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Performance analysis of vehicle suspension systems with negative stiffness
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Abstract. This work evaluates the influence of negative stiffness on the performances of various vehicle suspension systems,
and proposes a re-centering negative stiffness device (NSD). The re-centering NSD consists of a passive magnetic negative
stiffness spring and a positioning shaft with a re-centering function. The former produces negative stiffness control forces, and
the latter prevents the amplification of static spring deflection. The numerical simulations reveal that negative stiffness can
improve the ride comfort of a vehicle without affecting its road holding abilities for either passive or semi-active suspension
systems. In general, the improvement degree of ride comfort increases as negative stiffness increases. For passive suspension
system, negative stiffness brings in negative stiffness feature in the control forces, which is helpful for the ride comfort of a
vehicle. For semi-active suspensions, negative stiffness can alleviate the impact of clipped damping in semi-active dampers, and

thus the ride comfort of a vehicle can be improved.
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1. Introduction

Suspensions are important components of a vehicle.
When a vehicle travels on road, suspension systems carry
the weight of vehicle body and transmit all forces between
the body and the road. Thus, suspension systems are of
great importance for the passengers’ ride comfort and
vehicle’s road holding ability, as well as the vehicle’s safety
and overall performance. Various control technologies have
been proposed for wvehicle suspension systems, and
depending on their operation modes, these technologies can
be classified into passive, semi-active and active. Passive
vehicle suspensions adopt springs and oil dampers, which
have the advantages of design simplicity and cost
effectiveness. The design of passive vehicle suspension
focuses on optimizing parameters of the suspension
systems. However, optimal design performances can only
be achieved in a certain frequency range, and is limited for
wide frequency range or changed operating conditions (Yao
et al. 2002, Du et al. 2005).

Active suspension systems can produce favorable
control forces through actuators. Therefore, excellent
performances over a broad range of frequency can be
achieved and operating condition changes can be adapted.
Various control strategies have been proposed and evaluated
for active suspension systems, including linear quadratic
regulator (LQR) (Choi et al. 1998), H” control (Karlsson et
al. 2001), fuzzy logic control (Al-Holou et al. 2002), linear
parameter-varying and nonlinear backstepping control
(Fialho and Balas 2002), skyhook and adaptive neuro active
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force control (SANAFC) (Priyandoko et al. 2009), model-
free fractional-order sliding mode control (MFFOSMC)
(Wang et al. 2018), and contrast-based Fruit Fly
Optimization (Kanarachos et al. 2018). However, in
practice, active suspension system relies on a complicated
system that involves sensors, actuators, controllers, external
power supplies, and high initial and maintenance costs.
Moreover, its performances or even vehicle stability could
be adversely affected by measurement noise or power
outage.

Semi-active vehicle suspensions can provide better
performances than passive suspensions, and their power
consumption and cost are much lower than those of active
suspensions. As the development of controllable dampers
based on magneto-rheological (MR) fluids, semi-active
suspensions become more practical in engineering
realization (Yao et al. 2002) and have drawn the attentions
of many researchers. Both theoretical and experimental
studies indicate that the performance of semi-active
suspension is highly dependent on the algorithm employed
(Ying et al. 2003, Savaresi, et al. 2003, Dong et al. 2010).
Ahmadian and Vahdati (2006) analyzed the performance
skyhook, groundhook, and hybrid control algorithm. Sohn
et al. (2000) further proposed an improved version of
skyhook control method, namely skyhook linear
approximation damper (SH-L) control. The SH-L method
can handle variable damping, either with discrete damping
coefficients, or with continuously variable damper (e.g.,
MR damper). Other control strategies including PI control
(Wang et al. 2003), Hoo control (Choi et al. 2002), sliding
mode control (Yagiz and Sakman 2005), fuzzy control
(Eslaminasab et al. 2007, Sung et al. 2007); neural network
control (Guo et al. 2004), have also been explored for semi-
active suspensions. Besides, the applications of MR
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dampers were also investigated for high-speed trains (Chen
et al. 2015, Ni et al. 2016). Due to its intrinsic restraint, the
control forces in semi-active suspension are clipped. For
example, semi-active MR damper can only provide control
forces in the opposite direction of damper velocity, and thus
its performances are still not as good as active controllers.

In previous studies, active dampers (e.g., ideal skyhook
damper and LQR controller), may produce a damper force—
displacement relationship with obvious negative stiffness
feature that benefits vibration control performance (lemura
and Pradono 2005). Inspired by these observations, the
vibration control performances of negative stiffness have
been studied for different mechanical and civil structures,
including isolation tables (Platus and Ferry 2007, Yang
2013), vehicle seats (Lee et al. 2007, Le and Ahn 2011),
adjustable constant force systems (Liu et al. 2016), tunable
stiffness systems (Churchill et al. 2016), stay cables (Li et
al. 2008, Weber and Boston 2011, Shi et al. 2016, 20173, b,
Balch et al. 2017), cable-stayed bridges (lemura and
Pradono 2002), and buildings (Asai et al. 2013, lemura et
al. 2006, lemura and Pradono 2009, Pasala et al. 2012, Sun
et al. 2017). Particularly, the feasibility of applying the
negative stiffness in high-speed train suspensions has also
been investigated (Lee and Goverdovskiy 2012, Lee et al.
2016, Shi et al. 2018). Numerical investigations verify that
the re-centering negative stiffness damper can improve the
ride comfort of high-speed trains without amplifying spring
deflection (Shi et al. 2018). However, the performance
analysis of negative stiffness on vehicle suspensions has not
been conducted.

This work examines the benefits of negative stiffness in
vibration control for vehicle suspensions. A re-centering
negative stiffness device (NSD) is proposed to work in
parallel with passive and semi-active suspension systems.
The re-centering NSD consists of a passive magnetic
negative stiffness spring and a positioning shaft with a re-
centering function. The former produces negative stiffness
control forces, and the latter prevents the amplification of
static spring deflection. A common quarter-car suspension
model was built, and both passive and semi-active
suspensions were considered. With respect to ride comfort
and road holding of a vehicle, the influence of negative
stiffness on the performances of various vehicle suspension
systems were analyzed.

2. Negative stiffness

Negative stiffness exhibits a negative slope in the force-
deformation relationship (Fig. 1). In contrast with common
positive stiffness, negative stiffness implies that the
instantaneous direction of the external force is opposite to
that of the deformation. To realize passive negative
stiffness, several means have been developed, including: a
pre-buckled beam with a snap-through behavior (Wang and
Lakes 2004, Lee et al. 2007), a pre-compressed spring
producing negative stiffness behavior in lateral direction
(Pasala 2012), a friction pendulum isolator sliding on a
convex friction interface (lemura and Pradono 2009), and
magnetic negative stiffness integrated with eddy-current

damping (Shi and Zhu 2015, 2017).

Fig. 2 shows the conceptual design of the re-centering
NSD for vehicle suspensions. The re-centering NSD is
composed of a passive magnetic negative stiffness and a re-
positioning shaft (Fig. 2). Magnetic negative stiffness is
used to produce the negative stiffness force, and the re-
centering shaft is used to avoid large spring deflection by
re-centering the zero-displacement location of negative
stiffness.
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Fig. 1 Force vs. deformation relationship
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Fig. 2 Principle design of re-centering NSD



Performance analysis of vehicle suspension systems with negative stiffness 143

2.1 Passive magnetic negative stiffness

The magnetic negative stiffness consists of moving
magnet and static magnets with the same pole orientation.
The design is the combination of the two designs proposed
by Shi and Zhu (2015), namely MNSD-A and MNSD-B.
The corresponding design and optimization methods were
also developed (Shi and Zhu 2017). According to the
experimental results shown in Fig. 3 (Shi and Zhu 2015,
2017), the negative stiffness of MNSD-A can achieve -5000
N/m (three NdFeB magnets, grade N48, outer radius 24mm,
inner radius 5 mm, thickness 20 mm), and the negative
stiffness of MNSD-B can achieve -15000 N/m (two NdFeB
magnets, grade N35, outer radius of static magnet 38 mm,
inner radius of static magnet 25 mm, thickness of static
magnet 20 mm, outer radius of moving magnet 20 mm,
inner radius of moving magnet 5 mm, thickness of moving
magnet 20 mm ).

The stiffness requirements of various applications can
be satisfied by magnetic negative stiffness. The control
forces of magnetic negative stiffness can be flexibly

designed through magnet dimension, strength and
arrangement.
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Fig. 3 Negative stiffness behavior (Shi and Zhu 2015)

According to the principle design presented in Fig. 2, the
interaction force between the moving magnet and the two
static magnets at the ends nonlinearly increases with
displacement at an increasing rate, which means the
negative stiffness hardens with displacement; while
interaction force between the moving magnet and the
middle static magnet also increases with displacement but at
a decreasing rate, which means the negative stiffness
softens with displacement. Combine the hardening and
softening stiffness properly, linear negative stiffness can
also be achieved.

2.2 Re-centering function

Suspension systems not only need to isolate dynamic
excitations, but also support the vehicle body. Simply
reducing suspension stiffness will result in large static
spring deflection. However, when the negative stiffness is
installed in parallel with suspension stiffness, large static
spring deflection can be avoided if the static loads are all
supported by suspension stiffness, and negative stiffness
only responds to dynamic excitations. This can be realized
by locating the zero-displacement location of negative
stiffness at the location of static load response. Since the
static load from vehicle body may change, for example,
different number of passengers or cargo weight, re-
centering function is needed to accommodate the static load
change.

The principle of the re-centering function is presented in
Fig. 4. The static load on a vehicle is measured by sensors.
The corresponding suspension deflection change (AX) can
be calculated with respect to the original stiffness of vehicle
suspension, and then the re-positioning shaft can change the
same amount of its length. As a result, the zero-
displacement location of negative stiffness always coincides
with the static load response. Therefore, the static load is all
carried by the original stiffness of the vehicle suspension, so
that the spring deflection will not be amplified. In practice,
actuators of the re-positioning shaft could be a linear motor,
a rotary motor with a ball screw, or a rotary motor with
pinion and rack.
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Fig. 4 Principle of re-centering function
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Such a re-centering function belongs to low-bandwidth
control because the changing rate of static load is very low.
Similar low-bandwidth control has been implemented in
vehicle suspensions, such as elevation control of vehicle
through air springs. Through the re-centering function, the
total stiffness of the suspension systems with negative
stiffness is high for static load and low for dynamic
excitation.

3. Dynamic formulation
3.1 Quarter-car suspension model

Quarter-car suspension models are widely adopted in
literature for the simulation of real suspension systems. In
this study, the quarter-car model was adopted to evaluate
the performance of suspension systems. As shown in Fig. 5,
the model includes one wheel, one-fourth of the car body
mass and suspension components. The sprung mass mg and
unsprung mass m, represent car chassis and wheel
assembly, respectively; ks and k; are the stiffness of the
uncontrolled suspension system and pneumatic tyre,
respectively; The governing equations of the quarter-car
suspension model are given by

mZ, +k,(z,—z,)=-u 1)

m,Z, +k (2, —2)+k (z, -z, )=u 2)

where z, and z, are the displacement of the sprung and
unsprung masses, respectively; z, is the road displacement
input; u is the control forces, which are produced by passive
or semi-active dampers.
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Fig. 5 Quarter-car suspension model

Ride comfort and road holding are the main
performance criteria for vehicle suspension systems. Ride
comfort is dependent on the acceleration of the sprung
mass, while road holding is described by the tyre deflection.
The new state variables are defined as

Xl(t)= Zg (t)_zu (t)’

~z7,(1),
(t) .

where x,(t) is the suspension deflection, x,(t) is the tyre
deflection, X5(t) is the sprung mass vibration speed, x,(t) is
the unsprung mass vibration speed.

Egs. (1) and (2) can be written in state-space form as

X=Ax+Bu+B,w 4
where X is the state vector
x()=[x(t) %) %) xO] ©
u is the control force vector
u(t)=u(t) (6)

w is the vector representing the disturbance caused by road
roughness

w(t)=2(t) )
A is the state matrix
0 0 1 -1
A 0 0 0 1 @
—k,/m, 0 0
k,/m, -k/m, 0 O
B, is the input matrix for road roughness
B,=[0 -1 0 0] ©)

and Bq is the input matrix for the control forces
B.=[0 0 -Um, 1m,[ (10)

On the basis of the quarter-car model, four
representative suspension systems S1 to S4 are developed.
Fig. 6 presents the four suspension systems analyzed in this
paper. Suspension S1 models passive damper; S2 models
negative stiffness and passive damper installed in parallel;
S3 models semi-active damper, S4 models negative
stiffness and semi-active damper installed in parallel. The
mathematical models of the four suspension systems S1-S4
are formulated in following sections.
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Fig. 6 Passive and semi-active suspension systems

3.2 Passive suspension

The control force u; of the passive suspension system S1
can be calculated by

u, (t) =c% (t) (11)

where ¢, is the damping coefficient for suspension S1.
After negative stiffness is installed, the control force u,
of suspension system S2 shall be revised as

u, (t) =—k,x (t)+cx (t) (12)

where k, is the stiffness value of negative stiffness. The
negative sign in front of k, indicates that the stiffhess is
negative.

The design of passive suspensions focuses on
optimizing parameters of the suspension systems. Based on
H2-norm performance measures, Scheibe and Smith (2009)
have derived analytical solutions for the optima of ride
comfort and road holding for a quarter-car vehicle model.

With respect to ride comfort, for fixed ms, my, k; and ks,
there exists an optimal damping coefficient (Scheibe and
Smith 2009)

m, +m
Coptl = ( - S) ' ks (13)
K,
with
k.(m +m
nﬂan>4Lﬁr4ﬁ«s (14)
c>0

S

where Hj is the H,-norm performance measure index for
ride comfort.

With respect to road holding, for fixed ms, m, k; and ks,
there also exist an optimal damping coefficient (Scheibe
and Smith 2009)

C (15)

opt2 =

o |

with

min H, =2\/aa, (16)
c=0
where H, is the H,-norm performance measure index for
road holding, and

(m,+m, )"k,
2m?

(m, +m,) Kz —2mm,_ (m, +m,)kk +m, (mk, )’ )
u S S u s u S S u st

2m?

S

2

3.3 Semi-active suspension

The control force u; of the semi-active suspension
system S3 can be calculated by

U, (t)=E% (1) (18)
where C,

. Is the variable damping coefficient for

suspension S3.
After negative stiffness is installed, the control force u,
of suspension system S4 shall be revised as

u, (t)=—k,x (t)+C€x(t) (19)

The SH-L control algorithm is employed for the semi-
active suspension S3 and S4. Mathematically, the variable
damping coefficient of SH-L can be described by (Sohn et
al. 2000)

Crin’ if )'<1x350
ACnax X H 1) Cax X3 (20)

sat , if>‘<1x >0
~ . - 3
CE[cmin 'cmaxJ{ X

where Cpin and Cpax are the minimal and maximal damping
coefficients achievable by the controlled damper

¢ =
S

respectively. a € [0, 1] is a tuning parameter that modifies

the closed-loop performances. When a = 0, SH-L is
equivalent to the two-states Skyhook control.
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3.4 Road excitation

According to ISO standard 1SO/TC108 and the Chinese
standard GB7031-86, the power spectral density of road
roughness can be described by

o.m-e,[t] e

Where n is spatial frequency, n, = 0.1 m™ is the reference
spatial frequency, GZr (no) is the reference power

spectral density at n,, W=2 is the frequency attenuation
index. Table 1 summarizes the classification of road
roughness, and Fig. 7 presents the road surface profile and
its PSD of a level C road.

If a vehicle travels at a speed of V, then the spatial
power spectrum can be transferred into time power
spectrum

G, (f)==G, (n) (22)

where f = Vn is the frequency.
Based on Eq. (22), the velocity power spectrum for road
roughness is

G, (f)=(271)"G, (n)=47"G, (n,)nV (293)
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Fig. 7 Road roughness of Level C road

Table 1 Classification on road roughness (GB7031-86)

Road level 6, (n) 10°m® (no=0.1m)
r

16
64
256
1024
4096
16384
65536
262144

I G MmO w>

According to Eq. (23), the G, (f) is constant at
different frequencies which is white noise, and its amplitude
is only related with GZr (no) and vehicle speed V.

4. Performance evaluation

In this section, the dynamic responses of the quarter-car
model with suspension systems S1-S4 are simulated. The
values of the quarter-car suspension model parameters are
presented in Table 2. The simulation results are presented
form Fig. 8 to Fig. 13 In those figures, the blue solid lines
and red dashed lines present the results without and with
negative stiffness installed, respectively.

4.1 Passive suspension

In design of passive vehicle suspension, there exists a
trade-off between ride comfort and road holding
performances. According to Table 2, for comfort-oriented
purpose, the optimal damping coefficient is 621 Ns/m;
while for control-oriented purpose, the damping coefficient
is 3366 Ns/m. The performance influences of negative
stiffness are analyzed for both comfort- and control-
oriented passive suspensions, separately. In the analysis, the
negative stiffness k, = 0.6ks.

Figs. 8 and 9 present the time histories and frequency
domain responses of the quarter-car model with passive
suspension (comfort-oriented), respectively. The tyre
deflections in time and frequency domain are presented by
Figs. 8(a) and 9(a), respectively.

Table 2 Quarter-car suspension model parameters (Du et al.
2005)

Parameters Value
mg 504.5 kg
m, 62 kg
ks 13100 N/m
ki 252000 N/m
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According to Fig. 8(a), the root-mean-square (RMS) of tyre
deflections are 1.952 mm and 1.998 mm for suspension S1
and S2, respectively. Negative stiffness has very limited
impact on the tyre deflection for passive suspension
(comfort-oriented). In frequency domain, the resonant peak
at high frequency are not affected by negative stiffness;
while at low resonant frequency, both the amplitude and
resonant frequency are reduced by negative stiffness (Fig.
9(a)). The sprung mass accelerations in time and frequency
domain are shown in Figs. 8(b) and 9(b), respectively. The
RMSs of sprung mass accelerations are 226.3 mm/s® and
171.5 mm/s® for suspension S1 and S2, respectively (Fig
8(b)). After installation of negative stiffness, the RMS of
sprung mass acceleration is reduced by 24%. Similar with
tyre defection, negative stiffness is effective for reducing
the responses around low resonant frequency, but has
limited impact on the responses around high resonant
frequency (Fig. 9(b)).

Figs. 10 and 11 present the time histories and frequency
domain responses of the quarter-car model with passive
suspension (control-oriented), respectively. The tyre
deflections in time and frequency domain are presented by
Figs. 10(a) and 11(a), respectively.
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suspension (comfort-oriented)

According to Fig. 10(a), the RMSs of tyre deflections are
1.140 mm and 1.155 mm for suspension S1 and S2,
respectively. Compared with the RMSs of comfort-oriented
suspensions, the tyre deflections are much lower, but the
impact from negative stiffness is still very limited. In
frequency domain, the resonant peak at high frequencies are
not affected by negative stiffness; while at low resonant
frequency, the amplitude and resonant frequency are also
reduced by negative stiffness (Fig. 11(a)), but the reduced
degree is smaller than that of comfort-oriented passive
suspension (Fig. 9(a)). The sprung mass accelerations in
time and frequency domain are shown in Figs. 10(b) and
11(b), respectively. The RMSs of sprung mass accelerations
are 377.5 mm/s? and 372.2 mm/s for suspension S1 and S2.
Respectively (Fig. 10(b)). Compared with the comfort-
oriented suspension, the accelerations of sprung mass are
much larger, and negative stiffness becomes ineffective
(Figs. 8(b) and 10(b)). In frequency domain, negative
stiffness can only reduce the responses around low resonant
frequency by a less amount, compared with the comfort-
orientation designed case (Figs. 9(b) and 11(b)).
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4.2 Semi-active suspension

The semi-active suspension systems S3 and S4 employ
the SH-L control algorithm. The « is set to be 0.5, and the
minimal and maximal damping coefficients are 621 Ns/m
and 3366 Ns/m, respectively. In suspension system S4, the
negative stiffness k, = -0.6ks. Figs. 12 and 13 present the
time histories and frequency domain responses of the
quarter-car model with semi-active suspension systems,
respectively.

The tyre deflections in time and frequency domain are
presented by Figs. 12(a) and 13(a), respectively. According
to Fig. 12(a), the RMS of tyre deflections are 1.122 mm and
1.245 mm for suspension S3 and S4, respectively. Same as
in passive suspensions, negative stiffness has very limited
impact on the tyre deflection in semi-active suspension.
Compared with passive suspensions (Figs. 9(a) and 11(a)),
semi-active suspension is more effect for reducing the low
frequency vibrations in tyre deflection (Fig. 13(a)).
Installation of negative stiffness can further reduce the
vibration in low frequency range, but still ineffective at high
frequencies (Fig. 13(a)).

The sprung mass accelerations in time and frequency
domain are shown in Figs. 12(b) and 13(b), respectively.
The RMS of sprung mass accelerations are 230.3 mm/s’ and
218.2 mm/s? for suspension S3 and S4, respectively (Figs.
12(b)). Same as in passive suspensions, negative stiffness
can reduce the sprung mass accelerations.
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Table 3 RMS of sprung mass acceleration under various suspension systems

149

Sprung mass acceleration (mm/s?)

kn (N/m) Passive suspension Passive suspension Semi-active suspension
(control-oriented design) (comfort-oriented design)

0 377.498 226.327 230.264
1310 376.307 215.632 227.856
2620 375.237 205.443 225.921
3930 374.290 195.450 224.039
5240 373.468 185.422 222.303
6550 372.771 177.327 220.316
7860 372.199 171.507 218.166
9170 371.753 166.663 217.142
10480 371.432 162.899 215.400
11790 371.237 160.540 213.136

Table 4 RMS of tyre deflection under various suspension systems

Tyre deflection (mm)

kn (N/m) Passive suspension (control- Passive suspension (comfort- — )
oriented design) oriented design) Semi-active suspension

0 1.140 1.952 1.541
1310 1.142 1.958 1.561
2620 1.144 1.965 1.583
3930 1.146 1.973 1.602
5240 1.149 1.980 1.626
6550 1.152 1.989 1.652
7860 1.155 1.998 1.679
9170 1.158 2.008 1.715
10480 1.161 2.019 1.757
11790 1.165 2.030 1.794
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The reduce degree in sprung mass accelerations of semi-
active suspension (Fig. 13(b)) is larger than the degree of
passive suspensions designed with control-orientation (Fig.
11(b)), but smaller than the degree of passive suspensions
designed with comfort-orientation (Fig. 9(b)). Same
conclusions can be drawn from the frequency domain
responses. The responses of sprung mass at low frequencies
are visibly reduced by negative stiffness (Fig. 13(b)).

In summary, negative stiffness can improve the ride
comfort of a vehicle without affecting its road holding
performances, for both passive and semi-active suspension
systems. Comparing among the different suspension
systems, the improvement in ride comfort from negative
stiffness is related with damping coefficients adopted. In
general, the improvement degree decreases, as the damping
coefficient in passive suspension increases.

5. Performance analysis
5.1 Parametric analysis

The performance impact from negative stiffness is
determined by negative stiffness itself and damping
coefficients in suspension systems. Tables 3 and 4
summarize the RMS of sprung mass accelerations and tyre
deflections with respect to negative stiffness, respectively.
As the absolute negative stiffness value k, increases from 0
N/m to 11790 N/m, the RMSs of sprung mass acceleration
decreased from 377.5m/s’ to 371.2 m/s” for control-oriented
passive suspension; from 226.3m/s’ to 160.5 m/s® for
comfort-oriented passive suspension; and from 230.2m/s’ to
213.1m/s’ for semi-active suspension (Table 4). To improve
ride comfort, negative stiffness is effective for comfort-
oriented passive suspension and semi-active suspension
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(most effective for comfort-oriented passive suspension),
but ineffective for control-oriented passive suspension due
to large damping coefficient. On the other hand, the tyre
deflections are barely affected by negative stiffness, not
matter for which types of suspension systems (Table 4).

Fig. 14 present the RMS of sprung mass accelerations
vs. damping coefficients in passive suspensions. The blue
solid line and red dashed line present the results without and
with negative stiffness (k,= 0.6k;) installed, respectively.
After the installation of negative stiffness, both the sprung
mass accelerations and the optimal damping coefficients are
decreased (Fig. 14). For both with and without negative
stiffness cases, there exists an optimal damping coefficient
so that the sprung mass accelerations can be minimized
(Fig. 14). Based on simulation results, the optimal damping
coefficients for Without NS case and With NS case are 621
Ns/m and 248 Ns/m, respectively. These values also fit the
analytical results calculated from Eqg. (13).

Fig. 15 present the RMS of tyre deflections vs. damping
coefficients in passive suspensions. The blue solid line and
red dashed line present the results without and with
negative stiffness (k.= 0.6k;) installed, respectively. The
impacts from negative stiffness are quite limited (Fig. 15).
Based on simulation results, the optimal damping
coefficients for Without NS case and With NS case are
3366 Ns/m and 3446 Ns/m, respectively. These values also
fit the analytical results calculated from Eq. (15).

Fig. 16 present the variation of optimal damping
coefficient with respect to negative stiffness. The optimal
damping coefficients for comfort purpose decreases as
negative stiffness becomes stronger (Fig. 16(a)); while the
coefficients for control purpose increases as negative
stiffness becomes stronger (Fig. 16(b)). It was also found
that the variational extent of optimal damping coefficients
for comfort purpose is much large than the extent for
control purposes.

5.2 Damping force

Based on previous analysis, the influences of negative
stiffness are different for passive and semi-active
suspension systems. To explain this phenomenon, the
control forces of comfort-oriented passive suspension,
control-oriented passive suspension and semi-active
suspension are plotted in Fig. 17, Figs. 18 and 19,
respectively. For viscous damper (without negative
stiffness), the plotted dots of force vs. suspension deflection
forms ellipse (Figs. 17(a) and 18(a)); after negative stiffness
is installed, the ellipse rotates. For a small damping
coefficient adopted in comfort-oriented passive suspension,
the rotation is obvious and a clear negative slope can be
observed (Fig. 17(b)). For a large damping coefficient
adopted in control-oriented passive suspension, the rotation
is unobvious, so the influence of negative stiffness is
limited (Fig. 18(b)). In general, the negative stiffness
feature in control forces is beneficial for the ride comfort of
vehicles.

The damping forces of semi-active suspension already
possess negative stiffness feature, before installation of
negative stiffness (Fig. 19(a)). However, due to the intrinsic
restraint of semi-active suspension, the damping forces in
same direction with damper vibration velocities cannot be
produced. In SH-L algorithm (Eq. (20)), when the direction
of relative velocity between sprung and unsprung masses is
opposite to that of the sprung vibration velocity, the
variable damping coefficients equals to its minimum. The
clipped damping will result in sudden changes in damping
forces. As marked by the dashed lines in Fig. 19(a), gaps
can be found near the x-axis in the second and fourth
quadrant. Those gaps are harmful for the ride comfort.
Comparing Figs. 19(a) and 19(b), installation of negative
stiffness can shrink the gap in the control forces of semi-
active suspension. In other words, negative stiffness can
alleviate the impact of clipped damping in semi-active
suspension, and benefits the ride comfort of vehicles.
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6. Conclusions

This work evaluates the performance influence of
negative stiffness on various vehicle suspension systems. A
common quarter-car suspension model is built, and the
comfort- and control- oriented passive suspensions and
semi-active suspension employed with SH-L algorithm are
analyzed. A re-centering NSD is proposed to work in
parallel with passive and semi-active suspension systems.
The re-centering NSD consists of a passive magnetic
negative stiffness spring and a positioning shaft with a re-
centering function. The former produces negative stiffness
control forces, and the latter prevents the amplification of
static spring deflection. The numerical simulations reveal
that negative stiffness can improve the ride comfort of a
vehicle without affecting its road holding performances, for
both passive and semi-active suspension systems. For
passive suspension system, negative stiffness brings in
negative stiffness feature in control forces, which is helpful
for the ride comfort of a wvehicle. For semi-active
suspensions, negative stiffness can alleviate the impact of
clipped damping in semi-active damper, and benefits the
ride comfort of vehicles.
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