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1. Introduction 

 

Rotor systems play a fundamental role in many 

industrial applications since they are part of important 

mechanical components such as turbines, compressors, 

pumps and others. Specifically, one of the main elements of 

a rotor system is the rotating shaft. These parts can present 

multiple faults, such as misalignment, unbalance or 

transverse cracks. Fatigue cracks grow due to the action of 

bending and torsion cyclic stresses, which can originate a 

catastrophic failure that leads to personal injuries or high 

economic losses. So, it is needed to establish adequate 

maintenance plans in order to detect and identify the defect 

before it provokes an irreversible failure. The presence of 

defects in any mechanical component produces changes in 

its behavior, it causes a decrease of the stiffness that 

originates an increase of the displacements, a decrease of 

the natural frequencies and modifications in the mode 

shapes. These changes can be used to detect and identify 

damages in the mechanical element by means of the inverse 

problem resolution, for example Civera et al. (2017), Liang 

et al. (2019) and Xu et al. (2019). In the case of cracked 

shafts belonging to rotor systems (Dong et al. 2004, Sekhar 

2004, Babu et al. 2008, Zhang et al. 2013, Mohammed et 

al. 2014, Guo et al. 2017). 

First of all, previous to the inverse problem, it is 
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necessary to establish the direct problem. That is to say, to 

determine the dynamic behavior of the cracked rotor system 

in function of the crack parameters. In the literature one can 

find different models that are used to analyze the rotor 

systems. However, the most used one is a simplified model 

called “Jeffcott rotor model”, that allows to know the 

dynamic behavior of unbalanced rotors (Dimarogonas 1992, 

Nelson 1998, Genta 2005). In the case of cracked rotors, to 

model the crack it is also necessary to take into account its 

state during the shaft rotation. In this sense, some authors 

use the simplest model that considers that the crack remains 

always open (Papadopoulos and Dimarogonas 1987, 

Papadopoulos 2008), other ones propose a model which 

supposes that, during the rotation, the crack is completely 

open or completely closed, switching crack model, (Muller 

et al. 1994, Pu et al. 2002, Qin et al. 2003, Gasch 2008) 

and, finally, the most complicated and realistic crack model 

is called “breathing crack model” and it considers that the 

crack opens and closes gradually during the shaft rotation, 

as a result of it, the behavior of the shaft becomes nonlinear 

(Jun et al. 1992, Darpe et al. 2004, Papadopoulos 2004, 

Patel and Darpe 2008, Rubio and Fernández-Sáez 2012). 

When a shaft is rotating the geometric center of each 

section describes a path called orbit. That is the representa-

tion of two perpendicular transversal displace-ments of that 

point along the time. The shape and size of the orbits can 

give very good information about the existence and severity 

of the defect (Chan and Lai 1995, Sinou and Lees 2005, Al-

Shudeifat and Butcher 2011, El Arem and Zid 2017, Guo et 

al. 2017). It is well known that orbits of ideal rotors, 

without any damage, are circular, while elliptical shapes 

correspond to unbalanced rotors. On the other hand, in the 

case of both cracked and unbalanced shafts, orbits remain 

elliptical out of critical or subcritical speeds, but if the rotor 

passes through one of them the orbit shape changes. In the 
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vicinity of rotation subcritical speeds such as 
1

2
𝜔𝑐, 

1

3
𝜔𝑐 or 

1

4
𝜔𝑐 , where 𝜔𝑐  is the system critical speed, resonances 

appear and the orbits present a series a loops according the 

speed rotation. In general, it can be said that if the rotation 

speed is closed to 
1

𝑛
𝜔𝑐 the number of internal loops in the 

orbit is n-1. Thus, the presence of loops in a shaft orbit can 

be an indicator of the existence of a crack (Guo et al. 2017, 

El Arem and Zid 2017, Al-Shudeifat and Butcher 2011). 

In the same way, the frequency spectrum obtained from 

the orbit displacements signal can lead, when the inverse 

problem is approached, to effective diagnosis of rotating 

system since its appearance depends on the type of damage. 

In the case of a cracked unbalanced rotor, the frequency 

spectrum presents, at any speed, two peaks. The first one 

appears at the speed rotation (called superharmonic 1𝑋) 

and it is due to the unbalance, and the second one can be 

found at twice the rotation speed (called superharmonic 

2𝑋) and it is because of the crack (Darpe et al. 2004, Sinou 

2008, Varney and Green 2013, El Arem and Zid 2017, 

Ansari et al. 2017). Besides, if the rotation of speed is close 

to a subcritical speed 
1

𝑛
𝜔𝑐, as explained before, resonances 

appear and the frequency spectrum presents an additional 

peak that is located at n times the rotation speed (called 

superharmonic 𝑛𝑋). Finally, it is necessary to take into 

account, according to Sinou (2008), the importance of the 

crack-unbalance interaction since it can modify both 1𝑋 

vibration amplitude and 𝑛𝑋 subcritical resonant peaks. 

Once the direct problem is known, the inverse problem 

must be approached. The simplest issue consists only in 

detecting if there is or not a defect, but the most complex 

one, usually called identification, it is related to determine 

the location or /and the characteristics of the crack. Various 

techniques have been proposed to detect faults in rotors, as 

you can find in the reviews (Sabnavis et el. 2004, Kumar 

and Rastogi 2009, Walker et al. 2013, Mogal and Lalwani 

2014, Chandra and Sekhar 2016). One of the most used 

technique to achieve this purpose is to analyze the vibratory 

behavior of the rotor system. Some authors study the 

variation of the first rotor critical speed as a function of the 

crack depth at various rotation speeds (Chan and Lai 1995, 

Sinou and Lees 2005, 2007, Xiang et al. 2008, Al-Shudeifat 

and Butcher 2011, Ansari et al. 2017), the first critical speed 

decreases because of the stiffness decrease originated by the 

crack, besides the critical speed values decrease when the 

size crack increases. It can also be found works about the 

relationship between the crack depth and the frequency 

spectrum of the rotor, the peaks amplitude that appear at the 

vicinity of critical speeds increase when the damage depth 

grows and the closer the rotation speed is to the 

subharmonics the greater the amplitude is (Darpe et al. 

2004, Sekhar 2004, Sinou 2008, Gasch 2008, Al-Shudeifat 

and Butcher 2010, Guo et al. 2013, 2017, Varney and Green 

2013, Cavalini et al. 2016). Regarding the unbalance effects 

on the vibratory behavior, depending on the relative angle 

between the unbalance force and the perpendicular direction 

to the crack front, it can modify the vibrational response 

 

 

and mask the crack due to 1X component amplitude can 

increase or decrease and the other nX amplitudes can also 

change, besides it must take into account that in most cases 

this angle is unknown (Gómez-Mancilla et al. 2004, Darpe 

et al. 2004, Sinou 2008, Spagnol et al. 2018). 

Furthermore, in order to establish maintenance plans, it 

is necessary to identify and not only detect the rotor faults. 

To achieve this target, some authors approach the inverse 

problem by means of different techniques, Sekhar (2004) 

obtains the crack parameters by using the Least Square 

fitting considering that the crack effects are produced by 

external virtual forces, Söffker et al. (2016) take into 

account virtual forces too, nevertheless Proportional 

Integral Observer (PIO) technique is used to detect the 

damage. On the other hand, correlation filtering and 

Laplace wavelet is used by Dong et al. (2009) to estimate 

the modal parameters, Sampaio and Nicoletti (2016) detect 

the crack by the Approximated Entropy Algorithm from the 

rotor vertical displacement and Xiang et al. (2008) apply 

the Genetic Algorithms technique to the data obtained from 

the system vibratory behavior. Lastly, there are various 

publications that use the Artificial Neural Networks (ANN) 

to determine some parameters related to the crack properties 

from the rotor full spectrum data (Adewusi and Al-Bedoor 

2002, Abarici and Bilgin 2009). 

ANN have widely been used in mechanical engineering 

because they are a very useful technique for a wide range of 

applications, such as classification, pattern recognition, 

optimization or prediction, even in the case of complex 

nonlinear problems (Liu et al. 2002, Muñoz-Abella et al. 

2015, Hakim and Abdul Razak 2014, Civera et al. 2017, 

Park et al. 2018, Rubio et al. 2018, Kumar et al. 2018). 

Regarding the problem of damage identification and 

detection in rotors it can be found diverse works that apply 

ANN to face this question, among others, Wang and Chen 

(2009) and Abarici and Bilgin (2009) discriminate fault 

types for rotor systems by ANN, Adewusi and Al-Bedoor 

(2002) propose a novel method for machine health 

monitoring that uses ANN to detect both the propagating 

and no propagating cracks, Mohammed et al. (2014) apply 

3 independent Neural Networks to identify patterns 

corresponding to different cracked shaft states, Kekan and 

Kumar (2019) identify a crack in a rotating shaft by means 

of Neural Networks and natural frequencies and Zapico-

Valle et al. (2014) estimate both position and depth for a 

notch in a rotor. 

In this paper, a new method for diagnosis of cracked and 

unbalanced rotor systems, that considers the breathing 

mechanism during the cracked shaft rotation, is presented. 

The proposed methodology, that is generalizable for any 

rotating machine, consists in approaching the inverse 

problem by means of a system formed by 2 Artificial Neural 

Networks, taking as input data the frequency spectrum of 

the cracked rotor and obtaining as output 2 unknown 

parameters, the crack size and the eccentricity angle. The 

methodology could contribute to establish adequate 

maintenance plans. 
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Fig. 1 Scheme of the cracked Jeffcott rotor model 
 

 

 

Fig. 2 Cracked section with both fixed and rotary 

coordinate systems 

 

 

2. Direct problem. Jeffcott rotor model 
 

The direct problem is the necessary first step to obtain 

the data to train the ANN. In this case, the rotor dynamic 

response will be obtained, specifically its frequency 

spectrum, in function of the crack depth and the eccentricity 

angle. The behavior of the rotor has been analyzed by 

means of a classical Jeffcott rotor model with a transverse 

crack. It consists of a massless shaft, of diameter D and 

lenght L, mounted on rigid supports with a disc of mass m 

at its mid-span (see Fig. 1). 

The transverse crack, with straight front and depth a, is 

placed at the mid-span of the rotor. Besides, the rotor has an 

unbalance eccentricity ε, oriented an angle β measured with 

respect to the perpendicular direction to the crack front, as it 

can be seen in Fig. 2. 

The equations of the motion for the geometric center of 

the cracked rotor in a fixed coordinate system (X, Y, Z) 

(Fig. 1) can be written 

 

 

 

Table 1 Constant parameters of the chosen cracked rotor 

L (m) D (m) E (GPa) e m (kg) x 

0.9 0.02 72 2.084 5.2 0.001 
 

 

 
𝑚𝑌′′ + 𝑐𝑌′ + 𝑘𝑦𝑦𝑍 + 𝑘𝑦𝑧𝑍 = 𝑚휀Ω2 cos(Ω𝑡 + 𝛽) + 𝑚𝑔 

𝑚𝑍′′ + 𝑐𝑍′ + 𝑘𝑦𝑧𝑌 + +𝑘𝑧𝑧𝑍 = 𝑚휀Ω2 sin(Ω𝑡 + 𝛽) 
(1) 

 

where (*)’ indicates time derivatives and Ω is the constant 

rotating speed of the shaft, c is the damping coefficient, 

meanwhile kyy, kzz and kyz represent the stiffness 

coefficients. 

According to the procedure presented by Rubio and 

Fernández Sáez (2012), Eq. (1) is integrated considering the 

stiffness coefficients in the rotational frame x-η. The motion 

equation, Eq. (1), can be written in non-dimensional form 

according to 
 

�̈� + 2𝜉
1

𝑝
�̇� + (

1

𝑝
)
2

𝑘𝑦𝑦̅̅ ̅̅ ̅�̅� + (
1

𝑝
)
2

𝑘𝑦𝑧̅̅ ̅̅ �̅� 

= 𝑒 cos(𝜏 + 𝛽) + (
1

𝑝
)
2
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1

𝑝
)
2

𝑘𝑦𝑧̅̅ ̅̅ �̅� + (
1

𝑝
)
2

𝑘𝑧𝑧̅̅ ̅̅ �̅� = 𝑒sin(𝜏 + 𝛽) 

(2) 

 

where (∗̇)  indicates derivative with respect to 

dimensionless time, τ. Employing the following 

dimensionless parameters 
 

�̅� =
𝑌

𝛿𝑠𝑡
;  �̅� =

𝑍

𝛿𝑠𝑡
; 𝜏 = Ω𝑡; 𝜉 =

𝑐

2√𝑘𝑜𝑚
; 

𝑒 =
휀

𝛿𝑠𝑡
; 𝑘𝑦𝑦̅̅ ̅̅ ̅ =

𝑘𝑦𝑦
𝑘𝑜

; 𝑘𝑦𝑧̅̅ ̅̅ =
𝑘𝑦𝑧
𝑘𝑜

; 𝑘𝑧𝑧̅̅ ̅̅ =
𝑘𝑧𝑧
𝑘𝑜

 

 

Being t the time, δst the rotor static displacement due to 

the weight of the mass, ko the stiffness of the uncracked 

rotor. Besides, p, the non-dimensional speed rotation, and α, 

the non-dimensional crack depth, are defined, respectively, 

s p = Ω/o and α = a/D. Where o is the natural frequency 

of the healthy system. 

Some of the previous variables have been remained 

constant through the present study. They are shown in Table 

1. 

The calculation of 𝑌 and 𝑍 over the time has been 

done according to the procedure developed by Rubio and 
 

 
 

   

(a) 𝑌over the time (b) 𝑍over the time (c) Orbit of the geometric center of the rotor 

Fig. 3 Example of the results from the Jeffcott rotor model (α = 0.48 and p = 0.49) 
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Fernández Sáez (2012), which takes into account the crack 

breathing mechanism. Fig. 3 shows an example of the 

results that can be obtained from the Eq. (2). Figs. 3(a)-(b) 

show, respectively, the non-dimensional variables 𝑌 and 𝑍 

in function of the time, as an example for the case of α = 

0.48 and p = 0.49. In addition, in Fig. 3(c) it can be seen the 

described path by the geometric center of the cracked rotor, 

that it to say, its orbit. 

From the original data 𝑌 and 𝑍 one can obtain the 

frequency spectrum by application of the Fast Fourier 

Transform (FFT). In Fig. 4 the spectrum from the Figs. 3(a) 

and (b) data, are shown. 

The abscissa axis in Fig. 4 shows the non-dimensional 

speed 𝑟𝑐 =
𝜔𝑐

Ω
, being 𝜔𝑐  the natural frequency of the 

cracked system. 

The rotor used in this work presents two characteristics 

that always affect the number and amplitude of the 

frequency spectrum peaks, regardless of its speed. The first 

of them is the unbalanced mass that originates one peak at 

the rotating speed rc = 1 in Fig. 4. The second one is the 

crack, which produces two peaks, one at the rotating speed 

and another at twice that speed, rc = 1 and rc = 2, 

respectively, in Fig. 4. In the next section, these two peaks 

corresponding to 𝑍, Fig. 4(b), have been chosen to perform 

the inverse problem through Artificial Neural Networks. 

They are called P1 and P2, respectively, (see Fig. 4(b)). 

In order to get the required data for the ANN training in 

the inverse problem, different cases of crack depth, 

eccentricity angle and rotation speed have been considered, 

according to the following: 
 

● Eight relative depths, varying from α = 0.1 until α = 

0.45 in increments of 0.05. 

● Fifty dimensionless rotation speeds, from p = 0.01 

until p = 0.5 in increments of 0.01. 

● Thirty-seven eccentricity angles, from β=0° until β = 

180° in increments of 5°. 

 

 

3. Inverse problem. Artificial Neural Network 
approach 
 

An Artificial Neural Network is a flexible and robust 

mathematical tool that allows, among many other purposes, 

to establish nonlinear regression models, as in the case of 

 

 

 

Fig. 5 Calculation scheme of a single neuron 
 

 

a cracked rotor dynamics with breathing mechanism. An 

ANN is made up of a large number of basic processing 

units called neurons, that mimic the biological neurons and, 

like them, they are interconnected. Individually, a single 

neuron can accept several inputs (Ii) from other neurons or 

external sources, it performs modifications on the inputs 

and then passes the transformed information to other 

neurons or to the final output (O). Fig. 5 shows the 

calculation scheme into a single neuron. As can be seen, the 

neuron adds every input (Ii) weighted by the value (wi) plus 

a threshold parameter called bias (b) and, finally, the sum 

goes through an activation function (f) which limits the 

value of the neuron output (O). 

From among all the types of ANNs that exist, in this 

work the multilayer perceptron (MLP) feed forward neural 

network, trained with a back-propagation learning 

algorithm, has been used. Here the neurons are grouped into 

3 types of layers according to their positions, they are called 

input, hidden and output layers. The first one is composed 

of neurons connected with external data, the second ones 

process and propagate the information from the input to the 

output layers and, finally, the output layer offers the wanted 

results. 

Regarding the learning algorithm, it is a supervised 

training that consists in processing the inputs and 

comparing the obtained outputs against the desired outputs, 

so both the inputs and the outputs have to be previously 

provided, from the results calculated by the direct problem. 

Then the differences are propagated back through the net 

and the system adjusts iteratively the weights until the error 

is below than a predetermined value. After every iteration, 

other different sets of inputs and outputs values are used in 

the ANN validation. Finally, to confirm the predictive 

capability of the net, new couples of inputs and outputs data  

  

(a) 𝑌frequency spectrum (FFT) (b) 𝑍frequency spectrum (FFT) 

Fig. 4 Example of the FFT results from the Jeffcott rotor model, α = 0.48 and p = 0.49 
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Fig. 6 Scheme of the proposed algorithm based on ANN 

 

 

are used in the testing process. 

In this work a methodology, based on the previous 

explained type of ANN, for identifying a crack in a rotor is 

presented. It consists in unbalancing the system in a 

controlled way, namely, a known eccentric mass is placed at 

an established distance from the center of the disc ε, 

according to Fig. 2. Then, the system is rotated under 

normal working conditions. Given a rotation speed, through 

a Neural Network approach it is possible to find a 

relationship between the FFT, obtained from the 

displacements of the center of the rotor, and the unknown 

searched crack properties (depth and orientation). 

The developed method in this work consists of 2 MLP 

Neural Networks. One of them (ANNα) allows to obtain the 

dimensionless crack size α and the second one (ANNβ) 

estimates the eccentricity angle β. In Fig. 6 the scheme of 

the proposed method is shown, where the ANN inputs and 

outputs can be found. 

As it is shown in Fig. 6 the ANNα inputs are the values 

of the peaks, P1 and P2, and the dimensionless rotation 

speed p, obtained from the Jeffcott rotor model, and the 

output is the crack depth ratio α. On the other hand, the 

value of α calculated by ANNα is used as one of the ANNβ 

inputs, in addition to P1, P2 and p, while its output is the 

eccentricity angle β. Both networks are of type feed-

forward Levenberg-Marquardt backpropagation and they 

have been implemented in MATLAB (Matlab 2002). 

In order to achieve an adequate ANN training (better 

performance and faster convergence), it is usually necessary 

to transform the input data using an appropriate 

transformation method (Shanker et al. 1996). In this work, 

the values of the input variables are between 0 and 1, so the 

eccentricity angle β has been processing by 

 

𝛽′ =
𝛽 − 𝛽𝑚𝑖𝑛

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
=

𝛽

180°
 (3) 

 

where β’ is the transformed eccentricity angle, and βmax and 

βmin are the maximum and minimum β values, respectively. 

The available calculated data from the rotor analytical 

model have randomly been divided into 2 sets, one of them 

is composed of values used for the ANN training and the 

second one contains the data for the nets validation. Both, 

for ANNα and for ANNβ, there are 13650 and 3000 data for 

training and validation, respectively. Regarding the 

activation functions (f), in all layers, log-sigmoidal function 

Table 2 Study of the ANNα architecture 

 Training Validation 

ANN architecture R2 MSE R2 MSE 

[3 3 1] 0.9583 1.410-3 0.9582 1.510-3 

[3 5 1] 0.9653 1.210-3 0.9588 1.310-3 

[3 10 1] 0.9944 18.610-3 0.9943 23.610-3 

[3 15 1] 0.9957 15.310-3 0.9942 19.210-3 

[3 3 3 1] 0.9621 1.210-3 0.9611 1.310-3 

[3 5 3 1] 0.9924 2.510-4 0.9921 2.910-4 

[3 5 5 1] 0.9938 2.2610-4 0.9901 3.910-4 

[3 7 5 1] 0.9966 1.2210-4 0.9958 1.810-4 

[3 7 7 1] 0.9975 8.710-5 0.9965 1.6310-4 

[3 10 5 1] 0.9966 1.3910-4 0.9947 2.0410-4 

[3 10 7 1] 0.9967 1.2910-4 0.9952 2.1810-4 

[3 10 10 1] 0.9983 610-5 0.9977 1.2710-4 
 

 

 

has been chosen since it is suggested to use non-linear 

activation functions in the case on non-linear data 

relationships (Haykin 1998). 

To choose the adequate number of layers and neurons 

for both nets, a study with different ANN architectures has 

been made. The variables used to check the accuracy of the 

neural networks estimations are R2 and MSE, both during 

the training and validation steps. Being MSE the minimum 

mean squared error, according to Eq. (4). 

 

𝑀𝑆𝐸 = 𝐴𝑣𝑒𝑟𝑎𝑔𝑒[(𝑋𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 − 𝑋𝑎𝑐𝑡𝑢𝑎𝑙)
2] 

BeingX = α,β 
(4) 

 

In the Table 2 one can see the obtained results for 

ANNα. In the first column, the ANN structure is 

represented. Each figure represents a layer, and its value is 

the number of neurons for that layer. 

 

 

Table 3 Study of the ANNβ architecture 

 Training Validation 

ANN architecture R2 MSE R2 MSE 

[4 5 1] 0.8912 1.810-2 0.8892 1.9310-2 

[4 7 1] 0.9141 1.4610-2 0.9116 1.5310-2 

[4 10 1] 0.9592 7.210-3 0.9557 7.810-3 

[4 15 1] 0.9754 4.310-3 0.9759 4.710-3 

[4 3 3 1] 0.9371 1.1110-2 0.9311 1.1510-2 

[4 5 3 1] 0.9474 9.210-3 0.9433 110-2 

[4 5 5 1] 0.9804 3.510-3 0.9787 3.610-3 

[4 7 5 1] 0.9834 310-3 0.9819 3.210-3 

[4 7 7 1] 0.9907 1.610-3 0.9903 2.110-3 

[4 10 10 1] 0.9926 1.410-3 0.9897 2.410-3 

[4 5 5 5 1] 0.9919 1.410-3 0.9913 1.610-3 

[4 7 7 5 1] 0.9935 1.210-3 0.9915 1.510-3 

[4 7 7 7 1] 0.9959 810-4 0.9943 1.810-3 

[4 10 10 5 1] 0.9924 610-4 0.9898 910-4 
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According to Table 2 results, there are several nets that 

offer very good estimation values, since R2 values are close 

to 1 and MSE results around 110-4. Finally, it has been 

chosen the [3 7 7 1] architecture. It offers very good results, 

especially R2 for the training step, with only 2 hidden layers 

and 7 neurons per layer. 

In the same way, Table 3 shows the results of the 

analysis with different ANN architectures in the case of 

ANNβ. 

Table 3 results show that in the case of ANNβ it is 

necessary more complex architectures than in the case of 

ANNα, it can be because of there are 4 inputs instead of 3 

and, besides, the relationship among inputs and output is 

more complex and highly non-linear. Finally, it has been 

chosen the [4 7 7 7 1] architecture that offers good results 

with the smallest possible number of neurons. 
 

 

4. Verification of the proposed methodology 
 
4.1 Comparison of real and predicted values 
 

In order to verify the proposed method it is necessary to 

compare the estimated values by the ANN algorithm with 

the data obtained from the Jeffcott rotor analytical model. 

Two analysis have been done, first comparing ANN results 

with data used during the net training and, second, with data 

obtained from the analytical model that have not been used 

in the ANN design. 

In addition, the final aim of the methodology it to apply 

it to real machines, so, to check the estimations goodness of 

the proposed method with actual data, random noise has 

been generated to mimic the real rotor systems and it has 

been added to the model numerical responses (specifically 

in p, P1 and P2 inputs) with 1%, 2% and 5% of its values as 
 

 

random noise. 
 

4.1.1 Comparison with data used during the ANN 
training 

Figs. 7-8 show the residuals of α, calculated as the 

difference between the analytical results from the Jeffcott 

rotor model (real) and the estimated data by the ANN, with 

respect to real α, for 7 different increasing β values (0°, 30°, 

60°, 90°, 120°, 150° and 180°). 

Two different situations have been considered. First, in 

Fig. 7 are shown the residuals corresponding to 3 rotation 

speeds, p = 0.1, p = 0.29 and p = 0.41, that have been 

chosen as an example of speeds which are not close to a 

rotor subcritical speed. Second, results corresponding to the 

vecinity of the critical speed submultiples, p = 0.25, p = 

0.33 and p = 0.5, are shown in Fig. 8. The second cases can 

be considered critical situations since if the rotation speed is 

close to a subcritical speed. Then, the system can get a 

resonance frequency and becomes unstable. 

It is necessary to say that in Figs. 7-10, axes limits have 

been chosen, depending on the case, in order to achieve the 

best view of the represented residuals. 

Regarding crack size estimation, when the rotation 

speed is away from resonance speeds, see Fig. 7, the largest 

absolute discrepancies are always less than 0.015, 

independently from the value of the eccentricity angle 

orientation. However, if the rotation speed is equal or close 

to a subcritical speed, according to Fig. 8, the crack depth 

estimation is not so good when the speed is close to 
1

2
𝜔𝑐 

(p = 0.5), in the worst case the α residual is around 0.15. 

However, for 
1

3
𝜔𝑐  (p = 0.33) the difference can be 

considered acceptable, less than 0.02, and for 
1

4
𝜔𝑐 (p = 

0.25) the results are similar to the differences calculated in 

the case of being way from the resonances. 

 
 

  

(a) p = 0.1 (b) p = 0.29 
 

 

(c) p = 0.41 

Fig. 7 Residuals of α for several β values. Rotation speeds are away from resonance speeds 
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In the same way, in order to study the β parameter 

effect, Figs. 9-10 show the residuals of β, calculated as the 

difference between the analytical results (real) and the 

estimated data by the ANN, with respect to the β real 

values, for 4 different increasing αvalues (0.15, 0.25, 0.35 

and 0.45). Fig. 9 shows the β residuals for p = 0.1, p = 0.29 

and p = 0.41, rotation speeds away from resonances, and 

Fig. 10 shows the β residuals for p = 0.25, p = 0.33 and p = 

0.5, corresponding to critical speed submultiples. 

 

 

 

 

In relation to β estimation, Figs. 9-10 show that the 

results obtained are also better for rotation speeds that are 

farther from the resonances, specially p = 0.33 and p = 0.5. 

For any speed away from the critical ones, the absolute 

discrepancies are between 1° and 10°, except if the 

eccentricity angle is close to the extreme values 0° or 180°. 

In these cases, they can reach until 25°. Among the 

analysed speeds, the best results are obtained for medium 

and low speeds. 

  

(a) p = 0.25 (b) p = 0.33 
 

 

(c) p = 0.5 

Fig. 8 Residuals of α for several β values. Rotation speeds are close to resonance speeds 

  

(a) p = 0.1 (b) p = 0.29 
 

 

(c) p = 0.41 

Fig. 9 Residuals of β for several α values. Rotation speeds are away from resonance speeds 
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Table 4 Residuals of α and β for input values different from 

the original ones (α = 0.18) 

α β (°) p αreal - αestimated βreal (°) - βestimated (°) 

0.18 

16 

0.12 0.0007 7.78 

0.27 -0.0015 -4.53 

0.38 0.0038 13.98 

38 

0.12 0.0008 -1.75 

0.27 -0.0020 -4.61 

0.38 0.0010 2.88 

77 

0.12 0.0013 2.05 

0.27 -0.0015 -1.88 

0.38 -0.0070 -2.80 

113 

0.12 0.0019 -1.39 

0.27 0.0002 -2.81 

0.38 -0.0074 -2.02 

176 

0.12 0.0024 9.49 

0.27 0.0040 3.51 

0.38 0.0038 9.05 
 

 

 

Table 5 Residuals of α and β for input values different from 

the original ones (α = 0.31) 

α β (°) p αreal - αestimated βreal (°) - βestimated (°) 

0.31 

16 

0.12 -0.0007 1.64 

0.27 0.0053 11.66 

0.38 -0.0021 -1.68 

38 

0.12 -0.0008 -2.87 

0.27 0.0040 1.01 

0.38 -0.0022 -2.01 

77 

0.12 -0.0009 0.94 

0.27 0.0001 1.02 

0.38 -0.0045 -0.10 

113 

0.12 -0.0009 -0.61 

0.27 -0.0017 -0.75 

0.38 0.0054 -4.21 

176 

0.12 -0.0013 -2.47 

0.27 0.0002 4.11 

0.38 0.0080 0.85 
 

 

 
4.1.2 Comparison with data used during the ANN 

training 
In order to check the ANN goodness in the case of 

values that have not been used during its training, several 

data set (α, β and p) have randomly chosen, so that ANN 

algorithm estimations have been compared with the values 

obtained from the Jeffcott rotor model. According to the 

conclusions from the previous section, low and medium 

rotation speeds, different from resonances, have been 

preferred. Tables 4-6 show the residuals of α and β for 3 

different α values, those are α = 0.18, α = 0.31 and α = 0.43. 

Table 6 Residuals of α and β for input values different from 

the original ones (α = 0.43) 

α β (°) p αreal - αestimated βreal (°) - βestimated (°) 

0.43 

16 

0.12 -0.0083 -14.45 

0.27 -0.0056 -7.71 

0.38 -0.0001 6.54 

38 

0.12 -0.0069 -8.60 

0.27 -0.0008 -1.92 

0.38 0.0043 4.01 

77 

0.12 -0.0031 -0.39 

0.27 0.0020 0.24 

0.38 0.0002 1.51 

113 

0.12 -0.0017 -1.19 

0.27 -0.0040 -5.69 

0.38 -0.0005 -0.75 

176 

0.12 -0.0034 -3.99 

0.27 -0.0018 -1.31 

0.38 -0.0025 4.54 
 

 

 

Also, each α value has been combined with 5 β values (β = 

16°, β = 38°, β = 77°, β = 113° and β = 176°) and, last, for 

each couple (α, β) 3 rotation speeds have been considered (p 

= 0.12, p = 0.27 and p = 0.38). 

According to the results found in Tables 4-6, regarding 

the crack depth estimation, it can be considered the 

correlation between calculated and real data is very good, 

since in all cases the absolute residuals are less than 0.01. In 

the case of β parameter, eccentricity angle, the differences 

between both values are always less than 15°. 

 

4.1.3 Robustness of the proposed methodology 
The final aim of the explained methodology is to apply 

it to real systems. In order to simulate actual measurements 

of a rotor, sensitivity to the errors has also been studied. So 

that, random noise has been generated and it has been added 

to the Jeffcott rotor model responses (specifically p, P1 and 

P2 inputs) with 1%, 2% and 5% of its values as random 

noise. 

The sensitivity analysis has been calculated for some α 

and β values randomly chosen from the previous section. 

Tables 7-8 show the obtained residuals in this analysis for 

some α and β, respectively. 

Tables 7-8 show the results corresponding to the 

residuals obtained when different levels of noise are 

considered in the input data. As an example, 3 combinations 

of crack depths and angles of eccentricity are shown at 

different rotating speeds. The residuals are small, for any 

level of noise, in the case of α, so we can conclude that the 

procedure is able to be used to identify the crack depth with 

success. On the other hand, the residuals obtained are larger 

for the estimation of the angle of eccentricity (β). 

Nevertheless, the main challenge of the procedure is the 

identification of the crack, being the determination of the 

angle position of the eccentricity a collateral result of the 

research work. 
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Table 7 α residuals obtained from the sensitivity analysis 

Noise 1% 2% 5% 

α = 0.18  β = 38°   p = 0.12 0.0015 0.0007 -0.0033 

α = 0.31  β = 16°   p = 0.38 0.0029 -0.0097 0.0075 

α = 0.43  β = 113°  p = 0.27 0.0011 0.0062 -0.0047 
 

 

 

Table 8 β residuals (°) obtained from the sensitivity analysis 

Noise 1% 2% 5% 

 α = 0.18  β = 38°   p = 0.12 6.73 -12.07 10.84 

 α = 0.31  β = 16°   p = 0.38 6.83 -28.75 15.73 

 α = 0.43  β = 113°  p = 0.27 -1.34 3.85 -9.15 
 

 

 

 

5. Conclusions 
 

In this work, a methodology for cracked rotors diagnosis 

is presented. It is based on Artificial Neural Networks and 

the data offered by the frequency spectrum of the rotating 

damaged shaft. It consists in unbalancing the system in a 

controlled way, namely, a known eccentric mass is placed at 

an established distance from the center of the disc. Then, 

the frequency spectrum of the rotor displacements is 

obtained. Based on the amplitudes of the first and second 

frequencies peaks, that can be found in the spectrum, the 

proposed ANN algorithm can estimate two unknown 

parameters, both the crack depth (α) and the angle between 

the unbalance force and the perpendicular direction to the 

crack front (β). Besides, the developed method takes into 

account that it is a non-linear problem, due to the crack 

breathing mechanism during a shaft rotation. 

The methodology verification has been completed with 

a sensitivity to the errors study, in order to simulate 

experimental measurements. The obtained results confirm 

the robustness of the developed method, since the crack 

depth is estimated with very tiny errors, while the obtained 

angle of eccentricity residuals is larger. Nevertheless, 

although β estimation is acceptable in most cases, the main 

challenge of the procedure is the identification of the crack, 

being the determination of the angle position of the 

eccentricity a collateral result of the research work. In 

addition, the method is more accuracy in the case of low 

and medium rotation speeds, different from resonance 

speeds. 

In summary, the proposed methodology, that could be 

applicable to any rotating machine, would allow detecting 

and identifying the crack in unbalanced cracked rotors in 

order to establish adequate maintenance plans. 
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