoelectric materials satisfy this condition.

However, modern piezoelectric materials with large coupling coefficients are designed to maximize the

transfer of energy (Park and Shrout 1997). As an example, the tip deflection of the bimorph is different

between present exact solution (see Eq. (45)) and the approximated solution (see Eq. (46)) based on the

Euler–Bernoulli beam theory and with the assumption that the electric field in each piezoelectric layer is

a constant (Smits, et al. 1991).

(46)

As is well-known to all, the piezoelectric coefficient d31 = g31/β33 for plane stress case and d31≈g31/β33

for plane strain case. Keeping this relationship in mind and considering g31
2

<< 4S11Pβ33 for many

piezoelectric materials, Eq. (45) can be approximated as Eq. (46). In order to give an explanation

clearly, a bimorph made of BaTiO3 and another bimorph made of PZT-5A are considered herein. The

material coefficients of BaTiO3 are S11P=7.587×10
-12m2/N, g31=-7.035×10

-3V.m/N and β33=6.956

×107m/F. Correspondingly, these material coefficients of PZT-5A are S11P=10.373×10
-12m2/N, g31=

-17.407×10-3 V.m/N and β33=7.540×10
7m/F (Wang, et al. 1983). Take the thickness of each layer and

δ1

3S11Pg31V0L
2

hp

2
4S11Pβ33 g31

2
+( )

------------------------------------------–=

δ2

3d31V0L
2

4hp
2

---------------------–=

Fig. 2 Schematic of a bimorph
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length of the actuator as hp=1 mm, L=16 mm. When the external voltage V0 is 100V, the tip deflections δ1

and δ2 are 1.90 um and 1.94 um for the former bimorph, and 4.04 um and 5.43 um for the latter bimorph.

The relative error 100%×|(δ2−δ1)/δ1| is 2.34% and 9.69% for the former and the latter bimorph,

respectively. That is to say that the error can not be neglected when the piezoelectric coefficient of the

material is large enough. In addition, the absolution of electric fields  for the above two

kinds of bimorphs are shown in Fig. 3. It is found that the electric field is not a constant, and the average

of electric field, i.e. , is 100 kV/m in each layer, which is just equal to the constant V0/hp
assumed for electric field in the referent (Smits, et al. 1991).

Now, consider a multimorph with 4 piezoelectric layers made of BaTiO3 and 5 electrodes made of

Platinum (Pt), i.e. n = 4. As shown in Fig. 4a, the electric field Ez is anti-parallel to the polarization in 1#

and 3# piezoelectric layers and parallel to the polarization in 2# and 4# piezoelectric layers when the

actuator is subjected to a voltage shown in Fig. 1. The elastic modulus Y and Poisson’s ratio v of the

electrodes (Pt) are 171 GPa and 0.39, respectively. The material coefficients Sij for the electrodes used in

this paper can be determined from the above elastic modulus and Poisson’s ratio, for example,

S11 = S33 = (1−v2)/Y, S13 = −v(1+v)/Y, S44 = 2(1+v)/Y for isotropic materials under the plane strain
condition. Besides the coefficients S11P, g31 and β33 (as given above), others coefficients of BaTiO3 are

S13P=2.599×10
-12m2/N, S33P=6.679×10

-12m2/N, S44P=17.532×10
-12m2/N, g15=-20.261×10

-3V.m/N, g33=11.487×

Ez ∂ϕ ∂ z⁄–=

hp

1–
Ez zd∫

Fig. 3 Electric field Ez (absolution) distributed in a bimorph along z-axis 

Fig. 4 Two kinds of arrangements of polarization
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10-3V.m/N and β11=7.793×10
7m/F (Wang, et al. 1983). The thicknesses of each piezoelectric layer and

electrode layer are 0.5 mm and 0.1 mm, respectively. The deflections of the multimorph obtained by the

present solution are plotted in Fig. 5. The results calculated by the Eq. (12) in Ref. (DeVoe and Pisano

1997) are also plotted in the figure. It is found that the present results are slightly smaller than those of

DeVoe and Pisano’s because of the EMC neglected by DeVoe and Pisano. For comparison, the numerical

results obtained by ANSYS with element PLANE223 for piezoelectric layer and PLANE183 for elastic

layer are also plotted in the same figure. Good agreements between the present analytical results and the

numerical results are achieved.

4.2. Effect of the number of layers

Piezoelectric multimorphs come in different types due to differences in manufacturing methods. Two

kinds of multimorphs are considered herein, as shown in Fig. 4. In Case A, the electric field Ez is anti-

parallel to the polarization in odd piezoelectric layers and is parallel to the polarization in even

piezoelectric layers. By contrast, in Case B, the electric field Ez is parallel to the polarization in the upper

n/2 piezoelectric layers and is anti-parallel to the polarization in the lower n/2 piezoelectric layers (n is

assumed as an even number here). Our focus is on the effect of the total number of piezoelectric layers

on the electro-mechanical characteristics of multimorphs. In what follows, unless otherwise stated, the

piezoelectric layers are BaTiO3 and the elastic layers are Platinum (Pt), and each piezoelectric layer has

the same thickness hp, each elastic layer has the same thickness he and the ratio he/hp is kept as he/hp=0.2.

First, the total thickness h of the cantilever multimorph is kept as a constant, leading to hp=5h/(6n+1)

and he = h/(6n+1). Fig. 6a shows the change of the tip deflection of the multimorph versus the number of

piezoelectric layers n on the condition that the total thickness h = 2 mm. The tip deflection is increased

when n increases from 2 to 14 layers. The tip deflection of the 14-layer multimorph is 7.4 times that of

the 2-layer bimorph for Case B while the tip deflection is increased by only 20.6% for Case A. As the

total number of layers increases, the thickness of each layer is decreased and then the electric field in

each layer increases rapidly. This is the main reason for which the tip deflection increases with n. On the

other hand, the extended layer and the contracted layer are alternate in Case A, which results in a smaller

tip deflection. However, because the extended layers and the contracted layers are distributed respectively at

two sides of the center line of the multimorph in Case B, the bending of the actuator will be enhanced

Fig. 5 The deflection of a multimorph (n=4)
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significantly when the electric field increases. This is why the tip deflection of Case B is larger than that

of Case A under the same conditions. For comparison, the results calculated by ANSYS are also plotted

in Fig. 6a.

Now, let’s assume that the thickness of each piezoelectric layer hp is kept as a constant, i.e.,

h = hp(6n+1)/5 and he = 0.2hp. Fig. 6b shows the variation in the tip deflection of the multimorph

obtained by present solution and by ANSYS when the number of piezoelectric layers n is varied and hp=

0.2 mm. Contrary to the previous case where the total thickness is constant, the tip deflection is

decreased for large layer numbers n if the thickness of each piezoelectric layer hp is kept as a constant.

The tip deflections of the 14-layer multimorph for Case A and Case B are only about 2.8% and 19.8%,

respectively, of those of the 2-layer bimorphs counterparts. The bending stiffness of the actuator

increases rapidly with the total thickness, but the electric field in each layer is almost invariant, so the tip

deflection is decreased. 

4.3. Effect of the elastic modulus of elastic layers

Consider a multimorph with hp = 0.2 mm, he = 0.04 mm, n = 8 and the Poisson’s ratio of elastic layer is

kept as v = 0.39. As shown in Fig. 7, the tip deflection decreases monotonically with the elastic modulus

Fig. 6 The tip deflection of multimorphs v.s the number of piezoelectric layers

Fig. 7 The effect of elastic modulus of elastic layer on the tip deflection of the multimorph (n=8)
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Y of elastic layer because the bending stiffness of the multimorph increases with the elastic modulus Y of

elastic layer. The results for Case A and Case B are quite similar. They all decrease by 22.6% when the

elastic modulus Y of elastic layer is changed from 50GPa to 170GPa. The only difference is the values of

tip deflections for the two cases. Though there is a larger tip deflection at smaller Y of elastic layer, note

that the best choice is not to design an actuator with smaller elastic modulus of elastic layer because the

stiffness of the elastic layer is needed to high enough. In addition, the maximum stress difference Δσm

=  near the interlayer surfaces should not be too large because of the abrupt

changes in both their material composition and electro-elastic properties, which can cause severe

deterioration in both the interlayer bonding strength and the response performance. Under repeated strain

reversals, the high stress difference is also very likely to be the cause of premature failure. As an

example, for Case B, the maximum stress difference is 5.91MPa near the center of the actuator as shown

in Fig. 8a, when the elastic modulus Y of elastic layer is 50GPa. However, the maximum stress difference

is 10.23MPa when the elastic modulus of elastic layer is 170GPa near the surface of the actuator as

shown in Fig. 8b. When the elastic modulus Y of elastic layer is changed from 50GPa to 170GPa, the

maximum stress differences for both Case A and Case B are shown in Fig. 9. It is found that the

maximum stress difference is not always a monotonic function of the elastic modulus of elastic layer. For

Case A, Δσm becomes lower as the elastic modulus of elastic layer increases, and does not change

max
i 1…2n=

σx hi+( ) σx hi−( )–

Fig. 8 The normal stress σx distributed along z-axis (n = 8, Case B)

Fig. 9 The max stress difference near the interlayer surfaces varied with the elastic modulus of elastic layer (n=8)
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monotonically. For example, the multimorph with an elastic modulus of elastic layer near Y = 100GPa

generates the minimum Δσm. For Case B, there is an inflection point near Y = 100GPa. That is to say that

the maximum stress difference of the multimorph increases steadily as Y changes from 50GPa to

100GPa, but increases rapidly after Y = 100GPa. Note that the value 100GPa is very close to the effective

elastic modulus of BaTiO3 which is 115GPa. Please see the reference (Li, et al. 1999), which gives a

method to calculate the effective elastic modulus of piezoelectric material. From this point, the best

multimorph should be the one whose elastic modulus of elastic layer is approximate to that of the

piezoelectric layer so as to weaken the mismatch of material properties between layers. From a

comprehensive point, the best design is a balance between the stress difference and the tip deflection.

4.4. Effect of the ratio he/hp

Keep the thickness of piezoelectric layer as a constant hp = 0.2 mm while changing the thickness of

elastic layer he, so the ratio he/hp is varied. Fig. 10 discusses the effects of the ratio on the tip deflection of

the multimorph with n = 8. When the ratio he/hp changes from 0.04 to 0.24, the tip deflection of the

actuator is decreased from 2.666 um to 1.578 um for Case A, and from 10.664 um to 6.272 um for Case

B, which indicates that the ratio he/hp is an important factor for the bending behavior of multilayer

actuators. The best actuator should be the one with thin elastic layer (including electrodes and bonding

layers).

5. Conclusions 

Based on the theory of piezoelasticity, the static exact solution of a multilayer piezoelectric composite

cantilever is obtained by Airy function method. It is found that except stress component σx and induction

component Dz, other stress and induction components disappear from the multi-layer piezoelectric

composite cantilevers when they are subjected to a electric potential, a moment and a longitudinal force

at free end. By using the present exact solutions, the static analysis of multilayer piezoelectric actuators is

conducted to show the influence of EMC, the number of piezoelectric layers, the elastic modulus of

elastic layer and the thickness ratio on the bending behavior of actuators. The relative error of the tip

Fig. 10 Effect of the thickness ratio he/hp on the tip deflection of the multimorphs (n=8)
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deflection of a bimorph considering EMC and without considering EMC will be increased to 9.89%.

That is to say that the EMC can not be neglected when the piezoelectric coefficient of the material is

large enough. One simple formula for the bimorph with considering EMC is given. It is found that the tip

deflection is not always increased with the number of layers. It is dependent on the structure of the

multimorph. When the effect of the elastic modulus of elastic layers is considered, it is not a good design

if only considering the tip deflection of the actuator, but an optimal design can be achieved if the balance

between the stress difference and the tip deflection is taken into account. At last, the ratio he/hp is an

important factor for the bending behavior of multilayer actuators and the best actuator should be the one

with thin elastic layer. In addition, since the material and thickness for different layers may be different in

the present investigation, the present work facilitates the modeling and design for different piezoelectric

cantilever actuators.
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Appendix
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