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1. Introduction 

 

Vibrations of structures are mainly associated with 

resonances. When the frequency of a harmonic excitation 

matches the vibration frequency of a structure, dynamic 

amplification, which is largely dependent on the internal 

damping of the structure, will result in a vibration of large 

amplitude. In order to suppress these resonance-based 

vibrations, the internal damping of the structure can be 

increased by passive or active control technologies. In 

practical applications, passive control is a widely accepted 

method for structural control applications. The passive 

control devices include viscous dampers (VD), viscoelastic 

dampers (VED), tuned mass dampers (TMD), friction 

dampers (FD), and etc. A TMD is a mass–spring–dashpot 

system. By attaching a TMD to a structure, the vibration 

energy of the structure can be transferred to the TMD and 

dissipated via its dashpot. In recent decades, this type of 

TMD with low-cost and simple traits for structures have 

achieved significant success to reduce the vibration of 

slender flexible and low-damping structures, such as Taipei 

101 Tower (508 m) in Taiwan (Chung et al. 2013), and 

Shanghai Tower (632 m) in Shanghai (Lu et al. 2017). 

However, a major drawback of a single TMD is its 

sensitivity to the tuning frequency (Papadimitriou et al. 

1997); that is, the TMD is not always robust. Robustness of 

 

Corresponding author, Professor, 

E-mail: Li-chunxiang@vip.sina.com 

 

 

the TMD is measured by mistuning, where the structural 

modal frequency to be controlled deviates from the 

frequency used for designing the TMD. Mistuning may be 

caused by errors identifying modal frequencies of the 

structure, perturbations of modal frequencies due to external 

excitations, as well as manufacturing errors of the TMD 

itself. Under the action of earthquakes, the effectiveness of 

a TMD depends on the relation between ground motions 

and the structural characteristics. For example, the 

investigations by Wang et al. (2005) and Anajafi and 

Medina (2018) demonstrated that if the structural 

predominant frequency were to locate within the bandwidth 

of the ground excitation spectrum, the TMD could 

consistently reduce the seismic responses of structures; 

however, if the external excitation frequencies were less 

than the structural fundamental frequency, the TMD 

effectiveness would decrease significantly. Therefore, it is 

not difficult to understand that up to now there is not a 

general agreement on the effectiveness of TMD in reducing 

the earthquake-induced responses of structures. 

In order to increase the TMD robustness against 

mistuning effects in seismic scenarios, one of the feasible 

alternatives is to employ the multiple tuned mass dampers 

(MTMD) with distributed natural frequencies which have 

been investigated by, for example, Jangid (1995, 1999), Li 

(2000, 2002), Li and Liu (2003), Hoang and Warnitchai 

(2005), Han and Li (2008), Li and Ni (2007), Lin et al. 

(2010), Dehghan-Niri et al. (2010), Fu and Johnson (2011), 

Jokic et al. (2011), Daniel et al. (2012), Mohebbi et al. 

(2013), Daniel and Lavan (2014), Dinh and Basu (2015), 

Fadel Miguel et al. (2016), Lin et al. (2017), Zuo et al. 
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Abstract.  This paper proposes a novel high performance vibration control device, multiple tuned mass dampers-inerters 

(MTMDI), to suppress the oscillatory motions of structures. The MTMDI, similar to the MTMD, involves multiple tuned mass 

damper-inerter (TMDI) units. In order to reveal the basic performance of the MTMDI, it is installed on a single degree-of-

freedom (SDOF) structure excited by the ground acceleration, and the dynamic magnification factors (DMF) of the structure-

MTMDI system are formulated. The optimization criterion is determined as the minimization of maximum values of the relative 

displacement’s DMF for the controlled structure. Based on the particle swarm optimization (PSO) algorithm to tune the 

optimum parameters of the MTMDI, its performance has been investigated and evaluated in terms of control effectiveness, 

strokes, stiffness and damping coefficient, inerter element force, and robustness in frequency domain. Meanwhile, further 

comparison between the MTMDI with MTMD has been conducted. Numerical results clearly demonstrate the MTMDI 

outperforms the MTMD in control effectiveness and strokes of mass blocks. Additionally, in the aspects of frequency 

perturbations on both earthquake excitations and structures, the robustness of the MTMDI is also better than the MTMD. 
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(2017), Bozer and Özsarıyıldız (2018), and Tong and Zhao 

(2018). An MTMD system consists of multiple units of 

tuned mass dampers arranged in parallel, with each unit 

having its own mass, damping ratio, and natural frequency, 

thus owning the distributed natural frequencies. As such, for 

a structure with only one dominant vibration mode being 

needed to be controlled, an MTMD with natural frequencies 

distributed around this dominant frequency is more 

effective and more robust than a single TMD with an equal 

total mass. Furthermore, an MTMD is a viable solution to 

demanding small-sized TMDs owing to practical reasons, 

such as space limitations, transportation, and ease of 

handling. 

On the other hand, the structural vibration suppression 

of using the inerter-based devices for has been a popular 

research topic since the first introduction of inerter in 2002 

(Smith 2002). The inerter is a two terminal device, whose 

resisting force (called the inertance or apparent mass) is 

ideally proportional to the relative acceleration of its two 

terminals (Smith 2002); that is to say, it can supply a larger 

apparent mass of interest to the system to be connected. The 

apparent mass can be even 200 times higher than the 

physical mass of an inerter. Inertance is typically generated 

from the rotation of a flywheel, and there are four main 

types of inerter devices: rack and pinion inerter devices 

(Smith 2002, Lazar et al. 2014, Makris and Kampas 2016, 

Hessabi and Mercan 2016), ball and screw inerter devices 

(Hwang et al. 2007, Ikago et al. 2012, Garrido et al. 2013, 

Javidialesaadia and Wierschemb 2018), hydraulic inerter 

devices (Wang et al. 2010, Liu et al. 2018), and 

electromagnetic inerter devices (Nakamura et al. 2014, 

Gonzalez-Buelga et al. 2015, Takehiko et al. 2018). Aiming 

at more efficient energy dissipation, different inerter 

systems, including series layout inerter systems and series-

parallel layout inerter systems have been investigated by, 

for example, Hu et al. (2015), Krenk and Høgsberg (2016), 

Pan et al. (2018), Pan and Zhang (2018), and Zhang et al. 

(2019). The greatest benefit of inerter is that it is able to 

produce a large apparent (effective) mass by using a 

relatively small rotational physical mass; therefore, the 

inerter is a possible solution to the issue that the 

performance of a conventional TMD is limited by the 

amount of mass in practical applications. Recently, the 

incorporation of an inerter into a TMD, named the tuned 

mass damper inerter (TMDI) was proposed by Marian and 

Giaralis (2014). Subsequently, the TMDI have been 

extensively investigated by, for example, Pietrosanti et al. 

(2017), Giaralis and Petrini (2017), Giaralis and Taflanidis 

(2018), Siami et al. (2018), Wen et al. (2017), Ruiz et al. 

(2018), Xu et al. (2019), and Cao and Li (2019). They all 

concluded that the TMDI, wherein the inerter is utilized as a 

mass amplifier to increase the inertial property of a TMD 

without increasing its weight, is a lower-mass and more 

effective alternative to a conventional TMD. Based on 

different arrangements of the TMD, inerter and base-

isolation system, some novel hybrid control systems have 

been recently proposed by, for example, De Domenico and 

Ricciardi (2018a, b, c), and De Domenico et al. (2018) to 

surmount a few shortcomings, such as the large 

displacements concentrated at the isolation floor and the 

vulnerability to long-period ground motions. Likewise, at 

present, Inerter-based passive structural control has become 

more and more attractive for mitigating the dynamic 

responses of offshore wind turbine (Hu et al. 2018) and 

offshore platforms (Ma et al. 2018, 2019). 

Based on the above review on both inerter and MTMD, 

although inerter has been applied in various mechanical 

systems, the application of inerter in the MTMD has not yet 

been reported. In the present paper, an inerter-based 

MTMD, referred to as the MTMDI has been, for the first 

time here, for attenuating undesirable oscillations of 

structures under the ground acceleration. Therefore, the 

specific work of the present study is to investigate and 

demonstrate the performance of the MTMDI by extensive 

simulation results based on the selected criteria for the 

optimality under the ground acceleration. 

 

 

2. Formulations 
 

2.1 DMFs of the structure MTMDI system 
 

In this paper, the multiple tuned mass dampers-inerters 

(MTMDI) is recommended to attenuate the oscillatory 

motion of a single degree-of-freedom (SDOF) structure, 

effectively representing the main mode system in the 

specific vibration mode being controlled of multi-degrees-

of-freedom (MDOF) structure, using mode reduced-order 

method. The main system is modeled by a mass 𝑚𝑠, a linear 

spring 𝑘𝑠, and a viscous damping 𝑐𝑠. Shown in Fig. 1, the 

MTMDI, similar to MTMD, involves multiple TMDI units, 

which is a classical TMD connected by an inerter device to 

the ground, and is installed on the SDOF system, excited by 

the ground acceleration [𝑥̈𝑔(𝑡)]. The equations of motion 

for the structure MTMDI system can then be expressed as 

 

𝑚𝑠𝑦̈𝑠 + 𝑐𝑠𝑦̇𝑠 + 𝑘𝑠𝑦𝑠 = −𝑚𝑠𝑥̈𝑔 + 𝑓𝑀𝑇𝑀𝐷𝐼 (1) 

 

𝑓𝑀𝑇𝑀𝐷𝐼 = ∑[𝑐𝑗(𝑦̇𝑗 − 𝑦̇𝑠) + 𝑘𝑗(𝑦𝑗 − 𝑦𝑠)]

𝑛

𝑗=1

 (2) 

 

𝑚𝑗(𝑦̈𝑗 − 𝑦̈𝑠) + 𝑐𝑗(𝑦̇𝑗 − 𝑦̇𝑠) + 𝑘𝑗(𝑦𝑗 − 𝑦𝑠) 

= −𝑚𝑗𝑦̈𝑠 − 𝑚𝑗𝑥̈𝑔 − 𝑓𝐼𝑗, 

𝑗 = 1, 2, ⋯ , 𝑛 

(3) 

 

in which 𝑚𝑗, 𝑘𝑗, and 𝑐𝑗 represent the mass, stiffness, and 

damping coefficient of the jth TMDI in the MTMDI, 

respectively; 𝑦𝑠  and 𝑦𝑗  denote the respective displace-

ments of the structure and the jth TMDI in several with 

reference to the ground; 𝑓𝐼𝑗 stands for the inerter element 

force corresponding to the inerter between the jth TMDI 

and the ground; n is the number of TMDIs. 

In Fig. 1, the inerter device is described as a thick disk, 

which should be interpreted as an inertial weightless 

element and develop a resisting force proportioned to the 

relative acceleration of its terminals. The scale factor 𝑏𝑗, 

measured in mass unit, is known as the inertance coefficient 

of the inerter device in the jth TMDI. By the above 
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Fig. 1 Modeling of the structure-MTMDI system under the 

ground acceleration 

 

 

description, the force 𝑓𝐼𝑗 can be written as follows 

 

𝑓𝐼𝑗 = 𝑏𝑗[(𝑥̈𝑔 + 𝑦̈𝑗) − 𝑥̈𝑔] (4) 

 

Laplace transforms of the displacement responses, 

ground acceleration, and resisting forces can be denoted, 

separately, as follows: 𝑌𝑠(𝑠) = 𝐿[𝑦𝑠(𝑡)], 𝑌𝑗(𝑠) = 𝐿[𝑦𝑗(𝑡)], 

𝑋̈𝑔(𝑠) = 𝐿[𝑥̈𝑔(𝑡)], 𝐹𝑀𝑇𝑀𝐷𝐼(𝑠) = 𝐿[𝑓𝑀𝑇𝑀𝐷𝐼(𝑡)],  𝐹𝐼𝑗(𝑠) =

𝐿[𝑓𝐼𝑗(𝑡)] . Then Eqs. (1)-(4) can be converted into the 

frequency domain forms by dint of the above Laplace 

transforms, and separately written as 

 

𝑚𝑠𝑠2𝑌𝑠(𝑠) + 𝑐𝑠𝑠𝑌𝑠(𝑠) + 𝑘𝑠𝑌𝑠(𝑠) 
= −𝑚𝑠𝑋̈𝑔(𝑠) + 𝐹𝑀𝑇𝑀𝐷𝐼(𝑠) 

(5) 

 

𝐹𝑀𝑇𝑀𝐷𝐼(𝑠) = ∑{𝑐𝑗[𝑠𝑌𝑗(𝑠) − 𝑠𝑌𝑠(𝑠)]

𝑛

𝑗=1

+ 𝑘𝑗[𝑌𝑗(𝑠) − 𝑌𝑠(𝑠)]} 

(6) 

 

𝑚𝑗𝑠2[𝑌𝑗(𝑠) − 𝑌𝑠(𝑠)] + 𝑐𝑗𝑠[𝑌𝑗(𝑠) − 𝑌𝑠(𝑠)] 

+𝑘𝑗[𝑌𝑗(𝑠) − 𝑌𝑠(𝑠)] 

= −𝑚𝑗𝑠2𝑌𝑠(𝑠) − 𝑚𝑗𝑋̈𝑔(𝑠) − 𝐹𝐼𝑗(𝑠) 

𝑗 = 1, 2, ⋯ , 𝑛, 

(7) 

 

𝐹𝐼𝑗(𝑠) = 𝑏𝑗[(𝑋̈𝑔(𝑠) + 𝑠2𝑌𝑗(𝑠)) − 𝑋̈𝑔(𝑠)] (8) 

 

In order to get a normalized follow-up processing, we 

introduce the subsequent new variables 

 

𝜔𝑠 = √
𝑘𝑠

𝑚𝑠
,      𝜔𝑗 = √

𝑘𝑗

𝑚𝑗
,     𝜉𝑠 = √

𝑐𝑠

2𝑚𝑠𝜔𝑠
,     𝜉𝑗 = √

𝑐𝑗

2𝑚𝑗𝜔𝑗
; 

𝜇 =
∑ 𝑚𝑗

𝑛
𝑗=1

𝑚𝑠
,     𝜇𝑗 =

𝑚𝑗

𝑚𝑠
,       𝜇𝐼 =

∑ 𝑏𝑗
𝑛
𝑗=1

𝑚𝑠
,        𝜇𝐼𝑗 =

𝑏𝑗

𝑚𝑗
. 

 

Accordingly, the transfer functions, concerning the 

ground motion acceleration and the respective relative 

displacement responses and inertial forces of the structure 

with MTMDI, can readily be individually gotten as 

 

𝐺𝑠(𝑖𝜔) =
𝑌𝑠(𝑠)

𝑋̈𝑔(𝑠)
|

𝑠=𝑖𝜔

, (9a) 

 

𝐺𝑗(𝑖𝜔) =
𝑌𝑗(𝑠)

𝑋̈𝑔(𝑠)
|

𝑠=𝑖𝜔

, (9b) 

 

𝐺𝐼𝑗(𝑖𝜔) =
𝐹𝐼𝑗(𝑠)

𝑋̈𝑔(𝑠)
|

𝑠=𝑖𝜔

 (9c) 

 

where 𝑖 = √−1 , and 𝜔  is the circular frequency of 

external force. In the meantime, introducing dimensionless 

coefficients: 𝜆 =
𝜔

𝜔𝑠
 and 𝑟𝑗 =

𝜔𝑗

𝜔𝑠
, the dynamic magnification 

factors (DMF) of respective relative displacements and 

inerter element forces of the structure and the jth TMDI in 

the MTMDI system can be expressed as follows 

 

𝐷𝑀𝐹𝑌𝑠
= |𝜔𝑠

2𝐺𝑠(𝑖𝜔)| 

              = |−
𝑅̄𝑒 + 𝐼𝑚𝑖

𝑅𝑒 + 𝐼𝑚𝑖
| = √

[𝑅̄𝑒
2(𝜆) + 𝐼𝑚

2 (𝜆)]

[𝑅𝑒
2(𝜆) + 𝐼𝑚

2 (𝜆)]
 

(10) 

 

𝐷𝑀𝐹𝑌𝑗
= |𝜔𝑠

2𝐺𝑗(𝑖𝜔)| 

              = |−
𝑅̄𝑒𝑗 + 𝐼𝑚𝑗𝑖

𝑅𝑒𝑗 + 𝐼𝑚𝑗𝑖
| = √

[𝑅̄𝑒𝑗
2 (𝜆) + 𝐼𝑚𝑗

2 (𝜆)]

[𝑅𝑒𝑗
2 (𝜆) + 𝐼𝑚𝑗

2 (𝜆)]
 

(11) 

 

𝐷𝑀𝐹𝐹𝐼𝑗
= |

𝐺𝐼𝑗(𝑖𝜔)

𝑚𝑠
| 

               = |−
𝑅̄𝑒𝐼𝑗 + 𝐼𝑚𝐼𝑗𝑖

𝑅𝑒𝐼𝑗 + 𝐼𝑚𝐼𝑗𝑖
| = √

[𝑅̄𝑒𝐼𝑗
2 (𝜆) + 𝐼𝑚𝐼𝑗

2 (𝜆)]

[𝑅𝑒𝐼𝑗
2 (𝜆) + 𝐼𝑚𝐼𝑗

2 (𝜆)]
 

(12) 

 

In which 
 

𝑅 =
𝑟𝑗

2[𝑟𝑗
2 − 𝜆2(1 + 𝜇𝐼𝑗)] + 4𝜉𝑗

2𝑟𝑗
2𝜆2

[𝑟𝑗
2 − 𝜆2(1 + 𝜇𝐼𝑗)]

2
+ 4𝜉𝑗

2𝑟𝑗
2𝜆2

, 

𝐼 =
2𝜉𝑗𝑟𝑗𝜆3(1 + 𝜇𝐼𝑗)

[𝑟𝑗
2 − 𝜆2(1 + 𝜇𝐼𝑗)]

2
+ 4𝜉𝑗

2𝑟𝑗
2𝜆2

, 

𝑅̄𝑒(𝜆) = 1 + ∑ 𝜇𝑗𝑅

𝑛

𝑗=1

,           𝐼𝑚 = − ∑ 𝜇𝑗𝐼

𝑛

𝑗=1

, 

𝑅𝑒 = (1 − 𝜆2) − 𝜆2 ∑ 𝜇𝑗(1 + 𝜇𝐼𝑗)𝑅

𝑛

𝑗=1

, 

𝐼𝑚 = 2𝜉𝑠𝜆 + 𝜆2 ∑ 𝜇𝑗(1 + 𝜇𝐼𝑗)𝐼

𝑛

𝑗=1

; 

𝑅̄𝑒𝑗(𝜆) = 𝑅𝑒 + 𝑅̄𝑒𝑟𝑗
2 − 2𝜉𝑗𝑟𝑗𝜆𝐼𝑚, 

𝐼𝑚𝑗 = 𝐼𝑚 + 𝑟𝑗
2𝐼𝑚 + 2𝜉𝑗𝑟𝑗𝜆𝑅̄𝑒 , 

𝑅𝑒𝑗 = [𝑟𝑗
2 − 𝜆2(1 + 𝜇𝐼𝑗)]𝑅𝑒 − 2𝜉𝑗𝑟𝑗𝜆𝐼𝑚, 

𝐼𝑚𝑗 = [𝑟𝑗
2 − 𝜆2(1 + 𝜇𝐼𝑗)]𝐼𝑚 + 2𝜉𝑗𝑟𝑗𝜆𝑅𝑒; 

𝑅̄𝑒𝐼𝑗(𝜆) = −𝜇𝑗𝜇𝐼𝑇𝜆2𝑅̄𝑒𝑗 ,        𝐼𝑚𝐼𝑗 = −𝜇𝑗𝜇𝐼𝑇𝜆2𝐼𝑚𝑗 , 

𝑅𝑒𝐼𝑗 = 𝑅𝑒𝑗 ,                                𝐼𝑚𝐼𝑗 = 𝐼𝑚𝑗 . 

 

2.2 Configuration of the MTMDI 
 

For the purpose of predigesting the fabrication of 

MTMDI, we hypothesize that the stiffness, damping 

coefficient, and inerter mass ratio of each TMDI in the 
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MTMDI are uniform (i.e., 𝑘𝑗 = 𝑘𝑇 , 𝑐𝑗 = 𝑐𝑇 , 𝜇𝐼𝑗 = 𝜇𝐼𝑇 , 

𝑗 = 1, 2, ⋯ , 𝑛), and the natural frequencies of the 

MTMDI are linearly distributed. 

Subsequently, 𝑟𝑇  and 𝜉𝑇  are suggested to be the 

average frequency and damping ratio (i.e., 𝑟𝑇 = ∑
𝑟𝑗

𝑛

𝑛
𝑗=1  

and 𝜉𝑇 = ∑
𝜉𝑗

𝑛

𝑛
𝑗=0 ) individually. Meanwhile, the non-

dimensional parameter 𝛽 =
(𝑟𝑛−𝑟1)

𝑟𝑇
 is defined as the 

frequency spacing of the MTMDI. In the light of the above 

definitions, the natural frequency of the jth TMDI is then 

expressed as 
 

𝑟𝑗 = 𝑟𝑇 [1 + (𝑗 −
1 + 𝑛

2
)

𝛽

𝑛 − 1
] (13) 

 

According to the above hypothesis, the mass ratio, 

inerter mass ratio, and damping ratio of the jth TMDI in the 

MTMDI are, respectively, represented as 
 

𝜇𝑗 =
𝜇

𝑟𝑗
2 ∑

1

𝑟𝑗
2

𝑛
𝑗=1

 
(14) 

 

𝜇𝐼𝑗 =
𝜇𝐼

𝜇
 (15) 

 

𝜉𝑗 =
𝑟𝑗

𝑟𝑇
𝜉𝑇 (16) 

 

 

3. Optimum searching of the MTMDI 
 

For the sake of protecting the civil engineering 

structures from devastation of earthquake, the present work 

concentrates on reducing their displace responses, basically 

guaranteeing the structural integrity and safety under 

external excitations. In actual research, a dimensionless 

value of the structure, namely dynamic magnification 

factors (𝐷𝑀𝐹𝑌𝑠
) of its relative displacement, can be applied 

to measure performance of the MTMDI in the frequency 

domain. Naturally, the optimization goal is to minimize the 

maximum values of the 𝐷𝑀𝐹𝑌𝑠
 with employing the 

particle swarm optimization (PSO) to search for the 

optimum parameters (i.e., 𝑟𝑇, 𝛽, and 𝜉𝑇 listed on Table 1) 

by resorting to MATLAB software platform. 

There are two procedures (PSO1 and PSO2) in the 

optimization process. The PSO2, used to search for the 

maximum of 𝐷𝑀𝐹𝑌𝑠
 in the range from 0 to 2 of 𝜆, is 

nested in PSO1, which serves for seeking the minimal 

𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠
 and its corresponding optimum parameters. 

At same time, the important parameters (i.e., population 

size, maximum and minimum weights, acceleration 

coefficients, maximum velocity, and end conditions) in the 

above PSO algorithms are shown in Fig. 2, the 

implementation flowchart of the PSO-based searching of 

the MTMDI. 

In order to fully explore the property of the MTMDI, 
 

 

 

Fig. 2 Implementation flowchart of the PSO-based searching of the MTMDI 
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four models with various total mass ratio (𝜇) are studied, 

considering the different numbers of TMDIs (n). 

Furthermore, the value of total inerter mass ratio (𝜇𝐼) is 

varied in the range of 1-10% at intervals of 0.01 for the sake 

of a valuable insight into the sensitivity of the MTMDI to it. 

Noticeably, a careful comparison is made between the 

MTMDI with MTMD (i.e., the special case of the MTMDI 

with 𝜇𝐼 = 0). Assigned values of the above parameters are 

presented in Table 1. 
 

 

4. Performance evaluation of the MTMDI 
 

4.1 Control effectiveness 
 

The three dimensional 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠

opt
 surface is 

displayed in Fig. 3 used to estimate the effectiveness of the 

MTMDI concerning given ratio of the total inerter mass 
 

 

Table 1 Targets and ranges of explored parameters as well 

as assigned parameter values 

Average 

frequency ratio 
𝑟𝑇 (to be optimized) 0 ≤ 𝑟𝑇 ≤ 10 

Frequency 

spacing 
𝛽 (to be optimized) 0 ≤ 𝛽 ≤ 1 

Average 

damping ratio 
𝜉𝑇 (to be optimized) 0 ≤ 𝜉𝑇 ≤ 0.999 

Structural 

damping ratio 
𝜉𝑠 = 0.02  

Total number 

of MTMDI 
𝑛 = 3, 7, 11, 15, 19  

Total mass ratio 
𝜇 = 0.001,   0.005, 
         0.01,   0.05 

 

Total inerter 

mass ratio 

𝜇𝐼 = 0,   0.01,   0.02, 
          … , 0.1 

 
 

 

 

(𝜇𝐼) and number of TMDIs (𝑛) under different total mass 

ratios (𝜇). From the trend and results shown in Fig. 3, there 

are some findings and suggestions as follow. 

The 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠

𝑜𝑝𝑡
s of the MTMDI for each 𝜇 − 𝑛 

couple are always lower than that of the MTMD, and this 

decrease becomes particularly prominent when 𝜇 is 0.001. 

In this sense, the former has higher effectiveness than the 

latter, especially in the case of a smaller total mass. A 

probable explanation for this benefit is that installing the 

inerter devices equivalently puts on a virtual mass to the 

physical mass of the MTMD, and sequentially magnifies its 

inertia but without increasing physical mass. Moreover, the 

greater the total inerter mass ratio of the MTMDI, the better 

the control effectiveness. Therefore, by contrast, increasing 

the value of total inerter mass ratio can be accepted as a 

more expedient approach to enhance the effectiveness of the 

MTMDI than the addition of total mass ratio. 

However, the variation curve of enhancement tendency 

for the control effectiveness becomes flatted as enlarging 

𝜇𝐼 to more than 0.04, and increasing total inerter mass ratio 

inconspicuously improves the performance of vibration 

attenuation for the MTMDI in which case the 𝜇 equals to 

0.05. A major reason for these phenomena is that in spite of 

the inertial enlargement as increasing either 𝜇𝐼  or 𝜇, a 

biggish inertia will mitigate the oscillation of each block in 

the MTMDI, bringing out the dissipation saturation of 

energy for it. In consequence, from the economic 

perspective, the values of total mass ratio and total inerter 

mass ratio for the MTMDI are suggested to be within the 

ranges from 0.001 to 0.01 and 0.02 to 0.04, respectively, 

under which the MTMDI still keep an analogously 

preeminent control performance to one with 𝜇 = 0.05. 

Meanwhile, it is also visible from Fig. 3 that the control 

effectiveness of the either MTMD or MTMDI increases 

with the increase of n, but this sensibility of them (especial 

MTMDI) to n is quite weaker than to 𝜇𝐼 and 𝜇. And if n is 

beyond 7, the value of their 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠

opt
 is nearly 

invariable. 

 
 

 

Fig. 3 Three-dimensional 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠

opt
 surface used to estimate the effectiveness of the MTMDI concerning given ratio of 

the total inerter mass (𝜇𝐼) and number of TMDIs (𝑛) under different total mass ratios (𝜇). 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠

𝑜𝑝𝑡
: the maximal 

dynamic magnification factor of the structure under the optimum parameters (𝑓𝑇𝑜𝑝𝑡, 𝛽𝑜𝑝𝑡, and 𝜉𝑇𝑜𝑝𝑡) 
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4.2 Assessment of stroke 
 

Every single ball, on the same line in Fig. 4, represents 

𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑗
 of each TMDI in the MTMDI under the 

circumstances of the optimized parameters (𝑟𝑇𝑜𝑝𝑡, 𝜉𝑇𝑜𝑝𝑡, 

and 𝛽𝑜𝑝𝑡), utilized for the estimation of individual mass 

block’s stroke. 

It can be observed from Fig. 4, the stroke of each mass 

block in the MTMDI is remarkably smaller than that in the 

MTMD, particularly under a minor total mass ratio, and this 

preponderance is more excellent with increasing the total 

inerter mass ratio. However, as long as the total inerter mass 

ratio beyond 0.04 or the total mass ratio greater than or 

equal to 0.05, this reduction of the stroke in the MTMDI 

verges on the saturation. As obviously inferred, the stroke 

of each mass block greatly depends on its effective inertial 

mass, meaning that the larger the effective inertial mass, the 

smaller the stroke, which is why the MTMDI outperforms 

the MTMD under a same total mass ratio. The virtual mass, 

from the inerter, is proportionally far more than the physical 

mass of mass blocks under a small total mass ratio, and the 

virtue of the MTMDI is thus more obvious than the 

MTMD. And there is a sufficient effective inertial mass of 

the MTMDI under the total inerter mass ratio beyond 0.04 

or the total mass ratio greater than or equal to 0.05, 

resulting in the reduction tendency toward saturation. 

In addition, there are both similarities and differences 

between the MTMDI with MTMD from perspective of n. 

The uniformity is that the n of the either MTMDI or 

MTMD has a great effect on the stroke of each mass block. 

By increasing n, the strokes of the MTMDI and MTMD are 
 

 

enlarged and vice versa, but this variation tends to 

unnoticeable under n beyond 7. However, the disparity is 

that the strokes of the MTMD is, by and large, more 

sensitive to n than the MTMDI, in especial the total mass 

ratio is very small, that is one of weaknesses for the MTMD 

compared with the MTMDI. 
 

4.3 Optimum stiffness and damping coefficient 
 

Under the different total mass ratio (𝜇), the variation 

trends of both total and average optimal dimensionless 

stiffness ratios for the MTMDI with diverse number of 

TMDIs (𝑛), concerning ratio of the total inerter mass (𝜇𝐼), 

are given in Fig. 5, and of both total and average optimum 

dimensionless damping coefficient ratios are given in Fig. 

6. 

From Fig. 5, the results indicate the total demand for 

stiffness of the MTMDI is higher than of the MTMD under 

a same total mass ratio, and increases with the growth of 

either 𝜇 or 𝜇𝐼. It is noteworthy that these demands of the 

MTMDI and MTMD will be approximately equal if they 

have the same inertia. For instance, the values of 
∑ 𝑘𝑗

𝑘𝑠
 for 

the MTMDI under the circumstance of 𝜇 = 0.01 and 𝜇𝐼 =
0.04 , and one for the MTMD with 𝜇 = 0.05 are in 

several equal to 0.0458 and 0.0441, when n comes up to 7. 

Hence, based on the above phenomena, it can be speculated 

that the total inertia determines the total stiffness demand, 

that the bigger the former, the more the latter. As a result, a 

largish stiffness in the MTMDI gives rise to salient 

vibration mitigation of the mass blocks, in comparison with 

the MTMD under a same total mass ratio, which is the 
 

 

 

Fig. 4 Three-dimensional 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑗
 point-and-line used to estimate the stroke of mass block of each unit in the MTMDI 

concerning given ratio of the total inerter mass (𝜇𝐼) and number of TMDIs (𝑛) under different total mass ratios (𝜇) 
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reason that MTMDI has a better stroke performance. 

Additionally, it can be further observed from Fig. 5 that the 

total stiffness is insensitive to the number of TMDIs. Based 

on this insensitivity, there is a smaller demand for the 

stiffness of each TMDI in the MTMDI with a bigger 

number of TMDIs, exactly as the trend of average stiffness 

with respect to 𝑛 in Fig. 5. 

Compared with the tendency of total stiffness, the 

similarity is the total damping coefficient in Fig. 6 raises 

remarkably as the quantity of the total inerter mass 

increases, but the difference is its decline with the augment 

of n in the MTMDI. Since a biggish damping can dissipate 

more energy, the aforementioned raise indicates a better 

dissipative capacity of the MTMDI than the MTMD, and 

 

 

this capacity is enhanced with the growth of 𝜇𝐼. On account 

of the above-mentioned decrease of total damping 

coefficient with increasing n, the average damping 

coefficient of the MTMDI with n beyond 3 is strikingly 

smaller than that with n equal to 3, and the disparity 

between the MTMDI and the MTMD can be reduced by 

increasing n. In practice, the dashpot with a big damping 

coefficient is hard to implement, therefore, augmenting the 

number of TMDIs is a feasible way to gain a moderate 

damping for implementation. 
 

4.4 Inerter element force 
 

The graphs of the variation trends of 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝐹𝐼𝑗
 

 

Fig. 5 Variation trends of both total and average optimal dimensionless stiffness ratios for the MTMDI with reference to 

ratio of the total inerter mass (𝜇𝐼) and number of TMDIs (𝑛) under the under different total mass ratios (𝜇) 
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with regard to total inerter mass ratio and number of TMDIs 

are shown in Fig. 7 to measure magnitude of the inerter 

element force in individual TMDI for the MTMDI. It can be 

observed that the inerter element force increases with the 

growth of the total inerter mass ratio, inversely decreases in 

the wake of augmenting the total mass ratio. Additionally, 

when the total inerter mass ratio outnumbers 0.04, this force 

gradually levels off. These phenomena indirectly reflect the 

service efficiency of the inerter element is higher when a 

small mass ratio than when a big one, and it is more 

economical for the total inerter mass ratio set to less than or 

equal to 0.04. Further discovering, on condition of adding 

the number of TMDIs, those variation phenomena tend to 

be not remarkable, excepting the diminution of individual 

inerter element force. Hence, an appropriate number of 
 

 

TMDIs not merely reduces the requirement of output force 

of the inerter element, but weaken its sensibility to the total 

mass ratio and total inerter mass ratio. 

 

4.5 Robustness study 
 

In engineering practice, the frequency characters of 

excitation and structure often influence the control 

performance of MTMD and MTMDI. Earthquake excitation 

contains luxuriant frequency components and thus amplifies 

the structural dynamic responses with its predominant 

frequency drawing near the natural frequency of the 

structure. Especially, there will be a sympathetic vibration 

to the structure when these two kinds of frequencies are 

equivalent. Employing the MTMDI, the suppression band- 
 

 

 

 

Fig. 6 Variation trends of both total and average optimal damping coefficient ratio for the MTMDI with reference to ratio 

of the total inerter mass (𝜇𝐼) and number of TMDIs (𝑛) under the under different total mass ratios (𝜇) 
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width (SB), the frequency range in which the structure 

controlled by the device outperforms an uncontrolled one 

(Garrido et al. 2013), is wider, thus meaning the device 

better faces to frequency change of the earthquake 

excitations. The 𝐷𝑀𝐹𝑌𝑠
s of the structure without and with 

 

 

 

 

the MTMDI and MTMD in frequency ratio range of 0.6-1.4 

is shown in Fig. 8. Under the same 𝜇 = 0.01 and 𝑛 = 7, 

the SB of the MTMDI with 𝜇𝐼 = 0.04 is markedly wider 

(about 90% wider) than that of the MTMD, which verifies 

that the MTMDI can effectively suppress the structural 
 

 

 

 

Fig. 7 Variation trends of the maximum 𝐷𝑀𝐹𝐹𝐼𝑗
 of inerter element force in individual TMDI of the MTMDI with reference 

to ratio of the total inerter mass (𝜇𝐼) and number of units (𝑛) under the under different total mass ratios (𝜇) 

 

Fig. 8 Frequency response of the structure without and with the MTMDI and MTMD, 𝐷𝑀𝐹𝑌𝑠
: dynamic magnification 

factor of the structure 
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Table 2 Suppression bandwidth (SB) of the MTMD and 

MTMDI under the circumstances of different total 

mass ratios, numbers of TMDIs, and total inerter 

mass ratios, respectively 

  𝜇 𝑛 𝜇𝐼 𝑆𝐵 

MTMD  0.01 7  0.122 

MTMDI 

with the change 

of total mass 

ratio 

0.001 

7 0.04 

0.215 

0.005 0.222 

0.01 0.233 

0.05 0.293 

with the change 

of number of 

TMDIs 

0.01 

3 

0.04 

0.227 

7 0.233 

11 0.237 

15 0.239 

19 0.239 

with the change 

of total inerter 

mass ratio 

0.01 7 

0.01 0.158 

0.04 0.233 

0.07 0.284 

0.10 0.324 
 

 

 

response in a wider frequency range around resonance. And 

combined with Table 2, it can be visible that the 

enlargement of either total mass ratio or total inerter mass 

ratio greatly magnifies the SB for the MTMDI. In contrast, 

for five numbers of TMDIs, the values of SB are 

approximate, exce for flatter frequency-response curve with 

the increase of 𝑛. 

With the exception of frequency perturbation on 

earthquake excitations, the perturbation of the structural 

frequency (Lin et al. 2017), due to errors identifying modal 

frequencies of the structure as well as nonlinear evolution 

of structures, also should be taken into account during the 

robustness study. In this work, 𝜅 (𝜅 =
𝜔𝑠

’

𝜔𝑠
, 𝜔𝑠

’  is the 

 

 

perturbed frequency) is defined as the frequency ratio and 

changed from 0.9 to 1.10 as well as incremental interval, 

0.05. The transformation tendency of peak for 𝐷𝑀𝐹𝑌𝑠
 in 

Fig. 8 indicates that even the frequency of the structure 

varied around ±10% to the objective value, the MTMDI 

still can reduce the structural response to a greater extent 

than the MTMD. Additionally, the increase of either total 

mass ratio or total inerter mass ratio desensitize the 

𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠
 to the frequency perturbation of the structure. 

It is interesting that the larger the number of TMDIs, the 

rapider the rate at which 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠
 with the frequency 

perturbation ratio. 

From the above, in comparison with MTMD, the 

robustness of the MTMDI is better by one tally, particularly 

enhancing it by increasing total inerter mass without the 

addition of physical mass for MTMDI. It is worth to be 

noted that the number of TMDIs for the MTMDI should not 

be too large from the robustness perspective, and is 

suggested as 7. 

Beyond the above, Table 3 renders further comparison 

of total optimal dimensionless stiffness ratio and damping 

coefficient ratio, 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠

𝑜𝑝𝑡
, 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑗

, and 

𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝐼𝑗  of both the TMDI and MTMDI under unified 

total mass ratio (𝜇 = 0.001). It is a pleasure to discover that 

at an identical total mass ratio and total inerter mass ratio, 

not only can the MTMDI have a better control 

effectiveness, but also need a notably lesser total stiffness 

and damping coefficient than a single TMDI. According to 

tabular data, the former can be one tenth of the latter under 

the number of TMDIs for the MTMDI as 7. In spite of the 

increase of stroke, each TMDI for the MTMDI has a 

smaller inerter element force than for a single TMDI. 

Generally MTMDI have obvious advantages. 
 

 

5. Conclusions 
 

In this paper, a novel MTMDI system, involving 

 

Fig. 8 Continued 
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multiple units of TMDIs, has been recommended to 

mitigate the oscillatory motion of structures excited by the 

ground acceleration. Based on the particle swarm 

optimization algorithm to tune the optimum parameters of 

the MTMDI, the its performance has been investigated and 

evaluated in terms of control effectiveness, strokes, stiffness 

and damping coefficient, inerter element force, and 

robustness in frequency domain. Meanwhile, comparison 

between the MTMDI with MTMD has been conducted. The 

principal results and conclusions of this study can be drawn 

as: 
 

(1) Benefitting from the inerter devices, the MTMDI is 

more effective than the MTMD and a single TMDI 

in attenuating the oscillation of structures. 

(2) At equal total mass ratio, the stroke of each mass 

block for the MTMDI is remarkably smaller than 

that of the MTMD, depending on the virtual inertia 

from the inerter devices. 

(3) In the context of a very small total mass ratio, the 

MTMDI still keeps a prominent advantage in the 

either control effectiveness or strokes, compared 

with the MTMD with a large mass ratio. 

(4) In the aspects of frequency perturbations on both 

earthquake excitations and structures, the robustness 

of the MTMDI is also better than the MTMD. 

 

 

(5) The number of TMDIs for the MTMDI is suggested 

to be 7 for the sake of reducing the requirements of 

stiffness, damping coefficient, and output inerter 

force for each TMDI for implementation, and 

meanwhile gaining a good robustness, while under 

which the MTMDI still keep a good performance of 

the control effectiveness and strokes. 

(6) Based on the consideration of overall performance, 

practicability, and economy, the values of total mass 

ratio and total inerter mass ratio for the MTMDI are 

thus suggested to be within the ranges from 0.001 to 

0.01 and 0.02 to 0.04, respectively. 
 

Above all conclusions, it can be inferred that the 

MTMDI is a high performance vibration control device and 

has a good application prospect. 

In closing, we present a little more detail on practical 

applications of the MTMDI for civil buildings. The 

proposed MTMDI can be applied to mitigate the vibration 

of MDOF structures under the ground acceleration. In these 

cases, each TMD in the MTMDI need to be placed 

simultaneously at the top floor of the structure, which is the 

location corresponding to maximum lateral displacement of 

an MDOF structure in general, and linked to one storey 

below the top floor of the structure or span more than one 

storey down by the respective inerter. Likewise, it can be 

Table 3 Further comparison of total optimal dimensionless stiffness ratio and damping coefficient 

ratio, 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠

𝑜𝑝𝑡
, 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑗

, and 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝐼𝑗
 of both the TMDI and MTMDI 

under unified total mass ratio (𝜇 = 0.001) 

 𝜇𝐼 𝑛 ∑
𝑘𝑖

𝑘𝑠
 ∑

𝑐𝑖

𝑐𝑠
 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑠

𝑜𝑝𝑡
 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝑌𝑗

 𝑚𝑎𝑥. 𝐷 𝑀𝐹𝐹𝐼𝑗
 

TMDI 
0.01 

1 
0.0107 0.0363 9.1790 65.4184 0.6120 

0.05 0.0455 0.3332 5.230 19.270 0.7991 

MTMDI 

0.01 

3 0.0036 0.0063 8.1796 

118.7924 0.3828 

113.9634 0.3698 

108.8744 0.3550 

7 0.0015 0.0018 7.8715 

183.1715 0.2549 

174.5278 0.2438 

174.4502 0.2439 

173.1286 0.2419 

167.7136 0.2341 

160.6597 0.2244 

159.2843 0.2231 

0.05 

3 0.0156 0.0578 4.6005 

34.1518 0.5056 

31.2363 0.4715 

29.1297 0.4451 

7 0.0067 0.0165 4.3833 

52.1633 0.3402 

47.9458 0.3156 

47.0334 0.3106 

45.9870 0.3034 

43.8696 0.2888 

41.3688 0.2727 

40.2236 0.2664 
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anticipated that the more story the inerter spans down, the 

higher effectiveness the MTMDI achieves at reducing the 

structural vibration due to a larger acceleration increment. 

Moreover, in the seismic-isolated buildings, connecting the 

MTMDI to the isolation layer can bring out a prominent 

decrease of isolation layer lateral displacement without 

affecting its benefits to reduce seismic deformations of 

superstructure and bearings stability. 
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