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Abstract. The negative stiffness spring and inerter are both characterized by the negative stiffness effect in the force-
displacement relationship, potentially yielding an amplifying mechanism for dashpot deformation by being incorporated with a
series tuning spring. However, resisting forces of the two mechanical elements are dominant in different frequency domains,
thus leading to necessary complementarity in terms of vibration control and the amplifying benefit. Inspired by this, this study
proposes a Negative Stiffness Inerter System (NSIS) as an earthquake protection system and developed analytical design
formulae by fully utilizing its advantageous features. The NSIS is composed of a sub-configuration of a negative stiffness spring
and an inerter in parallel, connected to a tuning spring in series. First, closed-form displacement responses are derived for the
NSIS structure, and a stability analysis is conducted to limit the feasible domains of NSIS parameters. Then, the dual
advantageous features of displacement reduction and the dashpot deformation amplification effect are revealed and clarified in a
parametric analysis, stimulating the establishment of a displacement-based optimal design framework, correspondingly yielding
the design formulae in analytical form. Finally, a series of examples are illustrated to validate the derived formulae. In this study,
it is confirmed that the synergistic incorporation of the negative stiffness spring and the inerter has significant energy dissipation
efficiency in a wide frequency band and an enhanced control effect in terms of the displacement and shear force responses. The
developed displacement-based design strategy is suitable to utilize the dual benefits of the NSIS, which can be accurately
implemented by the analytical design formulae to satisfy the target vibration control with increased energy dissipation efficiency.
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1. Introduction

Structural control technologies have been widely
accepted as efficient for the suppression of structure
vibration in the field of engineering (Soong and Dargush
1997, Hanson and Soong 2001, Spencer and Nagarajaiah
2003), among which enhancing the energy dissipation
efficiency and ability is a preferred strategy (Christopoulos
and Filiatrault 2006, Takewaki 2011). Recently, the inerter-
based control approach has attracted increased attention due
to its advantageous features, including the mass and dashpot
deformation amplification effects (lkago et al. 2012), for
enhanced efficiency of energy dissipation. The so-called
inerter is a massless inertial element (Smith 2002, Ikago et
al. 2012) for which the inertial force is proportional to the
acceleration difference between the two terminals and to the
inertance proportion quantity with a physical dimension of
mass. The utilization of the inerter-related device traces
back to a liquid mass dump (Kawamata 1973) which
benefits from the inertial resistance force of liquid. The
mass amplification effect means that the inertance can be
significantly (for example, thousands of times (Ikago et al.
2012)) larger than the physical mass of the inerter. This
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potentially facilitates “lightweight” inerter-based control
(Marian and Giaralis 2017, Chen et al. 2019, Dai et al.
2019, Radu et al. 2019, Zhang et al. 2019, Zhao et al.
2019b, c, d), high-performance protection of various
structures (Murakami et al. 2013, Masri and Caffrey 2017,
Asai et al. 2018, Chen et al. 2018, Ma et al. 2018, Zhao et
al. 2019b, Jiang et al. 2020), and enhanced isolation (De
Domenico and Ricciardi 2018a, b, De Domenico et al.
2019, Di Matteo et al. 2019, Zhao et al. 2019a) or
suspension systems (Chen et al. 2015). Another intrinsic
advantage of the inerter system is the damping enhancement
effect, which refers to the increased dashpot deformation
inside the system compared to the deformation of the entire
system. This benefit for the enhanced efficiency of energy
dissipation can be attributed to the idea by Arakaki et al.
(1999a, b) to employ a ball-screw mechanism (a typical
implement for inerters) to amplify the damping force.
Takewaki et al. (2012) investigated the fundamental
mechanisms of seismic response mitigation in a building
with inerters. Subsequently, lkago et al. (2012) proposed a
Tuned Viscous Mass Damper (TVMD), which explicitly
used the inertial mass and damping enhancement effects.
The emphasized enhancement effect results from the
synthetic collaboration of the series-connected tuning spring
and the inerter with a negative stiffness effect. From the
theoretical perspective, Zhang et al. (2020) derived a
closed-form equation to quantify the relationship between
the degree of enhancement effect and displacement control
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Fig. 1 Resisting force of a negative stiffness spring
versus an inerter in frequency domain
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performance, substantially revealing the working
mechanism of the inerter system. Zhao et al. (2020)
theoretically revealed the energy dissipation mechanism of
inerter systems by quantifying the improved energy
dissipation efficiency.

The enhancement phenomenon or the purposely pursued
effect of dashpot deformation (lkago et al. 2012) is treated
as a benefit to enhance the structural behavior with
improved energy dissipation efficiency. The conventional
approach is to do this by developing an energy dissipation
device combined with an amplifying auxiliary device, such
as a toggle brace (Hwang et al. 2005, Tapia et al. 2016),
scissor-jack (Walsh et al. 2012) or lever arm (Ribakov and
Reinhorn 2003). However, the realized amplification effect
is limited, and is also accompanied by an inevitable increase
in complexity in terms of the construction and installation.
More important, the auxiliary device can only provide the
amplification function, without contributing to the energy
dissipation or storage, which is different from the TVMD.
Similarly, incorporating the negative stiffness effect, Wang
et al. (2019a) proposed a Negative Stiffness Amplifying
Damper (NSAD) and pointed out that the dashpot
deformation can be manifested at a high level. However, the
relationship between the amplification effect and the
vibration control performance was not revealed; especially
the rational degree of amplification effect that can be
viewed as a benefit in terms of improved structural

performance remains unclear. The negative stiffness spring
(Pasala et al. 2013, Antoniadis et al. 2015, Saha and Mishra
2019) works to assist the motion between its two terminals,
thereby amplifying the parallel-connected dashpot
deformation. Arising from an active actuator that yields a
hysteretic curve combined with the negative stiffness effect
(lemura and Pradono 2009), the concept of negative
stiffness inspired relevant studies devoted to mechanical
implementation and improved control performance (Li et al.
2011, Wu et al. 2013, Palomares et al. 2018).

From the perspective of the force—displacement
relationship, the negative stiffness and inerter elements are
both characterized by negative stiffness, of which the
resisting forces exhibit differences in the frequency domain.
To clarify this, a harmonic displacement excitation X,e‘®*
is applied to the negative stiffness spring and the inerter,
which stimulates resisting forces with the amplitudes
F.(w) = kX, and Fy,(w) = —m,w?X, (Figs. 1(a) and
(b)), respectively. & (< 0) and mzn represent the stiffness of
the negative stiffness spring and the inertance of the inerter;
w and Xo are the excitation frequency and the constant
amplitude; and i denotes the imaginary unit. Fig. 1(c) shows
a qualitative illustration of the force behavior, where w;
denotes the frequency when the resisting force of the two
elements is the same. Not sensitive to the excitation
frequency, the negative stiffness spring remains a constant
resisting force, while the inerter produces an inertia force
proportional to the square of the excitation frequency w.
Inspecting the area filled with horizontal red lines, low-
frequency excitation is featured by low acceleration, leading
to poor resisting force of the inerter compared with the
negative stiffness spring. However, as the excitation
frequency increases, the negative stiffness spring becomes
inferior to the inerter, as highlighted by black slashes.
Dealing with the performance of the negative stiffness
spring and the inerter, Shi and Zhu (2019) conducted a
comparative analysis of their isolation performance. Wang
et al. (2019b) developed a series of dynamic vibration
absorbers by incorporating the inerter and negative stiffness
spring into the tuned mass damper, which mainly focused
on the comparative advantages of the developed system in
terms of a reduced peak response and increased control
frequency range. Nevertheless, the potential benefit from
the co-working of the negative stiffness spring and the
inerter for enhanced energy dissipation remains unknown,
and a relevant realization system is required.

As shown in Fig. 1, the complementary resisting forces
of the negative stiffness spring and the inerter stimulate
collaborative use of the two elements for increased energy
dissipation efficiency and benefit-based performance
improvement. In this situation, the energy storage of the
inerter and the frequency-adjustment effect of the stiffness
are utilized. Correspondingly, this study proposes a novel
Negative Stiffness Inerter System (NSIS) as an earthquake
protection system and developed analytical design formulae
for its optimization by full utilization of its advantageous
features. Closed-form displacement responses were derived
for the Single-Degree-Of-Freedom (SDOF) structure
equipped with NSIS, and a stability analysis was conducted
to limit the feasible domain of NSIS parameters. Then, a
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Fig. 2 Models of a Single-Degree-Of-Freedom (SDOF)
structure with the Negative Stiffness Inerter
System (NSIS)

Table 1 Mechanical parameters of the structure-NSIS

system
Parameter Equations Definitions
. Wy = E Structural circular frequency
0
Primary m
structure c
{= 2mw, Inherent damping ratio
mi, R
U= Inertance—mass ratio
m
k, . - .
x=7 Negative stiffness ratio
NSIS "
K = 7" Tuning stiffness ratio
_ G . . .
§= 2mw, Nominal damping ratio

parametric analysis was performed to clarify the dual
advantageous features in terms of displacement reduction
and the dashpot deformation amplification effect. Inspired
by the revealed features of the NSIS, a displacement-based
optimal design framework was established, yielding design
formulae in an analytical form. Finally, numerical examples
are presented to validate the derived formulae and the
advantages of the NSIS.

2. Mathematical modeling
2.1 Mechanical model of NSIS

Consider a viscously damped SDOF structure (see Fig.
2) modeled by a structural mass m, a spring with stiffness k,
and a viscous dashpot with damping coefficient c, base-
excited by ground acceleration ag. An NSIS is proposed in

this study to mitigate the oscillating motion of the primary
structure by employing a configuration of four mechanical
elements elaborated as an inerter with inertance mmn, a
negative stiffness spring with stiffness & (< 0), a dashpot
with damping coefficient ci, and a tuning spring with
stiffness ka. The mechanical system shown in Fig. 2(a) is
described in a nondimensional form, whose parameters are
presented in Table 1. The NSIS can be realized by the
physical model in Fig. 2(b). A ball-screw based inerter
(lkago et al. 2012) and a negative stiffness device (Pasala et
al. 2013) are suggested for the construction.

The NSIS developed from the synthetic benefit of the
negative stiffness spring and the inerter element, in
particular their complementary resisting forces distributed
in the frequency domain, to propose an efficient energy
absorbing and dissipating device. The inerter, negative
stiffness spring, and dashpot are connected in parallel
between the same two terminals, constituting a sub-
configuration, and are conjoined in series with a tuning
spring. Considering the limiting cases, once min Or kn iS
zero, the NSIS will degenerate into a conventional damper,
i.e., NSAD or TVMD. In this sense, optimizing the NSIS
involves special cases (NSAD and TVMD), the nonzero min
or k of which potentially implies the advantages of the
NSIS over conventional systems.

2.2 Closed-form solutions for stochastic analysis

The dynamic equations of the structure-NSIS in Fig. 2
can be given as
{il + 20wyt + wiu + kw§(u —uy) = —a, 1)

pilg + 28 wolty + xwiuy = kwi (U —uq)

where the dot signifies the derivative with respect to time, u
is the displacement of the primary structure relative to the
ground, and w4 is the inner deformation of the dashpot
(equal to that of the inerter and negative stiffness spring).
With the aid of the Laplace transforming operation
(Crandall and Mark 2014), differential Eq. (1) is simplified
into algebraic form as

s2U + 25wy U + wdU + kwi (U — Uy) = =4, @
s2uly + 2séwoyUy + xw3dUy = kwi (U — Uy)

Here, s=iw, U, Us and A4; are the Laplace
transformation forms of u, wa and ag, respectively. The
displacement response with respect to U and Ui can be
obtained by solving Eqg. (2), the transfer functions of which
are derived as

U(s)

Ay (s)

3 (s2u+ 2séwy + (K + ) wi)
__s4y+253({,u+f)+a252+als+a0 @3)
Uq(s)

4,5)

Hy(s)ls = iw =

Hy,(9)ls = iw =

Kw?

T st +253(u+ o)+ a,s? +a;s+a,
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where

a, = (kK + xy + kp)wd
a, = 2(5 + K&+ {(k +)())a)3 (3a)
ay = (K + p+ Kp + 48 + Y wj

Evolving from NSAD and TVMD, which feature the
amplification effect of dashpot deformation, NSIS naturally
comes with this benefit, whose characteristic in the
frequency domain can be evaluated by the deformation
amplifying transfer function

K2

Ay, |” _
(c + )% + (A2 — Kk — x)?

He (4)

2
Hu, )| =
U

where 1 = wﬂ is the frequency ratio of the excitation.
0

By assuming the hypothetical excitation as white noise
with a constant input power spectrum amplitude S, the
mean square of the displacement response o2 and dashpot
deformation o, is obtained as an overall quantity for the

measurement (Crandall and Mark 2014)
oh = f |Hy (iw)|? Spdw, o, =f IHUd(iw)|2 Sodw (5)

Integrating Eq. (5), the closed-form expressions of the
mean square responses can be derived theoretically
(Crandall and Mark 2014) to facilitate the parametric
analysis and optimization

05 = {mSy(—(x +X)2(2((H +8a, — H%)wg
+a, (—p2as + 4Qu + E)(—28% + pu(k + 1)) 6
03)}Ha, (4G + §)a, + ay(~2@u+Ha, O
+ya3))}

o2 = mSor?(uay — 2({u + §)ay)wg
Ua ™ ao(4(Cu + £)2ae + a3 (uay — 2({p + £)ay)

7
)()

2.3 Stability analysis

Given that a nonzero negative stiffness spring is
probably implemented in NSIS, the stability analysis of a
structure-NSIS is a critical step to restrict the constraint
range of negative stiffness. The state vector of the analyzed
system in Fig. 2 is elaborated as z = {u,uy,1,1,4}7, while
the governing equation in Eq. (1) can be reconstructed in a
matrix form as

z=Az+b (8)

where A and b are system matrix and external force vector,
respectively, and A is described in detail as

0 0 1 0
0 0 0 1
A=| —wi—Kkw} Kw3 —2{w, 0 )
KW} —Kw3 — yw? 0 28w,
u u u

Assigning the eigenvalues of the structure-NSIS as e,
the corresponding polynomial equation of e can be
calculated by the determinant as

det(A—el) =e* + 6,e3 + 5,e* + 5;e*+6,  (10)

where the polynomial coefficients are summarized as

61=w0(2{+§), 62=a)§(1+1<+4<§+—'€+)()
St UIIAYCE
_ 203(C(k + x) + & + k) L+ x+xx)

63— 642(1)0

U

Referring to the Routh-Hurwitz stability criterion (Clark
1992), all of the roots of the characteristic polynomial
obtained from Eq. (10) located in the left-hand side of the
complex plane are stable. As for this four-order polynomial,
the necessary and sufficient conditions of stability are
derived as

61>0
63>0 K

5,8,8, > 82 + 526,

Referring to this result, the absolute value of the

negative stiffness ratio y should be exactly less than (1:@' It

can be underlined that the stability of the analyzed system is
closely related to the ratio of negative stiffness, which
restricts a limit condition of y during the following
parametric analysis and optimization.

3. Optimal design method for NSIS

Referring to the derived stochastic responses and the
stability analysis, the structural performance is quantified in
a closed form, and the stability condition is clarified. Based
on these results, a parametric study is conducted here to
elucidate the control features and benefits of NSIS in the
search for a rational design criterion. The seismic
performance of an oscillating structure equipped with
earthquake protection systems can be evaluated in terms of
the displacement, the absolute acceleration response and the
energy dissipation performance (Greco and Marano 2013,
Pietrosanti et al. 2017, De Domenico and Ricciardi 2018a,
2019). In this study, the key parameters of the NSIS,
including 4, x, ¢ and y in Table 1, are adopted for
investigation, whereas the performance measurements are
primarily defined in a dimensionless manner, which include
the structural displacement response ratio y and the dashpot
deformation response ratio yu

g, Oy
y(,u, K, 'f:)(:() = _U, yd(,u; K!EIX' {) =—2 (13)
Oy,0 Ou,0

where oy, = /2;7 denotes the root mean square
0
displacement response of an uncontrolled structure, while
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Fig. 3 Displacement response ratio y of structure-NSIS
for inherent damping ratio = 0.02, nominal
damping ratio é= 0.15, inertance-mass ratio
1 € [0.01,1.0] and negative stiffness ratio
x €10.01,0.25]

oy and oy, are described analytically in Egs. (6) and (7).
For this investigation, unless it is explicitly stated
otherwise, the inherent damping ratio é=0.02 is adopted as
a typical example.

3.1 Displacement control effect

The novelty of the proposed NSIS is the use of a
negative stiffness spring and an inerter element, of which
the contribution to the vibration control depends on the
specific values of the negative stiffness ratio y and the
inertance-mass ratio . The structural displacement
response ratio y is the selected performance index to
quantify the displacement control effect, whose variation
results versus the continuously changing y and u are
calculated through the closed-form expressions in Section
2.2. Given an arbitrary parameter of nominal damping ratio
¢=0.15, the results of yare shown in Fig. 3. The variation
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Fig. 4 Ratio of dashpot deformation response ratio y,
to displacement response ratio y of the structure-
NSIS for inherent damping ratio &= 0.02,
nominal damping ratio é= 0.15, inertance-mass
ratio u € [0.01,1.0], and negative stiffness ratio
x €[0.01,0.25]

results of the dashpot deformation are reported in Fig. 4 as a
supplementary explanation for the entire displacement
performance of the structure-NSIS. Note that the observed
variations also hold for cases with other parameters. In
these figures, the performance indices are highlighted by
the same colors for an intuitive comparison. The transient
response of the structure-NSIS is not considered in this
section, which can alter the structural performance in real
cases. It can be partially reflected by the time-domain
responses in the early state of excitation in Section 4.
Inspecting y in Fig. 3, the terrain topology of surf plots
resembles a “slope-basin” where the area denoting a low
displacement response is marked by a dotted white line.
Comparing the contribution of the inerter and negative
stiffness spring to the displacement reduction, the inertance-
mass ratio has a leading role. The blue area can be achieved
when a small to medium inertance-mass ratio (1.0 > u >
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0.5) is employed, in which the lowest value of y decreases
(corresponding to darker blue) as x increases. As anticipated
for the purpose of vibration control, the parameter set
achieving minimum y is preferred to design NSIS, the
location of which is marked by a yellow triangle. More
important, this option also implies a fundamental benefit of
the NSIS, the dashpot deformation amplifying effect, which
is shown in Fig. 4 and explained in the next section.

The vibration results of the dashpot deformation are
supplemented in Fig. 4 and illustrated through a comparison

as y". Note that X2 > 1 objectively reflects an essential

fact that the dashpot deformation is amplified by the
synthetic interaction of the NSIS and is larger than the
entire deformation of the NSIS. The so-called interaction
within the NSIS basically refers to the deformation
amplification effect of a series connection that consists of a
tuning spring and an equivalent negative stiffness
configuration. In this study, the negative stiffness
configuration is implemented by a negative stiffness spring

and an inerter element in parallel to pursue a
complementary function. The topology form of y7d versus

the changeable parameters g and y is featured as a

“hillside”, where the ridge that denotes a large y7d is

marked by a dotted black line. The implementation of a
negative stiffness spring with a large |yl (Iower than its
upper bound —) is sufficient to increase X2, whereas the

Yd

maximum L is accompanled by an lnertance -mass ratio )z

close to 0. 20 Redrawing the yellow triangles of Figs. 3 and
4, minimum yis located on the ridge line, which represents
a deformation amplification effect concomitant with the
displacement control. This observed phenomenon inspires a
rational approach to determine the NSIS parameters in
Section 3.3.

It is also interesting to figure out the functionality of the
dashpot for displacement control. As an example, the

variation patterns of » and %" are analyzed with

continuously changed yand ¢ and the results are plotted in
Fig. 5. In this case, the minimum y (Fig. 5(a)) is marked as
a white triangle and its location is given in Fig. 5(b). As
anticipated by the deformation amplifying effect, the most
significant displacement reduction is achieved when the
dashpot of the NSIS is designed with a small damping ratio
(¢ = 0.08 < 0.10) rather than a large one. It can also be
determined that the white triangle in Fig. 5(b) denotes a
large ”7"

In summary, this section reports a significant
displacement reduction effect, simultaneously clarifying an
advantageous feature, i.e., the dashpot deformation
amplifying effect, through an extensive parametric analysis.
The contributions of the inerter element and negative
stiffness spring are explained in detail in the next section.

3.2 Amplifying benefit of dashpot deformation
As illustrated above, it is an essential benefit to enhance

the efficiency of energy dissipation so that the dashpot
deformation can be amplified and larger than the entire

10°

-
107

(b) yy—d

Fig. 5 Displacement response ratio yand dashpot
deformation response ratio y,; of the structure-
NSIS for inherent damping ratio £= 0.02,
inertance-mass ratio x = 0.15, tuning stiffness
ratio = 0.35, nominal damping ratio
& €10.001,1.0] and negative stiffness ratio
x €[0.01,0.25]

deformation of the NSIS (or the displacement of the
primary structure). In this regard, the underlying
functionalities contributed by the inerter and the negative
stiffness spring are studied to facilitate an understanding of
the working mechanism of the NSIS.

The deformation amplifying transfer function Hu,

U
defined in Eg. (4) can explain the dashpot deformation
amplifying effect in detail, whose result and corresponding
Hy are plotted in Fig. 6 for a structure-NSIS with = 0.02,
x=0.50, #=0.50, and y =-0.20 as an example.

Some quantitative descriptions for curves of Ay and
Hu, are discussed to determine their shape in the frequency

U
domain. Referring to the expressions Ay and Hu, in Egs.
U

(3) and (4), the ordinates of origin points (excitation
frequency ratio 4 = 0) in the two transfer functions are
given as

KX

= 2 =1 — —
Hy W= 0lf =1 - =

(14)

K
Ho (1A = o‘ -

For the displacement of primary structure in Fig. 6,
|Hy (DI = 0]w? is slightly larger than |H,,(A)IA =
0|wZ owing to the negative value of y and |H,(1)|A = 0
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w3 is definitely lower compared with the peak responses of
uncontrolled structure. However, benefiting from the

negative value of y,

Hu,(DIA = 0| is greater than unit,
U

basically implying a significant amplifying effect in the
low-frequency band. The maximum value of Hu,(4) can
U

be reached when its derivative with respect to A is zero.

2

0[Hua| o eu=28+ux  (15)
En —0—>/10pt—00r—ﬂ

The corresponding peak value is given as

sz(l)| Jeu—zrru = (16)
v L etk 28 (e + ux — §7)

u

Note that in the frequency range where Hu, is large,

U
the structural displacement response Hy is effectively
suppressed by the NSIS aided by its significant dashpot
deformation amplifying effect.

In the investigation of the inerter’s contribution, NSISs
with different inertance-mass ratio y are compared with an
NSAD composed with an identical negative stiffness spring
(r=-0.02). As shown in Fig. 7, in comparison with NSAD,
the supplementary inerter makes the NSIS more effective at
suppressing resonant vibration and exhibit more significant
deformation amplifying effect, especially in the resonance
frequency band. The increase of inertance-mass ratio u is
accompanied by a lower structural displacement response in
a broader frequency band (see Fig. 7(@)) and a more
significant amplifying effect, as indicated by the black
arrow in Fig. 7(b). The feasible frequency domain where
the Hu, of the NSIS is larger than that of NSAD can be

U
obtained by solving the inequation

2 2
>

u>0

A7)

Hu, (1)

Hu, (1)

©=0

and the solution is finally expressed as

25 ,' " ————— Uncontrolled structure |
i 2=030

— =020  NSIS

— =010

——NSAD: ;=0

----- TVMD: z2=0.20

0 0.5 1 1.5 2 2.5 3

Frequency ratio A
() Hy
2=030
— =020 NSIS
2r —=0.10 1

——NSAD: =0
----- TVMD: z2=0.20

0 0.5 1 1.5 2 2.5 3

Frequency ratio A
(b) Huq
u

Fig. 7 Transfer function curves of structural
displacement H, and deformation amplifying
Hu, of the structure-NSIS for inherent damping

U
ratio ¢ = 0.02, tuning stiffness ratio k = 0.50,
nominal damping ratio ¢ = 0.15 and negative
stiffness ratio y = —0.20

0<A< /Z(K#—-I_X) (18)

A TVMD (corresponding to a special NSIS with y=0 s
also involved in the comparison, in which the inertance-
mass ratio is ¢4 = 0.20 to guarantee a negative stiffness
effect equivalent to the negative stiffness spring when w =
w,. By inspecting the TVMD (dotted dark blue line) and
NSAD (black line), it can be seen that the negative stiffness
spring used as a substitute for the inerter rapidly increases
the preferred Hu, in the low-frequency domain,

U

simultaneously amplifying the structural displacement. On
the other hand, the TVMD is characterized by an improved
dashpot deformation amplifying effect in the medium-high
frequency domain (highlighted as a blue area in Fig. 7(b)),
which results from a larger resisting force of the inerter in
this frequency range. The implementation of either an
inerter or a negative stiffness spring alone cannot achieve
effective displacement control with a considerable
amplifying effect of the dashpot deformation. In this sense,
the NSIS is a trade-off between displacement reduction and
the dashpot deformation amplifying effect.

Taking inertance-mass ratio ¢ = 0.25 as an example, Fig.
8 reports the results of comparing Au and Hu, when the

U

NSISs are designed with different negative stiffness ratios
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Fig. 8 Transfer function curves of structural
displacement H, and deformation amplifying
Huy, of structure-NSIS for inherent damping ratio
U

¢ = 0.02, tuning stiffness ratio k = 0.50,
nominal damping ratio £ = 0.15 and inertance-
mass ratio u = 0.25

. The black arrow indicates the variation of Ay and Hu,
u

by increasing |y|. As anticipated in previous analysis,
incorporating the negative stiffness spring improves Huy

U
in the low-frequency domain, correspondingly reducing the
structural displacement. In terms of the medium-high
frequency domain, the dashpot deformation amplifying
effect is slightly depressed. Once the contributions of the
inerter and negative stiffness spring are clear to the
displacement control and amplifying benefit of dashpot
deformation, an optimal design philosophy is naturally
developed in Section 3.3 by motivating the potential of the
NSIS.

3.3 Displacement-based optimizing parameters of
NSIS

3.3.1 Design formulae

Once the vibration control characteristics, so-called
displacement reduction from Section 3.1, and amplifying
benefit of dashpot deformation from Section 3.2 are stated,
the goal is to develop an optimal design principle for the
NSIS so that the optimal vibration control effect can be
reached, accompanied by high-efficiency energy
dissipation. In this specific problem, the vibration
mitigation performance and efficiency of the NSIS are

represented by the structural displacement response ratio y
and the dashpot deformation response ratio vy,
respectively, considering the four design variables:
inertance-mass ratio g, tuning stiffness ratio x, nominal
damping ratio {and negative stiffness ratio y.

As clarified in the parametric analysis (see Figs. 3 and
5), the minimum y (corresponding to the best displacement
control) is located in the area denoting a large ¢

(corresponding to high efficiency of energy dissipation),
which provides a preliminary indication to select the
location highlighted by the triangles for NSIS design.
Observing Figs. 3 and 5, it should be noted that in this
selection, the amplification effect of dashpot deformation is
not maximum, and can potentially be improved by a larger
absolute value of the negative stiffness ratio y. However,
the increase of |[y| is inversely accompanied by a
depressed displacement reduction (corresponding to a larger
y). In this condition, the improved amplification effect of
dashpot deformation is no longer a benefit to improve the
displacement control performance, possibly resulting in
system instability. In view of this, it is not necessary to
strive for an undue amplification effect of dashpot
deformation. The parameter set referring to the minimum y
is finally suggested as the optimal solution by consulting
the displacement-based design philosophy. This y
minimization condition for the NSIS design can be
expressed mathematically as

minimize displacement response ratio y
K
———< <0 (19)

1+«
wK,§EV

subject to

where V is a feasible domain for the variables. The
minimization problem of y in this study can be handled by
some nonlinear numerical solver under the embedded
constraint condition of V.

3.3.2 Analytical equations

Despite the efficiency of the numerical optimization for
Eqg. (19), it is quite time-consuming and not easy to
implement in practical engineering. Analytical design
equations are preferred for easy understanding and
conceptual design. To this end, the minimization of y is
reconstructed and equivalent to solving the differential
equations. Inspired by the parametric analysis in Figs. 3 and
5 the derivatives of y with respect to g, {and y are set to
zero to minimize y

ay_
ou

ay_
08

ay_

0, 0, —=
ox

0 (20)

Substituting the closed-form expression of y in Egs. (6)
and (13) into Eq. (20), the solutions can be obtained
numerically in a complicated form. Supposing the inherent
damping ratio {= 0, the analytical design formulae can be
derived in a concise manner as

¢ 3 K? . (A-Kxk
"G+ Tareor YT T 11k

(21)

U
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In the condition that x € (0,1) (a widely considered
feasible domain), the absolute value of optimal y is
restricted lower than ﬁ to guarantee structural stability.

For the structure-NSIS designed by Eqg. (21), the optimal
displacement response ratio can be correspondingly

simplified by further assuming ¢= 0.

oyle=o ’ 8¢
Vour = = 22
opt U0 (1 K)3/2 ( )

Employing the displacement response formula in Eq.
(22), the tuning stiffness ratio x can be readily attained once
a control demand of the displacement, such as the target
displacement response ratio y:is pre-specified. Accordingly,
the other design variables, x4, yand {can be determined.

To verify the accompanying amplifying benefit of
dashpot deformation, the analytical form of the ratio
between dashpot deformation ratio yz to displacement
response ratio y is also derived

Ya
Vo

1+
N 2K ’

(k€ (0,1)) (23)

It can be concluded from Eq. (23) that the proposed
analytical design formulae in Eq. (21) are definitely
efficient to design the NSIS with proper utilization of its
synthetic mechanism of displacement reduction and
enhanced efficiency of energy dissipation. In accordance
with the parametric analysis, a soft tuning spring
(corresponding to a low stiffness ratio «) is beneficial to
amplify the dashpot deformation and produce improved
energy dissipation efficiency.

4. Numerical investigation of design cases

Following the displacement-based design philosophy of
minimizing structural displacement, resulting in the
amplifying benefit of dashpot deformation, the derived
analytical formulae in Eq. (21) for optimal NSIS parameters
are implemented in a series of examples of the structure-
NSIS in this section. The enhanced efficiency of energy
dissipation and displacement reduction are emphasized for
the NSIS by comparing the TVMD and the NSAD.

4.1 Performance quantification and design details

As an illustrative example, an SDOF structure with
inherent damping ratio ¢= 0.02 and fundamental oscillating

21

period T=—=0.40s is adopted as an original

w

0
uncontrolled structure, for which the displacement is
arranged to be improved by the NSIS. As depicted in Table
2, we assume three target displacement response ratios: y,
= 0.25, 0.30 and 0.35, which correspond to significant
reductions of 75%, 70% and 65% of the structural
displacement compared to the uncontrolled structure. Using
Eq. (22), where y,, = v;, the tuning stiffness ratio x can

be readily solved, and then the other NSIS parameters, x, y

Table 2 Designed parameters and dynamic responses of
structure-NSIS

Pre- Structural
o performance Optimal NSIS parameters
Case specified L
5 indices
Ya

Ve 14 M U ¢ K X
Cafe 025 024 107 0.434 0.297 0.871 -0.060
Cflse 030  0.29 157 0.203 0.123 0.467 -0.170
Case

0.35 0.34 3.07 0.053 0.029 0.195-0.131

Table 3 Response results of structure-NSIS under white
noise excitation

Displacement

Amplifying effect ¢
performance y pHIyINg Y

Case - -
Stochastic Average Stochastic Average
results* 9 results 9
Case | 0.24 0.249 1.07 1.073
Case Il 0.29 0.297 1.57 1.568
Case Il 0.34 0.345 3.07 3.062

*Stochastic results are attained from Table 2

and ¢ are correspondingly determined by Eq. (21),
summarized in Table 2.

4.2 Results and discussion

To investigate the accuracy and applicability of the
optimal NSIS parameters obtained from Eg. (21)
(corresponding to the assumption of undamped structure)

for the damped structure, the analysis results of y and VTd

(Table 2) are calculated by Egs. (6), (7) and (13)
considering the inherent structural damping effect. Note that
the displacement reduction performance y obtained for the
damped structure matches the relevant y,. It is a practical
and accurate approach to implement the parameter design
for NSIS for the damped structure by analytical Eqg. (21)
according to target performance demand. Inspecting cases |
to IIl, the more effective reduction of displacement (i.e.,
lower value of y) is accompanied by an increased
inertance-mass ratio u, whereas y7d and the absolute value
of negative stiffness ratio |y| are decreased. This
phenomenon is consistent with the parametric analysis
result showing that a large inertance-mass ratio u is
beneficial for displacement reduction, while a large
|x| contributes to the amplifying benefit of dashpot
deformation.

Taking the stochastic design indices of structural
performance (y and y4) and the designed NSIS parameters,
a series of time history analyses were conducted for
verification. Thirty randomly generated stationary white-
noise waves were used as external excitations, of which the
average root mean square values of structural response
ratios are reported in Table 3.
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Fig. 9 Displacement responses of uncontrolled structure
and structures with designed tuned viscous mass
damper (TVMD), negative systems amplifying
damper (NSAD) and NSIS in case Il (y, = 0.35)

By comparing the results in terms of y and y7d the

values obtained from Table 2 are closely consistent with the
average values obtained from the time history analysis,
which reflects that the analytical formulae guarantee a
practical structure with satisfactory performance. This
analysis also illustrates the effectiveness of the NSIS to
reduce displacement and clarifies its dashpot deformation
amplification effect as a benefit of energy dissipation.

To further investigate the dynamic performance of the
structure-NSIS subjected to typical seismic excitations, the
time history analyses were repeated for the El Centro 1940
N-S, Coalinga (RSN 338) and Taft (RSN 15) earthquakes
as examples (Crandall and Mark 2014). The peak ground
acceleration of the excitations is assumed to be 0.1 g and
have no effect on the dimensionless dynamic performance
indices. The shear force response «a is defined for
supplementary evaluation as the ratio of the root mean
square shear force response of controlled to uncontrolled

20 Uncontrolled structure 4
===Structure-TVMD a = 0.57
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Fig. 10 Shear force responses of uncontrolled structure
and structures with designed TVMD, NSAD
and NSIS in case Il (y, = 0.35)

structure. The TVMD and NSAD are compared to the NSIS
by deactivating the negative stiffness spring and the inerter,
respectively, and maintaining the same values for other
parameters.

For case 11, the displacement response u and shear force
response are shown in Figs. 9 and 10, where the relevant y
and a are given. Under various seismic excitations, the
displacement and shear force responses observed by y and
a are close to the target displacement demand y, (0.35)
supplemented in the title of each figure. By means of the
designed NSIS, the structural displacement responses are
reduced significantly, and are accompanied by suppressed
shear force responses. More important, the NSIS
outperforms the TVMD and NSAD in terms of reduced
displacement and shear force, which basically emphasizes
the need for collaborative use of the negative stiffness
spring and the inerter. Although only a limited number of
typical ground motions were conducted, the analysis results
suggest that the proposed analytical form equations (Egs.
(21) and (22)) are effective for a practical structure
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Fig. 11 Energy responses of structures with TVMD, NSAD and NSIS in case 111 and hysteretic curves of the dashpot in

control systems

subjected to actual seismic excitations.

To determine the enhanced efficiency of energy
dissipation, an energy analysis was conducted, and the
curves of energy dissipated by the primary structure are
plotted in Fig. 11. The values of dissipated energy are
normalized by the input energy to quantify the portion of
dissipated energy contributed by the primary structure, as
shown in the legend. Benefiting from the enhanced
efficiency of energy dissipation in the NSIS, the burden of
energy dissipation is released for the structure (value
reduced from 29.9% to 7.6%), producing improved
structural performance. The right-hand side of Fig. 11
shows the hysteretic curves of the dashpot in TVMD,
NSAD and NSIS, together providing the upper and lower
boundaries of structural displacement. Among the three
controlled conditions, the structure-NSIS exhibits the
lowest displacement response and the largest amplifying
effect of dashpot deformation (related to yu/y value). These
advantageous features of NSIS were emphasized in Section
3 and fully considered in the proposed design formulae.

5. Conclusions

Based on the complementarity and synergistic
incorporation of a negative stiffness spring and an inerter,
this study proposes a negative stiffness inerter system
(NSIS) as an earthquake protection system. The novelty and
advantageous features of the NSIS are proved by the
closed-form displacement response and explained through a
comparison with the use of a separate negative stiffness
spring or inerter. A displacement-based optimal design
framework is developed and implemented by analytical
design formulae. The primary conclusions of this study

can be summarized as follows.

» In the NSIS, the synergistic incorporation of the
negative stiffness spring and the inerter has dual benefits,
significant energy dissipation efficiency and an enhanced
vibration control effect, in terms of the displacement and
shear force responses. From a theoretical perspective, the
frequency range and degree of the dashpot deformation
amplification effect are extended and enhanced by the
collaborative implementation of the inerter and negative
stiffness spring, which is not typically seen in traditional
control systems with the amplifying effect.

» The developed displacement-based design strategy
sufficiently utilizes the dual benefits of the NSIS in that the
target vibration control is realized with enhanced energy
dissipation efficiency. Especially, the analytical design
formulae for the NSIS design, which are formulated for an
undamped structure and in the form of a tuning stiffness
ratio, are accurate to implement the proposed design
strategy and guarantee a practical structure with satisfactory
performance.

e The developed stability analysis facilitates the
determination of the feasible range of NSIS parameters to
guarantee structural stability. The derived feasible range
also fills a gap left by the existing analysis of the
conventional NSAD.

* The proposed design formulae and strategy are suitable
for the structure with NSIS considering white noise and
historic ground motion. This study provides insight into the
advantageous features of an SDOF structure with the novel
NSIS in terms of the vibration control effect and energy
dissipation efficiency, and also contributes to the analytical
design formulae. Further research is warranted to address
the design methodology of a multiple-degrees-of-freedom
structure with NSIS. Implementing the NSIS scheme with
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laboratory tests is required to validate the theoretical results
in this work and evaluate the actual nonlinear behavior.
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