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Abstract. The modal strain energy method is one of the efficient methods for detecting damage in the structures. Due to existing
some limitations in real-world structures, sensors can only be located on a limited number of degrees of freedom (DOFs) of a
structure. Therefore, the mode shape values in all DOFs of structures cannot be measured. In this paper, a modified modal strain
energy based index (MMSEBI) is introduced to locate damaged elements of structures when a limited number of sensors are used.
The proposed MMSEBI is based on the reconstruction of mode shapes using Improved Reduction System (IRS) method. Therefore,
in the first step by employing IRS method, mode shapes in slave degrees of freedom are estimated by those of master degrees of
freedom. In the second step, the proposed MMSEBI is used to located damage elements. In order to evaluate the efficiency of the
proposed method, two numerical examples are considered under different damage patterns considering the measurement noise.
Moreover, the universal threshold based on statistical hypothesis testing principles is applied to damage index values. The results
show the effectiveness of the proposed MMSEBI for the structural damage localization when comparing with the available damage
index named MESBI. The results demonstrate that the presented method can be used as a practical strategy for structural damage
identification, especially when a limited number of sensors are installed on the structure. Finally, the combination of MMSEBI and

IRS method can provide a reliable tool to identify the location of damage accurately.
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1. Introduction

Nowadays, with the rapid development of science and
technology, many engineering structures and imperative
infrastructures have been constructed. These structures may
be affected by excessive applications and natural disaster
risks during their lifetime, resulting in the structural
integrity will decrease. The health monitoring of a structure
is a major factor in assessing damage occurrence and
determining the location and the severity of possible
damages (Dongyu et al. 2010). Damage usually
alters physical properties of structures leading to decreasing
the structural stiffness, but the structural mass can be
assumed to be constant because of its negligible change. In
addition, a change in the stiffness will modify dynamic
properties of structures including natural frequencies and
mode shapes (Hu and Wu 2009).

In most recent studies, mode shapes have then been
utilized, due to numerous reasons, to identify the structural
damage instead of natural frequencies (Guo and Li 2009,
Shih et al. 2009, Yazdanpanah et al. 2015). In this regard,
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several techniques have been developed to detect structural
damage relied on mode shapes. The modal strain energy
(MSE) is one of the most efficient methods which can be
used as an indicator in the structural damage detection. Due
to damage occurrence and sensitivity of the mode shapes to
changes in the structural properties, the strain energy
changes. Thus, damage location can be identified using an
efficient MSE change. The basic formulation of the MSE
method is such that it requires mode shapes at all degrees of
freedom. In some researches, complete degrees of freedom
have been used to determine MSE of the structure, and in
some others, incomplete degrees of freedom have been
considered.

In recent years, much research has been carried out on
the implementation of modal strain energy to detect the
structural damage. Stubbs et al. (1992) recommended the
main idea of such method. They found that MSE, defined
on the basis of mode shape curvature, will change due to
damage. Furthermore, they expanded their introduced
method for the damage identification of structures (Stubbs
et al. 1995). Shi et al. (2000a) obtained structural damage
using MSE change before and after damage.

The performance of the introduced index was then
elucidated through damage identification results. Kim et al.
(2003) carried out some examinations using structural
frequency responses, mode shapes and MSE so as to detect
damage in structures. The results revealed that MSE is
extremely sensitive to damage compared to other dynamic
responses. Shi et al. (2002) presented a method on basis of
modified modal strain energy. A two-story steel frame was
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adopted to illustrate the effectiveness of the proposed
method. The outcomes confirmed the good performance of
the method in identifying the structural damage. Moreover,
an improved damage detection method based on the concept
of modal strain damage index was presented by Guan and
Karbhari (2008). The proposed damage index was possible
to calculate modal displacements and modal rotations. A
penalty-based minimization approach was then used to find
the unknown modal rotation using sparse and noisy modal
displacement measurement. The results indicated the
advantages of the method compared to the modal curvature
method. Asgarian et al. (2009) identified damage in jacket-
type offshore platforms using MSE method. Numerous
examples were then practiced to prove the efficiency of the
proposed method in the identification of damage. Hu and
Wu (2009) introduced a damage index for detecting damage
in plates using the MSE method. such damage index was
defined as a ratio of MSE before and after the damage
incidence. Seyedpoor (2012) recommended a damage
indicator based on MSE, and the high performance of which
was assessed by some numerical examples.

Yan et al. (2012) formulated a damage detection method
based on the elemental MSE sensitivity. The method was
numerically applied to a number of two-dimensional
structures and high efficiency results were then noted.
Wiahalthantri et al. (2012) investigated a damage index
regarding MSE method for a simply-supported double-span
beam. They proved that the method is efficient enough,
though applicable only for simple beams. Ding et al. (2013)
proposed a damage index based on MSE method for roads
and bridge structures. Numerically applying the method to a
bridge using a continuous beam model, good agreement
was obtained by assuming various quantities of damage at
different locations.

Wang et al. (2013) used cross modal strain energy
(CMSE) method in the estimation of semi-rigid joints. In
their study, a four-story frame was considered to
demonstrate the capability of the presented method. It was
conducted that the CMSE method can estimate the
connection stiffness. Liu et al. (2014) conducted an
experiment of improved strain energy method to identify
damage in jacket-type offshore wind turbines. The
experimental results demonstrated that the proposed method
can properly identify the location of damage through
utilizing the first two measured modes for different damage
scenarios. Li et al. (2015) developed a damage detection
method based on MSE and artificial neural networks in
beams. The result showed that the method can correctly
detect the damage in beams. Moradipour et al. (2015) used
an improved MSE to identify damage in 2D structures.
They mathematically developed the MSE method and then
applied it to a beam and a two-dimensional frame so as to
establish the efficiency of the method. The results revealed
that the proposed method could be a reliable approach in
detecting damage, considering 5 modes of the structure. Wu
et al. (2016) identified damage in structures via MSE
method rather addressing strain modes than displacement
and rotation modes. The method was introduced on an
Euler—Bernoulli beam with a uniform cross section and the
outcomes verified the accuracy of the method in identifying
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damage. Li et al. (2016) proposed an improved MSE
method to assess damage in offshore platform structures. To
illustrate the efficiency of such method, both numerical and
experimental studies were conducted for different damage
cases utilizing a jacket platform structure. The results
demonstrated the satisfactory performance of the method
introduced for damage assessment.

Tan et al. (2017) could identify damage in steel beams
by means of MSE method combined with artificial neural
network. Some numerical examples were then used to
assess the performance of the method. The results
confirmed the method's high efficiency. Ashory et al. (2018)
obtained damage in laminated composite plates using an
efficient MSE. It was witnessed that damage identification
using the MSE method in composite plates has acceptable
results and hence the accuracy of the method is improved
compared to other methods.

As yet, mode shape values at all DOFs of structures
were required to evaluate MSE in many of the previous
works. However, this is impossible for a real-life structure
since the sensors can only be located on a limited number of
DOFs of the structure. Hence, it would be quite
advantageous to use a method in estimating the structural
responses at all DOFs based on a limited number of DOFs
and thus reduce the number of DOFs. Moreover, it seems
essential to introduce a more powerful index that can
efficiently and accurately detect the location of damage.

This study aims to provide a modified modal strain
energy-based index (MMSEBI) to overcome the limitations
of the earlier damage indicators. To achieve this goal,
improved reduction system (IRS) method is employed to
estimate the slave DOF responses using those of master
DOFs. Then, a damage indicator is introduced to identify
the damage location properly through a limited number of
structural responses. The proposed method is numerically
applied to a couple of examples. Single and multiple
damage scenarios with 3% and 7% noise are considered and
the results are compared with a previous MSE based
method (Seyedpoor 2012). The outcomes of numerical
studies point out the effectiveness of the suggested method.

2. Model reduction

The basis of reduction methods for decreasing the
degrees of freedom (DOFs) of a structure was first
introduced by Guyan (1985). In these methods, the total
DOFs of a structure are divided into masters and slaves.
Only master DOFs are used in a dynamic analysis, while
assuming that the responses at the slave DOFs are not
available. Hence, by a transmission matrix; the slave DOF
responses are estimated utilizing the responses from the
master DOFs, and the approximate responses will be used
in the analysis process. In this section, the Guyan reduction
method is expressed at first, and then the improved
reduction system (IRS) method used in this study is briefly
described (O’Callahan 1989). The dynamic equation of
motion in a structure with n degrees of freedom can be
defined as

[M1(Z} + [K1{%} = {f} @)
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where K, M, and f are the stiffness matrix, mass matrix and
the dynamic force vector, respectively.

When the total DOFs of the structure are written
according to the master and slave DOFs and no force is
exerted to the slave degrees of freedom, the equation of
motion can be parted as

(et el ) [l ] 2

_ {fm}
0
where the symbols m and s denote the master and slave
coordinates, respectively.

The second set of Eq. (2) by ignoring the inertia terms
can be written as

)

[Ksm]{fm} + [Kss]{fs} =0 3)

Eqg. (3) can be solved for slave DOFs as

{fs} = _[K_lss] [Ksm]{fm} 4

From Eq. (4), the relation between the master and slave
DOF responses is obtained where the transformation matrix
Ts can be defined as

[1]

[TS] - - [Kss]_l[Ksm]] (5)

Accordingly, the reduced stiffness and mass matrices
can be obtained from the following equations

[M,] = [Ts]"[M][Ts] (6)

(K] = [T [K][T] ()

The IRS method is an improvement of the Guyan
reduction method that the mass effects on DOFs will be
considered. Hence, the use of IRS instead of Guyan
reduction can be expected to improve the performance of
the method (O’Callahan 1989). In the IRS method, for
estimating the slave DOFs from the master DOFs, the
transformation matrix Trs is used instead of T as below

[Tirs] = [Ts] + [SIIMI[ TSI [M, ] K, ] (8)

where the matrix S is defined as

s=lo wenl ©

Accordingly, the reduced mass and stiffness matrices
(Mirs and Kirs, respectively) are attained as

[Tirs]" [MI[Tigs] (10)

[Tirs1" [K]1[Tirs] (11)

[Migs] =

[Kirs] =

Now, the mode shapes at all DOFs {@;} using mode
shapes at master DOFs {¢,,}, can be obtained as

wrt =g, |ton (12)

3. Modal strain energy based index

The modal strain energy (MSE) is basically the elastic
energy stored in structural elements caused by deformations
due to free vibration (mode shapes) of a structure (Shi et al.
1998). Because of damage occurrence, the MSE alters
obviously and therefore an MSE-based index can be used as
an efficient way to identify damage in structures. In order to
obtain the MSE, modal analysis is needed to be performed.
It is a tool to determine the natural frequencies and mode
shapes of a structure which is expressed as (Seyedpoor
2012)
where K and M are the stiffness and mass matrices,
respectively, w; is the i circular frequency and ¢; is the
i"" mode shape vector of a structure. Also, ndf is the total
active DOFs of the structure.

The MSE of the e element in the i mode of the
structure can be described as follow (Seyedpoor 2012)

ms Le:_{‘Pz}T[ke]{(Pf} (14)
i=1,. ndf e=1,..,nte

where k® is the stiffness matrix of the eth element of the
structure, ¢f is the vector of corresponding nodal
displacements of the e element in the i" mode and nte is
the total number of elements

Based on Eq. (14), a modal strain energy-based index
(MSEBI) was introduced to identify structural damage by
Seyedpoor (2012) as

(mnmse®)?¢ — (mnmse®)"
MSEBI¢ = max |0, ,
(mnmse®)h

(15)
e=1,..,nte

where the efficient parameter mnmse® for a healthy element
and a damaged element of the structure is represented by
(mnmse®)" and (mnmse®)?, respectively.

It should be noted that MSEBI requires the mode shapes
at all DOFs and it has not been expressed when the sensors
are located on limited DOFs. Thus, a modal strain energy
based index is introduced here based on using the limited
DOF responses of the structure.

4. The modified modal strain energy based index
In this section, some explanations regarding the

proposed index based on MSE are provided. For the
structure with ndf degrees of freedom via only Nm sensors



which are located on some limited degrees of freedom, Eq.
(16) is used to determine the natural frequencies and mode
shapes as
(K] = of M D{@mi} =0, m=1,..,Nm
(16)
i=1,..,Nmode Nmode < Nm

where Nmode, Nm, w; and ¢,,; are the number of modes,
number of master DOFs, i circular frequency and i mode
shape vector of master DOFs where sensor are located,
respectively. Also, K; and M; are the reduced stiffness and
mass matrices based on the IRS method for considering the
limited number of DOFs.

In order to calculate the MSE of the structure, the slave
DOF responses (the sensors do not install on these DOFs)
need to be determined in addition to master DOF responses
where sensors are installed. By calculating the mode shape
vector of master DOFs of the structure (¢,,;) from Eq. (16),
the IRS method is employed to estimate the mode shapes
corresponding to the slave DOFs (¢;). The compound of
two sets of vectors is arranged as the mode shapes of the
whole structure (@r;) as

{oritnarx ={{(p’""}"m““”“} i=1,..,Nmode (17)
{wsi}nslavexl

where ¢,,; and @si are the mode shape vectors of master
and slave DOFs, respectively and ¢g; is the complete
mode shape vector.

Then the modal strain energy of the e element
corresponding to the i mode is obtained as

1
mmsef = > {73 [k Hot}, (18)
i=1,..,Nmode, e=1,..,nte
where nte is the number of elements. The total MSE of the
i structural mode (mmse;) can be determined via the sum
of MSE values for all elements (mmse;?) which can be
expressed as

nte

mmse; = Z mmsef, i=1,..,Nmode (19)

e=1

In order to achieve the desired index, it is better to
normalize the mmse;? (for each element) to the mmse;
(for entire structure) as

mmse;

(20)

nmmse; =
mmse;

where nmmse/ is the normalized form of MSE of the eth
element for the ith mode of the structure.

Now, by summing squared of the normalized index of
the eth element for considering all modes, an efficient
parameter can be defined as

Nmode
snmse® = z (nmmsef)?,

i=1

e=1,..,nte (21)
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where snmse® is named here as the efficient parameter for
eth element of the structure. Finally, by determining the
efficient parameter snmse® for healthy and damaged
elements, (snmse®)" and (snmse®), respectively, an
effective index is defined here to identify damaged
elements. The index introduced is named as a modified
modal strain energy based index (MMSEBI), which can be
defined by Eq. (22)

() - ()|

Nmode Nmode
J (22)

(snmse®)h

MMSEBI¢ = max {0,

Nmode

It should be noted that, in a real-world structure because
of the unknown damage locations, it is impossible to
determine the stiffness matrix of a damaged element.
Hence, the stiffness matrix of the healthy element is used
for determining the (mnmse®)". According to Eq. (22), for
a healthy element the index will be zero and for a damaged
element the index will be larger than zero.

In this paper, both the modal strain energy based indices
(MSEBI and MMSEBI), are normalized by their maximum
value. Hence, MMSEBI is normalized as

nMMSEBI® = — MSEBI” (23)
[max(MMSEBI)]

where, max(MMSEBI) is the maximum of MMSEBI in all
elements.

In order to simulate damage at each element of the
structure, the modulus of elasticity of each element is
reduced from the original value using the following
equation (Alves et al. 2000)

E¢=(1-B.) E¢ (24)

where E¢ is the modulus of elasticity of the e damaged
element, B, is damage ratio of e element and E! is the
modulus of elasticity of the e healthy element.

5. Numerical examples

In order to assess the effectiveness of the proposed
method for damage detection, two numerical examples are
considered. The first example is a 45-element planar frame
and the second example is a 36-bar spatial truss. In the
examples, three different cases of damage are considered.
Both MMSEBI and MSEBI are used to identify structural
damage. The effects of mode humber and noise level on the
performance of the proposed method are also studied.

5.1 A forty-five-planar frame

The five-story planar frame (Kaveh et al. 2014) shown
in Fig. 1 is considered as the first test example to assess the
performance of the proposed damage index. The total
number of elements and nodes is 45 and 30, respectively,
leading to 75 active DOFs. All members are made of steel
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Fig. 1 A forty-five planar frame

Table 1 Different damage scenarios for the forty-five planar
frame

Damage scenarios Element number Damage ratio

Scenario 1 43 0.30

) 10 0.25
Scenario 2

32 0.30

9 0.30

Scenario 3 18 0.20

36 0.25

Table 2 The placement of master DOFs for the forty-five
planar frame

Patterns Master DOFs (node number/direction)

MDOF 2y 3x 3y 5x 8 10x 1lx 12x
Patternl = 11y 12y 20x 24x 26x 26y 30x 30y
MDOE 2x 2y bx by 6x 6y 1lix 11y
Pattern2 17y 18y 26x 26y 28x 28y 30x 30y

that the elastic modulus and material density are 210 GPa
and 7780 Kg/m3, respectively. In addition, the column and
beam sections are selected from W45x145 and W12x87,
respectively.

Three different scenarios listed in Table 1 are utilized to
investigate the performance of the proposed damage index.
Two different patterns have been used for master DOFs to
show the robustness of the proposed MSE-based index for
damage identification. The master DOF patterns are
provided in Table 2. Sixteen DOFs are selected in different
nodes for each pattern, which the node number of master
DOFs and its direction are given in the table.

In this paper, a universal threshold is applied to damage
index values (MSEBI and MMSEBI) for every damage
case. The universal threshold is defined as (Janeliukstis et

al. 2017)
T =o0+/2In() (25)

where I in our case is the total number of data points and o
is the standard deviation of damage index values.

1.2

(a)

E MSEBI

[N
L

o
o

B MMSEBI

Damage index value
o
()]

0.4
T msesi=0.18 T mmsesi=0.17
0.2
0 A

1 35 7 9111315171921232527293133353739414345
Element number

(a) Scenario 1 (damaged element: 43)

(b) &
14 . @ MSEBI

o
o

MMSEBI

index value

o
o
L

o

Damage

T msesi=0.12 T mmsesi=0.07

. =

1 357 9111315171921232527293133353739414345

o
o

o

Element number

(b) Scenario 2 (damaged elements: 10, 32)

1 B & MSEBI

0.8 I BAMMSEBI

Damage index value
o
[*)

0.2 E
f #
0 Aan . 1

1 35 7 9111315171921232527293133353739414345

Element number

(c) Scenario 3 (damaged elements: 9, 18, 36)

Fig. 2 The normalized MSEBI and MMSEBI comparison
for the 45-element planar frame for sensor pattern 1
considering 3 modes without noise

For all scenarios, elements with the index values greater
than threshold value T, are considered as damaged
elements. It should be noted that the index values less than
the threshold value have been ignored.

Fig. 2 shows the normalized MSEBI and MMSEBI
values for the first pattern of master DOFs considering 3
modes without noise. For the first damage scenario, the
MSEBI and MMSEBI correctly identified the damaged
element 43. However, the healthy elements 41, 42 and 44
have been detected as damaged elements.

In the second scenario, the MSEBI and MMSEBI have
identified damaged elements 10 and 32. However, the
MMSEBI has incorrectly identified one healthy element.

For the third scenario, the location of damaged elements
9, 18 and 36 has been accurately recognized by both
indices.

In order to show the effect of mode numbers on the
accuracy of the indices, the results of two damage indicators
with increasing modes are also presented. Fig. 3 shows
normalized MSEBI and MMSEBI values considering 5
modes for the first pattern of master DOFs without
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Fig. 3 The normalized MSEBI and MMSEBI comparison
for the 45-element planar frame for sensor pattern 1
considering 5 modes without noise

considering the noise effect. As can be seen, in all three
damage scenarios, the MMSEBI has properly detected
damaged elements, and it has performed very well.

In order to consider the noise effect on the performance
of the method, noise levels +3% and +7% are used in all
damage scenarios applying to the mode shapes (Dinh-Cong
etal. 2017)

o =@ (1+npy) (26)

in which ¢* is the ith noisy mode shape of the structure,
@; is ith mode shape of structure, n is the noise level, and
B; is a random value between [-1 1]. It has been reported
that the noise levels of 2%, 3%, 5% and 7% are reasonable
for mode shapes (Shi et al. 2000a, b, Nguyen et al. 2016).

With considering noise, the number of modes shapes
needs to be increased in the method. Hence, 5 and 7 modes
are utilized for considering the noise.

Fig. 4 demonstrates the normalized MSEBI and
MMSEBI values for the first pattern of master DOFs when
5 modes with 3% noise are considered. For the first damage
scenario, the MSEBI includes too many false elements
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Fig. 4 The normalized MSEBI and MMSEBI comparison
for the 45-element planar frame for sensor pattern 1
considering 5 modes with 3% noise

where almost 10 elements are wrongly identified as
damaged elements which show the low efficiency of the
index. Nonetheless, the MMSEBI index has been correctly
detected the location of damage just with two false
elements. Therefore, the MMSEBI has a much better
performance than the MSEBI. For the second scenario, the
MSEBI detected about 4 elements as damaged ones. In
contrast, the MMSEBI could correctly identify the exact
location of damage with only two false elements. It is
obvious that the MMSEBI has shown a high efficiency for
detecting damage compared with the MSEBI.

In the third scenario, the MSEBI had one false element
but element 36 has incorrectly identified as a healthy
element. In contrast, the MMESBI showed a better accuracy
while only two elements have wrongly detected. Hence, it
can be said that the accuracy of the modified index for
damage localization is superior.

In order to achieve the effect of the mode number, the
results related to MSEBI and MMSEBI for considering
more mode shapes are presented. The normalized MSEBI
and MMSEBI for the first pattern of master DOFs
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Fig. 5 The normalized MSEBI and MMSEBI comparison
for the 45-element planar frame for sensor pattern 1
considering 7 modes with 3% noise

considering 7 modes with 3% noise are shown in Fig. 5. It
can also be noticed that the MSEBI contains a lot of false
elements even by considering 7 modes. However, for all
three damage scenarios, the MMSEBI could correctly
identify the exact locations of damage with only one error
which indicates the efficiency of the proposed index.

Fig. 6 demonstrates the normalized MSEBI and
MMSEBI values for the first pattern of master DOFs when
5 modes and 7% noise are considered. For the first damage
scenario, the MSEBI includes too much false elements (5,
6, 10, 11 and 23) where almost 5 elements are wrongly
identified as damaged elements which show the low
efficiency of the index. Nonetheless, the MMSEBI index
has been correctly detected damage just with two errors.
Therefore, the MMSEBI has a much better performance
than the MSEBI. For the second scenario, the MSEBI
detected about 7 elements (29, 30, 31, 37, 38, 39 and 40) as
damaged ones. In contrast, the MMSEBI could correctly
identify the exact location of damage without a false
element. It is obvious that the MMSEBI has shown a high
efficiency for detecting damage compared to the MSEBI.
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Fig. 6 The normalized MSEBI and MMSEBI comparison
for the 45-element planar frame for sensor pattern 1
considering 5 modes with 7% noise

In the third scenario, the MSEBI had 3 false elements
but one damaged element 18 has incorrectly identified as a
healthy element. In contrast, the MMESBI showed a better
accuracy, while only three elements have wrongly detected
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for the 45-element planar frame for sensor pattern 1
considering 7 modes with 7% noise
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Fig. 8 The normalized MSEBI and MMSEBI comparison for the 45-element planar frame for sensor pattern 2

considering 3 modes without noise

and damaged elements (9, 18 and 36) have correctly
identified.

The results related to MSEBI and MMSEBI for
considering more mode shapes are presented. The
normalized MSEBI and MMSEBI for the first pattern of
master DOFs considering 7 modes and contaminated with
7% noise are shown in Fig. 7. It can be noticed that the
MSEBI contains numerous faults even by considering 7
modes. However, for all three damage scenarios, the
MMSEBI could correctly identify the exact locations of
damage with only two errors, indicating the efficiency of
the proposed index even by increasing the noise level up to
7%.

Damage identification results of MSEBI and MMSEBI
are illustrated in Fig. 8 for the second pattern of master
DOFs considering 5 modes without noise. For the first
damage scenario, the MSEBI and MMSEBI had similar
performance and two elements 41 and 42were incorrectly
identified as damaged element. Moreover, for the second

damage scenario, the MSEBI and MMSEBI detected one
healthy element (element 11) wrongly. Similarly, for
damage scenario 3, both indices have properly recognized
damaged elements 9, 18 and 36.

The MSEBI provides a higher error margin for damage
scenario 3, and some elements such as elements 4, 15, 19
and 20 have also been detected as damaged wrongly. While
in MMSEBI, the damaged location is correctly obtained.
Consequently, the proposed index (MMSEBI) provides
better performance as compared with MSEBI.

In order to demonstrate the mode numbers' effects, the
results of MSEBI and MMSEBI for considering higher
modes are presented. Fig. 9 displays the MSEBI and
MMSEBI values for the second pattern of master DOFs
considering 7 modes without noise. As can be seen for all
damage scenarios, the MMSEBI index has identified
damage without a false element especially in the second and
third scenarios compared with the MSEBI and it performs
well.
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considering 5 modes with 3% noise

Fig. 10 demonstrates the values of the normalized
MSEBI and MMSEBI for the second pattern of master
DOFs for considering 5 modes via 3% noise. For the first
damage scenario, many errors have been seen in the MSEBI
indicator where 5 elements are wrongly identified as
damaged elements which show the low performance of the

index. On the other hand, the MMSEBI index has been
properly identified damage locations only two false
elements had achieved. In the second damaged scenario, the
MSEBI has incorrectly detected 7 healthy elements as
damaged ones. However, the damaged elements are
properly recognized by the MMSEBI indicator without a
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index has much better performance than the previous one.
To assess the effect of mode numbers on the efficiency

of the method, the MSEBI and MMSEBI outcomes

considering 7 modes are also presented. Fig. 11

demonstrates MSEBI and MMSEBI values for the second

pattern of master DOFs considering 7 modes via 3% noise.

false element. In the third scenario, the MSEBI has led to
lower false identification and 4 healthy elements have
wrongly found as damaged elements. It means that the
index does not perform well. However, the MMESBI has
correctly identified damage locations only with two false
elements. Consequently, it can be said that the introduced
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It is observed from the results that the MSEBI contains a lot
of false elements even by considering 7 modes. The
MMSEBI index could properly identify the damage
location for all damage scenarios that indicates the
efficiency of the proposed index.

Fig. 12 demonstrates the normalized MSEBI and
MMSEBI values for the second pattern of master DOFs
when 5 modes and 7% noise are considered. For the first
damage scenario, the MSEBI includes too much false
elements (2, 3, 4, 6, 23, 28, 29, 30, 31, 32, 37, 38, 39 and
40) where almost 14 elements are wrongly identified as
damaged elements which shows the low efficiency of the
index. Nonetheless, the MMSEBI index has been correctly
detected damage just with three errors. Therefore, the
MMSEBI has much better performance than the MSEBI.
For the second scenario, the MSEBI detected about 12
elements (2, 3, 20, 21, 22, 28, 29, 30, 31, 32, 37, 38 and 39)
as damaged ones. In contrast, the MMSEBI could correctly
identify the exact location of damage with only one false
element. It is obvious that the MMSEBI has shown a high
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efficiency for detecting damage compared with the MSEBI.

In the third damage case, the MSEBI has been led to a
greater error and the elements 1, 2, 3, 4, 5, 6, 7, 0, 11, 12,
13, 14, 17, 19, 23, 24, 29, 30, 31, 33, 37, 38, 39 and 40 are
wrongly recognized as damaged elements. In fact, the
indicator has lost its efficacy. Moreover, the damage
locations have been properly identified with two errors (5,
11) by MMSEBI. Thus, it can be said that the modified
index has better capability for damage identification.

The results related to the MSEBI and MMSEBI for
considering more mode shapes are presented. The
normalized MSEBI and MMSEBI for the second pattern of
master DOFs considering 7 modes with 7% noise are shown
in Fig. 13. It can also be noticed that the MSEBI contains
lots of false elements even by increasing to 7 modes.
However, for all three damage scenarios, the MMSEBI
could correctly identify the exact locations of damage
without false elements in scenarios 2 and two false elements
in scenarios 1 and 3 which indicates the efficiency of the
proposed index even by increasing the noise level up to 7%.
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Fig. 13 The normalized MSEBI and MMSEBI comparison for the 45-element planar frame for sensor pattern 2

considering 7 modes with 7% noise

Table 3 Damage elements identified for the forty-five planar frame without considering noise

Scenarios MDOF Pattern Actual damage 3 modes > modes

MSEBI MMSEBI MSEBI MMSEBI
Scenariol 43 41,42, 43, 44 41,42, 43, 44 8,43 43
Scenario2 MDOF Pattern 1 10, 32 10, 11, 32 10, 32 10, 32 10, 32
Scenario3 9, 18, 36 9,18, 36 9,18, 36 9,18, 36 9,18, 36
Scenariol 43 41, 43, 45 41, 43, 45 41, 43, 44, 45 41,43
Scenario2 MDOF Pattern 2 10, 32 10, 11, 32 10, 11, 32 10, 32 10, 32
Scenario3 9, 18, 36 9,18, 36 9,18, 36 9,18, 36 9,18, 36
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Table 4 Damage elements identified for the forty-five planar frame with considering 3% noise

. MDOE Actual 5 modes 7 modes
Scenarios
Pattern damage MSEBI MMSEBI MSEBI MMSEBI
. 5, 8, 10, 11, 21, 28, 2,8, 10, 20, 21, 22, 28,
Scenariol 43 37,38, 39, 40, 43 10,40, 43 29,31, 37, 38, 39, 40, 43 38,43
MDOF 2, 3,10, 20, 21, 22, 28
i Pattern 1 19y LV Y, £y £4y £5,
Scenario2 10, 32 4,5, 8, 32, 38, 40 10, 32, 38, 40 2930, 31, 37, 38, 39 10, 32, 40
Scenario3 9, 18, 36 4,8,9, 18, 30, 39 4,8,9, 18, 36 9, 18, 29, 30, 31, 36 9, 18, 30, 36
Scenariol 43 5, 6,10, 11, 23, 43 10, 11, 43 5,10, 11, 12, 23, 38, 40, 43 10, 43
. MDOF 10, 29, 30, 31, 32,
Scenario2 Pattern 2 10, 32 37,38, 39, 40 10, 32 10, 11, 32 10, 32
Scenario3 9, 18, 36 5,9, 10, 11, 23, 36 5,9, 10, 18, 23, 36 9, 10, 11, 18, 19, 23, 36 9, 18, 23, 36
Table 5 Damage elements identified for the forty-five planar frame with considering 7% noise
. MDOF Actual 5 modes 7 modes
Scenarios
Pattern damage MSEBI MMSEBI MSEBI MMSEBI
. 2,8, 10, 20, 21, 22,
Scenariol 43 37,38, 39, 40, 43 38,43 4,10, 21, 28, 43 38,43
. MDOF 2,10, 12, 26, 2, 3,10, 30,
Scenario2 Pattern 1 10, 32 30, 32, 36, 40 10, 12, 32, 40 32 38, 39, 40 10, 20, 32, 40
. 5,9, 11, 12, 18, 30,
Scenario3 9, 18, 36 9, 12, 18, 36, 38, 40 9, 18, 36, 38, 40 36, 38, 39, 40 9, 11, 18, 36, 40
. 2,3,4,6, 23, 28, 29, 30, 2,3,4,5,6, 10,
Scenariol 43 31,32, 37, 38, 39, 40,43 2 10.23.43 11,12, 23, 38, 43 510,43
. 2, 3,10, 20, 21, 22, 28,
Scenario2 MDOF 10, 32 29 30, 31, 32, 37, 38, 39 10, 31, 32 10, 29, 30, 31, 32, 40 10, 32
Pattern 2
1,2,34,5,6,7,9, 10,
. 11, 12, 13, 14, 17, 18, 5,9 11, 3,10, 11, 12,
Scenario3 918,36 19 23 24,29 30,31, 12,18, 36 18, 29, 36 9,10,11, 18, 36

33, 36, 37, 38, 39, 40

Table 3 presents a summary of the results obtained from
the MSEBI and the proposed MMSEBI index without a
noise level in the frame. As can be seen, the MSEBI and
MMSEBI have almost similar performance in this case.
Increasing the number of modes has also improved the
performance of proposed MMSEBI versus MSEBI where
the MMSEBI has been able to detect damage without false
elements by using 7 modes. The increase in the number of
modes has however minor effect on the performance of
MSEBI.

Moreover, for the MSEBI, the second pattern of DOFs
has a better efficiency compared with the first pattern of
DOFs. Though, in both patterns, a lot of false elements has
been gained. But, the use of the MMSEBI has resulted in a
good performance in both patterns which damaged elements
are properly identified. Both patterns have rather the similar
efficiency for damage identification. However, the result
showed the second pattern is better than the first one.

Table 4 summarizes the damage identification results
obtained by MSEBI and MMSEBI, considering 3% of
noise. As can be seen, MSEBI contains a good deal of false

elements in detecting the damaged location in scenarios 1, 2
and 3. Only in scenarios 1 and 3, the MMSEBI respectively
predicts elements 10, 11 and elements 5, 11 as false
elements for the second pattern of DOFs. The damage
location is satisfactory in the rest of scenarios. By
increasing the number of modes, MMSEBI has been able to
detect the damage location with only one wrong element via
considering 7 modes. However, an increase in the number
of modes has negligible effect on the performance of
MSEBI.

Table 5 reports a summary of damage identification
results obtained by MSEBI and MMSEBI with 7% of noise.

As shown, the MSEBI contains lots of false elements in
detecting the damage location in scenarios 1, 2 and 3. In
contrast, the MMSEBI predicts damaged elements properly
with only some false elements. By increasing the number of
modes, the MMSEBI has been able to detect the damage
location with only one wrong element via considering 7
modes, however the increase in the number of modes has
little effect on the performance of the MSEBI index.
Moreover, for the MMSEBI, the second pattern of DOFs
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Table 6 Different damage scenarios for the 36 bar spatial
truss

Damage scenarios Element number Damage ratio

Scenario 1 19 0.25
Scenario 2 24 0.25
. 19 0.25

Scenario 3
24 0.25

Table 7 The location of master DOFs for the 36-bar spatial

truss

Pattern Master DOFs (node number/direction)
ly 1z 3x 4x

MDOF Pattern 1
X 6z 10z 12x
2X 2y 3y 4z

MDOF Pattern 2
z 7z 11x 12x

has a better efficiency compared with the first pattern of
DOFs. But, the use of the MSEBI has not resulted in a good
performance in both damage patterns.

5.2 Thirty-six-bar spatial truss

In order to investigate the performance of the proposed
method for damage detection of space trusses (3D
structures), a 36-bar spatial truss shown in Fig. 14 is
considered as the second example (Seyedpoor and
Montazer 2016). The structure is fixed at the ground and
consists of 36 steel tubular members that comprise 12 leg
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Fig. 14 The 36-bar spatial truss

members, 12 horizontal members and 12 diagonal brace
members in vertical planes. All members have a uniform
outer diameter 17.8 cm and wall thickness 0.89 cm. The
heights of all three stories are 9.14 m and the side lengths of
the bottom base and top floor are 12.19 x10.97 m and 4.88
x 3.66 m, respectively.

Each node has three degrees of freedom, so the truss
structure has 36 active DOFs, and the bar element is utilized
to model the truss. All members are made of steel, and the
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Fig. 15 The normalized MSEBI and MMSEBI comparison for the 36-bar spatial truss for sensor pattern 1 considering

3 modes without noise
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Young’s modulus and the mass density are 210 GPa and
7850 kg/m?, respectively. Three different damage scenarios
given in Table 6 are considered to assess the efficiency of
the proposed index.

To investigate the performance of the proposed MSE-
based index for damage detection, two different patterns
have been used for the sensor placement. The master DOFs
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patterns are given in Table 7. For each pattern, 8 DOFs are
selected that nodes corresponding to master DOFs and their
direction are listed.

Fig. 15 compares the normalized MSEBI with the
normalized MMSEBI based on the first pattern of master
DOFs when 3 modes without the noise are considered.

According to the illustrated results, as for the first
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damage scenario, both MSEBI and MMSEBI could
correctly identify the damage location, and the MMSEBI
value for one element (element 19) is greater than the
threshold value. In the second and third damage scenarios,
both MSEBI and MMSEBI can properly detect the damage
location without a false element.

In order to evaluate the effect of mode numbers on the
performance of two MSEBI and MMSEBI indicators, the
obtained results were extended to the other modes. The
MSEBI and MMSEBI values for the first pattern of master
DOFs with 4 modes and without the noise effect are
demonstrated in Fig. 16. The outcomes affirm that the
number of damaged elements obtained with 4 modes is
similar in both indices. In fact, regardless of increase in the
number of mode shapes, MSEBI and MMSEBI have
identical performances in damage identification.

In the case of considering the noise effect, the number of
mode shapes needs to be increased. Hence, 5 and 7 modes
are utilized here for considering the noise.

Fig. 17 shows the normalized MSEBI and MMSEBI
values for the first pattern of master DOFs when 5 modes
and 3% noise are considered. As indicated by the results, for
the first damage scenario, the MSEBI contains some false
elements. In addition to the damaged element 19 identified,
many other elements such as 3, 10, 11 and 30 have also
been wrongly detected. However, the damaged element 19
has been properly identified with only three false elements
(10, 11 and 30) by MMSEBI. For the second scenario, the
MSEBI recognized the damaged element 24 correctly but
some healthy elements including 1, 14 and 33 are diagnosed
as damaged elements. While, the MMSEBI has identified
the damaged element (24) with only one false element (33).
In the third damage scenario, the MSEBI has identified two
false elements (3, 10). Moreover, the MSEBI has not
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diagnosed induced damaged element (24). In fact, the
indicator has lost its efficacy. However, damage locations
have been properly identified with only two errors (3, 30)
by MMSEBI. Consequently, it can be said that the proposed
index has a better capability for damage identification.

To assess the effect of mode numbers, the MSEBI and
MMSEBI outcomes are shown in Fig. 18 for the first
pattern of master DOFs considering 7 modes via 3% noise.
It can be seen that the MMSEBI considering 7 modes could
identify the damage locality for the third damage scenario
without a false element. For the first and second damage
scenarios, the MMSEBI has correctly detected the location
of damages, only locating one false element. Therefore, it
can point out the advantage of the index.

Fig. 19 shows the normalized MSEBI and MMSEBI
values for the first pattern of master DOFs when 5 modes
and 7% noise are considered. As indicated by results, for the
first damage scenario, the MSEBI contains high false
elements. In addition to damaged element 19 identified,
other elements such as 1, 10, 11, 25 and 30 have also been
wrongly detected. However, the damaged element 19 has
been properly identified with three false elements (10, 11,
30) by MMSEBI. For the second scenario, the MSEBI
recognized the damaged element 24 correctly but high
healthy elements including 1, 3, 10, 11, 13, 14, 20, 22 and
33 are identified as damaged elements. It means, in this
pattern the indicator has lost its effectiveness. While, the
MMSEBI has identified the damaged elements and just two
elements (13, 33) have been incorrectly detected. In the
third damage case, the MSEBI has been led to a greater
error and the elements 10, 11, 15 and 30 are wrongly
recognized as damaged elements. Moreover, damage
locations have been properly identified with two errors (25,
30) by MMSEBI. Consequently, it can be said that the
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modified index has a better capability for damage  indicates the performance of the proposed index even by

identification even by increasing the noise level.

The normalized MSEBI and MMSEBI values are shown
in Fig. 20 for considering 7 modes via 7% noise. It can be
observed that the MMSEBI considering 7 modes can
correctly identify the damage location for all damage
scenarios with only one or two false elements, which it

increasing the noise level.

Another sensor placement is also used to investigate the
effectiveness of the indicator. Fig. 21 shows the normalized
MSEBI and MMSEBI values for the second pattern of
master DOFs considering 3 modes, without noise effects.
The outcomes show the accuracy of both indices (MSEBI,
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MMSEBI) for locating the damaged element in all damage
scenarios.

The results of MSEBI and MMSEBI are also presented
to show the effect of the number of mode shapes. The
values of MSEBI and MMSEBI for the second pattern of
master DOFs using 4 modes regardless the noise effect are
shown in Fig. 22. It can be seen that the MSEBI and
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MMSEBI have correctly identified damage locality which
signifies the high performance of the proposed indicator.
Consequently, despite of increasing the number of mode
shapes, the MSEBI and MMSEBI have the similar
performance in damage identification.

Fig. 23 demonstrates the normalized MSEBI and
MMSEBI values for the second pattern of master DOFs
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when 5 modes and 3% noise are considered. For the first
damage scenario as shown in the figure, the MSEBI has
some errors. In addition to damaged element 19, other
healthy elements such as 8, 9 and 32 have also been
wrongly detected. In contrast, the MMSEBI has been
correctly identified damaged element 19 by detecting
healthy elements 8, 9 and 21 as damaged elements. In the

second damage scenario, the MSEBI incorrectly recognized
three healthy elements including 2, 8 and 9 as damaged
elements. Though, the MMSEBI has identified only two
elements 5 and 12 in addition to the damaged elements. In
the third scenario, more errors are achieved by MSEBI. The
healthy elements 2, 8, 9, 26, 32 and 33 are incorrectly
diagnosed as damaged elements, implying that MSEBI
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index has lost its efficacy.

In contrast, MMSEBI has delivered higher correct
damage identification rate and merely the index value for
elements 8, 21 and 33 is unfavorable. Thus, the suggested
index has a better competence compared with MSEBI.

For evaluating the effect of mode numbers, the results of
MSEBI and MMSEBI are presented. Fig. 24 reveals the

normalized MSEBI and MMSEBI values for the second
pattern of master DOFs for considering 7 modes with 3%
noise. It can be observed that the MMSEBI considering 7
modes can correctly identify the damage location for all
damage scenarios, only one false element in the second
scenario and two false elements in the first and third
scenarios are achieved, which it indicates the performance
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of the proposed index.

Fig. 25 shows the normalized MSEBI and MMSEBI
values for the second pattern of master DOFs when 5 modes
and 7% noise are considered. From the results in the figure,
for the first damage scenario, the MSEBI contains many
false elements. In addition to the damaged element 19
identified, other elements such as 10, 14, 16, 20, 21, 24, 26,
28, 33 and 36 have also been wrongly detected. In fact, in
this pattern the indicator has lost its efficiency. Moreover,
the damaged element 19 has been properly identified with
three false elements (8, 9 and 21) by MMSEBI. For the
second scenario, the MSEBI recognized damaged element
24 correctly but high healthy elements including 2, 4, 8, 9,
20 26, 32 and 36 are identified as damaged elements.
While, the MMSEBI has identified the damaged elements
and just one element (9) has been incorrectly detected,
which it shows the high efficiency of the index. In the third
damage scenario, the MSEBI has been led to a greater error
and the elements 2, 8, 9, 26 and 32 are wrongly recognized
as damaged elements. Moreover, the damage locations have
been properly identified with one error (element 21) by
MMSEBI. Consequently, it can be said that the modified
index has a better capability for damage identification even
by increasing the noise level compared with the previous
index.

The normalized MSEBI and MMSEBI values are shown
in Fig. 26 for considering 7 modes via 7% noise. It can be
seen that the MMSEBI considering 7 modes can correctly
identify the damage location for all damage scenarios with
only one or two false elements, which it indicates the
performance of the proposed index even by increasing the
noise level.
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A result summary of damage identification obtained by
MSEBI and MMSEBI without considering noise are
provided in Table 8. As can be seen, the MSEBI and
MMSEBI have the similar performance in detecting
damaged elements for damage scenarios 1, 2 and 3.

Table 9 summarizes the damage identification results
obtained by MSEBI and MMSEBI, considering 3% of
noise. As shown, the MSEBI contains a lot of errors in
detecting the damaged element in scenarios 1, 2 and 3. The
MMSEBI is falsely detected only one or two elements as
the damaged element in the scenarios 1, 2 and 3 and three
elements when 7 modes are considered. It can be observed
that by increasing the number of modes to 7, the efficiency
of MMSEBI for damage identification has been enhanced.

Table 10 reports a summary of damage identification
results obtained by MSEBI and MMSEBI with 7% of noise.
As shown, the MSEBI contains a lot of errors in detecting
the damaged element in scenarios 1, 2 and 3. Moreover, the
MMSEBI is falsely detected only one or two elements as
the damaged element in all damage scenarios when 7 modes
are considered. It can be observed that by increasing the
number of modes to 7, the efficiency of MMSEBI for
damage identification has been improved, however, the
increase in the number of modes has a little effect on the
performance of the MSEBI index.

Moreover, for the MSEBI, the first pattern of DOFs has
a better efficiency compared with the second pattern of
DOFs. Though, in both patterns, a great deal of error has
been gained. However, the use of the MMSEBI has resulted
in a good performance in both damage patterns which
damaged elements are properly identified. Both patterns
have rather the same efficiency for damage identification.

Table 8 Damage elements identified for the 36-bar spatial truss without considering noise

. 3 modes 4 modes
Scenarios MDOF Pattern Actual damage
MSEBI MMSEBI MSEBI MMSEBI
Scenariol 19 19 19 19 19
Scenario2 MDOF Pattern 1 24 24 24 24 24
Scenario3 19, 24 19, 24 19,24 19,24 19, 24
Scenariol 19 19 19 19 19
Scenario2 MDOF Pattern 2 24 24 24 24 24
Scenario3 19, 24 19, 24 19, 24 19, 24 19, 24
Table 9 Damage elements identified for the 36-bar spatial truss with considering 3% noise
. MDOF Actual 5 modes 7 modes
Scenarios
Pattern damage MSEBI MMSEBI MSEBI MMSEBI
Scenariol 19 3,10, 11, 19, 30 10, 11, 19, 30 10, 11, 19, 30 10, 19
Scenario2  MDOF 2 1,14, 24, 33 24,33 3,10, 24 3,24
Pattern 1
Scenario3 19, 24 3,10, 19 3,19, 24, 30 3,10, 11, 19, 24 19, 24
Scenariol 19 8,9, 19,32 8,919, 21 2,8,9,19, 20,33 8,19, 21
Scenario2 P';Zﬁg 2 2.8,9,24 5,12, 24 20, 24, 26, 32, 33 12, 24
Scenario3 19, 24 2,8,9,19, 24, 26, 32, 33 8,19, 21, 24,33 2,8, 19, 20, 24, 33 19, 21, 24, 33
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Table 10 Damage elements identified for the 36-bar spatial truss with considering 7 % noise

. MDOE Actual 5 modes 7 modes
Scenarios
Pattern damage MSEBI MMSEBI MSEBI MMSEBI
Scenariol 19 1,10, 11, 19, 25, 30 10, 11, 19, 30 3,10, 11,13, 15,19 10, 11, 19
Scenario2 P';AttDe?nFl 24 1, 3,10, 11, 13, 14, 20, 22, 33 13, 24,33 3,10, 11,22, 24 22,24
Scenario3 19,24 10, 11, 15, 19, 24, 30 19, 24, 25, 30 10, 11, 15, 19, 24 19,22, 24
. 10, 14, 16, 19, 20, 21,
Scenariol 19 24,28, 33, 36 8,9,19,21 2,4,7,8,9,19,21,33 19,21, 33
MIDOF 4,8,9,15,19, 22, 24
i Pattern 2 1Oy Iy 0 T, £4 £,
Scenario2 24 2,4,8,9,20,24,26,32,36 9,24 25 27, 28, 30, 33 4,24
Scenario3 19,24 2,8,9,19, 26,32 19,21, 24 2,8,9,19, 20, 24, 26 2,19,24

6. Conclusions

The aim of this paper is to introduce an efficient index
for identifying structural damage when the response exists
in a limited number of degrees of freedom. Moreover, the
proposed method is based on the reconstruction of mode
shapes using Improved Reduction System (IRS) method.
First, the IRS method has been employed to estimate the
slave DOF responses using the master DOF responses and
then, based on all DOFs, a damage index named as
MMSEBI has been proposed. Two numerical examples
including a planar frame and a 3D truss, were employed to
evaluate the effectiveness of the proposed index and a
parametric study considering mode numbers, noise effect,
and sensor pattern has been made. Also, the performance of
the proposed index MMSEBI has been compared with that
of the available index MSEBI. The obtained modal strain
energy based index has been normalized and the universal
threshold based on statistical hypothesis testing principles
has been applied for damage index values. According to the
outcomes, the proposed MMSEBI index had better
performance as compared with MSEBI for recognizing the
actual location of the damage especially when the noise
level has been considered. Furthermore, by increasing the
number of modes, the proposed MMSEBI index has a better
performance, being able to identify damaged location
correctly. Moreover, it should be noted that the efficiency of
MMSEBI for damage identification is superior to the
MSEBI while its threshold is greater. Numerical results
indicate that the combination of MMSEBI and IRS method
can provide a reliable tool to identify the location of
damage accurately.
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