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1. Introduction 

 

Structural health monitoring (SHM) techniques have 

gained considerable attention in bridge structures for 

ensuring their functionality and safety during their long 

service life. Damage detection is unarguably one of the 

most important aspects of SHM. Identifying the presence of 

the damage (structural or material change that affects the 

behavior of the structure adversely) might be considered as 

the first step to take preventive actions and to start the 

process towards understanding the root causes of the 

problem (Flaga and Furtak 2015, Mao et al. 2018). 

Therefore, the capability of any SHM system for estimating 

the existence, location and extent of damage is an essential 

issue. In this context, reasonable sensor deployment that 

sensitive to structural damage whereas insensitive to 

environmental disturbance becomes an essential 

consideration. 

In order to improve damage detection accuracy, sensors 

should be placed on locations with higher sensitivity and 

contribution to damage detection (Chang and Pakzad 2014). 

In the past few decades, quite a few vibration-based sensor 

placement methods have been proposed. Some of these 

methods can be found in literature and the references 
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therein (Pei et al. 2018, Li et al. 2017, Talebpour and 

Mahmassani 2016, Kong et al. 2014, Jin et al. 2015, 

Kammer and Brillhart 2013). These methods can be 

generally categorized into two categories: the modal 

feature-oriented and the damage detection-oriented. 

Modal feature-oriented sensor placement methods 

examine the information on sensing nodes that are 

sufficiently sensitive to detect changes in modal parameters. 

Although modal parameters are among the early features 

considered for damage detection, they have proved to be not 

the most effective damage features, considering they are not 

sensitive to local damage and easily affected by 

environmental factors (Soman et al. 2017, Chang and 

Pakzad 2014, Kammer and Brillhart 2013). Regarding OSP 

for damage detection, most of the limited works published 

deal with this issue as a parameter identification task 

(Talebpour and Mahmassani 2016). One of the first and 

most well-established approaches was the maximization of 

a norm of the Fisher Information Matrix (FIM). In Xia and 

Hao (2000), a residual vector was obtained and its 

sensitivity to structural damage as well as the measurement 

noise were analyzed. The authors selected those sensing 

nodes sensitive to residual vector while insensitive to 

environmental noise as a sensor deployment strategy. Shi et 

al. (2000) developed a damage sensitivity matrix to form 

FIM, and defined a contribution matrix E to calculate the 

contribution value of each node to damage detection. 

However, the inverse matrix of FIM which is crucial to 

establish contribution matrix E is not easy to obtain. To this 

end, Liu et al. (2013) in a recent study, defined the 

contribution of each sensing node by calculated the rank 
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value of FIM instead of contribution matrix inversion. In 

their approach, generalized inverse matrix method and 

singular value decomposition method were adopted to 

reduce the singularity in reversing (Lee et al. 2010, Wang et 

al. 2005). Additionally, information redundancy problem is 

often seen in existing damage detection-oriented OSP, since 

the enrolled sensors may provide similar information to 

damage detection (Singh et al, 2016). Loutas and Bourikas 

(2017) proposed a two-stage method by removing the 

enrolled sensing nodes that close to each other in terms of 

geographical distribution. Similar approaches are followed 

in Refs (Schulte et al. 2006, Li et al. 2012). 

Besides the vibration-based monitoring, deflection 

measurement using displacement sensor is another common 

issue in SHM especially for bridge structure bearing 

moving vehicle loads (Cho et al. 2018). Displacement 

recordings may be exploited for determining excessive 

loads during in-service conditions, as well as for 

quantifying regular operational loads (e.g., traffic) to serve 

as feedback in bridge design practice (Huang et al. 2016, 

Cavadas et al. 2013). Deflection responses of bridge are 

dominated by vehicle loads and may be less affected by 

environmental factors during the period of vehicle passing 

on the bridge (Wang and Ren 2017). DIL-based damage 

detection method offers valuable tools towards a 

comprehensive evaluation of bridge systems due to the 

curvature characteristics of DIL. Through analyzing the 

change of DIL measured by displacement sensors, structural 

damage can be detected (Hong et al. 2002, Štimac-Grandić 

2014). In this respect, DIL could be an economical 

alternative to enhance damage-related information by 

extracting displacement responses on bridge critical 

sections under moving load. 

A number of DIL-based methods have been proposed 

for bridge damage detection in literature. For instance, He 

et al. proposed a two-stage method with the ability to 

quantify structural damages by using the quasi-static 

moving load induced displacement response (He et al. 

2013). Cavadas et al. (2013) discussed the application of 

data-driven methods on moving-load responses in order to 

detect the occurrence and the location of damage. Chen et 

al. (2017) derived the theoretical formulae of DIL before 

and after damage occurred, and prove that the difference of 

DIL and its first and second order partial derivatives can be 

used in damage localization. In their study, multiple damage 

locations can be determined using the mid-span deflection 

time history induced by moving loads. Nevertheless, these 

methods may still suffer from the lack of practicality since a 

large number of sensors are required to quantify damage 

extent. To the best of authors’ knowledge, optimization of 

displacement sensors in lieu of DIL theory has rarely been 

studied in the literature. 

In the present work, we develop a systematic DIL-based 

OSP framework for bridge damage detection. In our 

approach, displacement sensors are deployed in nodes with 

maximum contribution to damage detection, and the 

damage extent can be quantified accurately if deflection 

responses before and after damage occurred are available. 

In what follows, the principle of DIL based damage extent 

quantification method and OSP framework are introduced 

in Section 2. In Section 3, the procedure of OSP framework 

is illustrated and verified using two numerical examples: (1) 

a three-span continues beam model; (2) the Pinghu (PH) 

bridge, which has existing real damage conditions. Finally, 

Section 4 concludes this article and highlights our future 

work. 
 

 

2. Methodology–Sensor placement 
 

2.1 Bridge damage detection based on 
the analysis of DIL 

 

The influence line is defined as the response of a 

structure at a certain measurable location to a unit load at an 

arbitrary location. Assuming that the structure behaves 

linearly and the dynamic response is negligible compared to 

the static response, it is possible to utilize the static 

influence line to generate the response of a structure. DIL 

can be calculated by placing a unit vertical force on the 

structure and selecting parts of degrees of freedom (DOFs) 

as output, namely 
 

𝑫𝑰𝑳 = 𝑺𝑲−1𝑸 (1) 
 

where K-1 denote the baseline global flexibility matrix of 

order (n×n). Q and S denote the input forces selection 

matrix of order (n×m) and the output vertical displacement 

selection matrix of order (l×n), respectively. m, l and n are 

input, output DOFs and the overall DOFs, respectively. Q 

and S are defined as follows 
 

𝑸 =

[
 
 
 
 
 
 
 
 
 
⋯ ⋯ ⋯
⋯ 0 ⋯ ⋯
⋯ 1 ⋯ ⋯
⋯ 0 0 ⋯ ⋯
⋯ 1 ⋯ ⋮ ⋮ ⋯
⋯ 0 ⋯ 0 ⋯
⋯ ⋮ ⋮ ⋯ 1 ⋯
⋯ ⋯ 0 0 ⋯
⋯ ⋯ 1 ⋯
⋯ 0 0 0 ⋯]

 
 
 
 
 
 
 
 
 

⏞                    
𝑚

𝑛

ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙𝐷𝑂𝐹
𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙𝐷𝑂𝐹
𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝐷𝑂𝐹

, 

𝑺 = [

0 ⋯ 1 0 ⋯ 0 ⋯ 0 0
0 ⋯ 0 ⋯ 1 0 ⋯ 0 0
0 ⋯ ⋯ ⋯ 1 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

]

⏞                              
𝑛

𝑙 

(2) 

 

As illustrated in Eq. (1), DIL can be regarded as a sub-

matrix of structural global flexibility matrix. Hence, 

analysis of the flexibility matrix is actually a useful tool for 

understanding how the DIL-based damage extent 

quantification method works. 

Note that the stiffness matrix of i-th element Ki is 

usually rank deficiency. Assuming the rank of Ki is r, the 

eigen-decomposition of element stiffness matrix can be 

expressed as 
 

𝑲𝑖 = 𝑼𝑖𝜦𝑖𝑼𝑖
𝑇 =∑𝜎𝑖

𝑗
𝝁𝑖
𝑗
(𝝁𝑖

𝑗
)𝑇

𝑟

𝑗=1

 (3) 

 

where 𝜎𝑖
𝑗
 and 𝝁𝑖

𝑗
 are the j-th eigenvalue and eigenvector 
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of Ki, respectively; 𝜦𝑖 and 𝑼𝑖 are the eigenvalue matrix 

and eigenvector matrix, respectively. Provided that 𝒒𝑖
𝑗
=

√𝜎𝑖
𝑗
𝒖𝑖
𝑗
, 𝒄𝑖 = [𝒒𝑖

1, 𝒒𝑖
2, . . . , 𝒒𝑖

𝑟], then Eq. (4) can be rewritten 

as 

𝑲𝑖 = 𝒄𝑖𝒄𝑖
𝑇 (4) 

 

where ci denotes the stiffness connection matrix of order 

(n×r), n denotes degrees of freedom. By definition, the 

baseline global stiffness matrix can be calculated by 

integration of all element stiffness matrices. 
 

𝑲 =∑𝑲𝑖 = 𝑪𝑷𝑪
𝑇

𝑁

𝑖=1

 (5) 

 

where C = [c1c2,..., cN] denotes the global 

stiffness connection matrix of order (N×s), s = r × N. P is 

defined as damage coefficient identification matrix of order 

(s×s) with all diagonal entries of 1 when no element is 

damaged, which is given by 
 

𝑷 = diag [

1 − 𝛼1, ⋯ ,1 − 𝛼1⏟          
𝑟

, 1 − 𝛼2, ⋯ ,1 − 𝛼2⏟          
𝑟

,

⋯1 − 𝛼𝑁, ⋯ ,1 − 𝛼𝑁⏟          
𝑟

                            
] (6) 

 

where αi denotes damage coefficient of #i element, αi=0 

when no damage occurred in #i element. 

Similarly, the change of global stiffness ΔK before and 

after damage occurred is given by 
 

𝛥𝑲 =∑𝛥𝑲𝑖 = 𝑪𝛥𝑷𝑪
𝑇

𝑁

𝑖=1

 (7) 

 

Substitution of Eq. (7) into Eq. (1) leads to the following 

form 
 

𝛥𝑫𝑰𝑳 = 𝑺𝛥𝑲−1𝑸 = 𝑺(𝑪−1)𝑇(𝛥𝑷)−1𝑪−1𝑸 (8) 

 

Setting D denotes the transposed virtual inverse matrix 

of global stiffness connection matrix C, L = SD, R = DTQ, 

X = (ΔP)-1, Eq. (8) is further simplified into 
 

𝛥𝑫𝑰𝑳 = 𝑺𝛥𝑲−1𝑸 = 𝑳𝑿𝑹 (9) 
 

where 
 

𝑿=diag

[
 
 
 
 
 
−𝛼1
1 − 𝛼1

, ⋯ ,
−𝛼1
1 − 𝛼1⏟          

𝑟

,
−𝛼2
1 − 𝛼2

, ⋯ ,
−𝛼2
1 − 𝛼2⏟            

𝑟

,

⋯
−𝛼𝑁
1 − 𝛼𝑁

, ⋯ ,
−𝛼𝑁
1 − 𝛼𝑁⏟            

𝑟

                               

]
 
 
 
 
 

 

  =diag [𝜆1, ⋯ , 𝜆1⏟    
𝑟

, 𝜆2, ⋯ , 𝜆2⏟      
𝑟

, ⋯ , 𝜆𝑁, ⋯ , 𝜆𝑁⏟      
𝑟

] 

(10) 

 

where λi = -αi/(1-αi). The damage coefficient identification 

problem in Eq. (9) is commonly known as a matrix equation 

with negative power when the change of DIL before and 

after damage occurred ΔDIL, with L and R known in 

advance. Its restricted least-squares iterative solution can be 

obtained by limiting the value of equivalent damage 

coefficient αi in a reasonable range (Zhang et al. 2017). In 

the end, a step-by-step summary of the DIL-based damage 

detection technique is described as follow: 

Step 1: Identification of the DIL before and after 

damage occurred and calculation of the ΔDIL. According to 

the positions of unit vertical force on the structure and the 

selected parts of output DOFs during the DIL identification, 

the input force selection matrix Q and the output vertical 

displacement selection matrix S can be obtained. 

Step 2: Baseline finite element modeling and updating. 

The proposed damage extent identification method requires 

baseline global stiffness matrix and flexibility matrix in 

bridge health condition, which can be extracted from the 

baseline finite element model. The damage extent 

identification accuracy can be affected by the similarity 

between baseline finite element model and the actual 

structure. There’s been an awful lot of good work done on 

model updating based on field test data, and the most 

commonly used model updating indicators including 

dynamic indicators like model frequency, model shape and 

static indicators like reflection and strain. 

Step 3: Element damage coefficient identification. 

Decomposing the global stiffness matrix by substituting the 

obtained stiffness matrix in Step 2 into Eq. (3) and global 

stiffness connection matrix C can be deduced with Eqs. (4)-

(5). Then, the matrix L and R in Eq. (9) could be formed 

with input force selection matrix Q and the output vertical 

displacement selection matrix S mentioned in Step 1. 

Finally, the damage coefficient can be identified by solving 

the matrix Eq. (9). 

 

2.2 Optimal sensor placement framework 
 

2.2.1 First order sensitiveness analysis of 
damage coefficients 

In the above section, a mathematical model of DIL-

based damage detection is established, and the damage 

extent can be quantified based on the matrix equation 

defined in Eq. (9). Previous studies have revealed that 

arbitrary sensor placement could lead to false damage 

identification (Santi and Sowers 2005). Actually, the 

performance of the DIL-based damage detection algorithm 

also depends on the feature of the sensor system, such as the 

number of sensors and the spatial locations of sensors. To 

address this issue, an optimal sensor deployment method 

based on damage sensitivity analysis is proposed in this 

section. 

Eq. (9) described the relationship between equivalent 

damage coefficient and the change of DIL caused by 

structural damage, where L, R and ΔDIL can be defined as 

 

𝑳 = [

𝑎1,1 𝑎1,2 ⋯ 𝑎1,𝑠
𝑎2,1 𝑎2,2 ⋯ 𝑎2,𝑠
⋮ ⋮ ⋮ ⋮
𝑎𝑙,1 𝑎𝑙,2 ⋯ 𝑎𝑙,𝑠

] , 

𝑹 =

[
 
 
 
𝑏1,1 𝑏1,2 ⋯ 𝑏1,𝑚
𝑏2,1 𝑏2,2 ⋯ 𝑏2,𝑚
⋮ ⋮ ⋮ ⋮
𝑏𝑠,1 𝑏𝑠,2 ⋯ 𝑏𝑠,𝑚]

 
 
 
, 

(11) 

171



 

Chengyin Liu, Jun Teng and Zhen Peng 

𝛥𝑫𝑰𝑳 =

[
 
 
 
𝑑1,1 𝑑1,2 ⋯ 𝑑1,𝑚
𝑑2,1 𝑑2,2 ⋯ 𝑑2,𝑚
⋮ ⋮ ⋮ ⋮
𝑑𝑙,1 𝑑𝑙,2 ⋯ 𝑑𝑙,𝑚 ]

 
 
 
 (11) 

 

By substituting Eq. (11) in Eq. (9) and rearranging the 

matrix ΔDIL into a column vector by row lead to the 

following form 
 

{
 
 

 
 
𝑑1,1
⋮

𝑑1,𝑚
𝑑2,1
⋮
𝑑𝑙,𝑚}

 
 

 
 

=

[
 
 
 
 
 
𝑎1,1𝑏1,1 ⋯ 𝑎1,𝑚𝑏𝑚,1 𝑎1,𝑚+1𝑏𝑚+1,1 ⋯ 𝑎1,𝑠𝑏𝑠,1
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑎1,1𝑏1,𝑚 ⋯ 𝑎1,𝑚𝑏𝑚,𝑚 𝑎1,𝑚+1𝑏𝑚+1,𝑚 ⋯ 𝑎1,𝑠𝑏𝑠,𝑚
𝑎2,1𝑏1,1 ⋯ 𝑎2,𝑚𝑏𝑚,1 𝑎2,𝑚+1𝑏𝑚+1,1 ⋯ 𝑎2,𝑠𝑏𝑠,1
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑎𝑙,1𝑏1,𝑚 𝑎𝑙,𝑚𝑏𝑚,𝑚 𝑎𝑙,𝑚+1𝑏𝑚+1,𝑚 𝑎𝑙,𝑠𝑏𝑠,𝑚 ]
 
 
 
 
 

{
 
 

 
 
𝜆1
1

⋮
𝜆1
𝑟

𝜆2
1

⋮
𝜆𝑁
𝑟 }
 
 

 
 

 

(12) 

 

Since the rank of element stiffness matrix r usually 

greater than 1, there will be several damage coefficients 

corresponding to the same structural element. However, 

damage extent of a certain element should be well-

determined according to the definition of structural damage, 

therefore, Eq. (12) is compressed as follow 
 

{
 
 

 
 
𝑑1,1
⋮

𝑑1,𝑚
𝑑2,1
⋮
𝑑𝑙,𝑚}

 
 

 
 

=

[
 
 
 
 
 
𝑓1,1,1 𝑓1,2,1 ⋯ 𝑓1,𝑛,1
⋮ ⋮ ⋯ ⋮

𝑓1,1,𝑚 𝑓1,2,𝑚 ⋮ 𝑓1,𝑛,𝑚
𝑓2,1,1 𝑓2,2,1 ⋯ 𝑓2,𝑛,1
⋮ ⋮ ⋮ ⋮

𝑓𝑙,1,𝑚 𝑓𝑙,2,𝑚 ⋯ 𝑓𝑙,𝑛,𝑚 ]
 
 
 
 
 

{
 
 

 
 
𝜆1
⋮
𝜆𝑝
⋮

𝜆𝑁−1
𝜆𝑁 }

 
 

 
 

 (13) 

 

where 𝜆𝑖 = ∑ 𝜆𝑖
𝑗𝑟

𝑗=1 ,    𝑓𝑖,𝑝,𝑘 = ∑ 𝑎𝑖,𝑗𝑏𝑗,𝑘
𝑝×𝑟
𝑗=(𝑝−1)×𝑟+1 is 

defined as baseline flexibility coefficient of element #p 

when unit vertical load applied on node #j and extract the 

deflection response of node #i. m and l denote input and 

output degrees of freedom, respectively. di,j denote the 

change of DIL in i-th degrees of freedom when unit vertical 

load applied on node #j. 

According to the definition of damage sensitivity, fi,p,k 

means the sensitivity of vertical displacement output node 

#i to damaged element #p when unit vertical load applied 

on node #k. In fact, the position of moving unit load is 

insignificant in sensitivity analysis, hence, Eq. (13) can be 

simplified by superposing the change of DIL coefficient 

under varying moving unit load and rewritten as Eq. (14). 

The flexibility coefficient matrix is revised accordingly to 

ensure the consistency of matrix equation. 
 

{
 
 

 
 
𝐺1
⋮
𝐺𝑖
⋮
𝐺𝑙}
 
 

 
 

=

[
 
 
 
 
𝐹1,1 𝐹1,2 ⋯ 𝐹1,𝑛
⋮ ⋮ ⋱ ⋮
𝐹𝑖,1 𝐹𝑖,2 ⋯ 𝐹𝑖,𝑛
⋮ ⋮ ⋱ ⋮
𝐹𝑙,1 𝐹𝑙,2 ⋯ 𝐹𝑙,𝑛 ]

 
 
 
 

{
 
 

 
 
𝜆1
⋮
𝜆𝑖
⋮
𝜆𝑛}
 
 

 
 

 (14) 

 

where 𝐺𝑖 = ∑ 𝑑𝑖,𝑗
𝑚
𝑗=1 , 𝐹𝑖,𝑝 = ∑ 𝑓𝑖,𝑝,𝑗

𝑚
𝑗=1 . 

Or 
 

𝑮 = 𝑭𝝀 (15) 

where 𝑮 = {𝐺1, 𝐺2, ⋯ , 𝐺𝑙}
𝑇  denotes the change of DIL 

matrix; 𝑭 = [

𝐹1,1 ⋯ 𝐹1,𝑛
⋮ ⋱ ⋮
𝐹𝑙,1 ⋯ 𝐹𝑙,𝑛

]  is the baseline flexibility 

coefficient matrix; 𝝀 = {𝜆1, 𝜆2, ⋯ , 𝜆𝑛}
𝑇  is the damage 

coefficient-related matrix. 

  In order to analyze the sensitivity of DIL to damage 

coefficient, taking first-order partial derivative of the right 

side of Eq. (15) with respect to damage coefficient 𝛼𝑖 
leads to 

𝜕𝑮

𝜕𝜶
=
𝜕𝑭

𝜕𝛼𝑖
𝝀 + 𝑭

𝜕𝝀

𝜕𝛼𝑖
 (16) 

 

Since all the coefficients in F are determined by global 

flexibility matrix of baseline finite model, the input force 

selection matrix Q and the output vertical displacement 

selection matrix S, which does not change with damage 

coefficient 𝛼𝑖, hence, 𝜕𝑭/𝜕𝛼𝑖 = 0. In additional, the first-

order explicit derivative of damage sensitivity matrix 

cannot be obtained since the derivative of damage 

coefficient-related matrix 𝜆𝑖 = − 𝛼𝑖/(1-𝛼𝑖) with respect 

to damage coefficient 𝛼𝑖 does not exist. Herein, a finite 

difference method is adopted by adding small perturbations 

to damage coefficient 𝛼𝑖. The finite difference of Eq. (16) 

with respect to 𝛼𝑖 can be written as follow 
 

𝜕𝑮

𝜕𝜶
=
𝑭𝝀(𝛼𝑖 + 𝛥𝛼𝑖) − 𝑭𝝀(𝛼𝑖)

𝛥𝛼𝑖
 (17) 

 

where 𝝏𝑮/𝝏𝜶 denotes the damage sensitivity matrix. It is 

noted that a certain column of 𝝏𝑮/𝝏𝜶  represents the 

sensitivity of an influence line to an element, similarly, a 

certain row of 𝝏𝑮/𝝏𝜶  represents the sensitivity of a 

displacement node to each element. 
 

2.2.2 Sensor placement based on sensitivity 
analysis of damage coefficients 

To improve the accuracy of damage extent 

quantification, sensors are expected to be employed in 

nodes with high sensitivity to structural damage. If the DILs 

before and after the occurrence of damage in the structure 

have been obtained, optimal estimate of the damage 

coefficient matrix �̑� can be computed by solving Eq. (17) 

in a least-square format as 
 

�̑� = ((
𝜕𝑮

𝜕𝜶
)
𝑇 𝜕𝑮

𝜕𝜶
)

−1

(
𝜕𝑮

𝜕𝜶
)
𝑇

𝑮 (18) 

 

Since each independent DIL will give different set of �̑�, 

Eq. (18) can be modified to include several different DILs. 

However, it is known that the measured deflection 

responses are contaminated by measurement noises, which 

makes it difficult to directly solve the overdetermined set of 

equations to obtain accurate damage coefficients. In this 

situation, the effective independence method is adopted 

herein to solve this problem, in which, the trace of FIM is 

utilized to evaluate the contribution of each node. The best 

unbiased estimator of damage coefficient can be obtained 

when the sum of trace reaches its maximum value in a 

limited number of sensor. The FIM of node #k can be 

172



 

Optimal sensor placement for bridge damage detection using deflection influence line 

 

 

defined as follow 
 

𝑨𝑘 = (
𝜕𝑮

𝜕𝜶
)
𝑘

𝑇

(
𝜕𝑮

𝜕𝜶
)
𝑘
 (19) 

 

in which (𝜕𝑮/𝜕𝜶)𝑘 means the corresponding sensitivity 

matrix of node #k, namely, the k-th row of 𝝏𝑮/𝝏𝜶. Even 

though it is necessary to maximize the sum of trace of FIM 

to obtain accurate damage coefficients, the redundancy of 

information should also be taken into account. Otherwise, 

the selected set of sensors will be overly concentrated and 

providing damage extent quantification method with 

repetitive information (He et al. 2013). 

Euclidean distance is commonly used to evaluate the 

similarity between matrices. The Euclidean distance 

between node k and node l can be calculated by following 

formula 

𝑑𝑘𝑙 =
√∑ ∑ |𝑨𝑖𝑗

𝑘 − 𝑨𝑖𝑗
𝑙 |
2𝑛

𝑗=1
𝑛
𝑖=1

𝑑𝑚𝑎𝑥
 

(20) 

 

where 𝑑𝑘𝑙 denotes the Euclidean distance between node k 

and node l, 0 ≤ 𝑑𝑘𝑙 ≤ 1. If the fisher matrix of node k is 

identical with node l, then𝑑𝑘𝑙  = 0. dmax denotes the 

maximum Euclidean distance of any two nodes. In term of 

the sensing node #k to be chosen, its Euclidean distance 

respect to all the selected sensing nodes is defined as 

 

 

𝑅𝑘 = 𝑚𝑖𝑛 (𝑑𝑘𝑠), ∀𝑠 (21) 
 

where s is the number of selected sensors. 

The FIM of node #k in Eq. (21) is rewritten as follow to 

include the distance coefficient 
 

𝑨𝑘
′ =∑𝑅𝑘

𝑙

𝑘=1

(
𝜕𝑮

𝜕𝜶
)
𝑘

𝑇

(
𝜕𝑮

𝜕𝜶
)
𝑘
 (22) 

 

To increase the information that have contribution to 

damage extent quantification, the sum of trace of selected 

sensor should be as large as possible (Polydorides et al. 

2018), which can be calculated as follow 
 

𝑡𝑟(𝑨′) =∑𝑡𝑟(𝑨𝑖
′)

𝑙

𝑖=1

 (23) 

 

where 𝑡𝑟(𝑨𝑖
′) means the trace of FIM provided by sensing 

node #i, and which can be used to evaluate the contribution 

degree of sensing node #i to damage detection. 

It should be noted that each sensing node adds some 

information to the FIM, but the contribution from each of 

them is different. Therefore, the candidate sensor set can be 

selected in terms of their contribution to damage detection. 

Overall, the above sensor optimization process can be 

summarized in the following flowchart (see Fig.  1), 

wherein, the minimum number of sensors s with optimal 

 

Fig. 1 Sensor optimization process 
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placement scheme can be determined when the objective 

damage quantification error is set in advance. In this study, 

the optimization goal is set to achieve higher accuracy of 

bridge damage identification with lesser number of sensors. 

The actual trade-off should be set by the bridge owner who 

may consider real application factors such as cost and 

monitoring requirements. Herein, without loss of generality, 

the 10% relative damage quantification error is set as a 

threshold value in advance. Via adoption of the procedure 

here explained, it is possible to obtain the number and 

location of sensors and hence optimally design the BHM 

system. 

 

 

3. Case studies 
 

Two numerical examples were used to verify the 

performance of the proposed OSP technique and to define 

the optimal number of sensors: (1) a numerically simulated, 

61-DOF, three span continuous beam with lumped masses 

on each node; (2) PH bridge with inspected damages. In 

addition to the verification of the proposed framework, the 

continuous beam model is used to compare the performance 

of the distance coefficient corrected damage sensitivity of 

influence line (DC-DSIL) method to the damage sensitivity 

of influence line (DSIL) method, and to investigate the 

effect of different number and location of sensors on 

damage detection in bridge systems. The real structural 

damage scenarios from preliminary field inspection result 

are used for the PH example, and the proposed OSP method 

is applied to determine priority of sensing locations for a 

BHM system, which is scheduled to be implemented on the 

bridge. 

 

3.1 Three span continuous beam 
 

In this section, we use a three-span continuous beam 

model to illustrates the procedure of the proposed OSP 

framework and verify its effectiveness. The beam is 

represented by a finite-element model discretized into 60 

beam elements with mechanical properties presented in 

Table 1. All numerical 3-D models were developed in 

ANSYS and the analysis was held by the MATLAB. Fig. 2 

shows a sketch of the beam in simulation. The structure is 

assumed to behave elastically, with sensing nodes N1~N61 

numbered from left to right. 

 

 

 

 

In order to fully consider the sensitivity of each sensing 

node to the structural damage, all of the vertical degrees of 

freedom are chosen herein as output in computing the 

damage sensitivity matrix. The first-order damage 

sensitivity analysis is performed according to the rationale 

introduced in Section 2.2.1. According to the definition of 

damage sensitivity matrix, a certain column of S represents 

the sensitivity of a DIL line to an element. Since the beam 

model shown in Fig. 2 is a symmetrical structure, columns 

5, 10, 15, 20, 25, and 30 of the damage sensitivity matrix 

are extracted and plotted in Fig. 3 to describe the sensitivity 

of each sensing node to the elements #5, #10, #15, #20, #25 

and #30 in the left half of beam model. 

In Fig. 3, the absolute maximum value of each 

sensitivity curve appears in the location of the 

corresponding element, demonstrating the fact that the 

closer measurements location to the damage element the 

more sensitive. As expected, the sensing nodes near the 

mid-span positions are more sensitive to damage than those 

near the bearings, indicating that the displacement sensors 

deployed near middle span are more beneficial to the 

damage detection, while sensors placed closing to the 

bearing position are less sensitive to damage detection. It is 

also observable that the sensitivity values of nodes in side 

span are relatively higher than those in middle span. 

Consequently, displacement sensors placed in side-spans 

are generally more sensitive to structural damage. 

Similarly, the sensitivity of selected displacement nodes 

to each element is analyzed by extracting rows 5, 10, 15, 

20, 25 and 30 of the damage sensitivity matrix S and plotted 

in Fig. 4. It can be seen that there are remarkable peak 
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Fig. 3 Damage sensitivity of all sensing nodes to selected 

elements 

Table 1 Beam model properties 

Total span length Linear density Young’s modulus Section moment of inertia Damping 

30 m 1400 kg/m 2.1×109 N/m2 5.4×10-3 m4 3% 
 

 

Fig. 2 Three-span continous beam model 
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Fig. 4 Damage sensitivity of selected sensing nodes to all 

elements 
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(a) DSIL method 
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(b) DC-DSIL method 

Fig. 5 Contribution of sensing nodes to beam damage 

detection 
 

 

values near the bearings (elements #21 and #41, 

respectively), indicating that the damage occurred near the 

bearing can be detected if sensors placed properly. 
 

3.2 Comparative study on OSP methods 
 

In above, the damage sensitivity of sensing nodes on 

beam model is analyzed and then, the contribution of these 

nodes to damage detection can be evaluated. Fig. 5 shows 

the contribution of sensing nodes to beam damage detection 

using the damage sensitivity of influence line (DSIL) 

method and the distance coefficient corrected damage 

sensitivity of influence line (DC-DSIL) method described in 

Section. 2.2.2, respectively. 

In the case of DSIL in Fig. 5(a), the contribution of each 

node is unclear despite there may be cases of peak value (of 

specific location), which makes it quite difficult to select 

ideal sensor positions. For instance, if we choose nodes #8 

and #9 as sensor positions with respect to the largest 

contribution value, its normalized Euclidean distances 

computed from the FIM is only 0.0625. This means that 

information provided by two adjacent sensors is repetitive 

and make little contribution to damage detection. However, 

from the case of DC-DSIL in Fig. 5(b), sensors can be 

easily placed in node positions with relatively higher 

contribution, i.e., nodes #9 and #23. Its normalized 

Euclidean distance is 0.9155, and consequently successfully 

avoids the information redundancy between enrolled nodes. 

The accumulative contribution as the increasing number 

of sensing nodes calculated by the DSIL method and the 

DC-DSIL method are compared in Fig. 6, wherein, the 

accumulative contribution of DC-DSIL method is higher 

than that of DSIL method. The comparison results illustrate 

that the DC-DSIL method is quite efficient with respect to 

the contribution to the improvement of damage detection 

accuracy. Moreover, the differences are negligible after a 

certain number of sensors, indicating the sensor placement 

could be largely optimized aimed at improving the accuracy 

of damage extent quantification and this has to be taken into 

account in the design of BHM systems based on displace-

ment measurements. 
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Fig. 6 The number of sensors versus the accumulative 

contribution 
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Fig. 7 The sum of relative error and contribution value of 

each sensing node 
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Fig. 9 The relative error of damage detection for two-sensor 

scheme (sensor placed in nodes #9, and #53; by both 

the DSIL method and the DC-DSIL method) 

 

 

3.3 Effects of the number and location of sensors 
on damage detection 

 

The structural integrity of bridges can be affected by 

either environmental conditions or unforeseen external 

actions. In order to efficiently detect damage, a sound 

sensor deployment scheme should bring accurate detection 

result to most of damages instead of several special ones. In 

this direction, we first evaluate the sum of relative error and 

contribution of every single node to all the elements on the 

beam. Assuming that damage extent αi = 0.2 is applied to all 

the elements, and 10% white noise is added to the DIL of 

each node before and after damage occurred. As evidenced 

in Fig. 7, the left ordinate denotes the contribution value of 

each sensing node, and the right ordinate denotes the sum of 

relative damage quantification error. The inverse 

relationship between relative error and contribution value of 

each node is observed in all cases., i.e., the relative errors of 

nodes #9, #23, #39 and #53 with larger contribution values 

are apparently smaller than those of others. This 

phenomenon coincides with the contribution of each node 

to beam damage detection, and further proves that damage 

identification is more efficient when nodes with high 

contribution values are involved in the OSP scheme. 

It is worth noting that only one sensor is applied in 

 

 

 

 

above discussion. In order to address the effects of number 

and location of sensors on damage detection, OSP schemes 

for two (2) sensors and four (4) sensors obtained by the 

DSIL method and DC-DSIL method are show in Figs. 8-11, 

respectively. According to the results in Fig. 5, in the case 

of two-sensor scheme, the peak contribution values occur in 

nodes #9 and #53. Hence, nodes #9 and #53 are the best 

positions to place sensors for both the DSIL and DC-DSIL 

methods. The OSP configurations of two-sensor scheme on 

the beam structure by both methods are shown in Fig. 8. 

Fig. 9 shows the relative error of sensors to damage 

detection when damage extent αi = 0.2 is applied to all the 

elements, and 10% white noise is added to the DIL of each 

node before and after damage occurred. The average error 

of all the damage elements is 12.73%. Moreover, it is 

obvious that the relative damage quantification errors in 

element 9 and element 51 are relatively low than those of 

other nodes, which indicates that damage quantification 

accuracy can be improved when the damage element is 

close to the sensor location. 

The optimal placement of four-sensor scheme and 

relative error by both method are shown in Figs. 10 and 11, 

respectively. When the number of sensors increased from 

two to four, the standard accumulative contribution value of 

DSIL and DC-DSIL method (shown in Fig. 5) increase from 

11% to 21% and 38% to 59%, respectively. In the case of 

four-sensor scheme, as shown in Fig. 11(a), the average 

relative error by the DSIL method decrease slightly to 

11.91% when two more sensors in nodes #8 and #54 are 

enrolled compared to the Fig. 8. Obviously, these two 

additional sensors do not offer but only marginally to the 

FIM and thus make little effective contribution to damage 

detection. By contrast, for the DC-DSIL method in Fig. 

11(b), when two more sensors are placed in nodes #23 and 

#39, the resulted average relative error decrease to 9.36%, 

which may seem not substantially improved but gives a 

different sensor configuration. In other words, the DC-DSIL 

method is able to exclusively detect whether damage occurs 

on the structure and this is expected to have a direct impact 

on the optimal sensor positions. As a result, we use the DC-

DSIL method in following section to design an OSP scheme 

for a real bridge. It is note that the average damage qualifica- 
 
 

 

 

Fig. 8 OSP configurations of two-sensor scheme on the beam 

 

Fig. 10 OSP configurations of four-sensor scheme on the beam 
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(a) Sensor placed in nodes #8, #9, #53 and #54 by the DSIL 

method 

(b) Sensor placed in nodes #9, #23, #39 and #53 by the DC-

DSIL method 

Fig. 11 The relative error of sensing node to damage detection 

  

(a) Oblique view (b) Bottom view 

Fig. 12 The PH bridge 

  

(a) Transverse and longitudinal cracks in bottom slab (b) Vertical cracks in web 
 

 

 

(c) Transverse cracks in bottom slab (d) Cross-sectional view of box-girder 

Fig. 13 PH bridge deck cross-section and typical structural damages 
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tion error is less than 10% when four sensors placed by the 

DC-DSIL method. Hence, the optimized four-sensor 

placement scheme is deemed as sufficient in this numerical 

study. However, it is also worth to note that such a trade-off 

should be different case by case, and should be decided 

based on an overall consideration by the bridge owner at 

last. 

 
3.4 Pinghu bridge 
 

The proposed OSP approach is adopted in this section to 

achieve an efficient sensor placement scheme on a field 

bridge structure. This bridge is currently being retrofitted 

due to various damages and a BHM system is planned to be 

implemented to monitor its healthy status in the future. In 

the following, we present the bridge condition followed by 

the OSP configuration and its performance evaluation. 

 

3.4.1 Description of the bridge 
The Pinghu (PH) bridge pictured in Fig. 12 is located in 

Shenzhen, China, across the Pinghu railway. It is a four-

span continuous reinforced concrete box-girder bridge (42.5 

m + 2 ×  65 m + 42.5 m). According to its condition inspection 

in 2015, bridge deck cracks were reported in various 

locations as shown in Fig. 13 and were set as damage 

scenarios herein. The location and size of structural 

damages are summarized in Table 2, where the sizes of 

damage are represented by the area, respectively. It is note 

note that the depth of crack is not available in the inspection 

report, an average depth of 30 cm for cracks therefore is 

assumed (the web and bottom slab of box-girder have a 

thickness of 40 and 45 cm, respectively). Then, the stiffness 

reduction in term of damage area is calculated to estimate 

the extent of damage in corresponding elements. 

The numerical bridge model is divided into 86 elements 

with equal length. Per the location and size of damage 

 

 

Table 2 The location and extent of typical damages on PH 

bridge 

Damaged element #26 #61 #75 

Damage type Crack Crack Crack 

Damage size (m2) 5.0×0.3 6.0×0.3 6.0×0.3 

Moment of inertia before 

damage occurred (m4) 
1.050×109 1.050×109 1.205×109 

Moment of inertia after 

damage occurred (m4) 
8.925×108 8.610×108 1.0002×109 

Damage extent α26 = 0.15 α61 = 0.18 α75 = 0.17 
 

 

 

inspected, the bending stiffness losses in corresponding 

elements are approximately estimated according to the 

cross-sectional inertia moment before and after the 

occurrence of structural damage and their damage extent are 

summarized in Table 2. Fig. 14 gives the discretized bridge 

model and all of the damage locations, in which, the 

elements #26, #61 and #75 represent the locations of 

existing massive cracks respectively. It should be notice that 

the emphasis of this section is to determine the optimal 

sensor placement and verify its validity in improving the 

damage detection accuracy. Hence, some simplification on 

finite model element division and structural damage 

scenarios setup are applied herein. 

 

3.4.2 Sensor placement optimization results 
Performing similar optimization procedure, the 

contribution of all sensing nodes to damage detection are 

computed using the DC-DSIL method and shown in Fig. 15. 

As is evident, the first 6 maximum values occur on the 

nodes #7, #27, #31, #57, #61 and #81, respectively, offering 

major contribution to damage detection. Therefore, the 

optimal sensor locations for PH bridge would be selected 

from those candidate locations in terms of contribution 

values from high to low. For instance, considering the 

symmetry of bridge, the magnitudes of contribution values 

of nodes #31, #7 and # 27 on the left side of bridge are 

0.0401, 0.02486 and 0.02464, respectively. Nodes #57, #81 

and #61 on the right side have the same values. If only two 

sensors are decided to be implemented, the sensors #31 and 

#57 will be selected; if four sensors implemented, extra 

sensors #7 and #81 will be added; and if six sensors 

implemented, then extra sensors #27 and #61 will be added. 

In the present work, we set the number of available sensors 

at six (6) to simultaneously maximize the information 

associated with the measurements, and minimize the total 

cost of the BHM system. Fig. 16 shows the OSP 

configuration for displacement sensors on the bridge. 

Regarding the resulted sensor configuration, Fig. 17 

gives an insight into how much the six sensors deployment 

can detect the actual damages on the bridge (see Fig. 14). It 

can be obtained from Fig. 17, the relative errors between the 

identified and real damage extent for damaged elements 

#26, #60 and #75, are 4.75%, 3.86% and 6.75%, 

respectively, and the average relative error is 5.12 %. These 

results prove the damage detection accuracy for the bridge 

using the proposed OSP framework. Meanwhile, it is also 

observed that there are some lower peaks others than actual 

damage locations in Fig. 17, which may cause false positive 

detection on the bridge. In these cases, the DIL-based 

methods are shown with errors limiting its damage 
 

 

 

 

Fig. 14 Damage scenarios and the cross-section of the PH bridge 

damaged element
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Fig. 15 Contribution of each node by the DC-DSIL method 
 

 

 

 

detection applicability. Overall, this paper offers a 

methodological approach utilizing displacement sensors via 

an appropriate and herein developed OSP procedure, in 

order to derive enhanced estimates of damage based on DIL 

analysis. 

 

 

4. Conclusions 
 

In BHM practice, the cost of installing and maintaining 

of a complicated monitoring system could be a burden to 

the administration agencies, particularly for those large 

volumes of existing small and medium scale bridges. 

Therefore, fewer sensors with efficient placement schemes 

are deemed as meaningful for real applications. In this 

paper, our intention is to demonstrate a systematic 

framework for sensor placement making use of bridge DIL, 

and to fulfill the damage detection requirements of BHM 

system. Our method establishes a theoretical connection 

between the structural stiffness matrix, damage coefficient 

and change of DIL, and then develops an OSP framework 

based on the analysis of DIL. The OSP problem has been 

generalized to take into account the contribution of sensors 

to damage detection. 

The proposed OSP framework allows to quantitatively 

take into account damage extent detection. Two possible 

optimization methods have been described, and the relative 

optimization constraints have been discussed. As results of 

a three-span continuous beam numerical example illustrate, 

an inverse relationship between the relative detection error 

and the contribution to damage detection on each node is 

observed. Therefore, sensors can be favorably placed on
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Fig. 17 Damage extent quantification result 
 

 

 

 

those nodes with higher contribution value to damage 

detection and thus substantially avoided the information 

redundancy among enrolled nodes. Moreover, as the 

number of sensors increase, the DC-DSIL method turns out 

to be more efficient in damage detection than the DSIL 

method. It can be explained by the fact that the distance 

coefficient correction in FIM efficiently improved damage 

extent quantification accuracy. 

From the studies on an actual-scale case study, i.e. the 

Pinghu bridge, it is observed that, the selected sensor 

locations show significant contribution in damage detection 

and, therefore, these locations can be used for potential 

placement of sensors for practical application of BHM 

system on this specific bridge. We believe that such a 

framework can also be used in most of small-medium span 

continuous bridges. In practice, these sensor locations 

would serve as an optimization solution for the BHM 

system to detect structural damages, thus making accurate 

early-warning of the bridge structure. In the future, similar 

studies and experimental tests are worth pursuing to make 

the DIL-based OSP framework more general and applicable 

to different types of bridges. Meanwhile, to enhance the 

performance of DIL-based damage detection, displacement 

records combined with vibration-based measurements 

featuring higher sampling rates, such as tethered 

accelerometers and suitable data fusion techniques could be 

another direction of effort. 
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