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1. Introduction 

 

Piezoelectric material is a class of smart materials that 

has an interaction between mechanical and electrical 

properties, is widely used in many scientific and 

engineering fields. Piezoelectric materials have been 

employed in micro/nanostructures such as micro/ 

nanoelectromechanical systems (MEMS/NEMS) Lazarus et 

al. (2012), biosensors Murmu and Adhikari (2012), and 

nanoresonators Tanner et al. (2007). Due to wide 

applications of nanobeams in engineering, such as atomic 

force microscope (AFM), nanowires, and nanosensors they 

have attracted a lot of consideration Pei et al. (2004), Zand 

and Ahmadian (2009). Hence, many investigations have 

been carried out about bending, buckling, and vibration of 

nanobeams Li et al. (2010). 

The size-effects are recognized to become more 

significant as the dimensions of structures reach to the 

nanoscale. The scale-independent concept of the classical 

continuum models causes some deficiencies and inaccurate 

results if they applied on those small-scale nanostructures. 

Microcontinuum field theories, including Micromorphic 
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theory, Microstructure theory, nonlocal theory, and couple 

stress theory are the extensions of the classical field theories 

for the applications in micro/nanoscopic space and time 

scales, Chen and Liew (2004). Nonlocal continuum theory 

has obtained much popularity among the researchers, 

because of its efficiency as well as simplicity to analyze the 

behavior of various nanostructures. This work is concerned 

with models developed according to the widely used 

nonlocal elasticity theory of Eringen and Edelen (1972), 

Eringen (1983, 1984). Otherwise, perforation is a very 

common process in (MEMS/NEMS) fabrication.  

Reddy (2007) advanced nonlocal theories for Euler–

Bernoulli, Timoshenko, Reddy, and Levinson beams to 

study the bending, buckling and vibration behaviors of 

beams. Aydogdu (2009) presented numerical solution of 

nonlocal beam model to investigate the mechanical 

properties of nanobeams. Ansari et al. (2011) studied the 

free vibration behaviors of Euler–Bernoulli nonlocal 

nanobeams established in an elastic medium. A compact 

finite difference method is used for sixth-order 

discretization of the nonlocal beam model to achieve the 

fundamental frequencies of nanobeams. Juntarasaid et al. 

(2012) developed the nonlocal elasticity to study bending 

and buckling of nanowires including the effects of surface 

stress by using the analytical and numerical solutions. 

Eltaher et al. (2014) investigated numerically solution of 

nonlocal functionally graded (FG) Timoshenko beam model 

based on Eringen’s nonlocal elasticity theory to study static 

and buckling behaviors of nanobeams. Fernández-Sáez et 

al. (2016) solved the paradox that appeared when solving 

the cantilever beam with the differential form of the 
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Eringen model by using the integral form of the Eringen 

model. Zakeri et al. (2016) presented the accuracy and 

efficiency of the basic displacements functions elements in 

analysis of Eringen’s nonlocal elasticity and Euler-Bernoulli 

beam theory. Eltaher et al. (2016) presented e effects of 

thermal load and shear force on the buckled of and post-

buckled configurations of higher-order shear deformation 

beam theories using nonlocal theory. 
Akbas (2017a, b) illustrated forced vibration behaviors 

of FG nanobeam by using modified couple stress theory 

with damping effect. Akbas (2017b, 2018a, b) studied free 

and forced vibration of edge cracked FG microscale beams 

based on the modified couple stress theory. Thai et al. 

(2018) exploited effect of nonlocal parameter on 

Postbuckling analysis of functionally graded nanoplates by 

using von Kámán’s assumptions to account for the 

geometrical nonlinearity. Ansari et al. (2018) used finite 

element method to obtain thermal conductivity coefficients 

of SWCNTs reinforced polypropylene. Eltaher et al. 

(2018a, b) simulated the mechanical behaviors of the 

perforated nonlocal nanobeams. The formulation was based 

on the Euler– Bernoulli beam and Timoshenko beam with a 

nonlocal differential form of Eringen model. Akbas (2018c) 

investigated bending of a cracked FG nanobeam subjected 

to transversal point load at the free end of the beam. She et 

al. (2018a, b) investigated wave propagation of FG porous 

nanobeams and nanotube based on non-local strain gradient 

theory. Hamed et al. (2019) studied the effect of nonlocal 

parameter on the static bending of porous FG nanobeam by 

using finite element method. Faraji-Oskouie et al. (2019) 

derived the numerical solutions of original integral and 

differential formulations of Eringen’s nonlocal model for 

static bending of Timoshenko beams. Abdalrahmaan et al. 

(2019) and Almitani et al. (2019) presented a unified 

analytical model to investigate free and forced vibration 

responses of perforated thin and thick beams. Akbas (2019) 

exploited the nonlocal elasticity theory to present axially 

forced vibration of a cracked nanorod under harmonic 

external dynamically load. She et al. (2019) studied the 

snap-buckling behaviors of FG porous curved nanobeams 

resting on three parameters elastic foundations. 

Recently, the application of piezoelectric materials has 

been broadly spread in nano-structures including nonlocal 

effects. Yan and Jiang (2011) used the Euler–Bernoulli 

beam theory to study the influence of surface effects, and 

surface piezoelectricity on the vibrational and buckling 

behaviors of piezoelectric nanobeams. Ke et al. (2015) 

studied the vibration characteristics of piezoelectric 

nanoplate under various boundary conditions based on the 

Mindlin plate theory and the nonlocal theory. Jandaghian 

and Rahmani (2016) analyzed analytically the problems of 

free vibration behavior of piezoelectric nanobeams with 

Eringen’s nonlocal theory. Kheibari and Beni (2017) studied 

the free vibration of piezoelectric nanotubes by using 

Love’s cylindrical thin-shell model. Effect of size, 

electromechanical, and geometric were investigated for the 

natural frequency of piezoelectric nanotubes including the 

Euler–Bernoulli and consistent couple stress theories. 

Mahinzare et al. (2018) developed a formulation for the free 

vibration analysis of functionally graded circular nanoplate 

in two directions. It had shown that the angular velocity, 

external electric voltage, size dependency and power-law 

index had significant effects on the natural frequency. 

Eltaher et al. (2019a) demonstrated the coupling effects of 

nonlocal elasticity and surface properties on static and 

vibration characteristics of piezoelectric nanobeams with 

Eular-Bernolli beam theory. Mohamed et al. (2019) studied 

mechanical behaviors of SWCNTs beam by using energy 

equivalent model. Wang et al. (2019) obtained analytical 

solutions for vibrations of the piezoelectric inkjet print 

head. The governing equations for forced vibrations of the 

thin-plate were derived and solved analytically using the 

theory of piezoelectric plates and Rayleigh-Ritz method. 

Eltaher et al. (2019b, c) exploited energy equivalent method 

to investigate the effect of nanoscale on the vibrational 

behaviors of CNTs. 

According to author’s knowledge and literature review, 

there is no attempt to study mechanical behaviors of 

perforated piezoelectric nanobeam. So, the current work 

tries to fill this gab and to present a comprehensive model 

has capability of predicting the static bending and vibration 

behavior of perforated piezoelectric nanobeam structure. 

Kinematic relation of Euler–Bernoulli beam theory, which 

takes into consideration the influences of perforation size, 

number of holes for perforated beams, is proposed with a 

nonlocal differential equation of Eringen. The paper is 

structured as follows: in Sect. 2, the mathematical model is 

explained in detail. Sect. 3 contains numerical and solution 

techniques. Numerical results and discussion are presented 

and discussed in Sect. 4. Finally, at the end of the present 

work conclusions are summarized and listed in Sect. 5. 
 

 

2. Mathematical formulation 
 

2.1 Geometrical modification 
 

A regular square perforation of piezoelectric nanobeam 

is presented in Fig. 1. As shown, length L, width b, and 

thickness h, with a pattern of square holes of spatial period 

𝑙𝑠  and side 𝑙𝑠 − 𝑡𝑠 , and a number of holes along the 

section is N. The filling ratio of the beam can be described 

by 

𝛼 =
𝑡𝑠

𝑙𝑠
          0 ≤ 𝛼 ≤ 1 (1) 

 

From previous equation, the beam is completely 

perforated at a filling ratio 𝛼 = 0 and completely filled at 

filling ratio α = 1. In perforated beam analysis, it is assumed 

that modified material properties of the beam. The normal 

stress will be abridged in the parts between holes, which 

will be under stressed with respect to the full beam case, 

and will be over-stressed in the remaining parts. By 

assuming that the total stress along the cross section is the 

same for both complete beam and perforated one and 

assuming a linear continuous stress distribution in the filled 

segments according to Luschi and Pieri (2014), the 

equivalent bending stiffness can be defined as 
 

(𝐸𝐼)𝑒𝑞 = 𝐸𝐼 ×
𝛼(𝑁 + 1)(𝑁2 + 2𝑁 + 𝛼2)

(1 − 𝛼2 + 𝛼3)𝑁3 + 3𝛼𝑁2             
+(3 + 2𝛼 − 3𝛼2 + 𝛼3)𝛼2𝑁 + 𝛼3

 
(2) 
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Fig. 1 Geometry of a perforated piezoelectric nanobeam 

with the coordinate system (Luschi and Pieri 2016) 

 

 

By integrating over the beam segment, the average mass 

of the perforated beam per unit length can be written as 
 

(𝜌𝐴)𝑒𝑞 =  𝜌𝐴 ∗
[1 − 𝑁(𝛼 − 2)]𝛼

𝑁 + 𝛼
 (3) 

 

2.2 Nonlocal perforated piezoelectric nanobeam 
 

Based on the Euler–Bernoulli beam theory (EBT), the 

displacement filed of any point of the beam are given by 

(Alshorbagy et al. 2011, Eltaher et al. 2019a, b) 
 

𝑢(𝑥, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑡) − 𝑧
𝜕𝑤0(𝑥, 𝑡)

𝜕𝑥
 (4) 

 

𝑤(𝑥, 𝑧, 𝑡) = 𝑤0(𝑥, 𝑡) (5) 
 

where 𝑡  is the time and 𝑢0(𝑥, 𝑡)  and  𝑤0(𝑥, 𝑡)  are 

displacement components in the mid-plane along the x and 

z. The nonzero strain 𝜀𝑥𝑥  of the Euler-Bernoulli beam 

theory is 
 

𝜀𝑥𝑥 =
𝜕𝑢0

𝜕𝑥
− 𝑧

𝜕2𝑤0(𝑥, 𝑡)

𝜕𝑥2
= 𝜀𝑥𝑥

0 − 𝑧𝑘0 (6) 

 

Like the displacement field, the distribution of electric 

potential for the piezoelectric nanobeam model is assumed 

to vary as a combination of a cosine and linear variation, 

which satisfies the Maxwell’s equation as (Jandaghian and 

Rahmani 2015, Eltaher et al. 2019a,b) 
 

∅(𝑥,𝑧,𝑡) = − 𝑐𝑜𝑠(𝛽𝑧)𝜑(𝑥, 𝑡) + 
2𝑉

ℎ
𝑧 (7) 

 

the non-zero components of electric field Ex , Ez can be 

obtained as 
 

Ex = −
∂φ

∂X
= cos(βz)

∂φ

∂X
 (8) 

 

Ez = −
∂φ

∂Z
=  − sin(βz)φ −

2V

h
 (9) 

 

in which β = π/h, φ(x, t) is the electric potential function 

in the x−direction that must satisfy the electric boundary 

conditions, z is measured from the mid-plane of the 

nanobeam in the transverse direction, h is the thickness of 

the piezoelectric nanobeam,  𝑉 is the external electric 

voltage. The constitutive relation of the one-dimensional 

piezoelectric beam can be written as 

σx = C11εx − e31Ez (10) 

 

Dz = e33 εx + K33 Ez (11) 
 

where σx is axial stress, Dz is electric displacement, and 

C11, e31 and K33 are elastic, piezoelectric and dielectric 

constants for the bulk medium. In the absence of free 

electric charges using Gauss’s law 
 

𝜕𝐷𝑧

𝜕𝑋
= 0 (12) 

 

Substituting Eq. (11) into Eq. (12) and using Eqs. (6) 

and (9), and considering φ(−h/2) = 0 and φ (h/2) = V as 

the electrical boundary conditions, the electric potential is 

expressed as, Gheshlaghi and Hasheminejad (2012) 

 

𝜑(𝑥,𝑧) = −
𝑒31

 2𝑘33

 𝜕2 𝑤(𝑥, 𝑡)

𝜕𝑋2
 (𝑍2 −

ℎ2

4
) + 𝑉 (

𝑍

ℎ
+

1

2
) (13) 

 

The axial stresses for the bulk in Eq. (10) can be written 

as 

𝜎𝑥 = 𝑐 11𝜀0 − 𝑧 (𝑐11 +
𝑒31

2

𝑘33
)

 𝜕2 𝑤(𝑥, 𝑡)

𝜕𝑋2
+ 𝑒31

𝑉

ℎ
 (14) 

 

Consequently, the Euler–Lagrange equation of motion 

of piezoelectric nanobeam can be described by, Eltaher et 

al. (2013a, b). 
 

𝜕𝑁

𝜕𝑥
= 𝑚0  

𝜕2𝑢0

𝜕𝑡2
 (15) 

 

𝜕2𝑀

𝜕𝑥2
− 

𝜕

𝜕𝑥
(𝑁𝑏  

𝜕𝑤0

𝜕𝑥
) = 𝑚0

𝜕2𝑤0

𝜕𝑡2
 (16) 

 

𝑁 = ∫ 𝜎𝑥𝑥 𝑑𝑧 ,     𝑀 = ∫ 𝑧 𝜎𝑥𝑥 𝑑𝑧
.

𝐴

   

.

𝐴

 (17) 

 

where N, M and  𝑁𝑏  are axial force, bending moment 

resultants and the axial compressive force. The translated 

mass inertia of perforated beam is 𝑚0 = ∫ 𝜌 𝑑𝐴 = (𝜌𝐴)𝑒𝑞 .
.

𝐴
 

To impose the size effect of nanostructure, nonlocal 

piezoelectricity theory is proposed. This theory assumed 

that the stress tensor and the electric displacement at a 

reference point depend not only on the strain components 

and electric-field components at same position but also on 

all other points of the body Jandaghian and Rahmani 

(2016), the nonlocal constitutive relation can be written as 

 

𝜎𝑖𝑗 − (𝑒0𝑎)2𝛻2𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙 − 𝑒𝑘𝑖𝑗𝐸𝐾 (18) 

 

𝐷𝑖 − (𝑒0𝑎)2𝛻2𝐷𝑖 = 𝑒𝑖𝑗𝑘𝑙𝜀𝑘𝑙 + 𝜖𝑖𝑗𝐸𝐾 (19) 

 

where σij , εij , Di  and Ei  are the stress, strain, electric 

displacement and electric field, respectively; Cijkl, ekij, ϵij 

are the fourth-order elasticity tensor, piezoelectric 

constants, dielectric constants. The constitutive equation for 

piezoelectric nanobeam based on the nonlocal Euler-

Bernoulli theory reads. 
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𝑀(𝑥,𝑡) − 𝜇
𝜕2𝑀(𝑥,𝑡)

𝜕𝑥2
= −(𝐸𝐼)𝑒𝑓𝑓

𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
 (20) 

 

Direct substitution of Eq. (16) into Eq. (20), leads to the 

nonlocal equation of motion for perforated piezoelectric 

nanobeams 
 

(𝐸𝐼)𝑒𝑓𝑓

𝜕4𝑤(𝑥,𝑡)

𝜕𝑥4
+ [1 − 𝜇

𝜕2

𝜕𝑥2
] [(𝜌𝐴)𝑒𝑞  

𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2
 

−
𝑑

𝑑𝑥
((𝑁)𝑒𝑓𝑓 

 𝜕𝑤(𝑥,𝑡) 

𝜕𝑥
)] = 0 

(21) 

 

where (𝐸𝐼)𝑒𝑓𝑓  and (𝑁)𝑒𝑓𝑓 are the effective bending 

rigidity and the effective axial load of the piezoelectric 

nanobeam expressed as 
 

(𝐸𝐼)𝑒𝑓𝑓 = {[
𝑏ℎ3

12
(𝐶11 +

𝑒31 
2

 𝑘33
)] 

                    ×
𝛼(𝑁 + 1)(𝑁2 + 2𝑁 + 𝛼2)

(1 − 𝛼2 + 𝛼3)𝑁3 + 3𝛼𝑁2

+(3 + 2𝛼 − 3𝛼2 + 𝛼3)𝛼2𝑁 + 𝛼3

} 

(22) 

 
(𝑁)𝑒𝑓𝑓 = 𝑏ℎ𝜀0𝑐11 + 𝑏𝑉𝑒31 (23) 

 

 

3. Numerical formulation 
 

This section is devoted to develop a numerical finite 

element model for nonlocal Euler–Bernoulli beam based on 

the Hamilton principle. The conventional Galerkin 

technique is employed to derive the weighted residual 

variation functional of the equilibrium. Denoting Galerkin’s 

weight function by X, the variational formulation can be 

deduced by Eltaher et al. (2013) as 
 

∫ ∑ (∫(𝐸𝐼)𝑒𝑓𝑓 

𝜕2𝑤0

𝜕𝑥2

𝜕2𝑋

𝜕𝑥2
+ [(𝜌𝐴)𝑒𝑞

𝜕𝑤0

𝜕𝑡

𝜕𝑋

𝜕𝑡

𝐿

0

𝑛𝑒

𝑒=1

𝑇

0

 

               − ( (𝑁)𝑒𝑓𝑓 

𝜕𝑤0

𝜕𝑥

𝜕𝑋

𝜕𝑥
)] − 𝜇(𝜌𝐴)𝑒𝑞

𝜕2𝑤0

 𝜕𝑥𝜕𝑡

𝜕2𝑋

 𝜕𝑥𝜕𝑡
 

               +𝜇 (𝑁)𝑒𝑓𝑓 

𝜕2𝑤0

𝜕𝑥2

𝜕2𝑋

𝜕𝑥2
) 𝑑𝑥𝑑𝑡 

               + ∫ [𝑁̅𝛿𝑢0 + 𝑉̅𝛿𝑤0 + 𝑀̅
𝜕𝛿𝑤0

𝜕𝑥
]

0

𝐿

𝑑𝑡

𝑡

0

= 0. 

(24) 

 

The deflection along the element in a local coordinate 

system, is given in terms of the Hermite interpolation 

functions as 

𝑤̅(𝑥̅) = ∑ 𝑁𝑖𝑈𝑖

4

𝑖=1

 (25) 

 

where 𝑈𝑖  denotes the nodal degrees of freedom, 

representing the deflection and rotation at each terminal 

node of the element; and Ni, i = 1, 2, 3, 4, are the Hermite 

interpolation functions. By substituting Eq. (25) into the 

modified weak form, Eq. (24), and performing the 

integration, we get the following element equilibrium 

equation 
 

[[𝑀𝑙] + [𝑀𝑛𝑙]]{𝑊̈̅} + [[𝐾𝑙] + [𝐾𝑏]]{𝑊̅} = 0 (26) 

 

where 𝑀  and 𝐾  are the element mass and stiffness 

matrices, respectively. The subscripts 𝑙, 𝑛𝑙, and 𝑏 donate 

the local, nonlocal, and buckling. 

 

 

4. Numerical results 
 
This section shows the static and vibration 

characteristics of perforated piezoelectric nanobeams. The 

effects of a number of rows of holes, filling ratio, nonlocal 

parameter, and external electric voltage on static bending 

and natural frequency are presented and discussed. All 

material properties of the beam are proposed according to 

Yan and Jiang (2011). It is assumed that the nanobeam is 

made of one kind of lead zirconate titanate material, PZT-

5H, the length to thickness ratio of the nanobeam is fixed at 

L/h = 20, and the beam width b is equal to the beam 

thickness h. The following parameters are used in 

computing the numerical values 

 

𝐶11 = 126 𝐺𝑃𝑎,            𝜌 = 7.5 𝑥103 𝑘𝑔 𝑚−3, 
𝑒31 = −6.5 𝐶𝑚−2,        𝑘33 = 1.3 𝑥10−8  𝐶 𝑉−1𝑚−1 

 

4.1 Static analysis 
 

In this subsection, the maximum deflection of simply 

supported (S-S) beam under uniform load and nonlocal 

parameter effect is compared with previously published 

results. The model will be validated with results obtained by 

Reddy (2007) and shown in Table 1. The non-dimensional 

deflection is chosen in the following form 𝑤̅𝑚𝑎𝑥 = 100 ∗

 𝛿𝑚𝑎𝑥 ∗
𝐸𝐼

𝑞0 𝐿
4 . The coupling between the number of hole 

rows and the filling ratio the following plots are presented. 

The variation of the central deflection with respect to the 

filling ratio α for a different number of hole rows N is 

presented in Fig. 2. It is noted that, the numerical results are  

identical for analytical one of Eltaher et al. (2018a, b) for 

complete filled nanobeam (N = 0) and nonlocal parameter 

(𝜇 = 3). 
Fig. 3 presents the variation of the maximum central 

 

 

Table 1 Maximum non-dimensional deflection of S-S 

beams 

L/h µ 
Analytical Numerical 

Reddy (2007) Present results 

20 

0 1.313 1.3020 

1 1.4487 1.4270 

2 1.5844 1.5520 

3 1.7201 1.6770 

4 1.8558 1.8020 

5 1.9914 1.9270 
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Fig. 3 Variation of normalized deflections Vs the nonlocal 

parameter at (α = 0.5, V = 0.1) 

 

 

deflection with the nonlocal parameter for a different 

number of holes at (α = 0.5, V = 0.1). This figure shows that 

the deflection is affected by the number of holes in the 

perforation pattern of the piezoelectric beam. As the number 

of holes in the perforation pattern increases the maximum 

deflection also increase. The nonlocal parameter increases 

the maximum bending increases; this is because of the 

decrease of the bending stiffness of the beam with 

increasing the number of holes at the same filling ratio. 

The variation of the normalized deflection with the 

filling ratios under different electrical loads, V, for the non-

local parameter, μ, equals 1 × 10−14 and the number of 

holes, N, equals 4 is presented in Fig. 4. It is noted that the 

maximum deflection increases by increasing the applied 

voltage (–0.2, –0.1, 0, 0.1, 0.2) for the perforated 

piezoelectric nanobeam. Also, the filling ratios influence the 

normalized deflection of the perforated nanobeam within 

some range of applied voltage. When the filling ratio 

decreases, the maximum deflection increases due to the 

decrease of the bending stiffness. 

Fig. 5 shows the variation of the piezoelectric beam 

deflection against the nonlocal parameter for different 

values of the filling ratio. The results for three figures are 

obtained at a fixed value of the hole rows number (N = 2, 4, 

8) to study the dependency of the beam response just on the 

 

 

 

Fig. 4 Maximum deflection vs filling ratios at 

(μ = 3 ×10−14 , 𝑁 = 2 ) and different voltage values 

 
 

filling ratio. By comparing Fig. 5(a) with Figs. 5(b) and (c), 

it can be concluded that the deflection increases with 

increasing the nonlocal parameter Because of the beam 

softening resulting from increasing the nonlocal parameter. 

The bending increases with decreasing the filling ratio. For 

any filling ratio, it is noted that the bending vary almost in a 

linear manner with the nonlocal parameter. 
 

4.2 Vibration analysis 
 

This section is devoted to validate the present model 

with the published work. The first flexural non-dimensional 

frequencies of the simply supported beam for different 

values of a nonlocal parameter are studied and compared 

with the results of Reddy (2007). The following equation 

should be solved to calculate fundamental frequencies 
 

[K][U̅] = ω2[M][U̅] (27) 
 

where ω2 represents the fundamental frequency of the 

beam, which has the nondimensional form λ = ω ∗ L2 ∗

√
ρA

EI
 , and presented in Table 2. It is noted that the 

frequency of nanobeam is reduced by increasing the 

  

(a) Eltaher et al. (2018a) (b) Pressent result 

Fig. 2 Max deflection Vs filling ratio at (μ = 3, V = 0) 
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Table 2 Non-dimensional frequencies of the S-S beams for 

different nonlocal parameters 

L/h µ 
Analytical Numerical 

Reddy (2007) Present results 

20 

0 9.8696 9.8797 

1 9.4159 9.4238 

2 9.0195 9.0257 

3 8.6693 8.6741 

4 8.3569 8.3606 

5 8.0761 8.0788 
 

 

 

nonlocal parameter. This assures the significance of the 

nonlocal effect on the vibrational response of beams. Fig. 6 

explains the variation of piezoelectric nanobeam with 

surface effect. This figure shows the normalized frequency 

against beam thickness for the simply supported case. The 

identical results of the proposed numerical model and 

analytical one of Yan and Jiang (2011) are observed. 

 

 

 

 

The coupling effects of nonlocality parameter and 

number of holes along cross section on the fundamental 

frequency of perforated piezoelectric nanobeams as 

depicted in Fig. 7. It is noted that the normalized frequency 

of the piezoelectric nanobeam model is decreased linearly 

as the nonlocal parameter increased for any value of filling 

ratio α or a number of holes N. So that, the effect of 

nonlocal parameter becomes more significant on the 

fundamental frequency. Also, the number of holes increased 

the normalized frequency decreased. But this reduction 

depends on the value of filling ratio. 

Fig. 8 explains the variation of the normalized frequency 

against the filling ratio under different electrical loads (V) 

for a simply supported (S-S) nanobeam at (μ = 3 ∗ 10−14,
N = 2). It is observed that, with the increase of the applied 

positive voltage, the non-dimensional natural frequency 

increases. Also, the frequency drops down with the decrease 

of the filling ratio. It is also noted from this figure that the 

electromechanical coupling of piezoelectric materials can 

be explored for frequency tuning of nanobeams, as shown 

by the variation of the natural frequencies with the applied 

voltages. 

 

 

 
 

   

(a) at N = 2 (b) at N = 4 (c) at N = 8 

Fig. 5 Maximum deflection with the nonlocal parameter at various filling ratios 

  

(a) Yan and Jiang (2011) (b) Current results 

Fig. 6 Variation of normalized resonant frequency against the beam thickness 
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Fig. 9 shows the variation of the normalized frequencies 

with the nonlocal parameter for different values of the 

filling ratio at (V = 0.1, N = 4). The 1𝑠𝑡 natural frequency 
 

 

 

Fig. 8 Variation of the non-dimensional frequency with 

the filling ratio for piezoelectric nanobeam under 

different electrical loads, V 
 

 

 

 

decreases with increasing the nonlocal parameter. Also, in 

this figure, the normalized frequency increases with 

increasing the filling ratio. 
 

 

 

Fig. 9 Variation of the 1st natural frequencies against 

the nonlocal parameter for various filling ratios 

at (V = 0.1, N = 4) 
 

 

   

(a) at α = 0.1 (b) at α = 0.5 (c) at α = 0.9 

Fig. 7 Effect of nonlocal parameter and number of holes on the normalized fundamental frequencies of the 

piezoelectric nanobeams at (V = 0) 

   

(a) Simply-simply Boundary conditions (b) Clamped-Clamped Boundary conditions (c) Clamped-Free Boundary conditions 

Fig. 10 Effect of nonlocal parameter and filling ratio on the normalized fundamental frequency at (V = -0.1, N = 4) 
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Fig. 10 illustrates the coupling effect of the nonlocal 

parameter and filling ratio on the fundamental frequencies 

of perforated piezoelectric nanobeam at different boundary 

conditions. The boundary conditions are (a) simply 

supported (S–S); (b) the clamped- clamped (C–C); and (c) 

the cantilever (C–F) nanobeams. The normalized frequency 

is calculated for the perforated beam with the applied 

voltage V = − 0.1 V and the number of holes along cross-

sectional N = 4. It is noted that the normalized frequency 

decreases for all the cases of boundary conditions with the 

increase of nonlocal parameter. By increasing the filling 

ratio from 0 to 1, the normalized frequency increases at a 

constant nonlocal parameter. The fundamental frequencies 

for clamped-clamped nanobeams are higher than those 

calculated for the simply supported and the cantilever 

nanobeams. 
 

 

5. Conclusions 
 

This work is exploited to present a novel modified 

continuum model to study mechanical behaviors (static and 

vibration) of perforated piezoelectric nanobeams. The 

proposed model is based on Euler-Bernoulli hypothesis 

with a nonlocal differential form of Eringen model. 

Numerical results illustrate the effects of perforation 

parameters (perforation size and a number of cutouts), 

nonlocal parameter, external electric voltage, and boundary 

conditions on the bending and dynamic characteristics of 

the perforated nanobeam. The main conclusions derived 

from the results are: 
 

● For static analysis, concerning to the bending 

stiffness of the perforated piezoelectric nanobeam, 

the filling ratio is more significant than the number 

of hole rows. 

● Because of softening companion to size-dependent 

the deflection increases linearly with increasing the 

nonlocal parameter for all values of the filling ratio 

and the hole number. 

● For vibrational analysis, the length scale parameter 

tends to reduce frequencies of perforated 

piezoelectric nanobeam. 

● The fundamental frequency is dependent on the 

coupling between the filling ratio and number of 

holes. The normalized frequencies decrease 

nonlinearly by decreasing the filling ratio or 

increasing the number of holes along the cross-

sectional. 

● The nonlocal parameter has significant effects with 

different BCs. With the increase of nonlocal 

parameter, the normalized frequency decreases for 

all boundary conditions, and the frequency 

calculated for (C–C) nanobeams are higher than 

those calculated for (S–S) and (C–F) nanobeam. 
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