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Abstract. The guided wave technique is commonly used in structural health monitoring as the guided waves can propagate far in
the structures without much energy loss. The guided waves are conventionally generated by the surface-mounted piezoelectric wafer
active sensor (PWAS). However, there is still lack of understanding of the wave propagation in layered structures, especially in
structures made of anisotropic materials such as carbon fiber reinforced polymer (CFRP) composites. In this paper, the Rayleigh-
Lamb wave strain tuning curves in a PWAS-mounted unidirectional CFRP plate are analytically derived using the normal mode
expansion (NME) method. The excitation frequency spectrum is then multiplied by the tuning curves to calculate the frequency
response spectrum. The corresponding time domain responses are obtained through the inverse Fourier transform. The theoretical
calculations are validated through finite element analysis and an experimental study. The PWAS responses under the free, debonded
and bonded CFRP conditions are investigated and compared. The results demonstrate that the amplitude and travelling time of wave
packet can be used to evaluate the CFRP bonding conditions. The method can work on a baseline-free manner.
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1. Introduction

The guided wave technology (Su ef al. 2006), which
uses ultrasonic waves that can propagate far in the
waveguide without much energy loss, is suitable for
inspecting large areas of complicated structures and has
gained wide attention from structural health monitoring
(SHM) communities in recent decades. Guided waves are
commonly excited by directly attached electromagnetic-
acoustic transducers (Hirao 2017, Wilcox 2003) and
piezoelectric transducers (Yu and Giurgiutiu 2008) or other
non-contacting air-coupled transducers (Chimenti 2014).
Among them, the piezoelectric wafer active sensor (PWAS)
are commonly used to generate and receive guided waves in
SHM applications due to the direct and converse
piezoelectric effects (Meitzler et al. 1988). Contrary to the
conventional transducers, PWASs are low cost, lightweight,
and unobtrusive to the monitored structures. They can be
permanently bonded to the host structures in large quantities
and achieve real-time SHM. PWASs can be used in various
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modes, including pitch-catch, pulse-echo, phased array, and
electromechanical impedance modes (Giurgiutiu 2007).
Possible structural damage such as delamination,
debonding, dents, and cracks, which change the waveguide
properties and introduce wave scatters, can be detected by
examining the changes in the wave amplitudes, packet
shapes and the newly emerged wave packets (Lee et al.
2013, Shen and Giurgiutiu 2013, 2016, Wang ef al. 2017).
In plate-like structures, the commonly used guided wave
types include the Lamb and shear horizontal (SH) waves.
Such waves are dispersive and contain multiple modes. The
modes converge to Rayleigh/Love surface waves when the
structure thickness or the frequency increases. Several
efficient techniques have been developed to study the wave
properties in structures. Explicit closed-form solutions for
these steady state problems exist for structures made of
isotropic materials. However, in structures made of
anisotropic materials, the waves polarize in different
directions, and are generally coupled except for in particular
directions (Li and Thompson 1990). Mathematical tools
become necessary in such cases. The generally available
methods include the global matrix method (GMM)
(Knopoff 1964, Lowe 1995), transfer matrix method
(TMM) (Rose, 2014), stiffness matrix method (SMM)
(Wang and Rokhlin 2001), elastodynamic finite integration
technique (Leckey et al. 2014), spectral finite element
method (Gopalakrishnan et al. 2011), 3-D elasticity theory
method (Wang and Yuan 2007) and semi-analytical finite
element (SAFE) (Loveday 2009, Velichko and Wilcox
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2007, Zhang et al. 2018) method. These methods provide
the stationary guided wave dispersion, phase velocity, group
velocity and mode shape information in the frequency
domain. The GMM, which is used in this paper, will be
reminded again in Section 3.

The guided wave responses induced by transient
excitations contain a broad frequency range due to the
dispersive nature of the waves. They are typically analyzed
in the frequency domain first and then transferred back into
the time domain.

Several methods have been developed in the frequency
domain to calculate the response of plates subjected to
various types of external excitations. Green’s function is
suitable for calculating the wave field generated by point
loads. For example, Bai et al. (2004) adopted it for
obtaining the wave field in single- and multi-layer isotropic
plates excited by point loads. Velichko and Wilcox (2007)
studied the guided waves in generally anisotropic multi-
layer plates. Glushkov et al. (2011) obtained the wave field
and energy distribution due to point loads and ring delta-
like surface tension in anisotropic laminate composites.
Vrettos (2008) studied the wave field in an elastic half-
space with depth-degrading stiffness excited by vertical
point loads. When the excitation is applied on a finite zone,
this method can also reach reasonable accuracy at relatively
far field.

Several researchers (Giurgiutiu 2005, 2014, Kamal ef al.
2014, Santoni and Giurgiutiu 2012, Shen and Giurgiutiu
2014) used the integral transform method (ITM) to obtain
the tuning curves of the straight and circular crested waves
subjected to surface mounted PWAS excitations in single-
layer isotropic plates. The ITM first transforms the wave
governing equations for the straight-crested (or circular-
crested) wave equations into the wavenumber domain
through Fourier transform (or Hankel transform). The
wavenumber domain solutions are then transferred back to
the physical domain through the corresponding inverse
transforms. Complicated transform calculations are required
among different domains in this method. Liu and Xi (2001)
incorporated ITM with numerical approximation in the
plate thickness direction and proposed a hybrid numerical
method to apply the ITM to the composite plates. Barouni
and Saravanos (2016) studied the surface-excited straight-
crested waves in lamina and sandwiched plates with the
ITM.

The normal mode expansion (NME) method is an
analytical method that utilizes the orthogonality relations of
Lamb wave modes avoiding, thus, the complicated
transform calculations among domains. Using this method,
Achenbach and Xu (1999) and Weaver and Pao (1982)
predicted the wave field excited by a point source. Santoni
(2010) approximated the tuning curve for circular-crested
waves in isotropic plates (excited by the circular PWAS)
without considering the decrease in wave amplitude. Li et
al. (2019) extended this study to multi-layer isotropic plates
by considering the decrease of amplitude. Moulin et al.
(2000) calculated the straight-crested Lamb waves in single
layer composite plates. Mei and Giurgiutiu (2018) also
predicted the wave field in an anisotropic single-layer plate
using the NME method in a semi-analytical manner.

Carbon fiber reinforced polymer (CFRP) composite
plates are commonly used in civil engineering field to
strengthen or retrofit concrete and steel structures (Petrou et
al. 2008). Strengthening is effective only when the CFRP-
structure bonding condition is secured. However, debonding
can initiate at small cracks and bonding imperfections, and
gradually propagate to other parts of the structure.
Therefore, it is of vital importance to monitor the bonding
condition. Guided wave technology could be utilized in this
field since the bonding condition will alter the wave guide
properties and thus the wave field (Mohseni and Ng 2013,
2019). Therefore, by examining wave field changes, the
CFRP bonding conditions can be evaluated. For example,
Ng and Veidt (2012) investigated the scattering
characteristics of Lamb waves from a debonding at a
structural feature in a composite laminate from the
numerical and experimental aspects. Sherafat ef al. (2016)
evaluated the integrity of a composite skin-stringer joint
using the scattering behavior of the Lamb waves
experimentally. Leckey et al. (2018) compared the guided
wave simulations for CFRP composites using four different
simulation codes. These studies, despite considered the
interaction between the wave fields and the debonding
damage in the thin wall structures, were generally from the
numerical and experimental aspects. The application of
guided wave technique in the evaluation of the CFRP
bonding condition in civil structures, which usually have
large thickness, is still quite limited. There is a need to
establish the theoretical basis of the wave field in the CFRP
strengthened reinforced concrete (RC) structures under
different bonding conditions before the technique can be
widely used.

In this study, the NME method is developed to calculate
the wave fields in CFRP plates generated by the surface
mounted PWAS. The analytical results are validated by
finite element analysis (FEA) and an experimental study.
The PWAS responses in both bonded and debonded CFRP
plates are also compared. The effectiveness of the guided
waves for evaluating the CFRP bonding condition is thus
demonstrated.

2. PWAS basis

Piezoelectric materials couple the mechanical and
electrical fields through the direct and converse
piezoelectric effects expressed in indicial notation as
(Meitzler et al. 1988)

Sij = ST + dyijEx (1)
D; = djiy T + €4 Ex 2

where Sj; is the mechanical strain, 7x the mechanical stress,
Ey the electrical field, D; the electrical displacement, sgk,
the mechanical compliance of the material at zero electrical
field (E = 0), dyu the piezoelectric coupling factor, and &5
the dielectric permittivity at zero mechanical stress field (7'
= 0). In a surface mounted PWAS configuration, the ds;
piezoelectric coupling effect is utilized, i.e., the out-of-
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Fig. 1 Interaction between the PWAS and host structure (z,: PWAS thickness, a: radius of circular PWAS, #,: bond layer

thickness, D: thickness of plate)

plane electrical field £5 in the PWAS induces the in-plane
strain, which will be transferred to the host structure
through the adhesive layer (Giurgiutiu 2014, Santoni 2010)
as shown in Fig. 1. It concentrates more near the PWAS
border when the bonding layer is thinner. In the ideal case,
the thickness of the bonding layer is neglected, which is
referred to as the pin-force model as shown in Fig. 1(b).
The equivalent effective stress of the pin-force model is

3. Guided wave basis in anisotropic materials

3.1 Stiffness matrix of generally anisotropic
material

The stiffness matrix of the generally monoclinic
materials, such as the commonly used composite materials,
is given by

given by Giurgiutiu (2014) C11 C12 ci3 0 0 ¢y
C22 2z 0 0 ¢
sz(x) = Ta[a(x - a) - 5(36 + a)] (3)
33 0 0 c¢36
P ¢= c c 0 Q)
T, =—t,E,¢ 4 44 Cas
@7 g ATATSA @) symm. css 0
Ceo
Eh
V= )
The material stiffness can also be expressed by a fourth
s = — d3q,V ©) order stiffness tensor as cyy,, where i, j, k, [ = 1, 2, 3. The
154 ta tensors compare to the stiffness matrix components as
[€1111 7 €11 Ci122 7 Gz C1133 2 Ci3 0 0 C1112 7 Ci6
I C2222 = €2 C233 = (3 0 0 C2212 = C26 |
c=| C3333 = (33 0 0 C3312 ™ C36| ®)
| symm. C2323 ™ Cas  C2313 7 Cys 0 |
I C1313 = Cs5 0 I
l Ci212 = Ceej

where 9 is the Dirac delta function, y is the stiffness factor
with E and E, being the Young’s modulus of the plate and
PWAS, respectively, and ¢ and ¢, being their
thicknesses, ¢;54 is the induced strain with d3; being the
piezoelectric factor and ¥ the applied voltage, and factor a
depends on the stress, strain and displacement distribution

|

cos? 6
sin? 6
0
0
0

R =

across the thickness. Under low frequency dynamic
conditions, a takes the value of 4.

sin?
cos?

0
0
0

|— sin@cos@® sinBcosf 0

If the coordinate system rotates along the z-axis by an
angle of 6, the new material stiffness matrix C  can be
obtained as

C' =R'CR7T, )
7] 0 0 0 2sinfcos @
o 0 0 0 —2sinf cos@l
1 0 0 0
10
0 cos@ —sinf 0 (10)
0 —sinf cos@ 0
0 0 cos? 60 — sin® 6

where R is the 6-dependent 3 dimensional transformation
matrix and the superscript T is the transpose of a matrix.
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3.2 Wave propagation in bulk anisotropic material

Assume a plane harmonic wave of frequency w
propagates in a general anisotropic material in the direction
n=ne; +nye, +ne, with speed ¢ and corresponding
wavenumber ¢ = w/c. Then the wavenumber vector is F=
kee; + ke, + k.e;, where ki, k,, and k. are the directional
wavenumbers and represent the projections of the

wavenumber vector % in the x, y, and z directions.
Therefore, the particle displacement can be written as

c11 + Cssa” — pc?
C1g + Casa®

(c13 + cs5)a

U t) = feikf-wt) — g pi(kxErtkyey+ke;-wt) (11)

11 + cssa® — pc?
2
(€13 + cs5)a

where 7 is the location vector and ¢ is time. Eq. (11) can be
rewritten as

ux ux
{uy} — ﬁy ei(kx§+ky@+kza—wt) (12)
w) 4,

where i, i, and @ are the complex displacement

magnitudes in the x, y and z directions.
3.3 Wave field in a lamina of finite thickness

3.3.1 Displacement field

Consider the N-layer laminated structure of thickness D
shown in Fig. 2. The coordinate system is such chosen that
the x-axis is the direction of propagation of the wave of
angular frequency @, wavenumber ¢ and phase velocity ¢ =
w/E. The z-axis is along the thickness of the laminated
structure and the bottom surface is at z = 0. The guided
wave propagation is contained in the vertical plane xOz and
the problem is y-invariant. The wavenumber in the z-
direction is k,=aé where a= k,/k, . Under these
assumptions the displacement field in Eq. (12) is simplified
nto

ux ux
{uy}z ﬁy eié’(x+az—ct) (13)
Uy i,
The equation of motion in terms of displacements is
expressed as
CijtimUmij = Pl i=123(xy72) (14)
where p is the material density and double dots indicate

derivatives with respect to time. By substituting the material
stiffness matrix, Eq. (7), into Eq. (14) becomes

PUy = CiqUyxxy T Cs5Uxzz T C1eUy xx
+C45uy,xx + C13uz,zx + C55uz,zx

pﬁy = Cr6Uxxx T Caslyzz T Coely xx
+C4-4uy,xx + C36uz,zx + C45uz,zx

pii, = CssUy xz + C31Ux xz + CasUy xz
+C36uy,zx + C55uz,xx + C33uz,zz

(15)

Substituting Eq. (13) in Eq. (15) and taking derivatives
with respect to x yields

Cr6 + Cas@® (c13 + cs5)a il 0
Cos + Casa® — pc? (c16 + Ca5) 41Uy, =140 (16)
(C16 + C45)C{ Cgs + C33a2 - pC2 ﬁz 0

Non-trivial solutions exist only when the determinant of
the matrix is zero, i.e.

(c13 + cs5)a
(c16 + ca5)a =0 (17)
Css + c3za” — pc?

C1g + Casa?
Ces + Cag@”® — pc?
(c16 + Cas)

Eq. (17) is a six-order polynomial equation of a, or a
bicubic equation of &?. It has three pairs of solutions, i.e.,
+oy, +a and +ay;. The positive roots corresponds to waves
with increasing amplitude as z increases while the negative
to wave with decreasing amplitudes. Each a, corresponds to

a singular displacement eigenvector in the form of Ug’ll @i
=1,2,3, ..., 6). The total possible partial wave solutions
are
a={a; a a3 a, as ag}’
— T
= {O‘I —a agp —ay ay 0‘111}

(18)

and

U=[y®w y@ y® yg®» y® U(6)]§><6 (19)

Substituting Egs. (18) and (19) into Eq. (13), the wave
field becomes

6
u= ﬁ(z)eif(x—ct) — (Z n}U(])elf(l}Z> ei{(x—ct) (20)
j=1

where 1, (G =1,2, ..., 6) are the partial wave participation

factors. The z-dependent part of Eq. (20) can be rearranged
as

u(z) = By(2)n (e2))

where B, = b BB 5O bP KO b i
the z-dependent displacement matrix with 75 =
M1 M2 M3 Ma Ms N6}’ being the partial wave
participation factor vector and bfj ) (2) = UDeB%)Z,

3.3.2 Stress field
The stress-displacement relations under the y-invariant
condition is expressed as
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symm.

Substituting Eq. (20) into Eq. (22), the interface traction
components become

6
Oxz = Cssifz ajT]jU,Ej) elsajz

Jj=1

6 6
+C551$Zn}UZ(]) eifajz + C45ifz a]njU}(]]) eifajz
Jj=1 j=1

6
=i (cssajU,Ej) + CSSUZ(D + 045ajU3(,j))njei§“iZ
=1

6
6-yz = C45iS( Z a;n; U,Ej) ei{ajz

Jj=1

6 6
+c45igznjuz(i) itz | Cw'fZ an,UD eiéer”

Jj=1

(23)

j=1
6
=i (c45ajU,(CJ) + U0 + c44a]-U)(,}))nje“f“fZ
=1

6
622 = C13ifz TIjUan) eifajz

j=1

6 6
+C33l$zn1ajuz(}) eigajz + C36L§ZUJU}(,]) eifajz
j=1 j=1

=i 216'=1 (C13UJEJ) + C33ajUz(J) + C36U3(zj))77jei$ajz
Eq. (23) can be written in a matrix form as

Oxz(2)
6372(2) = Bo‘(z)
6,,(2)

52) = (24)
with B,(2) = [p® »@ b® b® b p®] and
\

L eifzx]—z

Cssaju,(c’) + C55U§l) + C4_5(l]'U§,l)
b,(,’)(z) = if c45al-U¥) + C45U£l) + C44al'U§,l) (25)
013U¥) + c33a,-U§]) + 036U§,I)

j=12..,6
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3.4 Wave field in a lamina of infinite thickness

3.4.1 Displacement field

When the thickness of the lamina increases, the Lamb
waves converge to the Rayleigh waves, which appear
mainly on the surface of the half-space and decay in the
depth direction. The Rayleigh wave fields can be obtained
through the same procedures as the Lamb wave fields in
structures of finite thickness. In view of the structure and
coordinate system shown in Fig. 2, the case for which

0 Cl6 ux'x
0 ¢y 0
0 c36 Uzz
0 u (22)
C45 V.Z
Css 0 Uyz T Uz y
u
Coe vz

D = o represents the layered half space. In this case the
waves attenuate as z — co. Similar with the Lamb wave
field analysis in Eq. (17), only its negative roots of a satisfy
the condition and the positive roots of a do not contribute to
the attenuation in the z-direction (depth). The negative roots
are

a={—a —ay —ay}T (26)
and the corresponding eigenvectors become
U=[u® y® y®lis. 27)

The displacement field becomes

3
u = ii(z)e$&——ct) = z ,U(j)ei&sz eié(x—ct)
@ jr (28)

j=1273
The z-dependent part of Eq. (28) can be rearranged as

u(z) = B,(z)n 29

where B,(2) = [bP(z) bP(2) bP(2)] is the new z-
dependent displacement matrix with bl(tj) (z) = UD k)2
and n={m 2 n3}’.

3.4.2 Stress field
According to the stress—displacement relation given in
Eq. (22), the stresses are

3
a-\xz = CSSifZ a]n]U}E]) eifasz
j=1
> 3

el ) az GO

+655ifz TIjUé}) eldajz 4 c45ifz ajnjU}(,}) piéajz
j=1 =

= lf Z?=1 (CssajU)E}) + CSSUZ(]) + C4_5(XjU3(/j)) njelflljz

3
Gy, = c45ifz ajnjU,Ej) elfajz (31)

j=1
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3 3
+C451§Z”]Uz(]) eifajz + C44ifz a]njuj(]]) eifajz

s Fl 31)

= ifz (54505;'U,Ej) +casUY + c44ajU3(,]))njei§“iZ

=1

3
6-22 = (13 lf Z nj U)S]) eifajz
j=1

3 3
+c33ifz n,aUY ez 4 c36ifz U9 ez (32)

Jj=1 Jj=1

3
= ifz (cl3U,E’) + c33ajUZ(’) + c36U3(,’)) njeif‘xiz
=

The above equations can be rewritten in the matrix form

as
6xz(z)
8(2) =406y,(2) t = B,(2)n (33)
0,2(2)
with
B, =[bP1) bP@) b8 (2)] (34)
and

(Cssa]‘UJE-]) + C55Uz(j) + C45ajU)(,])
bz(rj)(z) =i C450ljU;E]) + C45Uz(j) + C440ljU)(,]) eléajz (35)
s UY + c33a]-UZ(J) + c36U3(,])
ji=1273
3.5 Wave field in laminated structure

With the displacement and stress field equations given
in the previous sections, the wave field equation of the
laminated structure can be assembled by imposing the stress
and displacement boundary conditions:

e Traction free conditions at the free surface(s) and
e Compatibility of displacements and stress
equilibrium at the lamina interface.

If the N layer is of infinite thickness, the displacement
and stress at infinity should vanish.

The wave field equation for the entire laminate structure
can be established with the TMM, GMM or SMM in the
general form of

BY = {0} (36)

in which B is the transfer, global, or stiffness matrix,
depending on the method used, and ¥ is the global partial
wave participation factor vector formed by the partial wave
participation factor vectors 1 of all layers.

Non-trivial solutions exist only when the determinant of
the matrix B is zero, i.e.

|B(, w)| =0 (37)

Eq. (37) is a homogenous equation that depends on two

of three unknowns: the x-wave number ¢, the x-wave speed
¢, and the frequency w. due to ¢=w /£ The equation also
incorporates the partial-wave eigenvalues «; and
eigenvectors (or partial wave polarization vectors) UY (j =
1, 2, ..., 6), which can be obtained by solving Eq. (17) at
different velocities. The (¢, w) or (w, ¢) dispersion curves
and the corresponding non-trivial solution of ¥ are then
calculated with initial guesses and root-searching process.
By substituting the element values of ¥ back to Egs. (21)
and (24), the corresponding displacement/stress mode
shapes are obtained. According to the velocity-displacement
relation, the velocity mode shapes are then obtained. Under
the y-invariant assumption, the velocity and stress mode
shapes are simplified as

v (x,2) = v, (2)e*

v,(x,2) = v,(2)e®~

Oxx(%,2) = O—xx(z)eigx (38)
Oxz(x,2) = O-xz(z)eifx

0-zz(x: z) = Gzz(z)eigx

The dispersion curve and mode shapes of anisotropic
materials are direction dependent. They can be calculated in
the same way after rotating the coordinate system and
updating the stiffness matrix. The wave field should be
analyzed in each individual direction. More details are
described in Section 5.

It is worth noting that there is no closed-form solution
available in the calculation of the dispersion curves and
mode shapes due to the anisotropic nature of the
composites. Instead, the singular value decomposition is
conducted to approximate the most accurate solution, in
which errors may be introduced and accumulated.

4. Reciprocity relation and normal mode
expansion

4.1 Elastodynamic reciprocity relation

Assume Uy, is the displacement at point 1 due to force
F; at point 2 and U, is the displacement at point 2 due to
force F at point 1. The reciprocity relation states that the
work done by F upon displacement U, equals the work by
F> upon Uy, (Santoni 2010), that is

Fi:-Ujp =F5 Uy (39

The two forces generate velocity fields V7 and V> and
stress fields 7T and T,. Then, the complex reciprocity
relation (Auld 1990) is

‘7(‘72'T1+V1'72):_(@'F1+V1'E) (40)
where the overhead tilde “~” stands for the complex
conjugate of the corresponding term. For the straight-
crested waves the complex reciprocity relation (Kamal ef al.
2014) is

0 ,— — — —
a (szTxlx + szTxlz + V;clTxe + Vlexzz) (41)
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0 ~ ~ —
a—(szT L+ V2T, + VITE + VITZ) (41)
—VZE! — VAFZ — V2E} — VAEZ

where the superscripts “1” and “2” respectively indicate the
wave fields generated by the external excitations F and F>.

4.2 Orthogonality relation

If the multi-layer structure is free from external
excitations, ie., Fl=F=F =F=0. The two wave
fields can be considered two free wave modes. Without
losing generality, the two harmonic wave fields are assumed
as the m™ and n" modes. Then the wave field in Eq. (41)
becomes

o (VRO + DI} + vl + v o) w
42
Jd — — —
m m m m —
+ aZ (Ua?o-xz + vzno-zz + Uy O-J?Z + 74 aznz) =0

The above equation is integrated with respect to z along
the entire thickness D, that is

l(gm _ a)ei(fm—gl)x
D
« f (T ol + Dol + vI'GT, + vIGT)dz 3)
o "
+(VEo + VEo + vial, + vptay)e Gm—tn)x| T= 0

The common term e!ém=$)*¥ can be cancelled out,
which leads to

i(fm - En)
D
X f ol + violk + v'ol + vihol)dz (44)
0
— —_~ —_ ~ D
+Wltol + violl + v'ol, + vzmaznz)|0 =

For the traction-free surface conditions, i.e., 0z = 0x: =
0, Eq. (44) becomes
i(fm - fn)
D

— — — — 45
X J- (Wrol + viol + v'el + vfol)dz =0 “3)

In this study, propagating modes with pure real
wavenumbers are considered, i.e., evanescent waves are not
considered as they will decay out with distance. In this case,
when the wavenumber &, # &,, then

f (TTo + TFal + ol + vyGE)dz =0 (46)
0

Eq. (46) is the orthogonality relation of Lamb waves.
Define Py = [ (VRo3 + VJ0J} + vI0R + v'0R)dz
then P,,, = 0 for m # n. Therefore the modes are referred to
as “normal modes”.

4.3 Normal mode expansion of Lamb waves

In the NME theory, the actual wave field generated by

external excitations is a linear combination of the normal
modes with their respective participation factors. With the
mode shapes in the desired direction obtained from the
matrix methods, the participation factors will be calculated
in the following sections.

Assume the excitation F> does not exist. Then the F>-
induced wave field could be any free mode. Without losing
generality, the wave field is assumed to be the n free
mode, i.e.

V2 (x,2) = v (2)e'n

V2 (x,2) = v} (2)e'n

T (x,2) = af(2)en (47)
TZ(x,2) = o, (2)e"n*

T} (x,2) = ofy(2)en*

Let the excitation F; be the excitation of the surface
mounted PWAS of infinite length, which means F! =

=0 and the y-invariant condition is applicable. The
wave fields are then assumed as

VA2) = ) an(@) vl (elin”
VA7) = ) an() v (el
Th002) = ) () afi(etin® (48)
Th(,2) = ) an(x) o @elnt
Th(2) = ) () o (@)eién

Substituting Egs. (47) and (48) into the first term of the
left hand side of Eq. (41) leads to

2 () [F (D) + Do)
@) (2) + v (@) T (2)]e min)
+ 2 [T + TFDTAE)

HE DD + VDT e T = 0

(49)

Integrating with respect to z along the entire thickness
D, and applying the boundary condition 77., one has

aa_xz a,, (x) ei§m=En)x
f (F@o(@) + T @Dal(@) + vl ()T (2)

+ v} (2) % (2) ) dz (50)
+elEm=En* (V7 (2)TL, (2) + V()T (2)
+ V(@) (2) + THDa @),

= nna Zan(x) + vy (0) xz(o)ei?nx =0
Then

(0T, L (0)eién
Pnn

d
o a,(x) = (51)

Integrating the above equation with respect to x leads to
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X o 1 i&nx
o O e

Je P (52)

e

vr(0) (* P
=— £ )f T.L(0)e¥n*dx

Pmn e

where e can be determined by the excitation condition. For
the excitation generated by infinite long PWAS of 2a width
shown in Fig. 1, the boundary condition is

sz(x) = Ta[d(x - a) - 6(36 + (1)] (53)
Therefore
a,(x) =— (0 aTa(e"gla - e_"gla)
. mnv~£‘(0) = S
= —=2iT, - sin (¢,a)

The corresponding displacement and strain wave field
components of the n” mode are then calculated as

—2iaT, v (0 — ;
ull(x,z) = +()sin(fna) ul(z)eln*
nn
ouy
h(2) = 2 (59)

— v (0 — ,
= 2aT,é, ;—() sin(&a) u}(z)en*
nn

Eq. (55) is commonly referred to as the Lamb wave
displacement/strain tuning curves. It should be noted that 7,
depends on the external excitation voltage V. If V' is a unit
excitation, then it is equivalent to the structural transfer
function up to the sensing point located at x. For physical
applications, according to the direct piezoelectric effect, the
strain can be used to approximate the PWAS voltage output
according to Eq. (6) as V,, = -g;54t,/d3;. However, the
strain corresponds to a discrete point while any PWAS is of
limited size. Therefore, a smaller PWAS results in a more
accurate estimate of the strain field. It should also be noted
that the above formulae apply only to Lamb/Rayleigh
waves. For the shear horizontal (SH) waves, formulae could
be derived in a similar way.

4.4 Wave field calculation

In practice, a short period excitation, such as tone bursts
containing broad frequency components are commonly

PWAS 1 PWAS 2

¢ 254 >

used. The response frequency spectrum is obtained by
multiplying the frequency spectrum of the excitation by the
transfer function of the corresponding response. The time
domain responses are then calculated by the inverse Fourier
transform.

In the derivations of this section, especially in Eq. (50),
the orthogonality relations of the wave modes are utilized.
This is the essential precondition of the NME method. As a
matter of fact, this method is valid for all waves whose
mode shapes are mutually orthogonal. In bounded waves
guides, either in the plate-like structures studied in this
paper or in the prism-like structures such as the rail track,
the orthogonality relations of the wave modes holds true
according to the reciprocity relation (Pau 2018), therefore
the NME method can be also applied.

5. Wave field in single-layer CFRP plate

In this section, the strain output of a free CFRP plate is
calculated following the procedures detailed above. The
analytical result is validated by the numerical and
experimental studies.

5.1 Specimen setup

The CFRP plate is the product of the Tyfo® UC
composite laminate strip system of 1016 mm x101.6 mm X
1.4 mm as shown in Fig. 3. The fiber direction is chosen as
x, the perpendicular to the fiber direction as y, and the
thickness direction as the z direction. The material
properties are listed in Table 1. These data are obtained
from the material -characterization wusing ultrasonic
immersion technique. This type of CFRP is commonly used
to strengthen civil engineering structures through providing
additional tensional strength (Petrou et al. 2008). The
surface bonded circular PWAS is made of Steminc SM412
with a 7-mm diameter and 0.5-mm thickness. In practice a
circular PWAS will generate circular- (in isotropic media)
or quasi-circular/elliptical (in anisotropic media) wave
fields in the structure. In the unidirectional CFRP plate, the
wave field along the fiber direction is often used for SHM
applications. Therefore, the wave field along the fiber
direction could be assumed as straight crested and y-
invariant and can be used to approximate the response of
the circular PWAS aligned along the fiber direction.

The phase-velocity number dispersion curves in the
fiber direction (0°) and the transverse direction (90°) are
shown in Fig. 4. As shown in the figure, the phase velocities

Y PWAS 3 PWAS 4

1,016

¢ 127 >e 254 >

254 | 127 |
: o

Fig. 3 Experimental specimen (unit: mm)
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Table 1 Material properties of the specimens
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Material Parameter Value
165.82 4.88 4.88 0 0 0
13.04 6.46 0 0 0
. . 3 1304 0 0 0
CERP Stiffness matrix C = 396 0 0 GPa
symm. 554 0
5.54
Density 1560 kg/m3
Young’s modulus 1.2 GPa
Epoxy Density 1200 kg/m3
Poisson’s ratio 0.38
Young’s modulus 34.4 GPa
Concrete Density 2500 kg/m3
Poisson’s ratio 0.2
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Fig. 4 Phase velocity dispersion curve in different directions
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Fig. 5 Mode shapes and tuning curves

of the two modes differ significantly, especially the first
symmetric (S0) mode. The phase velocity of SO mode in the
0° direction is more than 4 times that in the 90° direction at
frequencies lower than 600 kHz. The following theoretical
demonstrations will be conducted in the 0° direction.

5.2 Theoretical calculation
The theoretical calculations here are based on the

steady-state wave field assumption and give the direct
incident wave field results only. No reflections or scatters

from specimen imperfection or damage are considered at
this stage.

The SO and A0 wave velocity and displacement mode
shapes in the 0° direction at 60 kHz are given in Fig. 5(a)
and (b). Based on the mode shapes, the tuning curves of the
strain at 254 mm away from the PWAS center is shown in
Fig. 5(c). When the excitation frequency is relatively low (<
200 kHz), the A0 mode tuning curve has a much larger
amplitude than that of the SO mode, indicating that the time
history response of the A0 wave packet has a larger
amplitude than the SO mode.
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Fig. 8 FEA model and ¢,, fields of the CFRP plate

The time history response also depends on the excitation
time history. A three-count Hanning-windowed tone burst
excitation of a 60 kHz center frequency and a 10 V peak-to-
peak amplitude is applied on the PWAS. The excitation
waveform and corresponding frequency spectrum are
shown in Fig. 6. This center frequency is chosen to balance
the amplitudes of the wave packets and the propagation
distance of the waves in this study (Other optimal center
frequencies can also be chosen in other applications). By
multiplying the excitation frequency spectrum shown in
Fig. 6(b) and the tuning curve shown in Fig. 5(c), the strain
frequency response spectrum is obtained and shown in Fig.
7(a). The time domain response is further obtained as
shown in Fig. 7(b). Due to the relative long travelling

distance (254 mm), the SO wave packet and A0 wave packet
are completely separated. As stated above, the SO wave
packet has a much smaller amplitude than that of the A0
mode. The low-amplitude tail also follows the A0 wave
packet, which has a long period, possibly due to the error in
calculating the tuning curves.

5.3 FEA validation

To validate the theoretical calculation, the wave field of
the specimen is calculated using the commercial FEA
package Abaqus (Dassault Systéemes Simulia Corp. 2012).
The excitation shown in Fig. 6 is applied on PWAS 2.

The plate material and PWAS are the same as those in
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the theoretical calculation. The bottom surface of the PWAS
is coupled to the plate with the “Tie” constraint type, such
that all six degrees of freedom of the nodes in the interface
are identical. The C3D8E coupled field elements are chosen
for the PWAS and C3D8R clements for the plate. The
wavelength in the fiber direction is approximately 83.3 mm
at 120 kHz (double the center frequency). The element size
should be smaller than 1/20 of the wavelength to meet the
convergence requirement. In this regard, the maximum
mesh size of the PWAS is 0.5 mm and the plate is
discretized as 1 mm % 1 mm % 0.35 mm. Due to the
symmetry, half of the specimen is simulated with the
symmetric boundary condition, as shown in Fig. 8(a). The
reflections from the horizontal (plane y = 50.8 mm) and
vertical ends (planes x = £ 508 mm) will exist, especially
reflections from the former. The &, strain field at 33.3 ps

o T

Normalized voltage
¢ o
3
~— e

3 Reflection
1 I 1 Nl i 1
0 50 100 150 200 250 300
Time (ps)

Fig. 9 Normalized voltage response of PWAS 1

Function
generator

Voltage (mV)
<

|
! ! Reflection
0 50 100 150 200 250 300
Time (ps)

(a) Normalized PWAS 1 output

and 160 ps are respectively plotted in Figs. 8(b) and (c). In
Fig. 8(b), two wave packets consisting of different
wavelengths are observed, and the wave packet with longer
wavelengths enclosed by the dashed curves is the SO wave
packet. From Fig. 8(b), the SHO mode wave velocity is
relatively closer to the A0 wave velocity at low frequency,
therefore SHO wave packet merges with AQ. At the same
time, the SH wave in the direction close to 0° has few ¢,
component due to the propagation direction. Therefore, the
remaining &, wave fluctuations are mainly the A0 wave
packet. The color of the A0 wave packet is more saturated
than that of the SO mode, indicating it has a higher
amplitude. In this subfigure there is no reflected wave field.
In Fig. 8(c), where the entire color scale is set to a larger
strain range to realize a better wave field plot, both wave
packets have experienced multiple reflections at different
boundaries, resulting in a scattered wave field. The voltage
response of PWAS 1 is shown in Fig. 9. The wave packet
shapes are generally in accordance with the theoretical
calculation, except for the reflections from the specimen
borders after the direct incident wave packets. Additional
comparisons with experimental results are presented next in
the experimental validation section.

5.4 Experimental validation

The specimen shown in Fig. 3 was tested in the
laboratory. The voltage excitation shown in Fig. 6(a)
generated by a Tektronix AFG3052C dual channel function
generator is first amplified to 140 V peak-to-peak by an NF
HSA4014 high-speed bipolar amplifier, and then applied to
PWAS 2. The voltage response was collected by a Tektronix
DPO5034 digital phosphor oscilloscope that was in
synchronization with the excitation. These devices are
shown in Fig. 10. The voltage response of PWAS 1 is given
in Fig. 11(a). PWAS 3 presents similar direction incident
wave packets to the PWAS 1 response, except the different
reflective wave packet as PWAS is close to the reflection
plane of x = -508 mm. In Fig. 11(b), the normalized &,
obtained from NME calculation and FEA as well as the
normalized voltage of PWAS 1 are compared. The directed
wave packets of the three waves match well for both the A0
and SO wave packets. The FEA presents different reflective
results from the experiment. The possible reason is that the
material properties are not accurate, which influences the

—*-NME
@ FEA
Experiment \
] e e e = &

A

Normalized response
(=3

0 50 100 150 200 250 300
Time (us)

(b) Results comparison

Fig. 11 Normalized voltage response of PWAS 1 and results comparison
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(d) Specimen with Teflon removed and wave absorbing clay applied

Fig. 12 Experimental setup

reflective waves. In addition, the FEA presents the strain of
a single point while in the experiment, the dimension of the
PWAS also affects the results.

6. Wave field in bonded and debonded CFRP
plates

In the previous section, the CFRP plate is in a free state,
while its typical and common application is to strengthen
civil engineering structures. The enhanced structural
performance is achieved when good bonding conditions are
secured. The above specimen was then attached to a
concrete beam through a Tyfo® TC epoxy layer (roughly 1
mm thick). The prestressed concrete beam specimen is 2400
mm in length with a cross sectional area of 4, = 280 mm x
280 mm and is prestressed by four 7-wire low relaxation
strands of diameter dy; = 12.7 mm. The concrete has 48.26
MPa minimum 28-day strength and 27.58 MPa minimum
strength at the time of strand release and the mix design
used in the fabrication of the concrete beam is the high
strength reduced modulus reported by Zeitouni et al.
(2018). The complete CFRP plated concrete beam system is

shown in Fig. 12(a). During the CFRP-attaching stage, a
thin layer of Teflon (0.05 mm thick) was inserted in the
epoxy layer on the left half span of the CFRP. The front
view schematic is shown in Fig. 12(b) and the experimental
top view in Fig. 12(c). After the epoxy was fully cured, the
Teflon layer was removed, which introduced an artificially
generated debonding zone in the left half span. A strip of
modeling clay was then attached on the perimeter of the top
surface of the entire CFRP plate to absorb the reflective
waves to simulate the non-reflective boundary condition, as
shown in Fig. 12(d). This leaves the left half of the CFRP in
a debonded state while the right half span bonded state. The
excitation for the left half-span was applied on PWAS 2 and
collected on PWAS 1. The data acquisition of the right half
span has a generally symmetric configuration with the
excitation applied on PWAS 4 and collected at PWAS 3.

6.1 Left half span (debonded condition)

6.1.1 Theoretical calculation

In the left half span, the Lamb waves propagated in the
CFRP—epoxy double layer plate. The information of the
epoxy is listed in Table 1. Its precise thickness is difficult to
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control. During the attachment stage, the desired thickness
is 1 mm and after removing the Teflon, the thickness of the
epoxy attached on the CFRP plate is around 0.6 mm. The
epoxy surface is not smooth and the thickness is not even.
Based on the derivations in Section 4, the corresponding

analytical results are given in Fig. 13. The phase-velocity
dispersion curve in the left half span is given in Fig. 13(a).
As the frequency is low (< 200 kHz), three modes exist: 1%
is similar to the SO mode in the single layer plate, 2™ to the
SHO mode and 3" to the A0 mode. Again, as the PWAS
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Fig. 14 Normalized voltage from FEA

cannot excite the SH waves in the configuration given in
this study, the 2" mode will not be considered. Figs. 13(b)
and (c) present the normalized velocity and stress mode
shapes of the 1% and 3™ modes at 60 kHz, respectively.
Then the &,, tuning curve and response spectrum are given
in Figs. 13(d) and (e), followed by the normalized time
history response in Fig. 13(f).

6.1.2 FEA results

The FEA model of the CFRP-epoxy is similar to the
model in Section 1.1, except that a 0.6 mm thick epoxy
layer is added on the bottom surface of the CFRP plate. The
normalized voltage is simulated and plotted in Fig. 14. The
reflections from the specimen boundaries after the direct
incident wave packets are observed after the first and third

Voltage (mV)

0 50 100 150 200 250 300
Time (us)

(a) Voltage of PWAS 1

modes.

6.1.3 Experimental results

In the left half span, the measured normalized voltage
output of PWAS 1 is given in Fig. 15(a). Owing to the wave
absorbing clay, majority of the reflected waves vanish. The
normalized strain obtained with NME method and FEA,
and the experimental voltage at PWAS 1 is compared in
Fig. 15(b). Good agreement has been obtained. The
effectiveness of the NME method is thus validated.

6.2 Right half span (bonded condition)

6.2.1 Theoretical calculation

In the right half span, the excitation shown in Fig. 6 is
applied on PWAS 3 and the response of PWAS 4 is
measured. The waves propagate in the CFRP—epoxy—
concrete triple-layer media. As the thickness of the concrete
layer is significantly larger than those of the CFRP and
epoxy layers, the waves are confined in the surface zone,
which is referred to as the Rayleigh—-Lamb waves. The
phase-velocity dispersion curves are calculated using the
GMM and plotted in Fig. 16(a). Different from the above
demonstrated free CFRP and CFRP-epoxy cases in which at
least two modes exist at low frequencies, only one mode
presents at frequencies lower than 140 kHz. The velocity
and stress mode shapes are calculated and depicted in Fig.
16(b). On the basis of the mode shapes, the ¢, tuning
curves [Eq. (52)] and ¢,, response spectrum at the center
of the PWAS 4 are calculated using the NME method and

—*-NME
=@ FEA
Experiment

Normalized response
(=]

1

I

|

|

|

|

I

|

[}

|

|

|

‘ . ; i

0 50 100 150 200 250 300
Time (us)

(b) Comparison of normalized outputs

Fig. 15 Measured responses and comparison of normalized results at PWAS 1
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Fig. 18 Voltage of PWAS 4

plotted in Figs. 17(a) and (b) respectively. Consequently,
the time domain response is then calculated using the
inverse Fourier transform and shown in Fig. 17(c).
Unexpected fluctuations before and after the main packets
are observed, which is possibly due to the numerical errors
in the calculating the dispersion curves and the mode shapes
using the GMM, rather than the NME calculation process.

6.2.2 Experimental results

In the right half span, the excitation was applied on the
PWAS 3 and the voltage on the PWAS 4 was collected as
plotted in Fig. 18. For comparison, the normalized strain is
calculated using the NME method and the normalized
voltage of the PWAS 4 is plotted in Fig. 19. Despite the
undesired fluctuations in the theoretical calculation, the
main packet matches well with the experimental results.

Normalized response
'

Time (us)

Fig. 19 Comparison of theoretical and experimental
structural responses

Therefore, the NME method can calculate the wave field in
bonded CFRP plates accurately.

6.3 Comparison of PWAS responses under bonded
and debonded conditions

The wave fields in the free, bonded and debonded CFRP
plates presented different wave packet shapes and
propagation time, which can facilitate monitoring the CFRP
bonding condition. For better understanding the influence of
the CFRP bonding condition on the wave field response, the
same excitation was applied on PWAS 2 and 3 respectively
and the wave fields induced by them are respectively
collected at PWAS 1 and 4 as shown in Fig. 20(a). The
results of PWAS 1 before and after the Teflon layer was
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Table 2 Summary of wave propagation features

CFRP condition (02‘ ?fpgzggel) Arglfvstle;:(me
Case 1: Free CFRP 80.14 mV (100%) 173.8 pus
Case 2: Bonded CFRP 1.61 mV (2.0%) 156.5 pus
Case 3: Debonded CFRP  44.27 mV (55.1%) 192.9 ps

removed are not compared because the Teflon layer in the
epoxy layer introduced another wave reflection interface,
which differs from the typical bonded condition. Under the
same amplitude excitation, PWAS 4 in the CFRP perfectly
bonded zone has a significantly smaller amplitude than
PWAS 1 in the debonded zone, around 1/27 to be specific.
The normalized results are shown in Fig. 20(b), in which
the difference in the wave travelling time is obvious. For a
perfectly bonded CFRP plate, the guided waves leak into
the concrete. When the epoxy debonds from the concrete,
the waves are confined in the CFRP and epoxy layers, and
their propagation properties change in terms of the
amplitude and travelling time. In practical applications,
both the amplitude and travelling time of wave packet can
be used to evaluate the CFRP bonding condition. To
understand the wave field change due to the CFRP bonding
condition quantitatively, Table 2 summarizes the peak
values and their arrival time. The response of the free CFRP
plate is chosen as the baseline (Case 1). When the CFRP
plate is bonded to the RC beam (Case 2), the amplitude
drops to around 2% of Case 1, whereas the wave
propagation time reduced. When the CFRP plate debonds
from the RC beam (Case 3), the wave energy cannot leak
into the RC beam, and thus, the amplitude resumes to
63.1% of Case 1. However, the propagation time
considerably increased.

In practice, the wave packet shape, peak amplitude and
arrival time of the peak value can facilitate the CFRP
bonding condition evaluation. The evaluation can be based
on the perfect bonding condition data (Case 2) or can be
baseline-free. When the data of the perfect bonded cases are
available, it is observed that the wave amplitude increases
significantly due to the inability of the wave energy to
propagate to the concrete. In this case the wave propagation
time will increase. In contrast, when the baseline data is not

available, the actual wave guide in which the waves are
actually propagating can be approximated by fitting the
theoretical calculation with the experimental measurement.

7. Conclusions

The Lamb wave field generated by surface mounted
PWAS in the multi-layer plate made of generally
anisotropic material is studied using the NME method. The
wave field in anisotropic material is first given and the
NME formulae are derived. Then the wave field in a
unidirectional CFRP composite plate is calculated with the
NME and validated by FEA and experimental results. In
particular, the CFRP plate in bonded and debonded
conditions were simulated on an experimental prestressed
concrete beam. Their wave fields excited by PWAS are
compared. Both the wave packet amplitude and travelling
time can serve for the evaluation of the CFRP bonding
condition.

In this study, the wave field excited by a circular PWAS
is considered under the straight-crested wave field
assumption, which is a simplification in each individual
direction. One distinguished difference between the
circular- and straight- crested wave field is that geometry
spreading does not exist in the latter. Therefore the
amplitude decrease in the FEA model and experiment is not
considered in the NME method. Consequently, only the
normalized results are compared in this study. The geometry
spreading effects could be revised by introducing an
exponential decaying function. The material damping can
also be considered similarly, or alternatively, a negative
imaginary part can be introduced in the material stiffness
matrix. In this paper, the damping is not considered since
the damping ratio in the fiber direction is quite small. In
practical applications, the wave field in the CFRP plate and
CFRP-epoxy plate (the debonded case) could be established
as a baseline for the CFRP bonding condition evaluation.
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